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address the emergence of complexity in QCD
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EMERGENT COMPLEXITY IN QCD
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HIC collisions as portal to emergent collectivity from fundamental degrees of freedom 

[near-perfect fluidity, collective flow, hadronization, …]

how diverse collective behaviour follows from the simple fundamental rules of QCD 
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Fig. 2: The interaction vertices of the Feynman rules of QCD
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Fig. 3: Schematic colour flow interpretation of the quark–quark–gluon (tAab, left) and triple-gluon (fABC , right)
vertices of QCD. These interpretations are only sensible insofar as one imagines that the number of colours in
QCD, Nc = 3, is large.

where one might calculate just the first one or two terms of the series, with the understanding that
remaining ones should be small.

The principal technique to calculate the coefficients fi of the above series is through the use of
Feynman diagrammatic (or other related) techniques. The interaction vertices of the QCD Feynman rules
are shown in Fig. 2 (in some gauges one also needs to consider ghosts, but they will be irrelevant for our
discussions here).
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with the gluon taking away one colour and replacing it with another.
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gluons carry colour charge that means that they must interact with other gluons. In terms of colour flows,
we have the repetition of the idea that the emission of a gluon can be seen as taking away the colour from
the gluon (or anti-colour) and replacing it with a different one. Because of the double colour/anti-colour
charge of a gluon, one can anticipate that it will interact with (or emit) other gluons twice as strongly as
does a quark. Before coming to mathematical formulation of that statement, let’s comment also on the
4-gluon vertex of Fig. 2. This comes from the product of two gsfABCA
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Though Fig. 3 gives some idea of how the colour factors t
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to be understood, it is useful to see also how they arise in calculations. After squaring an amplitude
and summing over colours of incoming and outgoing particles, they often appear in one or other of the
following combinations:
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STAGES AND PROBES
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different stages and scales of evolving QGP are resolved by different classes of probes

The ALICE experiment: a journey through QCD ALICE Collaboration

b
g g

c

Initial state QGP formation
Hadronisation

Freeze-out

!

Pre-equilibrium Viscous hydrodynamics Hadronic rescattering

Time:        0 fm/c                                        ≲ 1 fm/c                                                       ~10 fm/c                  ~1015 fm/c

π

D

K
d

Figure 3: The evolution of a heavy-ion collision at LHC energies.

field will also induce an electric field, which can move the electrically charged quarks accordingly. Such
an effect prolongs the decay time of the magnetic field (Lenz’s law). The high-temperature QGP also
produces thermal radiation, in the form of both photons and lepton-antilepton pairs. The electromagnetic
radiation does not interact via the strong force in the QGP, and can therefore be used to gain information
about the temperature from early to late times in the collision processes. In addition, strange quarks,
which have masses below the deconfinement temperature (therefore the QGP temperature) can also be
produced easily in the QGP stage, with the dominant mechanism coming from gluon interactions.

During the evolution, the parts of the QGP that cool below the transition temperature Tpc will hadronise.
Since it is likely that the temperature and energy density of the medium will diminish with increasing
distance from the collision centre, and, as indicated by Lattice QCD, the transition to normal nuclear
matter is a smooth cross-over, it is possible that hadronisation will happen at different times at different
places in the phase-space. Nonetheless, the formation of hadrons from the QGP can proceed as follows.
Hard partons in a jet will fragment and hadronise in the similar manner as in elementary collisions. For
partons at lower momenta, if they share a similar space and momenta as other partons, they can combine
into hadrons via coalescence. Heavy (charm or beauty) quarks can also combine with heavy antiquarks,
thus forming quarkonia and give rise to an additional production mechanism for closed heavy-flavour
hadrons, which can compensate the deficit due to melting in the QGP.

After the hadrons materialise out of quarks and gluons, primarily pions (!), kaons (K) or protons (p),
the energy density may be large enough to allow for inelastic interactions, with a consequent evolution
of their “chemical” composition, in terms of particle species. A loosely bound state such as the deuteron
(d) shown in Fig. 3 is particularly sensitive to such interactions, as it can be easily formed or destroyed.
Such interactions cease at the chemical freeze-out temperature Tchem, fixing the particle composition.
Elastic interactions can still continue, demonstrated by the !–K interaction in Fig. 3, and halt at the
kinetic freeze-out temperature Tkin, which is achieved at the time of → 10 fm/c. At this point, the particle
momenta are fixed. These particles travel towards the ALICE detector, where they will be measured
→ 1015 fm/c after the initial collision. The high-energy beams of the LHC provide an unprecedented
opportunity to study the QGP in the laboratory. The highest centre of mass energy per nucleon pair

