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Figure 1. Schematic illustration of the features most relevant to the !ssion phenomenon.
The red curve depicts (in a one-dimensional projection) the potential energy as a function
of the elongation; the ground state is at the lowest minimum, and the shape-isomeric
state is at the second minimum. From these states it is possible to tunnel through the
potential barrier. Tunnelling is also relevant for neutron or photon induced !ssion when
the resulting initial state lies below the !ssion barrier. If the initial state is excited above
the !ssion barrier, it may undergo a complicated shape evolution crossing the barrier
from above. Once the system !nds itself beyond the barrier, it relatively quickly descends
towards scission. There it divides into two nascent fragments, which subsequently move
apart under the in"uence of their mutual Coulomb repulsion while gradually attaining
their equilibrium shapes and become primary fragments. Primary fragments then de-
excite by evaporating neutrons, radiating photons, and undergoing β decay.

In addition to an SF, !ssion can be induced by a variety of nuclear reactions. The !ssion-
induced processes include: neutron capture (responsible for energy production in !ssion reac-
tors), electron capture and beta decay, photo!ssion, and reactions involving charged particles
and heavy ions. In all these processes, the !ssioning nucleus is created in an excited state,
which may lie above or below the !ssion barrier.

Theoretical descriptions of !ssion induced by fast probes often assume the creation of
a compound nucleus at a given thermal excitation energy. However, as discussed later, that
assumption might be ill-founded for fast probes because the nuclear system may not have
suf!cient time to thermalise before undergoing !ssion. This becomes increasingly important
at higher energies where pre-equilibrium processes play an increasingly signi!cant role and
may lead to the emission of one or more nucleons before equilibrium is reached. Moreover, as
the excitation energy of the compoundnucleus is increased, neutron evaporation competes ever
more favourablywith !ssion and as a result, one ormore neutronsmay be evaporated before!s-
sion occurs (multi-chance!ssion). In addition, for non-thermalised systems one should develop
approaches using !xed energy rather than !xed temperature.

2.2. Important observables

When talking about !ssion observables, it is important to remember that what is often
considered ‘experimental’ is often the result of an indirect process, in which a quantity of
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12 Université Paris-Saclay, CNRS/IN2P3, IJCLab, 91405 Orsay, France
13 School of Physical Science and Technology, Southwest University, Chongqing
400715, People’s Republic of China
14 Faculty of Physics, Warsaw University of Technology, 00-662 Warsaw, Poland
15 Institut für Theoretische Physik, Goethe-Universität, Max-von-Laue-Str. 1, 60438
Frankfurt am Main, Germany
16 Department of Physics and Astronomy and FRIB Laboratory, Michigan State
University, East Lansing, Michigan 48824, United States of America

Original content from this work may be used under the terms of the Creative Commons
Attribution 4.0 licence. Any further distribution of this work must maintain attribution
to the author(s) and the title of the work, journal citation and DOI.

0954-3899/20/113002+58$33.00 © 2020 The Author(s). Published by IOP Publishing Ltd Printed in the UK 1



Kowal, M., Skalski, J. (2023).

The Fission Barrier of Heaviest Nuclei From a Macroscopic-Microscopic Perspective 3

describing the macroscopic energy and phenomenological single-particle potentials.
The numerical diagonalization of the s.p. Hamiltonian including this potential de-
livers the s.p. spectra, to which the shell correction method can be applied. Then
we discuss the selection of collective variables which build deformation space used
in calculations and specific difficulties of a search for saddles in multidimensional
spaces. Finally, the results of the MM method concerning fission barriers in ac-
tinides and superheavy nuclei are illustrated on the example of one specific model.
We provide also some comparisons to experimental data and results of other MM
and selfconsistent models.

General view of the fission process - the importance of the fission

barrier
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Fig. 1 Schematic one-dimensional picture of a double-humped fission barrier typical of actinides
along the effective deformation parameter q. The index A(B) stands for the first (second) saddle
while GS(SD) for the first (second) minimum. The fission barrier heights BA(B) and curvatures
h̄wA(B) are indicated. Densities of states and nuclear shapes corresponding to minima, saddles and
a possible shape at the scission point are depicted below.

Although the fission barrier heights B are not directly measurable quantities, i.e.
they are not quantum observables, they are very useful in estimating nuclear fission
rates. As the activation energy Ea (per mole) in chemistry gives a rate k of a chemical
reaction at temperature T via the Arrhenius law: G =Ae

�Ea/RT (R - the gas constant;
A - the frequency factor) [7, 8], the fission barrier gives the fission rate G f iss of an

Fission Barrier Heights and Isomer Excitation Energies 
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forbidden within this semiclassical approach. Besides, current
implementations of TDDFT simulate only a single fission path
for a given initial condition; reconstruction of a full yield
distribution requires large-scale Monte Carlo sampling, which
is beyond the current computational capabilities. The exascale
computing platforms may open up the avenues to overcome such
restrictions [23].

In general, the collective dynamics of a nucleus is believed
to be a much slower process than the random motion of
the constituent nucleons. Consequently, majority of the fission
models are implemented within the adiabatic approximation that
segregates the collective degrees of freedom from the intrinsic
coordinates. The same approach is adopted in a static nuclear
density functional theory (DFT) based model [28], where the
collective motion is simulated by incorporating the DFT inputs
within an appropriate equation of motion. Specifically, in case of
SF, the dynamics of a fissioning system can be divided into two
successive steps as depicted in Figure 1 [29]. In the first step, the
system tunnels through a multidimensional space of collective
coordinates. This process is mainly governed by the potential
energy profile and the collective inertia, which is often calculated
within the adiabatic time-dependent Hartree-Fock-Bogoliubov
(ATDHFB) formalism [30, 31]. The region beyond the outer
turning point (“out” in Figure 1) is energetically accessible
and the time-evolution in this space can be followed with a
simple classical prescription, e.g., the Langevin dynamical model.
Finally, the system breaks into two fragments at the scission
configuration. The dynamics in the second phase involves the
collective inertia and the dissipative forces as well. The SF half-
life is primarily decided by the tunneling phase as, for most of
the relevant nuclei, it is significantly slower than the subsequent
propagation outside the barrier. The second dynamical phase
controls the fission fragment properties like yield and total kinetic
energy (TKE) distributions.

FIGURE 1 | Variation in potential energy calculated along the most-probable

fission path of 240Pu. The region marked as WKB is classically forbidden as the

fission excitation energy E0 is less than the potential energy. Shape evolution:

the collective action is minimized between the turning points “in” and “out” by

using the WKB method and, from “out” to scission, dynamics is governed by

Langevin dynamics. The figure is adapted from Sadhukhan et al. [29].

Apart from the standard inputs discussed in the previous
paragraph, paring correlations play a critical role in controlling
the SF lifetime and the connected fission pathway. The individual
nucleonic motion leads to shell structures that guide both the
nuclear shape and the potential energy along a fission path.
Moreover, crossings of single-particle levels can modify the
collective inertia through associated changes in the single-particle
configurations [32–34]. The residual interaction among these
crossing configurations is strongly influenced by the pairing
force. Precisely, a larger pairing gap! helps the collective motion
to be more adiabatic [35–40]. The enhancement of pairing
fluctuations along the fission path was first postulated in Moretto
and Babinet [41] by using a simple parabolic potential. In fact,
the collective inertia and potential energy show opposite trends
as ! changes. The potential energy increases as ! deviates
from the static value !s, obtained from the self-consistent
energy minimization procedure. In contrast, the collective inertia
varies as !−2 [35, 42–45] and, therefore, the dynamic !,
corresponding to the minimum collective action, may differ from
!s. This suggests that the parameter ! should be implemented
as an independent dynamical variable to determine the least
action trajectory. Indeed, a reduction in the collective action
due to pairing fluctuations is observed in many macroscopic-
microscopic studies [46–49]. In addition, the pairing fluctuations
are recently treated as dynamical variables in microscopic models
based on the DFT formalism [50, 51].

2. A MODEL FOR SPONTANEOUS FISSION
HALF-LIFE

2.1. Fission Half-Life
The SF mechanism involves a very wide range of timescales
depending on the choice of the fissioning nucleus. For example,
the observed SF half-life for actinides varies from a fewms to 1020

yrs. Therefore, it is impractical to develop a SF model based on
the real-time quantum dynamics. The most common approach
for the calculation of SF half-life is rooted in the one-dimensional
WKB approximation to the quantum tunneling process. The
corresponding half-life can be expressed as [52, 53], T1/2 =
ln 2/(nP), where n is the rate of collision on the fission barrier
and P is the barrier penetration probability given by

P =
(

1+ exp [2S(L)]
)−1

. (1)

In the above equation, S(L) is the action integral calculated along
a predefined fission path L(s) in the multidimensional collective
space. The expression for S(L) is given by,

S(L) =
∫ sout

sin

1

h̄

√

2Meff(s)
(

V(s)− E0
)

ds, (2)

where V(s) and Meff(s) are the potential energy and collective
inertia, respectively, along the path L(s). Here, sin and sout
indicate the classical turning points defined by V(s) = E0; E0
being the zero-point energy at the ground state configuration.
We can define different fission paths [L(s)] by choosing different
values of qi(s) along the path’s length s. The minimum of S(L)
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Nuclear fission is a fascinating field of research that involves large-amplitude

collective dynamics of a microscopic many-body system. Specifically, the process

of spontaneous-fission decay can only be explained within the quantum tunneling

phenomenon. The present review discusses recent advancements in the theoretical

understanding of spontaneous fission. These concern precise prediction of the

spontaneous fission observables like fission lifetime and distribution of fragment yields.

The theoretical developments presented here are based on a coherent coupling between

the adiabatic collective dynamics and the static inputs obtained from the nuclear energy

density functional formalism.

Keywords: spontaneous fission, density functional theory, heavy and superheavy nuclei, fission fragment mass

distribution, quantum tunneling

1. INTRODUCTION

Nuclear spontaneous fission (SF) is a unique decay mechanism that has crucial applications in both
basic and applied sciences [1–3]. Particularly, the stability of very heavy and superheavy nuclei
strongly depends on the SF probability [4–6]. Although superheavy nuclei predominantly decay
via α-emission at the beginning of a decay chain, SF leads to terminate the chain. This type of decay
sequences are experimentally observed for isotopes of Fl and Ts [7, 8]. Moreover, in comparison
to α-emission, SF is predicted to be the preferred decay mode for neutron-rich superheavy nuclei
[5, 9, 10]. In the case of nuclear astrophysics, SF strongly impacts the abundances of heavy elements
in stars by participating in the r-process recycling mechanism [11–13]. Specifically, distributions
of fission-fragment yields from different fission modes (SF, beta-delayed fission, and neutron-
induced fission) are essential components of the r-process abundances [9, 14–19] and, therefore,
very accurate prediction of these yields is required to improve the r-process network calculations.
Further, as suggested in a recent study [20], the precise estimation of fission yields is indispensable
for a better understanding of the chemical evolution of r-process elements produced in binary
neutron-star mergers. In the application frontier, SF data are important to calibrate the nuclear
material counting techniques relevant to power generation and international safeguards [21, 22].
However, measurements in actinide nuclei are restricted due to safety issues. Therefore, for both
basic science and applications, predictive modeling of SF observables is of utmost interest. The
present scenario and the prospects of fission theory are described in a recent review [23].

