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Who am I?

Manuel Arca Sedda (GSSI)
Associate Professor

email: manuel.arcasedda@gssi.it

I study the formation and evolution of gravitational wave sources in star clusters and galactic nuclei

What will we learn today?

● Install and run the N-body code NBODY6++GPU

● Analyse and interpret simulation outputs

ACME Hands-on: NBODY6++GPU
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What is the N-body problem?

Find solutions to the equations of motion of N bodies for a time t (astrophysics, fluido-dynamics, molecular dynamics …)
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What is the N-body problem?

In Astrophysics (the Gravitational N-body problem)

i.e. a system of 2 x Ndim x N 1st order differential equations
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What is the N-body problem?

In Astrophysics (the Gravitational N-body problem)

i.e. a system of 2 x Ndim x N 1st order differential equations

An N-body integrator is a brute force calculator, it just integrates the equations of motions of all bodies.

The number of operations that must be performed at each time-step is proportional to N2!



ACME Hands-on: NBODY6++GPU

Solving the Gravitational N-body problem: divergences

Infrared divergence

The gravitational acceleration vanishes at infinity
All particles matter

All interactions must be taken into account
➢ Calculations scales as ~ NxN
➢ Long range effects not negligible

Brute solution: infinite computing power

UV divergence

The gravitational acceleration diverges 
as two bodies approach each other

During close approaches acceleration steeply increase  
➢ Integration errors require small integration steps
➢ Spurious ejection of stars

Brute solution: infinite integration time



Solving the Gravitational N-body problem: divergences

What do we need?

1. high accuracy (close encounters)
 

2. adjustable time-steps 
 

3. optimisation of computational load
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Solving the Gravitational N-body problem. A bit of history 

1941: Erik Holmberg (Lund University) performed the first gravitational 
N-body simulation using light bulbs:

- N = 74
- each light bulb is a star
- light received can be interpreted as net force
- solve equation of motion based on received light
- move the bulb

1960-1963: Sebastian von Horner (University of Heidelberg) and 
Sverre Aarseth (IoA Cambridge University) publish the first 
direct N-body simulations with N = 25-100 members. 

 



Arca Sedda et al (2023)
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Solving the Gravitational N-body problem. 
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Solving the Gravitational N-body problem. 
 

Sverre Aarseth initiated a 60 yr long tradition in N-body simulations by implementing the 

NBODY code family series (NBODY1, 2, 3, 4, 6, 6++, 6++GPU, 7..) 
[see “From NBODY1 to NBODY6: The Growth of an Industry”, Aarseth (1999)]

Rainer Spurzem and collaborators continue the tradition 
[see “From NBODY1 to NBODY7: The Growth of Sverre’s Industry”, Spurzem (2025)]

… and many many more



Dynamics of realistic N-body simulations: brute force N-body algorithms

4th order predictor-corrector Hermite scheme (Makino 1991, Makino and Aarseth 1992)

based on the evaluation of the derivative of acceleration (jerk)
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Dynamics of realistic N-body simulations: brute force N-body algorithms

4th order predictor-corrector Hermite scheme (Makino 1991, Makino and Aarseth 1992)

start from 4th order Taylor expansion of pos, vel, acc, jerk:

use (3) and (4) to eliminate the 1st (snap) and 2nd (crackle) derivatives of jerk in (1) and (2) such to obtain a 4th order scheme with 
2nd order only terms:

the method is implicit: it depends on a1, j1, v1, which are unknown. We need a way to predict them!
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Dynamics of realistic N-body simulations: brute force N-body algorithms

4th order predictor-corrector Hermite scheme (Makino 1991, Makino and Aarseth 1992)

1. Predictor use 3rd order Taylor expansion to make the prediction

 
 

2. Force evaluation: we use 1. to calculate ap,1 and jp,1 from Newton’s formula and its derivative
 

3. Corrector: substitute predicted acceleration and jerk into (5) and (6). Beware: the order here is important

we used v1 to updated x1, without this trick we should have used the predicted velocity, but this would imply that
the method is 3rd order in positions. 
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Dynamics of realistic N-body simulations: brute force N-body algorithms