11

3 ys = 3・10-24 s 30 ys

soft probes
• sensitive to global [integrated] bulk 

QGP evolution  
• resolve long wavelength behaviour

hard probes
• produced early and sensitive to 

wide range of dynamical scales 
• potentially differential in time  
• resolve short wavelength behaviour
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soft probes



A NEARLY-PERFECT LIQUID
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the P in QGP stands for Plasma [named in the 1970s]
:: quarks and gluons not bound within hadrons with colour fields screened at characteristic Debye length λD ∼ 1/gT

the QGP is a liquid, the most perfect liquid ever observed [lowest ]η/s

liquids are described by hydrodynamics :: liquids flow :: liquids are strongly coupled

[beam axis view of collision]

initial spatial anisotropy 
[pressure gradients]

Φ

final state soft particles preferably aligned the collision plane

final state momentum anisotropyϵ2 =
|⟨r2e2iϕ⟩ |

⟨r2⟩
ϵp =

| ∫ d2x⊥(Txx − Tyy + 2iTxy) |

∫ d2x⊥(Txx + Tyy)



HOW DOES HYDRODYNAMICS COME INTO BEING 
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[Ambrus et al, 2411.19708]
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Hydrodynamics 
[macroscopic description] 

  ; ∂μTμν = 0 P = P(ϵ)

Kinetic Theory 
[microscopic transport evolution] 

 pμ∂μ f = C[ f ]

̂γ =
1

5 η/s ( R
πa

dE0
⊥

dη )
1/4

efficiency of equilibration

for sufficiently large systems, microscopic and macroscopic descriptions merge

globally, hydrodynamics is all there is



HOW SMALL IS TOO SMALL?
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[Ambrus et al, 2411.19708][Ambrus et al, 2411.19708]

collective behaviour predicted and observed in OO collisions, with out-of-equilibrium components persisting for most centralities

OO is large enough to form QGP
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HOW SMALL IS TOO SMALL?
12

QGP creation firmly established  for systems as small as OO [and NeNe] collisions

some evidence of collectivity in pPb [without jet quenching] :: in part reproduced by initial state effects



INITIAL STATE GEOMETRY AS A PRECISION TOOL
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Oxygen Neon

[Giacalone et al, 2402.05995]

Smaller    Smaller ϵ2 v2

Oxygen: A = 16

Larger    Larger ϵ2 v2

Neon: A = 20

[See also: Giacalone et al 2305.00015, 2405.20210]

initial state geometry can be inferred from momentum anisotropies



EXTRACTING QGP PARAMETERS 
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event-by-event hydro simulations + bayesian analysis [Trajectum] 12

FIG. 6. We show the full correlation matrix for all our parameters. The color coding on the left triangle indicates the Pearson
correlation of all 2D distributions shown in the right triangle. The ranges of the parameters equal those of Fig. 5.

ferent model. We will see shortly that the second order
parameters are quite highly correlated with structure pa-
rameters, making this more non-trivial. The agreement
is a good indication that indeed global Bayesian analysis
can constrain second order transport coefficients.

A parameter of note is the new SMASH parameter
fSMASH, which modifies the interaction probabilities in-
side SMASH by an overall factor. The posterior shows
that fSMASH is consistent with unity, but not well con-
strained when using observable weighting, indicating that
the overall interaction strength in SMASH has little ef-
fect on the observables we use. This lends credence to

the idea that the strengths of particular individual inter-
actions, many of which are not measured, are not very
important for results such as ours, removing a source of
modelling uncertainty.

Fig. 6 shows the correlations between pairs of param-
eters for the posterior which includes observable weight-
ing. In Sec. II, it was noted that Eref was chosen such
that q is relatively uncorrelated with the norm N . One
can see that indeed q is not strongly correlated with the
norm at either 2.76 or 5.02TeV.