In the SF process, a fissioning nucleus undergoes quantum tunneling through a single or
multiple potential barriers generated by the coherent motion of strongly interacting nucleons.
Ideally, the time-dependent density functional theory (TDDFT) provides the most realistic
microscopic framework to deal with such large amplitude collective dynamics [24–27]. Specifically,
in the characterization of fission yields, nuclear dissipation plays a crucial role near the scission
configuration and would be best accounted for by TDDFT. Albeit very promising, TDDFT poses
several limitations in its application to SF. Primarily, the quantum tunneling is energetically
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for 258Fm, 259Fm, 260Md. Nevertheless, our analysis of δ distribution indicates that the allowance for δ in our 4-D 
Langevin calculation showed us multiple fission paths dependent on the combinations of δL and δH. This has 
allowed us to explain how these transitions happen in a consistent manner.

Most of the figures had been included for M.D.U. PhD thesis manuscript33 prior to the submission of this 
paper.

Data Availability
All data generated or analyzed during this study are included in this published article (and its Supplementary 
Information files).
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Figure 7. 4-D Langevin calculated fission yield ( ) and the approximation to 3-D Langevin ( ) for 256Fm on 
the left and 258Fm on the right. Comparison with experimental data ( ) for 256Fm22 and 258Fm14 are made for the 
respective figure from left to right.

Figure 8. Left: Two centre shell model (TCSM) potential37. Right: Shape parameterizations based off the two 
centre shell model.
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Extended Data Fig. 4 | Examples of experimental spin distributions for a 
range of nuclei observed in the 238U(n, f) reaction. Statistical uncertainties 
are shown. To eliminate the odd−even staggering effect and facilitate easy 
visualization, side-feedings of odd spins are redistributed equally between the 

two neighbouring even spins. The red curves are fits to the experimental data 
with one free parameter and are used to extract 0+ side-feedings via an iterative 
procedure. 566 | Nature | Vol 590 | 25 February 2021
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Angular momentum generation in nuclear 
fission

J. N. Wilson1 ✉, D. Thisse1, M. Lebois1, N. Jovančević1, D. Gjestvang2, R. Canavan3,4, M. Rudigier3,5, 
 D. Étasse6, R-B. Gerst7, L. Gaudefroy8, E. Adamska9, P. Adsley1, A. Algora10,11, M. Babo1, 
K. Belvedere3, J. Benito12, G. Benzoni13, A. Blazhev7, A. Boso4, S. Bottoni13,14, M. Bunce4, 
R. Chakma1, N. Cieplicka-Oryńczak15, S. Courtin16, M. L. Cortés17, P. Davies18, C. Delafosse1, 
M. Fallot19, B. Fornal15, L. Fraile12, A. Gottardo20, V. Guadilla19, G. Häfner1,7, K. Hauschild1, 
M. Heine16, C. Henrich5, I. Homm5, F. Ibrahim1, Ł. W. Iskra13,15, P. Ivanov4, S. Jazrawi3,4, A. Korgul9,  
P. Koseoglou5,21, T. Kröll5, T. Kurtukian-Nieto22, L. Le Meur19, S. Leoni13,14, J. Ljungvall1, 
A. Lopez-Martens1, R. Lozeva1, I. Matea1, K. Miernik9, J. Nemer1, S. Oberstedt23, W. Paulsen2, 
M. Piersa9, Y. Popovitch1, C. Porzio13,14,24, L. Qi1, D. Ralet25, P. H. Regan3,4, K. Rezynkina26, 
V. Sánchez-Tembleque12, S. Siem2, C. Schmitt16, P.-A. Söderström5,27, C. Sürder5, G. Tocabens1, 
V. Vedia12, D. Verney1, N. Warr7, B. Wasilewska15, J. Wiederhold5, M. Yavahchova28, F. Zeiser2 
& S. Ziliani13,14

When a heavy atomic nucleus splits (!ssion), the resulting fragments are observed to 
emerge spinning1; this phenomenon has been a mystery in nuclear physics for over  
40 years2,3. The internal generation of typically six or seven units of angular 
momentum in each fragment is particularly puzzling for systems that start with zero, 
or almost zero, spin. There are currently no experimental observations that enable 
decisive discrimination between the many competing theories for the mechanism 
that generates the angular momentum4–12. Nevertheless, the consensus is that 
excitation of collective vibrational modes generates the intrinsic spin before the 
nucleus splits (pre-scission). Here we show that there is no signi!cant correlation 
between the spins of the fragment partners, which leads us to conclude that angular 
momentum in !ssion is actually generated after the nucleus splits (post-scission). We 
present comprehensive data showing that the average spin is strongly 
mass-dependent, varying in saw-tooth distributions. We observe no notable 
dependence of fragment spin on the mass or charge of the partner nucleus, 
con!rming the uncorrelated post-scission nature of the spin mechanism. To explain 
these observations, we propose that the collective motion of nucleons in the ruptured 
neck of the !ssioning system generates two independent torques, analogous to the 
snapping of an elastic band. A parameterization based on occupation of angular 
momentum states according to statistical theory describes the full range of 
experimental data well. This insight into the role of spin in nuclear !ssion is not only 
important for the fundamental understanding and theoretical description of !ssion, 
but also has consequences for the γ-ray heating problem in nuclear reactors13,14, for 
the study of the structure of neutron-rich isotopes15,16, and for the synthesis and 
stability of super-heavy elements17,18.

The stability of heavy atomic nuclei is governed by a delicate balance 
between the Coulomb repulsion of the protons that attempt to deform 
the nucleus, the nuclear surface tension driving the nucleus towards 
spherical configurations, and quantum shell effects, which add extra 
stability for certain nuclear shapes. Fission occurs when there is a 
perturbation of this balance in favour of the Coulomb repulsion. It is 
an exothermic, dynamical process that begins as an instability in the 
nuclear shape, which, after passing the point of no return (the saddle 
point), becomes more and more elongated. The nascent fragments 

form a neck as they move rapidly apart, which quickly snaps (scission). 
Shell effects in the nascent fragments give rise to certain favoured 
mass splits, which for low-energy fission of actinide nuclei (typically 
containing about 240 nucleons) produces a light fragment of mass  
A ≈ 100 and a heavy fragment of mass A ≈ 140. After scission, the decay 
of each excited fragment is a statistical process. It initially proceeds 
through efficient removal of excitation energy via emission of typically 
0%2 neutrons and 1%3 high-energy γ-rays. Subsequently, the emission 
of several more γ-rays, which usually carry away two units of angular 
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the one-body density). The generator state
∣

∣φ(q)
〉

is then obtained
by minimizing the Routhian

R[φ(q)] = EHFB[φ(q)]−
∑

i

λi

(

〈

φ(q)
∣

∣Q̂i

∣

∣φ(q)
〉

− qi
)2

, (1)

where the Q̂i refer to the chosen multipole operators and λi
are their associated Lagrange multipliers. This method presents
the benefit of controlling the principal components of the shape
of the states through a small set of DoFs. The other DoFs are
determined automatically from the HFB variational principle. It
is often qualified as an adiabatic method because the generator
states will minimize their HFB energy under a small number
of constraints. One drawback of this method is that it does not
necessarily ensure the continuity of the function q →

∣

∣φ(q)
〉

.
This could severely affect some applications as mentioned in
sections 2.6, 3.3.

In the context of nuclear structure, the now-standard strategy
of symmetry breaking and restoration provides a different yet
natural way of building generator states. In this context, we
typically define the generator states as the result of applying a
parameterized group of symmetry operators on a reference (and
symmetry breaking) HFB state |φ〉. Typically, for the particle-
number symmetry, the relevant collective coordinate is the gauge
angle θ [16] and the generator states

∣

∣φ(θ)
〉

read

∣

∣φ(θ)
〉

= exp
(

iθ(Â− A)
)

|φ〉 . (2)

Note that the two strategies mentioned above to create the
generator states are often mixed when dealing with several
collective coordinates [8].

2.2. Griffin-Hill-Wheeler Ansatz
Once the family of generator states is chosen, the Griffin-Hill-
Wheeler (GHW) ansatz assumes that the many-body state of the
system reads at any time

∣

∣$(t)
〉

=
∫

q∈E
dq
∣

∣φ(q)
〉

f (q, t). (3)

The function f (q, t) gives the complex-valued weights of this
quantum mixture of states. It should belong to the space
of square-integrable functions that we note here L2(E). The
expectation value of any observable Ô for a GHW state has the
compact form

〈Ô〉(t) =
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dq dq′f %(q, t)O(q, q′)f (q′, t). (4)

We used here the notation O(q, q′) for the kernel of the
observable defined by

O(q, q′) =
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φ(q)
∣

∣Ô
∣

∣φ(q′)
〉

. (5)

Significant kernels that we will discuss through this review are
the norm kernel and the energy (or Hamiltonian) kernel. They
are defined as

H(q, q′) =
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φ(q)
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∣Ĥ
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〉

(Hamiltonian), (6)

N (q, q′) =
〈

φ(q)
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∣

∣φ(q′)
〉

(norm). (7)

We emphasize that the choice of collective coordinates q is
somehow arbitrary. From one choice of collective coordinate, we
may switch to a different one while keeping invariant the space of
GHW states. We can show this by defining a change of variable ϕ

a = ϕ(q). (8)

Then we may consider the GHW ansatz built on the transformed
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Any GHW state defined by Equation (3) can be cast into
Equation (9) with the weight function

f̃ (a, t) = f (ϕ−1(a), t)| det(Jϕ(a))|−1. (10)

Here Jϕ is the Jacobian matrix of the coordinate transformation.
Also, the formula for the expectation value observables is
invariant by this change of coordinate. Typically we have in
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Ô
∣

∣

∣
φ̃(a′)

〉

. (12)

Although applying such a change of variable does not change
the physics of the ansatz, it does change intermediate quantities
involved in the GCM framework. In some cases, it may be
essential to change the variables to obtain valuable mathematical
properties of the kernel operators [15, 16].

As a final remark, we would like to highlight that the
integral of Equation (3) may not be well defined for some
weight functions and family of generator states. The [15] gives
a mathematically rigorous presentation of the GCM framework.
We retain from this work that a sufficient condition for the GHW
ansatz to be valid is that norm kernel defines a bounded linear
operator on L2(E).