Timesteps

In a simulation we can have interactions with typical timescales ~ days - Myr: same time-step for everyone is inefficient

Individual time-step: longer for “unperturbed” particles, shorter for “active” particles

Solution: BLOCK TIME STEP (Aarseth 1985)

1. initial time-step calculated for i-th particle                          ,  with 𝜂 = 0.01-0.02 typically
 

2. time                                   . Particles with time-step min(𝚫ti) are called “active”
 

3. At time t:

a. Positions and velocities are predicted for all particles

b. Accelerations and jerks are calculated only for active particles

c. Positions and velocities are corrected only for active particles

Of course, a single time-step for every particle is unrealistic: too computationally expensive
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Dynamics of realistic N-body simulations: brute force N-body algorithms

Timesteps

Solution: BLOCK TIME STEP (Aarseth 1985)

It consists in grouping particles by replacing the individual time-step with time blocks equal to negative powers of 2

where n is chosen such that  

this implies that the time is an integer multiple of the timestep, a feature that simplifies the need for synchronising particles at some time.
The individual time-step (which is needed to find the block to which the particle belong) can be calculated as

Some codes use also higher-order schemes.

Typical codes are PhiGRAPE, Starlab, PhiGPU, HiGPUs …
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Dynamics of realistic N-body simulations: brute force N-body algorithms

Distance/closeby force calculation: Ahmad Cohen scheme (Ahmad and Cohen 1975)

The force acting on a particle consists of two parts: 
one slowly varying due to “distant” stars (regular force), and one due to neighbour stars (irregular force)

neighbours sphere Rnei
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Dynamics of realistic N-body simulations: brute force N-body algorithms

Regularisation techniques for binaries and close encounters
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Arca Sedda et al (2023)
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Solving the Gravitational N-body problem. 
 



Dynamics of realistic N-body simulations: hardware/software development

An N-body integrator is a brute force calculator, it just integrates the equations of motions of all bodies.

The number of operations that must be performed at each time-step is O(N2)

Solution: parallelise the operations

First attempt: GRAPE cards

1989: GRAPE project starts in Tokyo led by Daichiiro Sugimoto and Junichiro Makino

1995: GRAPE-4 becomes the first computer to reach 1 Tflop (# FP operations per second)

Continued almost up to GRAPE-8, but …

N-body techniques for Astrophysics #5



Dynamics of realistic N-body simulations: hardware/software development

… but these sober objects came into play, 

Graphic Processing Units (GPUs)

born for videogames market, 

scientist soon realised they’re perfect
number crunchers!
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Dynamics of realistic N-body simulations: software

Scalability of the code or efficiency

Top-level processor

GPUs

Communications kill performances at too low N: the GPU 
needs to be efficiently loaded



Arca Sedda et al (2023)
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Solving the Gravitational N-body problem. 
 



Solving the Gravitational N-body problem. The NBODY6++GPU code

The N-body challenge: when will we see the first star-by-star N-body model of a globular cluster?

Douglas Heggie
- Honest N-body sim
- Reasonable mass at 12 Gyr (~50,000 Msun)
- Reasonable tide (circular galactic orbit)
- Reasonable IMF (e.g. Kroupa)
- Reasonable binary fraction (~ %)
- Initial model (e.g. Plummer)
- A submitted paper (astro-ph is enough)

Prize: a bottle of single malt Scotch whisky worth €50

Winner (2016): Long Wang - Dragon project (also IAU PhD prize)
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Solving the Gravitational N-body problem. The NBODY6++GPU code

Nbody6++GPU:

Nbody scheme (from NBODY6, developed by S. Aarseth)

MPI implementation (from NBODY6++, developed by R. Spurzem)

GPU implementation (developed by L. Wang)

Written in Fortran90 + CUDA





The NBODY6++GPU
Basic code structure
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The NBODY6++GPU
Stellar Evolution:
Single stars