In general, the reason one prefers correlation to be
small is that preferentially the posterior distribution

strong constrains from data  
[observables-parameter correlation]

Central PbPb (0-5%) 

Peripheral PbPb (30-40%) 

[Nijs et al, 2304.06191]
[Capelino et al, 2509.02335]
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hard probes



JETS IN THE QGP
16

Hard scattering

QGP time evolution

…

…
…

Apolinário
radiation pattern modified by parton-QGP interaction 

• induced emissions 
• partons transported out-of-cone 
• modified colour coherence properties 

QGP response to excitation by parton traversal 
• novel jet component 
• best hope for understanding equilibration dynamics 

[how perturbations hydrodynamize]

jets sensitive to interplay of wide range of shower scales with QGP evolving characteristic scales 
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FIG. 1. Diagrammatic representation of the time evolution
of the splitting kernel computed in this Letter, as described
by Eq. (1). The dashed gray line separates amplitude from
its complex conjugate. The inset illustrates how transverse
momentum and color evolve at each time step due to inter-
actions with the medium quasi-particles, while the light-cone
longitudinal momentum p+ is conserved.

constant, and the intermediate momentum variables are
defined as shown in Fig. 1. The objects K(t2, t1) and
Q(t→, t2) can be obtained by solving either: (i) a path
integral over medium-averaged traces of Wilson lines [12],
(ii) Dyson-like integral equations [41], or equivalently,
(iii) a system of non-Hermitian Schrödinger-like equa-
tions for the corresponding Green’s functions [42]. We
opt for the third strategy, which requires a series of ma-
nipulations to Eq. (1).

First, considering a medium of finite length, L, we can
decompose the cross section into a sum over three dis-
tinct time intervals, depending on the ordering between
the medium length and the light-cone times for the split-
ting in amplitude (t1) and complex-conjugate amplitude
(t2). Naturally, when t1, t2 > L we recover the vacuum
splitting kernel, meaning that Eq. (1) reduces to

dIvac

dzd2p
→ dI

dzd2p
!(t1 > L)!(t2 > L) =

ωsPba(z)

2ε2p2
. (2)

For the remaining contributions, we first compute their
ratio with respect to Eq. (2) to isolate the medium mod-
ifications, denoting these quantities by R(z,p) such that
the spectrum reads

dI

dzd2p
=

dIvac

dzd2p

[
1 + Rin-in(z,p) + Rin-out(z,p)

]

→ dIvac

dzd2p
Rmed(z,p). (3)

The two contributions to Rmed are calculated as follows.

In the t1 < L < t2 region Eq. (1) reduces to

Rin-out(z,p) = ↑ 1

ϑ
Re

[∫ L

0

dt1

∫

p1

i (p · p1) K(p,p1|L, t1)
]

→ 1

ϑ
Re[p · A(t = L,p)] , (4)

where A is obtained by solving the following evolution
equation in 2+1 dimensions

iϖtA(t, p→) =

[
p→2

2ϑ
↑ i(ṽba ↓ ·)

]
A(t,p→) ↑ p→ . (5)

The operator (ṽba↓·) denotes a convolution in momentum
space between the potential and the function A, where
the potential is process-dependent and encodes the elas-
tic scattering cross section within the medium. Our al-
gorithm is agnostic to the specific scattering potential
model. The results in the main text adopt the Gyulassy-
Wang (GW) description of the medium as a collection of
static scattering centers [43]. In the soft limit, this po-
tential reduces to a simple form in coordinate space [44]

vb(x) =

∫

p
eip·x lim

z↑0

ṽba(z,p)

=
1

4
q̃ Cb x

2

[
ln

Q2

s

µω
+ ln

1

x2Q2
s

]
+ O(µ2

ωx
4) , (6)

where µω is an infrared scale reflecting the screening na-
ture of the medium and Cb the Casimir factor corre-
sponding to the soft prong b. The saturation scale, Qs,
represents the average transverse momentum acquired by
the propagating probe via medium-interactions during
its formation time. This scale is determined by solving
the transcendental equation Q2

s = q̃CbL lnQ2

s/µ
2

ω [44].
Finally, q̃ is the bare jet-quenching transport parame-
ter normalized to the corresponding color factor; for in-
stance, q̃ = 4εω2

sn within the GW model of the medium
with constant density n.