2.3. Griffin-Hill-Wheeler Equation
The time-dependent Schrödinger equation in the entire many-
body Hilbert space,

(

Ĥ − ih̄
d

dt

)

∣

∣$(t)
〉

= 0, (13)

drives the exact time evolution of amany-body system
∣

∣$(t)
〉

. We
assume here that all the interactions between the nucleons are
encoded into the Hamiltonian Ĥ acting on the full many-body
space. From this starting point, the TDGCM equation of motion
can be obtained by assuming that at any time t:

1. the wave function of the system keeps the form of
Equation (3),
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→ represents the nuclear wave function by a superposition of 
generator states that are functions of collective coordinates. 

→ a fully quantum mechanical approach but only takes into account collective degrees of freedom in 
the adiabatic approximation. 

→ no dissipation mechanism. 

TDGCM in the Gaussian overlap approximation (TDGCM+GOA)
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Fig. 14 Time evolution of the probability density |g|2 in the (β2,β3) plane. The solid contour
corresponds to the scission hypersurface
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The integrated flux for a given scission surface element associated with a specific
pair of fragments is computed from

Y =
∫ ∞

0
dtJ⃗ · d⃗s. (92)

By considering all points on the scission contour, the final charge or mass distribu-
tion of fission fragments is obtained. Figure 15 displays the charge yields (normal-
ized to 200%) for induced fission of 228Th, calculated using the TDGCM+GOA,
in comparison with data of photo-induced fission at an excitation energy ≈11 MeV
(Schmidt et al. 2001). The calculation reproduces the trend of the data except that,
without particle number projection, the model obviously cannot describe the odd-
even staggering of the experimental charge yields.

Time evolution of the probability density 
|g|2 in the (β2, β3) plane. The solid line 
corresponds to the scission hypersurface.

30 Z. P. Li and D. Vretenar

Fig. 14 Time evolution of the probability density |g|2 in the (β2,β3) plane. The solid contour
corresponds to the scission hypersurface

Jk(β2,β3, t) = h̄

2i

3∑

l=2

Bkl(β2,β3)[g∗(β2,β3, t) (91)

∂g(β2,β3, t)

∂βl
− g(β2,β3, t)

∂g∗(β2,β3, t)

∂βl
].

The integrated flux for a given scission surface element associated with a specific
pair of fragments is computed from

Y =
∫ ∞

0
dtJ⃗ · d⃗s. (92)

By considering all points on the scission contour, the final charge or mass distribu-
tion of fission fragments is obtained. Figure 15 displays the charge yields (normal-
ized to 200%) for induced fission of 228Th, calculated using the TDGCM+GOA,
in comparison with data of photo-induced fission at an excitation energy ≈11 MeV
(Schmidt et al. 2001). The calculation reproduces the trend of the data except that,
without particle number projection, the model obviously cannot describe the odd-
even staggering of the experimental charge yields.

Model for Collective Motion 31

Fig. 15 The charge yields (normalized to 200%) for induced fission of 228Th, calculated using
the TDGCM+GOA, in comparison with data of photo-induced fission at an excitation energy
≈11 MeV (Schmidt et al. 2001)
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• T. Nikšić, D. Vretenar, and P. Ring, Relativistic nuclear energy density function-
als: Mean-field and beyond, Prog. Part. Nucl. Phys. 66, 519 (2011).

…current

Z. X. REN et al. PHYSICAL REVIEW C 105, 044313 (2022)

precisely, a set of initial points for the TDDFT evolution is
selected along an isoenergy curve beyond the outer fission
barrier on the deformation energy surface, and the TDGCM
is used to calculate the probability that the collective wave
function reaches these points at different times. Both the
TDGCM and TDDFT are then used to calculate the fission
yields and kinetic energy distribution. The particular imple-
mentations of the TDGCM and TDDFT used in this work
can be found in Refs. [20–22] and [23,24], respectively. Both
models are based on the relativistic energy density functional
PC-PK1 [25] and a monopole pairing interaction with the
Bardeen-Cooper-Schrieffer (BCS) approximation [26,27].

II. THEORETICAL FRAMEWORK

A. The time-dependent generator coordinate method plus
Gaussian overlap approximation

The time-dependent generator coordinate method plus
Gaussian overlap approximation (TDGCM+GOA) describes
induced fission as a slow adiabatic process determined by a
small number of collective degrees of freedom. Nonadiabatic
effects arising from the coupling between collective and in-
trinsic degrees of freedom are not taken into account. Fission
dynamics is governed by a local, time-dependent Schrödinger-
like equation in the space of collective coordinates q:

ih̄
∂g(q, t )

∂t
= Ĥcoll(q)g(q, t ), (1)

where g(q, t ) is the complex wave function of the collective
variables q and time t . Axial symmetry is assumed with
respect to the axis along which the two fission fragments even-
tually separate, and a two-dimensional (2D) collective space
of quadrupole β20 and octupole β30 deformation parameters is
considered. The collective Hamiltonian Ĥcoll(q) reads

Ĥcoll(β20,β30) = − h̄2

2

∑

i j=2,3

∂

∂βi
Bi j (β20,β30)

∂

∂β j

+ V (β20,β30), (2)

where Bi j (β20,β30) and V (β20,β30) denote the inertia tensor
and collective potential, respectively. The inertia tensor is the
inverse of the mass tensor, Bi j (β20,β30) = (M−1)i j . The mass
tensor is calculated in the perturbative cranking approxima-
tion [28]

MC p = h̄2M−1
(1)M(3)M−1

(1) , (3)

where

[M(k)]i j =
∑

µν

⟨0|Q̂i|µν⟩⟨µν|Q̂ j |0⟩
(Eµ + Eν )k

. (4)

|µν⟩ are two-quasiparticle states and Eµ, Eν denote the corre-
sponding quasiparticle energies.

The input for the calculation of the collective mass, that
is, the single-quasiparticle states, energies, and occupation
factors, are calculated in a self-consistent mean-field approach
based on nuclear energy density functionals. The map of the
energy surface as function of the quadrupole and octupole

deformations is obtained by imposing constraints on the cor-
responding mass moments:

Q̂20 = 2z2 − r2
⊥ and Q̂30 = 2z3 − 3zr2

⊥. (5)

The deformation parameters β20 and β30 are determined using
the following relations:

β20 =
√

5π

3AR2
0
⟨Q̂20⟩ and β30 =

√
7π

3AR3
0
⟨Q̂30⟩, (6)

with R0 = r0A1/3 and r0 = 1.2 fm. The collective potential
V (β20,β30) is obtained by subtracting the vibrational zero-
point energy (ZPE) from the total mean-field energy [29]

EZPE = 1
4 Tr

[
M−1

(3) M(2)
]
, (7)

where the M(k) are given by Eq. (4).
The collective space is divided into an inner region with

a single nuclear density distribution, and an external region
that contains two separated fission fragments. The set of con-
figurations that divides the inner and external regions defines
the scission hypersurface. The flux of the probability current
through this hypersurface provides a measure of the proba-
bility of observing a given pair of fragments at time t . Each
infinitesimal surface element is associated with a given pair
of fragments (ZL, ZH ), where ZL and ZH denote the charge of
the lighter and heavier fragments, respectively. The integrated
flux F (ξ , t ) for a given surface element ξ is defined as [30]

F (ξ , t ) =
∫ t

t0
dt ′

∫

{β20,β30}∈ξ

J(β20,β30, t ′)dS, (8)

where J(β20,β30, t ) is the current

Jk (β20,β30, t ) = h̄
2i

B−1(q)[g∗(q, t )∇g(q, t ) (9)

− g(q, t )∇g∗(q, t )]. (10)

The yield for the fission fragment with charge Z is defined by

Y (Z ) ∝
∑

ξ∈A
lim

t→∞
F (ξ , t ). (11)

The set A(ξ ) contains all elements belonging to the scission
hypersurface such that one of the fragments has charge num-
ber Z .

In the present study the mean-field deformation energy is
calculated with the multidimensionally constrained relativistic
mean-field (MDC-RMF) model [31–34], and calculations are
performed using the point-coupling relativistic energy density
functional PC-PK1 [25]. Pairing correlations are taken into
account in the BCS approximation [26] with a monopole
pairing interaction. The cutoff function for the pairing window
is the same as in Ref. [35]. The pairing strength parameters:
−0.135 MeV for neutrons, and −0.230 MeV for protons,
are determined by the empirical pairing gaps of 240Pu, using
the three-point odd-even mass formula [27]. The mean-field
equations are solved by expanding the nucleon Dirac spinors
in the axially deformed harmonic oscillator (ADHO) basis
with Nf = 20 oscillator shells. Reference [32] details the mul-
tidimensionally constrained relativistic mean-field model.

The fission process is described by the time evolution of
an initial wave packet g(q, t = 0) (q ≡ {β20,β30}), built as a
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Adiabatic evolution and dissipative dynamics
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Time-dependent density functional theory (TD DFT) 4

determined by the time-dependent Dirac equation
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 k(r, t) =
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ĥ(r, t)� "k(t)

i
 k(r, t), (13)

where the single-particle energy "k(t) = h k|ĥ| ki, and the single-particle Hamiltonian ĥ(r, t) reads

ĥ(r, t) = ↵ · (p̂� V ) + V
0 + �(mN + S). (14)

The scalar S(r, t) and four-vector V (r, t) potentials are consistently determined at each step in time by the time-
dependent densities and currents in the isoscalar-scalar, isoscalar-vector and isovector-vector channels,
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µ
⌧3 k, (15c)

respectively. ⌧3 is the isospin Pauli matrix with eigenvalues +1 for neutrons, and �1 for protons (see details in
Ref. [20]). The time evolution of the occupation probability nk(t) = |vk(t)|2, and pairing tensor k(t) = u

⇤
k
(t)vk(t), is

governed by the following equations

i
d

dt
nk(t) = nk(t)�

⇤
k
(t)� n

⇤
k
(t)�k(t), (16a)

i
d

dt
k(t) = ["k(t) + "

k̄
(t)]k(t) +�k(t)[2nk(t)� 1]. (16b)

In time-dependent calculations, a monopole pairing interaction is employed, and the gap parameter�k(t) is determined
by the single-particle energy and the pairing tensor,

�k(t) =

"
G

X

k0>0

f("k0)k0

#
f("k), (17)

where f("k) is the cut-o↵ function for the pairing window.
In the calculations with time-dependent covariant DFT, the mesh spacing of the lattice is 1.0 fm for all directions,

and the box size is taken as Lx ⇥ Ly ⇥ Lz = 20 ⇥ 20 ⇥ 60 fm3. The time-dependent Dirac equation (13) is solved
with the predictor-corrector method, and the time-dependent equations (16) using the Euler algorithm. The step
for the time evolution is 6.67 ⇥ 10�4 zs. The density functional, pairing strength parameters G, and the cut-o↵
function f("k) for the pairing window are taken the same as in the calculation with TDGCM. The initial states
for the time evolution are obtained by self-consistent deformation-constrained relativistic DFT calculations in three-
dimensional lattice space based on the inverse Hamiltonian and Fourier spectral methods [23–25], with the box size:
Lx ⇥ Ly ⇥ Lz = 20⇥ 20⇥ 50 fm3.