Stellar evolution
is performed via the 
SSE/BSE tools 
(Hurley et al 2000, 2002)

Exploits fitting formulae
to describe stellar evolution

Several upgrades over time:
- Di Carlo et al 2020
- Banerjee et al 2021
- Rizzuto et al 2022
- Kamlah et al 2022
- Arca Sedda et al 2023
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The NBODY6++GPU
Stellar Evolution of massive stars (see Banerjee et al 2020, Kamlah et al 2022)
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The NBODY6++GPU
Relativistic effects (see Arca Sedda et al 2023)

- Mass-loss: m1 + m2 != (m1+m2). Around 5% of mass is converted into 
energy

- Spins: what are natal BH spins? We don’t actually now, but in general 
the merger product has a spin of ~ 0.6
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The NBODY6++GPU
Relativistic effects (see Arca Sedda et al 2023)

- Kicks: asymmetries in the GW emission impart on the merger product 
linear momentum, a GW kick

[km/s]
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N-body techniques for Astrophysics #6

The NBODY6++GPU
Stellar mergers

Star-BH mergers: BH accretes a fraction f_c = [0-1] of the star mass

In NBODY6++GPU default: f_c = 0.5 (routine input.F)

Star-Star merger: depends on stellar types

Arca Sedda+23



The NBODY6++GPU: let’s get started

git clone -b dev https://github.com/nbody6ppgpu/Nbody6PPGPU-beijing̀

cd Nbody6PPGPU-beijing

ls
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The NBODY6++GPU: let’s get started

cd src  ;  ls ;  cd Main ; ls     →    371 routines!!!!
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The NBODY6++GPU: let’s get started

git clone -b dev https://github.com/nbody6ppgpu/Nbody6PPGPU-beijing̀

cd Nbody6PPGPU-beijing

ls
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The NBODY6++GPU: let’s get started

head -20 config.log

$ ./configure --disable-mpi --enable-simd=sse --with-par=32k --enable-openmp --disable-gpu 

(keep finger crossed #1 … )

$ make 

(keep finger crossed #2 … )

an executable will be saved in the build/nbody6++.sse directory, let’s check

the manual of the code can be reached here https://www.overleaf.com/read/hcmxcyffjkzq#89d2bb
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https://www.overleaf.com/read/hcmxcyffjkzq#89d2bb


The NBODY6++GPU: let’s get started: the infamous file for initial conditions (now based on namelists)

ACME Hands-on: NBODY6++GPU



The NBODY6++GPU: let’s get started: the infamous file for initial conditions (now based on namelists)
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1

These come from McLuster, and represents the scales for masses and lengths, thus it is crucial 
double-check them before starting the run
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: let’s get started: the infamous file for initial conditions #1
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The NBODY6++GPU: first simulation*

We need the executable, an input file, and sometimes an initial condition file

Create a directory to perform your tests
mkdir TEST
mkdir TEST/exec

Copy the executable

cp build/nbody6++.sse TEST/exec

Copy the input file stored in the examples directory on git

cp $PATH_TO_DOWNLOAD/examples/N10k_noDat10.inp TEST/exec

In this first example we let NBODY create the initial conditions (masses, positions, velocities), so we don’t need a “dat.10” file.

OMP_NUM_THREADS=1 ./nbody6++.sse < N10k_noDat10.inp 1> run_test.out 2> run_test.err &