The t1,2 < L contribution to the spectrum reads

Rin-in(z,p) → p2

ϑ2
Re [B(t = L,p, p̄)|p̄=↓p] , (7)

where the definition of B can be directly inferred from
Eq. (1) by restricting the time integrals to the medium
length. The evolution of B is dictated by a set of coupled
di”erential equations, as the system oscillates between
all possible color states during its time evolution. We
label the di”erent color configurations as Bε, using the
convention ϱ = 1 for the state of physical interest. In
practice, ϱ ↔ {1, 2} for g ↗ qq̄, ϱ ↔ {1, 2, 3} for q ↗ gq
and ϱ ↔ {1, ..., 6} for g ↗ gg. The resulting equation for
Bε is (4+1)-dimensional and takes the form

iϖtBε(t, k, l) =

[
2k·l
ϑ

ςε
→

ε + i
(
M̃ε→

ε ↓ ·
)]

Bε→(t,k, l)

+ (k ↑ l) · A(k + l) φε , (8)

in-medium splittings first computed nearly 30 years ago
full resummation of interactions with QGP under several assumptions: soft limit + large Nc + unrealistic quadratic interaction potential [no high  tail]kt
finite [small] number of scatterings with QGP under several assumptions: soft limit + large Nc

In-medium QCD splittings beyond the soft, large-Nc and harmonic-oscillator
approximations all at once
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Nearly thirty years ago, Baier, Dokshitzer, Mueller, Peigné, Schi!, and Zakharov (BDMPS-Z) in-
troduced a formalism to calculate the fully di!erential probability for a high-energy quark or gluon
to radiate inside a finite-volume QCD plasma. We report on the first complete numerical solu-
tion of the BDMPS-Z equations for in-medium QCD splittings. Our numerical routines are precise
across phase-space, enabling a determination of the in-medium splitting functions that is signif-
icantly beyond the state-of-the-art, including finite-energy e!ects, subleading-color contributions,
and a realistic model for parton-medium interactions. We quantify the uncertainties associated
with standard approximations in the literature, revealing substantial deviations across phase-space.
This work opens a path toward more precise calculations of jet observables and for powerful new
constraints of medium parameters from high-energy heavy-ion collider data.

Extracting the material properties of quark-gluon mat-
ter at high temperatures is a long-standing objective of
the heavy-ion collider programme. Among the most pow-
erful probes of these properties are highly energetic parti-
cle jets, which are born from hard scatterings and evolve
over space-time scales spanning several orders of mag-
nitude before reaching the detector [1, 2]. This multi-
scale sensitivity has been instrumental in discovering and
characterizing the deconfined, chirally symmetric phase
of matter known as the quark-gluon plasma (QGP) [3–
6]. The precision frontier enabled by the high-luminosity
LHC era o!ers unprecedented opportunities to leverage
jet observables for decoding the microscopic structure of
hot, quark-gluon matter [7].

The theoretical description of jet evolution in the QGP
is a multidisciplinary endeavor that integrates insights
from both perturbative and non-perturbative techniques
in the context of Quantum Chromodynamics (QCD) [8].
At the heart of this framework is the evaluation of in-
medium QCD splitting kernels, which encode the prob-
ability for a high-energy parton, a, to branch into two
daughter partons, b and c, within the medium, as illus-
trated in Fig. 1. These splitting kernels serve as building
blocks for calculating jet observables, whether through
Monte-Carlo event generators or via analytical calcula-
tions. This work focuses on developing a method to com-
pute these splitting kernels that is simultaneously precise
and numerically e”cient across the entire phase space.

The foundational BDMPS-Z framework [9–13] estab-
lished a path-integral formulation for in-medium QCD
splitting kernels under several simplifying assumptions.
At the kinematic level, longitudinal momenta are as-
sumed to be much larger than any characteristic trans-
verse scale (close-to-eikonal approximation). Concur-
rently, the QGP is modeled as a finite-volume, stochastic
color field generated by static quasiparticle sources. De-
spite these simplifications, the sheer complexity of the
resulting equations has so far restricted their solution to
specific limiting cases. One class of approximations con-

strains the splitting kinematics, such as the soft (hard)
limit, where the energy fraction z of the emitted parton
is much smaller than (very close to) that of the parent
parton, i.e. z → 0 (z → 1) [14, 15]. Another class of ap-
proximations simplifies the color structure of the splitting
by taking the number of colors in QCD to be large (large-
Nc approximation) so as to reduce the complexity of the
color algebra. A third class of approximations involves
the modeling of parton-medium interactions; earlier cal-
culations typically assumed either multiple soft momen-
tum exchanges (harmonic-oscillator approximation) [16–
19] or a single hard momentum exchange (N = 1 opacity
expansion) [20–23], or an infinite QGP [24, 25]. More
recently, substantial progress has been made towards re-
laxing these assumptions by incorporating finite-z correc-
tions [26–30], subleading-Nc contributions [28, 31], and
more realistic parton-medium interaction models [32–40].
However, these e!orts have been strictly limited to lifting
one (or at most two) approximation(s) at a time, leaving
the problem of solving the BDMPS-Z equations in their
full generality completely open.