B. Fission trajectories

In Fig. 1 we plot the TD(C)DFT fission trajectories from the initial points (denoted by open dots ) on the self-
consistent deformation energy surface of 240Pu. The initial points for the time evolution correspond to the iso-energy
contours at �1 MeV (upper panel) and �4 MeV (lower panel), below the energy of the equilibrium minimum. Only
those trajectories that end up in scission of the fissioning nucleus are shown. Trajectories that start from very
asymmetric shapes (large �30 values in the upper panel), or from almost symmetric shapes (small �30 values in both
panels), do not lead to scission but get trapped in local minima. Most trajectories simply follow the path of steepest
descent, especially in the lower panel where the initial points are closer to scission. In this case, scission is obtained
also for very asymmetric shapes. The disconnected region without open dots in the lower panel correspond to points
on the deformation energy surface that, in the TDGCM calculation, are located beyond the scission contour defined
by the number of particles in the neck.

4

determined by the time-dependent Dirac equation

i
@

@t
 k(r, t) =

h
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and the box size is taken as Lx ⇥ Ly ⇥ Lz = 20 ⇥ 20 ⇥ 60 fm3. The time-dependent Dirac equation (13) is solved
with the predictor-corrector method, and the time-dependent equations (16) using the Euler algorithm. The step
for the time evolution is 6.67 ⇥ 10�4 zs. The density functional, pairing strength parameters G, and the cut-o↵
function f("k) for the pairing window are taken the same as in the calculation with TDGCM. The initial states
for the time evolution are obtained by self-consistent deformation-constrained relativistic DFT calculations in three-
dimensional lattice space based on the inverse Hamiltonian and Fourier spectral methods [23–25], with the box size:
Lx ⇥ Ly ⇥ Lz = 20⇥ 20⇥ 50 fm3.

B. Fission trajectories

In Fig. 1 we plot the TD(C)DFT fission trajectories from the initial points (denoted by open dots ) on the self-
consistent deformation energy surface of 240Pu. The initial points for the time evolution correspond to the iso-energy
contours at �1 MeV (upper panel) and �4 MeV (lower panel), below the energy of the equilibrium minimum. Only
those trajectories that end up in scission of the fissioning nucleus are shown. Trajectories that start from very
asymmetric shapes (large �30 values in the upper panel), or from almost symmetric shapes (small �30 values in both
panels), do not lead to scission but get trapped in local minima. Most trajectories simply follow the path of steepest
descent, especially in the lower panel where the initial points are closer to scission. In this case, scission is obtained
also for very asymmetric shapes. The disconnected region without open dots in the lower panel correspond to points
on the deformation energy surface that, in the TDGCM calculation, are located beyond the scission contour defined
by the number of particles in the neck.

→ classical evolution of independent nucleons 
in mean-field potentials, cannot be applied in 
classically forbidden regions of the collective 
space, nor does it take into account quantum 
fluctuations. 

→ automatically includes the one-body dissipation mechanism, but can only model a single fission event by 
propagating the nucleons independently. 
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scission, the system at scission is treated as a micro-
canonical ensemble where all available configurations are
equiprobable. The random neck rupture model relies on a
sequence of instabilities [21], and assumes that the neck
snaps at some random points along its length. In mi-
croscopic approaches, both geometrical and dynamical
definitions of the scission configuration have been con-
sidered. Geometrical definitions include the criterion of
vanishing density between the fragments, and the expec-
tation value of a neck operator that gives a measure of
the number of particles in the neck [22]. In a dynam-
ical approach, the scission configuration can be defined
in terms of the ratio of the nuclear and Coulomb inter-
action energies in the neck region [23], as well as using
a quantum localization method based on the partition
of orbital wave functions into two sets belonging to the
pre-fragments [24].

In this work, the dynamics of neck formation and
nuclear scission is studied within the TDDFT frame-
work. For the details of the particular implementation
of TDDFT that we employ to model induced fission, we
refer the reader to the supplemental material (SM).

In the left panel of Fig. 1, we display the self-consistent
deformation energy surface of 240Pu. It is calculated
with the relativistic energy density functional PC-PK1
[25] and a monopole pairing interaction (cf. SM for de-
tails), and shown as function of the two collective coor-
dinates: the axial quadrupole (�20) and octupole (�30)
deformation parameters, that correspond to the nuclear
elongation and mass asymmetry, respectively. The equi-
librium minimum is located at �20 ⇡ 0.3 and �30 = 0,
and it appears slightly soft in the octupole direction. We
also note the isomeric minimum at �20 ⇡ 0.9 and �30 = 0,
as well as the two fission barriers, and the fission valley
at large deformations.

The dots in the left panel of Fig. 1 denote three charac-
teristic initial points on the energy surface for calculation
of fission trajectories. Since TDDFT e↵ectively describes
the classical evolution of independent nucleons in self-
consistent mean-field potentials, this approach cannot be
applied to fission dynamics in the classically forbidden
region of the collective space [9, 11, 12, 14]. The initial
point for the TDDFT evolution is usually taken below the
outer barrier [17, 26], and the three points shown in the
left panel of Fig. 1 correspond to energies approximately
1 MeV below the equilibrium minimum. Given the initial
single-nucleon quasiparticle wave functions and occupa-
tion probabilities, TDDFT models a single fission events
by propagating the nucleons independently toward scis-
sion and beyond. At each step in time the single-nucleon
Hamiltonian is determined from the time-dependent den-
sities, currents and pairing tensor (cf. SM for details)
and, therefore, the time-evolution includes the one-body
dissipation mechanism.

For the three fission trajectories, the panel on the right
of Fig. 1 displays the corresponding isodensities (in units

of fm�3) in the x-z coordinate plane, at times immedi-
ately prior to the scission event. Even though the lengths
of the fission trajectories in the collective space of de-
formation parameters are not dramatically di↵erent, the
time it takes to reach the scission configuration varies
from 1650 fm/c (trajectory 1), to 1150 fm/c (trajectory
2) and, finally, 700 fm/c (trajectory 3). The large dif-
ferences in time can be attributed to the self-consistent
potentials in which the system evolves toward scission
along the three trajectories and to dynamical pairing cor-
relations [17]. These times should be compared with the
average time-scale for the evolution of a nucleus from
the compound system in equilibrium to the formation of
fragments: (6 � 15) ⇥ 103 fm/c [27]. The isodensities in
Fig. 1 exhibit a typical mass asymmetry of the nascent
fragments, and also the low-density neck region charac-
terized by the competition between the repulsive long-
range Coulomb interaction and the short-range nuclear
attraction.
These findings are consistent with previous studies of

fission dynamics but a surprising result is obtained when,
instead of the isodensities at pre-scission times, one con-
siders the corresponding nucleon localization functions
[28, 29]:
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for the spin � (" or #) and isospin q (n or p) quantum
numbers. ⇢q�, ⌧q�, ~jq�, and ~r⇢q� denote the nucleon
density, kinetic energy density, current density, and den-
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Thomas-Fermi kinetic energy density.
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q� , the second
and third term in the numerator vanish, and Cq� = 1/2.
In the other limit Cq�(~r) ⇡ 1 indicates that the prob-
ability of finding two nucleons with the same spin and
isospin at the same point ~r is very small. This is the case
for the ↵-cluster of four particles: p ", p #, n ", and n #,
for which all four nucleon localization functions Cq� ⇡ 1.
The nucleon localization functions have been used to an-
alyze ↵-cluster structures in light nuclei [29–31], to char-
acterize shell structures of nascent fragments in fissioning
nuclei [26, 32], and cluster structures in complex precom-
pound states formed in heavy-ion fusion reactions [33].
In Fig. 2, we plot the proton Cp (left) and total

p
CpCn

(right) localization functions in the x-z coordinate plane
for the three fission trajectories discussed above, at times
that immediately precede scission. Here, the proton and
neutron total localization functions are averaged over the
spin: Cq = (Cq" + Cq#)/2. In all three cases we notice
that, while the localization functions generally exhibit
shell structures in the fragments, their values 0.4–0.6 are
consistent with homogeneous nuclear matter. In the neck
region, however, values close to 1 are obtained, character-
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scission, the system at scission is treated as a micro-
canonical ensemble where all available configurations are
equiprobable. The random neck rupture model relies on a
sequence of instabilities [21], and assumes that the neck
snaps at some random points along its length. In mi-
croscopic approaches, both geometrical and dynamical
definitions of the scission configuration have been con-
sidered. Geometrical definitions include the criterion of
vanishing density between the fragments, and the expec-
tation value of a neck operator that gives a measure of
the number of particles in the neck [22]. In a dynam-
ical approach, the scission configuration can be defined
in terms of the ratio of the nuclear and Coulomb inter-
action energies in the neck region [23], as well as using
a quantum localization method based on the partition
of orbital wave functions into two sets belonging to the
pre-fragments [24].

In this work, the dynamics of neck formation and
nuclear scission is studied within the TDDFT frame-
work. For the details of the particular implementation
of TDDFT that we employ to model induced fission, we
refer the reader to the supplemental material (SM).

In the left panel of Fig. 1, we display the self-consistent
deformation energy surface of 240Pu. It is calculated
with the relativistic energy density functional PC-PK1
[25] and a monopole pairing interaction (cf. SM for de-
tails), and shown as function of the two collective coor-
dinates: the axial quadrupole (�20) and octupole (�30)
deformation parameters, that correspond to the nuclear
elongation and mass asymmetry, respectively. The equi-
librium minimum is located at �20 ⇡ 0.3 and �30 = 0,
and it appears slightly soft in the octupole direction. We
also note the isomeric minimum at �20 ⇡ 0.9 and �30 = 0,
as well as the two fission barriers, and the fission valley
at large deformations.

The dots in the left panel of Fig. 1 denote three charac-
teristic initial points on the energy surface for calculation
of fission trajectories. Since TDDFT e↵ectively describes
the classical evolution of independent nucleons in self-
consistent mean-field potentials, this approach cannot be
applied to fission dynamics in the classically forbidden
region of the collective space [9, 11, 12, 14]. The initial
point for the TDDFT evolution is usually taken below the
outer barrier [17, 26], and the three points shown in the
left panel of Fig. 1 correspond to energies approximately
1 MeV below the equilibrium minimum. Given the initial
single-nucleon quasiparticle wave functions and occupa-
tion probabilities, TDDFT models a single fission events
by propagating the nucleons independently toward scis-
sion and beyond. At each step in time the single-nucleon
Hamiltonian is determined from the time-dependent den-
sities, currents and pairing tensor (cf. SM for details)
and, therefore, the time-evolution includes the one-body
dissipation mechanism.