On some machines, it may be needed to set the following 

ulimit -s unlimited

*See also the guide on our git repo: QuickStart.md
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&INNBODY6
KSTART=1,TCOMP=1.0E8,TCRTP0=2,isernb=40,iserreg=40,iserks=0 /
&ININPUT
N=1000,NFIX=1,NCRIT=10,NRAND=4332,NNBOPT=80,NRUN=1,NCOMM=10,
ETAI=0.01,ETAR=0.01,RS0=0.15,DTADJ=1.0,DELTAT=1.0,TCRIT=1000.0,QE=1.0,RBAR=0.1,ZMBAR=125.,
KZ(1:10)= 1 1 1 0 1 0 3 1 3 2
KZ(11:20)=0 1 0 2 2 0 1 0 3 6
KZ(21:30)=1 1 2 0 2 2 3 2 0 2
KZ(31:40)=1 0 2 2 1 0 1 1 2 1
KZ(41:50)=0 0 0 0 0 4 0 0 3 0 ,
DTMIN=2.5E-6,RMIN=8.E-5,ETAU=0.1,ECLOSE=1.0,GMIN=1.0E-06,GMAX=0.01,SMAX=1.0,
Level='C' /
&INSSE /
&INBSE /
&INCOLL /
&INDATA 
ALPHAS=1.0,BODY1=150.0,BODYN=100.0,NBIN0=0,NHI0=0,ZMET=0.0001,EPOCH0=0,DTPLOT=1.0 /
&INSETUP SEMI=,ECC=,APO=,N2=,SCALE=,ZM1=,ZM2,ZMH,RCUT= /
&INSCALE 
Q=0.5,VXROT=0.0,VZROT=0.0,RTIDE=0.0 /
&INXTRNL0 
GMG=1.78E11,RG0=13.3,DISK=,A=,B=,VCIRC=,RCIRC=,GMB=,AR=,GAM=,RG=,,,VG=,,,MP=,AP2=,MPDOT=,TDELAY= /
&INBINPOP 
SEMI0=0.0005,ECC0=-1.0,RATIO=1.0,RANGE=5.0,NSKIP=5,IDORM=0 /
&INHIPOP 
SEMI0=,ECC0=,RATIO=,RANGE= /
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The NBODY6++GPU: let’s get started: Output files
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The NBODY6++GPU: let’s get started: Output files
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The NBODY6++GPU: let’s get started: Output files
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The NBODY6++GPU: let’s get started: Output files

How to recognise stellar types?
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The NBODY6++GPU: let’s get started: Output files

Simplified output

sev.83_#: info about single stars

bev.82_#: info about binary stars

coal.24: info about stellar/compact object coalescence

coll.13: info about stellar/compact object collisions

esc.11: info about escaping objects

global.30: general info about the system and the run

lagr.7: lagrangian radii (284 columns, 18 values of the lagrangian radii)
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The NBODY6++GPU: let’s get started: Output files

Simplified output

sev.83_#
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The NBODY6++GPU: let’s get started: Output files

Simplified output

bev.82_#
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The NBODY6++GPU: let’s get started: Output files

Simplified output

esc.11

to obtain info about escaping binaries:

grep ‘BINARY ESCAPE’ *.out 
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The NBODY6++GPU: let’s get started: Output files

Simplified output

coal.24 (new format)

WHICH1, IQCOLL, TTOT [NB], NAME(I1,I2), K*(I1,I2,I), M(I1)[NB], M(I2)[NB],
R12[NB], ECC, SEMI, EB, DP, P[days],
M1[M*], M2[M*], MTOT[M*], DM[M*],
RAD1[R*], RAD2[R*],
RCOLL[R*], VINF[km/s],
RI[NB], VI[NB]
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The NBODY6++GPU: let’s get started: Output files

Simplified output

coll.13
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The NBODY6++GPU: let’s get started: Restart?

“If something can go wrong, will go wrong”

Dealing with N-body simulations means understanding this sentence very well.

Luckily, when this happens, we can restart our simulations:
- Copy one of the comm.2_# files (possibly the last) in comm.1, which will be used to get the latest info about the simulations to restart
- Change KSTART = 2 in the input file
- Run the code

BUT! Good practice’s rule:
In the good old times it could happen that performing the above would overwrite some files (quite randomly). Now everything should be fixed, 
nonetheless…

Good practice #1: save your files in separate folders, so to make sure that all run’s chunks are safely stored.