This Letter introduces a novel numerical approach to
solve the BDMPS-Z equations for arbitrary z at finite Nc,
fully resumming jet-medium interactions to all orders in
opacity with a realistic scattering potential. The starting
point of our formulation is the established expression for
the di!erential emission spectrum of the process depicted
in Fig. 1
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↑ (p1 · p̄2) K(p2,p1|t2, t1)Q(p, p̄,p2,↓p̄2|t→, t2)
]
, (1)

where p is the relative transverse momentum,
∫
p ↔ d2p

(2ω)2 ,

p+ is the light-cone longitudinal momentum of the par-
ent parton, ϑ = z(1 ↓ z)p+, and Pba(z) is the vacuum
Altarelli-Parisi splitting function. The strong coupling
constant is denoted by ωs, which we approximate as
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Nearly thirty years ago, Baier, Dokshitzer, Mueller, Peigné, Schi!, and Zakharov (BDMPS-Z) in-
troduced a formalism to calculate the fully di!erential probability for a high-energy quark or gluon
to radiate inside a finite-volume QCD plasma. We report on the first complete numerical solu-
tion of the BDMPS-Z equations for in-medium QCD splittings. Our numerical routines are precise
across phase-space, enabling a determination of the in-medium splitting functions that is signif-
icantly beyond the state-of-the-art, including finite-energy e!ects, subleading-color contributions,
and a realistic model for parton-medium interactions. We quantify the uncertainties associated
with standard approximations in the literature, revealing substantial deviations across phase-space.
This work opens a path toward more precise calculations of jet observables and for powerful new
constraints of medium parameters from high-energy heavy-ion collider data.

Extracting the material properties of quark-gluon mat-
ter at high temperatures is a long-standing objective of
the heavy-ion collider programme. Among the most pow-
erful probes of these properties are highly energetic parti-
cle jets, which are born from hard scatterings and evolve
over space-time scales spanning several orders of mag-
nitude before reaching the detector [1, 2]. This multi-
scale sensitivity has been instrumental in discovering and
characterizing the deconfined, chirally symmetric phase
of matter known as the quark-gluon plasma (QGP) [3–
6]. The precision frontier enabled by the high-luminosity
LHC era o!ers unprecedented opportunities to leverage
jet observables for decoding the microscopic structure of
hot, quark-gluon matter [7].

The theoretical description of jet evolution in the QGP
is a multidisciplinary endeavor that integrates insights
from both perturbative and non-perturbative techniques
in the context of Quantum Chromodynamics (QCD) [8].
At the heart of this framework is the evaluation of in-
medium QCD splitting kernels, which encode the prob-
ability for a high-energy parton, a, to branch into two
daughter partons, b and c, within the medium, as illus-
trated in Fig. 1. These splitting kernels serve as building
blocks for calculating jet observables, whether through
Monte-Carlo event generators or via analytical calcula-
tions. This work focuses on developing a method to com-
pute these splitting kernels that is simultaneously precise
and numerically e”cient across the entire phase space.

The foundational BDMPS-Z framework [9–13] estab-
lished a path-integral formulation for in-medium QCD
splitting kernels under several simplifying assumptions.
At the kinematic level, longitudinal momenta are as-
sumed to be much larger than any characteristic trans-
verse scale (close-to-eikonal approximation). Concur-
rently, the QGP is modeled as a finite-volume, stochastic
color field generated by static quasiparticle sources. De-
spite these simplifications, the sheer complexity of the
resulting equations has so far restricted their solution to
specific limiting cases. One class of approximations con-

strains the splitting kinematics, such as the soft (hard)
limit, where the energy fraction z of the emitted parton
is much smaller than (very close to) that of the parent
parton, i.e. z → 0 (z → 1) [14, 15]. Another class of ap-
proximations simplifies the color structure of the splitting
by taking the number of colors in QCD to be large (large-
Nc approximation) so as to reduce the complexity of the
color algebra. A third class of approximations involves
the modeling of parton-medium interactions; earlier cal-
culations typically assumed either multiple soft momen-
tum exchanges (harmonic-oscillator approximation) [16–
19] or a single hard momentum exchange (N = 1 opacity
expansion) [20–23], or an infinite QGP [24, 25]. More
recently, substantial progress has been made towards re-
laxing these assumptions by incorporating finite-z correc-
tions [26–30], subleading-Nc contributions [28, 31], and
more realistic parton-medium interaction models [32–40].
However, these e!orts have been strictly limited to lifting
one (or at most two) approximation(s) at a time, leaving
the problem of solving the BDMPS-Z equations in their
full generality completely open.