For the three fission trajectories, the panel on the right
of Fig. 1 displays the corresponding isodensities (in units

of fm�3) in the x-z coordinate plane, at times immedi-
ately prior to the scission event. Even though the lengths
of the fission trajectories in the collective space of de-
formation parameters are not dramatically di↵erent, the
time it takes to reach the scission configuration varies
from 1650 fm/c (trajectory 1), to 1150 fm/c (trajectory
2) and, finally, 700 fm/c (trajectory 3). The large dif-
ferences in time can be attributed to the self-consistent
potentials in which the system evolves toward scission
along the three trajectories and to dynamical pairing cor-
relations [17]. These times should be compared with the
average time-scale for the evolution of a nucleus from
the compound system in equilibrium to the formation of
fragments: (6 � 15) ⇥ 103 fm/c [27]. The isodensities in
Fig. 1 exhibit a typical mass asymmetry of the nascent
fragments, and also the low-density neck region charac-
terized by the competition between the repulsive long-
range Coulomb interaction and the short-range nuclear
attraction.
These findings are consistent with previous studies of

fission dynamics but a surprising result is obtained when,
instead of the isodensities at pre-scission times, one con-
siders the corresponding nucleon localization functions
[28, 29]:
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for the spin � (" or #) and isospin q (n or p) quantum
numbers. ⇢q�, ⌧q�, ~jq�, and ~r⇢q� denote the nucleon
density, kinetic energy density, current density, and den-

sity gradient, respectively. ⌧TF
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Thomas-Fermi kinetic energy density.
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q� , the second
and third term in the numerator vanish, and Cq� = 1/2.
In the other limit Cq�(~r) ⇡ 1 indicates that the prob-
ability of finding two nucleons with the same spin and
isospin at the same point ~r is very small. This is the case
for the ↵-cluster of four particles: p ", p #, n ", and n #,
for which all four nucleon localization functions Cq� ⇡ 1.
The nucleon localization functions have been used to an-
alyze ↵-cluster structures in light nuclei [29–31], to char-
acterize shell structures of nascent fragments in fissioning
nuclei [26, 32], and cluster structures in complex precom-
pound states formed in heavy-ion fusion reactions [33].
In Fig. 2, we plot the proton Cp (left) and total
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(right) localization functions in the x-z coordinate plane
for the three fission trajectories discussed above, at times
that immediately precede scission. Here, the proton and
neutron total localization functions are averaged over the
spin: Cq = (Cq" + Cq#)/2. In all three cases we notice
that, while the localization functions generally exhibit
shell structures in the fragments, their values 0.4–0.6 are
consistent with homogeneous nuclear matter. In the neck
region, however, values close to 1 are obtained, character-
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scission, the system at scission is treated as a micro-
canonical ensemble where all available configurations are
equiprobable. The random neck rupture model relies on a
sequence of instabilities [21], and assumes that the neck
snaps at some random points along its length. In mi-
croscopic approaches, both geometrical and dynamical
definitions of the scission configuration have been con-
sidered. Geometrical definitions include the criterion of
vanishing density between the fragments, and the expec-
tation value of a neck operator that gives a measure of
the number of particles in the neck [22]. In a dynam-
ical approach, the scission configuration can be defined
in terms of the ratio of the nuclear and Coulomb inter-
action energies in the neck region [23], as well as using
a quantum localization method based on the partition
of orbital wave functions into two sets belonging to the
pre-fragments [24].

In this work, the dynamics of neck formation and
nuclear scission is studied within the TDDFT frame-
work. For the details of the particular implementation
of TDDFT that we employ to model induced fission, we
refer the reader to the supplemental material (SM).

In the left panel of Fig. 1, we display the self-consistent
deformation energy surface of 240Pu. It is calculated
with the relativistic energy density functional PC-PK1
[25] and a monopole pairing interaction (cf. SM for de-
tails), and shown as function of the two collective coor-
dinates: the axial quadrupole (�20) and octupole (�30)
deformation parameters, that correspond to the nuclear
elongation and mass asymmetry, respectively. The equi-
librium minimum is located at �20 ⇡ 0.3 and �30 = 0,
and it appears slightly soft in the octupole direction. We
also note the isomeric minimum at �20 ⇡ 0.9 and �30 = 0,
as well as the two fission barriers, and the fission valley
at large deformations.

The dots in the left panel of Fig. 1 denote three charac-
teristic initial points on the energy surface for calculation
of fission trajectories. Since TDDFT e↵ectively describes
the classical evolution of independent nucleons in self-
consistent mean-field potentials, this approach cannot be
applied to fission dynamics in the classically forbidden
region of the collective space [9, 11, 12, 14]. The initial
point for the TDDFT evolution is usually taken below the
outer barrier [17, 26], and the three points shown in the
left panel of Fig. 1 correspond to energies approximately
1 MeV below the equilibrium minimum. Given the initial
single-nucleon quasiparticle wave functions and occupa-
tion probabilities, TDDFT models a single fission events
by propagating the nucleons independently toward scis-
sion and beyond. At each step in time the single-nucleon
Hamiltonian is determined from the time-dependent den-
sities, currents and pairing tensor (cf. SM for details)
and, therefore, the time-evolution includes the one-body
dissipation mechanism.

For the three fission trajectories, the panel on the right
of Fig. 1 displays the corresponding isodensities (in units

of fm�3) in the x-z coordinate plane, at times immedi-
ately prior to the scission event. Even though the lengths
of the fission trajectories in the collective space of de-
formation parameters are not dramatically di↵erent, the
time it takes to reach the scission configuration varies
from 1650 fm/c (trajectory 1), to 1150 fm/c (trajectory
2) and, finally, 700 fm/c (trajectory 3). The large dif-
ferences in time can be attributed to the self-consistent
potentials in which the system evolves toward scission
along the three trajectories and to dynamical pairing cor-
relations [17]. These times should be compared with the
average time-scale for the evolution of a nucleus from
the compound system in equilibrium to the formation of
fragments: (6 � 15) ⇥ 103 fm/c [27]. The isodensities in
Fig. 1 exhibit a typical mass asymmetry of the nascent
fragments, and also the low-density neck region charac-
terized by the competition between the repulsive long-
range Coulomb interaction and the short-range nuclear
attraction.
These findings are consistent with previous studies of

fission dynamics but a surprising result is obtained when,
instead of the isodensities at pre-scission times, one con-
siders the corresponding nucleon localization functions
[28, 29]:
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for the spin � (" or #) and isospin q (n or p) quantum
numbers. ⇢q�, ⌧q�, ~jq�, and ~r⇢q� denote the nucleon
density, kinetic energy density, current density, and den-
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q� , the second
and third term in the numerator vanish, and Cq� = 1/2.
In the other limit Cq�(~r) ⇡ 1 indicates that the prob-
ability of finding two nucleons with the same spin and
isospin at the same point ~r is very small. This is the case
for the ↵-cluster of four particles: p ", p #, n ", and n #,
for which all four nucleon localization functions Cq� ⇡ 1.
The nucleon localization functions have been used to an-
alyze ↵-cluster structures in light nuclei [29–31], to char-
acterize shell structures of nascent fragments in fissioning
nuclei [26, 32], and cluster structures in complex precom-
pound states formed in heavy-ion fusion reactions [33].
In Fig. 2, we plot the proton Cp (left) and total
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(right) localization functions in the x-z coordinate plane
for the three fission trajectories discussed above, at times
that immediately precede scission. Here, the proton and
neutron total localization functions are averaged over the
spin: Cq = (Cq" + Cq#)/2. In all three cases we notice
that, while the localization functions generally exhibit
shell structures in the fragments, their values 0.4–0.6 are
consistent with homogeneous nuclear matter. In the neck
region, however, values close to 1 are obtained, character-
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scission, the system at scission is treated as a micro-
canonical ensemble where all available configurations are
equiprobable. The random neck rupture model relies on a
sequence of instabilities [21], and assumes that the neck
snaps at some random points along its length. In mi-
croscopic approaches, both geometrical and dynamical
definitions of the scission configuration have been con-
sidered. Geometrical definitions include the criterion of
vanishing density between the fragments, and the expec-
tation value of a neck operator that gives a measure of
the number of particles in the neck [22]. In a dynam-
ical approach, the scission configuration can be defined
in terms of the ratio of the nuclear and Coulomb inter-
action energies in the neck region [23], as well as using
a quantum localization method based on the partition
of orbital wave functions into two sets belonging to the
pre-fragments [24].

In this work, the dynamics of neck formation and
nuclear scission is studied within the TDDFT frame-
work. For the details of the particular implementation
of TDDFT that we employ to model induced fission, we
refer the reader to the supplemental material (SM).

In the left panel of Fig. 1, we display the self-consistent
deformation energy surface of 240Pu. It is calculated
with the relativistic energy density functional PC-PK1
[25] and a monopole pairing interaction (cf. SM for de-
tails), and shown as function of the two collective coor-
dinates: the axial quadrupole (�20) and octupole (�30)
deformation parameters, that correspond to the nuclear
elongation and mass asymmetry, respectively. The equi-
librium minimum is located at �20 ⇡ 0.3 and �30 = 0,
and it appears slightly soft in the octupole direction. We
also note the isomeric minimum at �20 ⇡ 0.9 and �30 = 0,
as well as the two fission barriers, and the fission valley
at large deformations.

The dots in the left panel of Fig. 1 denote three charac-
teristic initial points on the energy surface for calculation
of fission trajectories. Since TDDFT e↵ectively describes
the classical evolution of independent nucleons in self-
consistent mean-field potentials, this approach cannot be
applied to fission dynamics in the classically forbidden
region of the collective space [9, 11, 12, 14]. The initial
point for the TDDFT evolution is usually taken below the
outer barrier [17, 26], and the three points shown in the
left panel of Fig. 1 correspond to energies approximately
1 MeV below the equilibrium minimum. Given the initial
single-nucleon quasiparticle wave functions and occupa-
tion probabilities, TDDFT models a single fission events
by propagating the nucleons independently toward scis-
sion and beyond. At each step in time the single-nucleon
Hamiltonian is determined from the time-dependent den-
sities, currents and pairing tensor (cf. SM for details)
and, therefore, the time-evolution includes the one-body
dissipation mechanism.