Good practice #2: assign to the output and error files the shell’s PID

i=$(($$+1000000))
OMP_NUM_THREADS=6 ./nbody6++.sse < N10k_noDat10.inp 1> run_Arca."$i".out 2> run_Arca."$i".err &



ACME Hands-on: NBODY6++GPU

NBODY6++GPU exercise. The Runaway Growth of Intermediate-Mass Black Holes in Dense Star Clusters

Simon Portegies-Zwart and Steven McMillan, in 2002, developed a theoretical framework, supported by a series of N-body simulations, 
showing that intermediate-mass black holes could form from the collapse of a very massive star built-up via runaway stellar collisions.

Our exercise

N = 6000

Nbin = 0

m*min,max = (20-150) MSUN  → maver ~ 42 MSUN 

IMF = Kroupa (2001)

RHALF = 0.5 pc

Z = 0.0001

Stellar Evolution Level = “C”

External Field: point-like 

MGalaxy = 1.78x1011MSUN

Rorbit = 13.3 kpc
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NBODY6++GPU exercise. The Runaway Growth of Intermediate-Mass Black Holes in Dense Star Clusters

Results discussed and commented in the notebook

https://github.com/marcasedda/acme_tutorials



Backup Slides
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What is the N-body problem?

Consider the gravitational potential of the cluster as a smooth function Φ(x), the distribution of energy is described by a

distribution function 

i.e. the probability that a star is in the given range of space, velocity, and time.
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What is the N-body problem?

Consider the gravitational potential of the cluster as a smooth function Φ(x), the distribution of energy is described by a

distribution function 

i.e. the probability that a star is in the given range of space, velocity, and time.

If encounters are negligible the phase-space probability density around a star remains constant, i. e. 

                  collisionless Bolzmann or Vlasov equation
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What is the N-body problem?

Consider the gravitational potential of the cluster as a smooth function Φ(x), the distribution of energy is described by a

distribution function 

i.e. the probability that a star is in the given range of space, velocity, and time.

If encounters are negligible the phase-space probability density around a star remains constant, i. e. 

                  collisionless Bolzmann or Vlasov equation

The motion of stars can be described in terms of a global acceleration determined by the gravitational potential energy, i.e.

And the numerical problem reduces to solve N independent equations. The computational load would simply by ~ N.



● Under the simplest approximation possible, a star crosses its cluster over a “Crossing” Timescale
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Solving the Gravitational N-body problem: long term evolution

R

M



● Under the simplest approximation possible, a star crosses its cluster over a “Crossing” Timescale

● A star passes within a distance b from another star, which exerts a force
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Solving the Gravitational N-body problem: long term evolution

F⟂ b

x

r 𝜃
F⟂ = Gm2 / (b2 + x2) cos𝜃 = Gm2 b (b2 + x2)-3/2 = Gm2/b2 
[1+(vt/b)2]-3/2

R

M



● Under the simplest approximation possible, a star crosses its cluster over a “Crossing” Timescale

● A star passes within a distance b from another star, which exerts a force

● Repeated interactions slowly changes the star trajectory, until it “loses memory” of its initial conditions
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Solving the Gravitational N-body problem: long term evolution

F⟂ b

x

r 𝜃
F⟂ = Gm2 / (b2 + x2) cos𝜃 = Gm2 b (b2 + x2)-3/2 = Gm2/b2 
[1+(vt/b)2]-3/2

R

M



● Under the simplest approximation possible, a star crosses its cluster over a “Crossing” Timescale

● A star passes within a distance b from another star, which exerts a force

● Repeated interactions slowly changes the star trajectory, until it “loses memory” of its initial conditions

● The process that reshuffles the energy and momentum among stars is called “Relaxation”, operating on a timescale
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Solving the Gravitational N-body problem: long term evolution

F⟂ b

x

r 𝜃
F⟂ = Gm2 / (b2 + x2) cos𝜃 = Gm2 b (b2 + x2)-3/2 = Gm2/b2 
[1+(vt/b)2]-3/2

R

M
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cluster 
type

M

(MSUN)

R 

(pc)

Tcrs

(Myr)

Trlx

(Gyr)