For the three fission trajectories, the panel on the right
of Fig. 1 displays the corresponding isodensities (in units

of fm�3) in the x-z coordinate plane, at times immedi-
ately prior to the scission event. Even though the lengths
of the fission trajectories in the collective space of de-
formation parameters are not dramatically di↵erent, the
time it takes to reach the scission configuration varies
from 1650 fm/c (trajectory 1), to 1150 fm/c (trajectory
2) and, finally, 700 fm/c (trajectory 3). The large dif-
ferences in time can be attributed to the self-consistent
potentials in which the system evolves toward scission
along the three trajectories and to dynamical pairing cor-
relations [17]. These times should be compared with the
average time-scale for the evolution of a nucleus from
the compound system in equilibrium to the formation of
fragments: (6 � 15) ⇥ 103 fm/c [27]. The isodensities in
Fig. 1 exhibit a typical mass asymmetry of the nascent
fragments, and also the low-density neck region charac-
terized by the competition between the repulsive long-
range Coulomb interaction and the short-range nuclear
attraction.
These findings are consistent with previous studies of

fission dynamics but a surprising result is obtained when,
instead of the isodensities at pre-scission times, one con-
siders the corresponding nucleon localization functions
[28, 29]:
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for the spin � (" or #) and isospin q (n or p) quantum
numbers. ⇢q�, ⌧q�, ~jq�, and ~r⇢q� denote the nucleon
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q� , the second
and third term in the numerator vanish, and Cq� = 1/2.
In the other limit Cq�(~r) ⇡ 1 indicates that the prob-
ability of finding two nucleons with the same spin and
isospin at the same point ~r is very small. This is the case
for the ↵-cluster of four particles: p ", p #, n ", and n #,
for which all four nucleon localization functions Cq� ⇡ 1.
The nucleon localization functions have been used to an-
alyze ↵-cluster structures in light nuclei [29–31], to char-
acterize shell structures of nascent fragments in fissioning
nuclei [26, 32], and cluster structures in complex precom-
pound states formed in heavy-ion fusion reactions [33].
In Fig. 2, we plot the proton Cp (left) and total
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(right) localization functions in the x-z coordinate plane
for the three fission trajectories discussed above, at times
that immediately precede scission. Here, the proton and
neutron total localization functions are averaged over the
spin: Cq = (Cq" + Cq#)/2. In all three cases we notice
that, while the localization functions generally exhibit
shell structures in the fragments, their values 0.4–0.6 are
consistent with homogeneous nuclear matter. In the neck
region, however, values close to 1 are obtained, character-
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scission, the system at scission is treated as a micro-
canonical ensemble where all available configurations are
equiprobable. The random neck rupture model relies on a
sequence of instabilities [21], and assumes that the neck
snaps at some random points along its length. In mi-
croscopic approaches, both geometrical and dynamical
definitions of the scission configuration have been con-
sidered. Geometrical definitions include the criterion of
vanishing density between the fragments, and the expec-
tation value of a neck operator that gives a measure of
the number of particles in the neck [22]. In a dynam-
ical approach, the scission configuration can be defined
in terms of the ratio of the nuclear and Coulomb inter-
action energies in the neck region [23], as well as using
a quantum localization method based on the partition
of orbital wave functions into two sets belonging to the
pre-fragments [24].

In this work, the dynamics of neck formation and
nuclear scission is studied within the TDDFT frame-
work. For the details of the particular implementation
of TDDFT that we employ to model induced fission, we
refer the reader to the supplemental material (SM).

In the left panel of Fig. 1, we display the self-consistent
deformation energy surface of 240Pu. It is calculated
with the relativistic energy density functional PC-PK1
[25] and a monopole pairing interaction (cf. SM for de-
tails), and shown as function of the two collective coor-
dinates: the axial quadrupole (�20) and octupole (�30)
deformation parameters, that correspond to the nuclear
elongation and mass asymmetry, respectively. The equi-
librium minimum is located at �20 ⇡ 0.3 and �30 = 0,
and it appears slightly soft in the octupole direction. We
also note the isomeric minimum at �20 ⇡ 0.9 and �30 = 0,
as well as the two fission barriers, and the fission valley
at large deformations.

The dots in the left panel of Fig. 1 denote three charac-
teristic initial points on the energy surface for calculation
of fission trajectories. Since TDDFT e↵ectively describes
the classical evolution of independent nucleons in self-
consistent mean-field potentials, this approach cannot be
applied to fission dynamics in the classically forbidden
region of the collective space [9, 11, 12, 14]. The initial
point for the TDDFT evolution is usually taken below the
outer barrier [17, 26], and the three points shown in the
left panel of Fig. 1 correspond to energies approximately
1 MeV below the equilibrium minimum. Given the initial
single-nucleon quasiparticle wave functions and occupa-
tion probabilities, TDDFT models a single fission events
by propagating the nucleons independently toward scis-
sion and beyond. At each step in time the single-nucleon
Hamiltonian is determined from the time-dependent den-
sities, currents and pairing tensor (cf. SM for details)
and, therefore, the time-evolution includes the one-body
dissipation mechanism.

For the three fission trajectories, the panel on the right
of Fig. 1 displays the corresponding isodensities (in units

of fm�3) in the x-z coordinate plane, at times immedi-
ately prior to the scission event. Even though the lengths
of the fission trajectories in the collective space of de-
formation parameters are not dramatically di↵erent, the
time it takes to reach the scission configuration varies
from 1650 fm/c (trajectory 1), to 1150 fm/c (trajectory
2) and, finally, 700 fm/c (trajectory 3). The large dif-
ferences in time can be attributed to the self-consistent
potentials in which the system evolves toward scission
along the three trajectories and to dynamical pairing cor-
relations [17]. These times should be compared with the
average time-scale for the evolution of a nucleus from
the compound system in equilibrium to the formation of
fragments: (6 � 15) ⇥ 103 fm/c [27]. The isodensities in
Fig. 1 exhibit a typical mass asymmetry of the nascent
fragments, and also the low-density neck region charac-
terized by the competition between the repulsive long-
range Coulomb interaction and the short-range nuclear
attraction.
These findings are consistent with previous studies of

fission dynamics but a surprising result is obtained when,
instead of the isodensities at pre-scission times, one con-
siders the corresponding nucleon localization functions
[28, 29]:

Cq�(~r) =

2

41 +
 
⌧q�⇢q� � 1

4 |~r⇢q�|2 �~j2q�
⇢q�⌧TF

q�

!2
3

5
�1

, (1)

for the spin � (" or #) and isospin q (n or p) quantum
numbers. ⇢q�, ⌧q�, ~jq�, and ~r⇢q� denote the nucleon
density, kinetic energy density, current density, and den-

sity gradient, respectively. ⌧TF
q� = 3

5 (6⇡
2)2/3⇢5/3q� is the

Thomas-Fermi kinetic energy density.
For homogeneous nuclear matter ⌧ = ⌧TF

q� , the second
and third term in the numerator vanish, and Cq� = 1/2.
In the other limit Cq�(~r) ⇡ 1 indicates that the prob-
ability of finding two nucleons with the same spin and
isospin at the same point ~r is very small. This is the case
for the ↵-cluster of four particles: p ", p #, n ", and n #,
for which all four nucleon localization functions Cq� ⇡ 1.
The nucleon localization functions have been used to an-
alyze ↵-cluster structures in light nuclei [29–31], to char-
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for the three fission trajectories discussed above, at times
that immediately precede scission. Here, the proton and
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spin: Cq = (Cq" + Cq#)/2. In all three cases we notice
that, while the localization functions generally exhibit
shell structures in the fragments, their values 0.4–0.6 are
consistent with homogeneous nuclear matter. In the neck
region, however, values close to 1 are obtained, character-
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momentum each, removes the majority of the angular momentum and 
the remaining excitation energy. This prompt de-excitation process 
ends at the fragment ground states, usually within a few nanoseconds19.

There are many competing theories for how a fissioning nucleus 
generates its intrinsic angular momentum, and where in the above 
sequence of events it occurs. One class of explanations proposes that 
it arises from the excitation of collective vibrational modes such as 
bending, wriggling, tilting and twisting of the system before it splits 
(pre-scission). These theories suggest that the vibrations are either 
initiated by thermal excitations4–6, arise from quantum fluctuations7,8, 
or both9. Post-scission theories suggest that the angular momenta are 
generated either from Coulomb forces10 or from deformed fragments 
that have coupled orientations11,12. Since the angular momentum is 
quickly carried away by the γ-rays, the experimental study of the gen-
eration mechanism necessarily involves detailed observation of the 
prompt γ-ray emission.

Experimental attempts to understand the intrinsic spin generation 
started with low-resolution detection of prompt-fission γ-rays cor-
related with the mass of one fragment20, 21, which revealed saw-tooth 
shapes in the γ-ray yields that are strongly related to spin. The major 
difficulty was the separation of γ-rays emitted from the two fragments, 
and the existence of these patterns was called into question in a later 
experiment where no saw-tooth pattern was observed22. Another 
experimental approach involves spectroscopy of isomeric (long-lived) 
excited states found in certain nuclei. Measurements of isomer popu-
lation are highly sensitive to small relative changes in spin. However, 
only a small subset of all the isotopes produced in fission have such 
isomeric states and it is difficult to measure trends over a large range in 
mass23. In this work, we use a third technique24 based on high-resolution 
spectroscopy, which allows both separation of γ-rays from the two 
fragments and the study of trends over large mass ranges.

To probe intrinsic generation of angular momentum also requires sys-
tems with initial spin of zero or almost zero, namely, spontaneous fission 
or neutron-induced fission. Heavy-ion- or charged-particle-induced  
fission reactions are unsuitable because they generate high initial 
angular momenta25, which can obscure the origin of the intrinsic spin.

We present here unique and extensive experimental data obtained 
from fission experiments carried out at the ALTO facility of the IJC 
Laboratory in Orsay, France, with the LICORNE directional neutron 
source26,27 coupled to the high-performance ν-Ball γ-ray spectrometer28. 
We carried out high-resolution spectroscopy of fast-neutron-induced 
fission of 232Th and 238U, and the spontaneous fission of 252Cf with the 
addition of an ionization chamber29.

Results
For each of the three systems studied we identified characteristic γ-ray 
decay patterns of excited states in around 30 even−even nuclei (with 
even numbers of both protons and neutrons). For each even−even 
fission fragment we extracted the average spin after neutron emission 
using a method developed at the University of Manchester24, which 
combines all the available γ-ray transition intensity and coincidence 
information (see Methods).

Our results (Fig. 1) definitively confirm that fragment spins vary 
strongly as a function of fragment mass in saw-tooth distributions, simi-
lar to the patterns previously observed in γ-ray yields20,21. We note that 
a given fragment spin appears to depend only on the fragment mass, 
with no observable relationship to the mass of the system that emits it 
nor to the mass or charge of the partner nucleus with which it emerged. 
This observation does therefore not support theoretical explanations 
based on post-scission Coulomb effects10, where a dependence of spin 
on the product of the fragment charges, Z1Z2, would be expected.

Additionally, large asymmetries in average spin are observed for 
certain fragment pair combinations (for example, 86Se and 150Ce from 
238U(n,f); n, neutron; f, fission), where the spin of the heavy fragment 

can be more than double that of its light partner. The existence of such 
asymmetries does not support the post-scission explanation based on 
coupled orientations of deformed fragments11,12, which explicitly pre-
dicts spins of equal magnitudes. Indeed, the existence of such large spin 
asymmetries provokes the question of how spin generation could pos-
sibly occur pre-scission if the fragments are in contact and participating 
in a correlated collective motion. In that case, expected fragment spins 
at scission would be +I and –I units. To investigate further, we studied 
the correlation between spins of the most strongly populated frag-
ments in the 238U(n,f) reaction. For a given nucleus, γ-ray transitions of 
increasing spin were selected from its partner nucleus, constraining the 
partner population to higher and higher spins. We then examined how 
the average spin of the given nucleus evolved in response (Fig. 2). For 
example, the most strongly populated partner nucleus of 96Sr is 140Xe. 
By demanding observation of a γ-ray emitted from the lowest 8+ state 
in 140Xe we constrain this nucleus to be populated with average spins 
of higher than eight units of angular momentum. The corresponding 
average spin in 96Sr is deduced by measuring the corresponding coinci-
dent γ-ray intensities. By varying the spin conditions and the isotopes 
studied, we obtain the fragment spin correlations.