Tage 

(Gyr)

open 
clusters

102 2 26 0.03 0.01-1

young 
clusters

104 2 2.6 0.1 0.1-2

globular 
clusters

105 2 0.8 0.2 10-14

nuclear 
clusters

107 2 0.1 1.6 1-10

Star clusters as factories of compact objects 

Galaxy’s zoology - many star cluster flavours:

https://earthsky.org/todays-image/photos-milky-way-galaxy-2021/
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cluster 
type

M

(MSUN)

R 

(pc)

Tcrs

(Myr)

Trlx

(Gyr)

Tage 

(Gyr)

open 
clusters

102 2 26 0.03 0.01-1

young 
clusters

104 2 2.6 0.1 0.1-2

globular 
clusters

105 2 0.8 0.2 10-14

nuclear 
clusters

107 2 0.1 1.6 1-10

Star clusters as factories of compact objects 

Galaxy’s zoology - many star cluster flavours:

https://earthsky.org/todays-image/photos-milky-way-galaxy-2021/

STAR 
CLUSTERS ARE 
COLLISIONAL 

SYSTEMS!
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Halo (colder)
Core (hotter)

Solving the Gravitational N-body problem: relaxation, collapse, and long-term evolution

Interactions starts, the core 
slowly contracts, while the 

halo starts expanding

The core reaches maximum 
contraction (core collapse)

and rebound

Both layers keep expanding, 
interactions become rarer 

and less energetic

Time



ACME Hands-on: NBODY6++GPU

Solving the Gravitational N-body problem: relaxation, collapse, and long-term evolution

(file input.F, routine READSE)

- ecflag = 1          Electron-capture SN
- wdflag = 1         Modified Mestel cooling for WDs
- nsflag = 4          Delayed model from Fryer+12 for NSs
- psflag = 1          PPISNe/PISNe from Belczynski+16
- mdflag = 4         Mass-loss without bi-stability jump + metallicity correction from Belczynski+10
- bhflag = 2          Fallback scaled kicks for BHs
- nwind = 0.477   Reimer’s mass loss coefficient for giant winds from McDonald & Zijlstra 2015
- bwind = 0.0       Companion-enhanced mass-loss factor 
- flbv = 1.5           Coefficient for LBV rate (if mdflag==2)
- kmech = 4          Neutrino-driven natal kick for BHs and NSs (Banerjee+20)
- disp = 265          Dispersion of Maxwellian distribution for kick distribution (all velocities in km/s)
- ecsig = 3            Dispersion of Maxwellian distribution for kick distribution for ECSNe remnants
- wdsig1 = 2         Dispersion of Maxwellian distribution for kick distribution for COWDs
- wdsig2 = 2         Dispersion of Maxwellian distribution for kick distribution for ONeWDs
- wdkmax = 6       Maximum kick for WDs 
- vvfac = 0            No kick rescaling 
- lambd1 = 0.0      If star is in between HG and GB naked He phases, 𝜆CE is calculated depending on the stellar phase, wheres is 𝜆CE= 0.5 for MS and naked MS stars
- alphac = 1          Factor scaling the amount of orbital energy used for envelope liberation in CEE (𝛼CE)
- bhspinfl = 0       BH natal spins (0: no spins, 1: uniform, 2: Gaussian with mean 0.5 and sigma 0.2, 3: Maxwellian with sigma=0.2, 4: Geneva models, 5: MESA models)
- kicktype = -2     Relativistic kicks (-2: no kicks, -1: v=10^4km/s, 0: analytic fit to zero spins GW kicks, 1: full kicks e.g. Arca Sedda+20)
- xbeta = 0.125    Wind velocity factor (lower limit from Hurley et al 2002)
- xxi = 1               Factor to reduce spin angular momentum change owing to wind accretion (Hurley et al 2002)
- epsnov = 0.001  Fraction of material accreted onto a WD ejected in a nova
- eddfac = 100     Eddington limit for accretion on a degenerate object (Hurley et al 2002)
- gamm1 = -1       Lost material carries with it the specific angular momentum of the primary (Hurley et al. 2002)