The observed slopes are clearly consistent with zero, suggesting an 
uncorrelated, post-scission spin-generation mechanism. The overall 
slope from the combined data is within the 2σ confidence interval [–0.04, 
0.01], compatible with no significant correlation between fragment spins 
and incompatible with correlated pre-scission spin generation. The data 
do not support pre-scission theoretical explanations4–9, confirming what 
was suspected from the large spin asymmetries (Fig. 1). It appears that 
each fragment has no ‘knowledge’ of the spin generated in its partner.

This unexpected conclusion may resolve the historical controversy 
surrounding previous experimental results20–22. For fragment spins that 
are generated independently, the event-by-event correlations measured 
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Fig. 1 | Dependence of average spin on fragment mass. Average spins 
extracted for even−even nuclei produced in fast-neutron-induced fission of 
232Th, 238U and the spontaneous fission (SF) of 252Cf are presented along with 
statistical uncertainties (error bars represent ±1 s.d.). Single-parameter fits to 
the data are shown in black lines. The fitting parameterization developed to 
explain the mechanism that generates angular momentum is presented in the 
section ‘Discussion’.

Dependence of average spin (after neutron 
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Angular momentum generation in nuclear 
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 D. Étasse6, R-B. Gerst7, L. Gaudefroy8, E. Adamska9, P. Adsley1, A. Algora10,11, M. Babo1, 
K. Belvedere3, J. Benito12, G. Benzoni13, A. Blazhev7, A. Boso4, S. Bottoni13,14, M. Bunce4, 
R. Chakma1, N. Cieplicka-Oryńczak15, S. Courtin16, M. L. Cortés17, P. Davies18, C. Delafosse1, 
M. Fallot19, B. Fornal15, L. Fraile12, A. Gottardo20, V. Guadilla19, G. Häfner1,7, K. Hauschild1, 
M. Heine16, C. Henrich5, I. Homm5, F. Ibrahim1, Ł. W. Iskra13,15, P. Ivanov4, S. Jazrawi3,4, A. Korgul9,  
P. Koseoglou5,21, T. Kröll5, T. Kurtukian-Nieto22, L. Le Meur19, S. Leoni13,14, J. Ljungvall1, 
A. Lopez-Martens1, R. Lozeva1, I. Matea1, K. Miernik9, J. Nemer1, S. Oberstedt23, W. Paulsen2, 
M. Piersa9, Y. Popovitch1, C. Porzio13,14,24, L. Qi1, D. Ralet25, P. H. Regan3,4, K. Rezynkina26, 
V. Sánchez-Tembleque12, S. Siem2, C. Schmitt16, P.-A. Söderström5,27, C. Sürder5, G. Tocabens1, 
V. Vedia12, D. Verney1, N. Warr7, B. Wasilewska15, J. Wiederhold5, M. Yavahchova28, F. Zeiser2 
& S. Ziliani13,14

When a heavy atomic nucleus splits (fission), the resulting fragments are observed to 
emerge spinning1; this phenomenon has been a mystery in nuclear physics for over  
40 years2,3. The internal generation of typically six or seven units of angular 
momentum in each fragment is particularly puzzling for systems that start with zero, 
or almost zero, spin. There are currently no experimental observations that enable 
decisive discrimination between the many competing theories for the mechanism 
that generates the angular momentum4–12. Nevertheless, the consensus is that 
excitation of collective vibrational modes generates the intrinsic spin before the 
nucleus splits (pre-scission). Here we show that there is no significant correlation 
between the spins of the fragment partners, which leads us to conclude that angular 
momentum in fission is actually generated after the nucleus splits (post-scission). We 
present comprehensive data showing that the average spin is strongly 
mass-dependent, varying in saw-tooth distributions. We observe no notable 
dependence of fragment spin on the mass or charge of the partner nucleus, 
confirming the uncorrelated post-scission nature of the spin mechanism. To explain 
these observations, we propose that the collective motion of nucleons in the ruptured 
neck of the fissioning system generates two independent torques, analogous to the 
snapping of an elastic band. A parameterization based on occupation of angular 
momentum states according to statistical theory describes the full range of 
experimental data well. This insight into the role of spin in nuclear fission is not only 
important for the fundamental understanding and theoretical description of fission, 
but also has consequences for the γ-ray heating problem in nuclear reactors13,14, for 
the study of the structure of neutron-rich isotopes15,16, and for the synthesis and 
stability of super-heavy elements17,18.

The stability of heavy atomic nuclei is governed by a delicate balance 
between the Coulomb repulsion of the protons that attempt to deform 
the nucleus, the nuclear surface tension driving the nucleus towards 
spherical configurations, and quantum shell effects, which add extra 
stability for certain nuclear shapes. Fission occurs when there is a 
perturbation of this balance in favour of the Coulomb repulsion. It is 
an exothermic, dynamical process that begins as an instability in the 
nuclear shape, which, after passing the point of no return (the saddle 
point), becomes more and more elongated. The nascent fragments 

form a neck as they move rapidly apart, which quickly snaps (scission). 
Shell effects in the nascent fragments give rise to certain favoured 
mass splits, which for low-energy fission of actinide nuclei (typically 
containing about 240 nucleons) produces a light fragment of mass  
A ≈ 100 and a heavy fragment of mass A ≈ 140. After scission, the decay 
of each excited fragment is a statistical process. It initially proceeds 
through efficient removal of excitation energy via emission of typically 
0−2 neutrons and 1−3 high-energy γ-rays. Subsequently, the emission 
of several more γ-rays, which usually carry away two units of angular 
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• no dependence of fragment spin on the mass or 
charge of the partner nucleus. 

• no significant correlations between the spins of the 
fragment partners → angular momentum is 
generated after the nucleus splits into fragments 
(post-scission).  

• the collective motion of nucleons in the ruptured 
neck of the fissioning system generates two 
independent torques, analogous to the snapping of 
an elastic band.
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in ref. 22 would not be expected to generate a saw-tooth pattern in the 
γ-ray yield measurements. Hence, this absence of the saw-tooth pattern 
may support rather than contradict our current findings.

Discussion
A post-scission, uncorrelated origin of angular momentum suggests 
that the fragments have become two separate, independent quantal 
systems. This can be viewed from both macroscopic and statistical/
single-particle points of view.

Post-scission generation of two independent torques
Macroscopically, we suggest that fragments acquire their spin in a pro-
cess analogous to the snapping of an elastic band. A neck forms between 
the two emerging fragments, which undergoes first a stretching, then 
a rupture and finally a relaxation during which the potential energy 
from the deformed neck (analogous to stretched elastic) transforms 
into kinetic energy. For asymmetric fission of the actinide nuclei we 
assume a double cluster, with the cores of the nascent fragments lying 
near doubly closed shells and the remaining nucleons from the neck 
shared between them after rupture (Fig. 3).

We suggest that the nucleons from both halves of the ruptured neck 
drive the generation of angular momentum in each fragment. The 
relative sizes of torques will depend on the number of neck nucleons 
and thus the precise location of the neck rupture, that is, the configu-
ration at scission. Classically, the neck would rupture in the middle at 
its weakest point. However, in the subatomic world a gap can appear 
at any point30, with decreasing probabilities for more extreme parti-
tions. We suggest that how the system arrives at a specific scission 
configuration will not have any subsequent impact on the generation 
of post-scission spin and that the fragments retain no ‘memory’ of their 
formation after scission.

At scission, the former neck nucleons are located far from the 
centres of mass of the newly born fragments in two very elongated 

configurations. Such extreme elongations have large surface energies, 
which provide the restoring forces towards more spherical shapes. 
Fluctuations in the aggregate direction of motion of these former neck 
nucleons generate the two independent torques. Small angular devia-
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Comparison with statistical theory
In the statistical/single-particle view, if the newly formed fragments 
are independent, then their excited states would be expected to have 
an angular momentum occupation according to statistical theory. 
For an excited nucleus, the probability distribution, P(I), of angular 
momenta, I, was first derived by Hans Bethe34 and is expected to be:
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where σ is known as a spin-cutoff parameter describing the width 
of this distribution and is directly related to the average spin value, 
I ≈ 1.15σ. From statistical theory (see Methods) we derive a smooth 
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Fig. 2 | Correlation between fragment spins. Correlations between fragment 
and partner spins for the six most strongly populated fragments in the 238U(n, f) 
reaction with associated statistical uncertainties (error bars represent ±1 s.d.). 
Weighted linear fits to the data points for each nucleus are shown. The fitted 
slopes are compared to the expected slopes for the spin mechanisms 
pre-scission with correlated spins (‘Pre-scission’) or post-scission with 
uncorrelated spins (‘Post-scission’) in the inset. The blue band (‘Pre-scission’) 
was determined from Monte-Carlo simulations of the de-correlating effects of 
the neutrons and statistical γ-rays (see Methods and Extended Data Fig. 3).
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Fig. 3 | Schematic diagram of post-scission angular momentum generation. 
Independent torques for different scission configurations are shown, with 
neck nucleons displayed in green. The straight black arrows illustrate sizes and 
example directions of the linear momentum vectors that generate the 
associated angular momenta. The corresponding positions on the saw-tooth 
distribution of the resulting average spins are shown on the right.



Microscopic studies based on TDDFT → 
the intrinsic spin dynamics of fission 
fragments is three-dimensional (3D) and 
all FF spin modes are active. 

76 4 Fission Fragments and Products

Fig. 4.4 Angular momentum bearing modes at scission. The vectors J1 and J2 represent the
angular momenta of the fragments, and L is their relative orbital angular momentum. The dashed
line represents the symmetry axis of the nucleus, taken as the z axis. See also [19]

momentum to the system. If J1 and J2 are the angular momenta of the fragments and
L their relative orbital angular momentum, and taking the z axis as the symmetry
axis of the nucleus with x and y axes perpendicular to it, then the modes can be
described as

• One twisting mode with J1 + J2 = 0, L = 0, and where

– J1 and J2 are along the z axis

• Two bending modes with J1 + J2 = 0, L = 0, and where

– J1 and J2 are parallel to the x axis
– J1 and J2 are parallel to the y axis

• Two wriggling modes with J1 + J2 + L = 0, L ̸= 0, and where

– J1 and J2 and L are parallel to the x axis
– J1 and J2 and L are parallel to the y axis

In all five cases, the total sum of individual and relative angular momenta is

J1 + J2 + L = 0 (4.25)

Thus, by playing these angular momentum vectors against one another, angular
momentum can be imparted to the fragments ex nihilo.

Conclusion → the average FF spin 
measured after statistical emissions is not 
necessarily connected with the scission 
mechanism.



Intrinsic generation of angular momenta and entanglement in fission
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Spin distribution P(I,Iz) for each fragment:

VI. ANGULAR MOMENTUM PROJECTION

For each fragment, the probability distributions P (I, Iz) of the spin I and its projection
Iz on the z-axis, are obtained by angular momentum projection:

P (I, Iz) = 〈Ψ|P̂ I
IzIz |Ψ〉
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(7)

where DI
IzIz(ε, β, γ) is the Wigner-D function. The Heaviside function ΘVf

(r) divides the
space into the volume Vf (f = H, or L) in which the fragment is located, and the comple-
mentary volume.

To evaluate correlations between the intrinsic angular momenta of the two FFs, we com-
pute the joint distribution P (IHk , ILk ), where IHk and ILk are components of the spin of the
heavy and light FFs along the k-axis, respectively:
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Correlations between the intrinsic angular momenta of the two FFs
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After including the triaxial degree of freedom, the probabilities of wriggling 

motion and bending motion are not equal.
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Triaxial degrees of freedom ⇨ the probabilities of bending and wriggling motion are not identical!
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The opening angle φHL between the spins of the heavy and light FFs

The triple distribution P(Λ,IH ,IL):

VIII. FORMULA FOR THE OPENING ANGLE BETWEEN FF INTRINSIC

SPINS

The probability distribution P (ϕHL) of the opening angle is evaluated from the triple
distribution P (Λ, IH , IL) [7],

P (ϕHL) =
)

Λ,IH !=0,IL !=0

Θ(|ϕHL − ϕ
′

HL(Λ, IH , IL)|)P (Λ, IH , IL), (11)

where the Heaviside step function Θ(x) is defined

Θ(x) =

[
]


1, x ≤ ε

0, x > ε
, (12)

and for ε the value 0.5◦ is used in the calculation considered in the present study. The
opening angle ϕ′

HL(Λ, IH , IL) reads

ϕ
′

HL(Λ, IH , IL) = arccos

(
Λ(Λ+ 1)− IH(IH + 1)− IL(IL + 1)

2
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IH(IH + 1)IL(IL + 1)

)
. (13)

The triple distribution P (Λ, IH , IL) is computed from

P (Λ, IH , IL) =
)

Λz ,IHz ,ILz

〈Ψ|P̂Λ
ΛzΛz

P̂ IH
IHz IHz

, P̂ IL
ILz ILz

|Ψ〉 (14)

where the angular momentum projections are defined as

P̂Λ
ΛzΛ

′
z
=

2Λ+ 1

8π2

∫
dΩ DΛ,∗

ΛzΛ
′
z
(Ω)R̂(Ω). (15)

P̂
If

Ifz Mf
=

2If + 1

16π2

∫
dΩf D

If ,∗
Ifz Mf

(Ωf )R̂
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The operator R̂(Ω) rotates the fission direction, and is performed in the reference frame of
the center of mass of the total system. The rotation center of operator R̂f (Ωf ) is the center
of mass of the FF in the subspace Vf . The formula for calculating the triple distribution
P (Λ, IH , IL) is same as that introduced in the supplement of Ref. [6] but, for non-axial
trajectories, without the constraint Λz = IHz + ILz = 0. Eq. (14) reduces then to the
following projection formula for the triple distribution

P (Λ, IH , IL) =
)
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The opening angle:

Opening angle
➢ The distribution for opening angle:   Scamps, et al., PRC 108, 034616 (2023).

𝑃 𝜙𝐻𝐿 = 𝑃 𝐼𝐻, 𝐼𝐿, Λ = ෍
𝐾𝐻𝐾𝐿Λ𝑧

⟨Ψ| ෠𝑃𝐾𝐻𝐾𝐻
𝐼𝐻 ෠𝑃𝐾𝐿𝐾𝐿

𝐼𝐿 ෠𝑃Λ𝑧Λ𝑧
Λ |Ψ⟩ 

➢ 𝐼𝐻 (𝐼𝐿) is the angular momentum of heavy (light) fragment，and Λ is the orbital 

angular momentum between heavy and light fragment.

𝒄𝒐𝒔 𝝓𝑯𝑳 =
𝚲 𝚲 + 𝟏 − 𝑰𝑯 𝑰𝑯 + 𝟏 − 𝑰𝑳(𝑰𝑳 + 𝟏)

𝟐 𝑰𝑯 𝑰𝑯 + 𝟏 𝑰𝑳(𝑰𝑳 + 𝟏)

These results underscore the importance of including triaxial degrees of 

freedom in microscopic models of fission dynamics.
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TD DFT TD GCM

…one-body dissipation but no  
quantum fluctuations.

…quantum fluctuations in collective 
coordinates but no dissipation mechanism.

Weight function (quantum fluctuation): 

Ψ 𝑡 = ∫ 𝑑𝒒 𝑓 𝒒, 𝑡 𝜙 𝒒, 𝑡

Slater determinant (dissipation):

𝑖𝑁𝜕𝑡𝑓 = 𝐻 − 𝐻𝑀𝐹 𝑓,  𝑔 = 𝑁1/2𝑓 

Generalized TDGCM

𝑖
𝜕
𝜕𝑡 𝜓𝑘,𝒒 𝑡 = [ℎ𝒒 𝑡 − 𝜀𝑘

𝒒(𝑡)]𝜓𝑘,𝒒 𝑡

Generalized time-dependent generator coordinate method (TDGCM) 

represents the nuclear wavefunction as a superposition of TDRDFT trajectories, 

and weight functions are evolved by the time-dependent Hill-Wheeler equations

BL, Vretenar, Nikšić, Zhao, Meng, PRC 108, 014321 (2023)
BL, Vretenar, Nikšić, Zhao, Zhao, Meng, FoP 19, 44201 (2024)
BL, Vretenar, Nikšić, Zhao, Meng, PRC 111, L051302 (2025) See Prof. Nikšić's report for details
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…superposition of independent 
TD DFT trajectories. 



Generalized time-dependent generator coordinate method 

Li, Vretenar, Nikšić, Zhao, Meng, Phys. Rev. C 108, 014321 (2023).

II. THEORETICAL FRAMEWORK: GENERALIZED TIME-DEPENDENT GCM

WITH PAIRING INTERACTIONS

The Griffin-Hill-Wheeler (GHW) ansatz for the TD-GCM correlated nuclear wave func-

tion reads [15, 18, 19]

|Ψ(t)⟩ =
∫

q

dq fq(t)|Φq(t)⟩, (1)

where the vector q denotes the continuous real generator coordinates that parametrize the

collective degrees of freedom. This wave function is a linear superposition of, general-

ly non-orthogonal, many-body generator states |Φq(t)⟩, and fq(t) are the corresponding

complex-valued weight functions. The generalized TD-GCM without the inclusion of pair-
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…time-dependent kernels: 

The time-dependent 
generator states are 
independent TDDFT 
fission trajectories on 
the PES.     

…collective wave function:

where the Slater determinant |Φ̃q,k(t)⟩ is defined as

|Φ̃q,k(t)⟩ = [
µ̇q,k(t)√

|µ̇q,k(t)|2 + |ν̇q,k(t)|2
+

ν̇q,k(t)√
|µ̇q,k(t)|2 + |ν̇q,k(t)|2

c†q,k(t)c
†
q,k̄

(t)]

·
∏

j ̸=k,j>0

[µq,j(t) + νq,j(t)c
†
q,j(t)c

†
q,j̄(t)]|−⟩

(24)

Eq.(6c) can be written in the form

HMF
q′q (t) = ⟨Φq′(t)|i!∂t|Φq(t)⟩

= ⟨Φq′(t)|
lq∑

k

[ĥq(r, t)− εqk(t)]c
†
q,k(t)cq,k(t)|Φq(t)⟩

+ i!
∑

k>0

√
|µ̇q,k(t)|2 + |ν̇q,k(t)|2 ⟨Φq′(t)|Φ̃q,k(t)⟩.

(25)

By expanding [ĥq(r, t)− εqk(t)]c
†
q,k(t) in a complete basis c†q′,k′(t),

[ĥq(r, t)− εqk(t)]c
†
q,k(t) =

∑

k′

⟨φq′

k′(r, t)|[ĥ
q(r, t)− εqk(t)]|φ

q
k(r, t)⟩c

†
q′,k′(t), (26)

one obtains for HMF
q′q (t) the expression

HMF
q′q (t) = ⟨Φq′(t)|Φq(t)⟩ ·

lq′∑

k′

lq∑

k

⟨φq′

k′(r, t)|[ĥ
q(r, t)− εqk(t)]|φ

q
k(r, t)⟩ρ

tran
k′k (t)

+ i!
∑

k>0

√
|µ̇q,k(t)|2 + |ν̇q,k(t)|2 ⟨Φq′(t)|Φ̃q,k(t)⟩,

(27)

where µ̇q,k(t) and ν̇q,k(t) can be derived from Eq. (12), and ⟨Φq′(t)|Φ̃q,k(t)⟩ can be obtained

by the Pfaffian algorithms [24, 25].

E. Collective wave function g(t)

Equation (4) is not a collective Schrödinger equation, and the weight function fq(t)

is not a probability amplitude of finding the system at the collective coordinate q. The

corresponding collective wave function gq(t) is defined by the transformation [27]

g = N 1/2f, (28)

where N 1/2 is the square root of the overlap kernel matrix. Inserting Eq. (28) into Eq. (4),

the time evolution of the collective wave function is governed by the equation [19]

i!ġ = N−1/2(H −HMF )N−1/2g + i!Ṅ 1/2N−1/2g. (29)
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Self-consistent TDDFT fission trajectories 
that start from the 25 initial points, and 
are used as a generator basis for the 
generalized TDGCM.

Time evolution of the eigenvalues 
of the norm kernel.

Square moduli of the components of the TDGCM 
collective wave function, that starts from the initial 
point (β20,β30) = (2.30,1.13) of trajectory number 13.



The square moduli of the 25 TDDFT components of the generalized TDGCM collective wave functions 
|g|2, at time 1300 fm/c. The generalized TDGCM trajectories 1−25 start from the initial points 1−25.

Particle number projection ⇒ charge yields. 



Charge yields for induced fission of 240Pu.

Total kinetic energies of the emerging fragments. 



Challenges for Fission Theory

• Microscopic description of tunneling (SF and low-energy induced fission) 
• Extension of TDGCM to include finite temperature and dissipation 
• Symmetry restoration (quantum numbers and observables) 
• Microscopic Langevin approach 
• A description of fission based on reaction theory

• Extend theory beyond even-even systems 
• Neck formation, dynamics and scission mechanism 
• Ternary fission 
• Fragment angular momentum generation 
• TKE distribution and fragment de-excitation 
• Large-scale calculations for astrophysical applications