This Letter introduces a novel numerical approach to
solve the BDMPS-Z equations for arbitrary z at finite Nc,
fully resumming jet-medium interactions to all orders in
opacity with a realistic scattering potential. The starting
point of our formulation is the established expression for
the di!erential emission spectrum of the process depicted
in Fig. 1
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FIG. 1. Diagrammatic representation of the time evolution
of the splitting kernel computed in this Letter, as described
by Eq. (1). The dashed gray line separates amplitude from
its complex conjugate. The inset illustrates how transverse
momentum and color evolve at each time step due to inter-
actions with the medium quasi-particles, while the light-cone
longitudinal momentum p+ is conserved.

constant, and the intermediate momentum variables are
defined as shown in Fig. 1. The objects K(t2, t1) and
Q(t→, t2) can be obtained by solving either: (i) a path
integral over medium-averaged traces of Wilson lines [12],
(ii) Dyson-like integral equations [41], or equivalently,
(iii) a system of non-Hermitian Schrödinger-like equa-
tions for the corresponding Green’s functions [42]. We
opt for the third strategy, which requires a series of ma-
nipulations to Eq. (1).

First, considering a medium of finite length, L, we can
decompose the cross section into a sum over three dis-
tinct time intervals, depending on the ordering between
the medium length and the light-cone times for the split-
ting in amplitude (t1) and complex-conjugate amplitude
(t2). Naturally, when t1, t2 > L we recover the vacuum
splitting kernel, meaning that Eq. (1) reduces to

dIvac

dzd2p
→ dI

dzd2p
!(t1 > L)!(t2 > L) =

ωsPba(z)

2ε2p2
. (2)

For the remaining contributions, we first compute their
ratio with respect to Eq. (2) to isolate the medium mod-
ifications, denoting these quantities by R(z,p) such that
the spectrum reads

dI

dzd2p
=

dIvac

dzd2p

[
1 + Rin-in(z,p) + Rin-out(z,p)

]

→ dIvac

dzd2p
Rmed(z,p). (3)

The two contributions to Rmed are calculated as follows.

In the t1 < L < t2 region Eq. (1) reduces to

Rin-out(z,p) = ↑ 1

ϑ
Re

[∫ L

0

dt1

∫

p1

i (p · p1) K(p,p1|L, t1)
]

→ 1

ϑ
Re[p · A(t = L,p)] , (4)

where A is obtained by solving the following evolution
equation in 2+1 dimensions

iϖtA(t, p→) =

[
p→2

2ϑ
↑ i(ṽba ↓ ·)

]
A(t,p→) ↑ p→ . (5)

The operator (ṽba↓·) denotes a convolution in momentum
space between the potential and the function A, where
the potential is process-dependent and encodes the elas-
tic scattering cross section within the medium. Our al-
gorithm is agnostic to the specific scattering potential
model. The results in the main text adopt the Gyulassy-
Wang (GW) description of the medium as a collection of
static scattering centers [43]. In the soft limit, this po-
tential reduces to a simple form in coordinate space [44]

vb(x) =

∫

p
eip·x lim

z↑0

ṽba(z,p)

=
1

4
q̃ Cb x

2

[
ln

Q2

s

µω
+ ln

1

x2Q2
s

]
+ O(µ2

ωx
4) , (6)

where µω is an infrared scale reflecting the screening na-
ture of the medium and Cb the Casimir factor corre-
sponding to the soft prong b. The saturation scale, Qs,
represents the average transverse momentum acquired by
the propagating probe via medium-interactions during
its formation time. This scale is determined by solving
the transcendental equation Q2

s = q̃CbL lnQ2

s/µ
2

ω [44].
Finally, q̃ is the bare jet-quenching transport parame-
ter normalized to the corresponding color factor; for in-
stance, q̃ = 4εω2

sn within the GW model of the medium
with constant density n.

The t1,2 < L contribution to the spectrum reads

Rin-in(z,p) → p2

ϑ2
Re [B(t = L,p, p̄)|p̄=↓p] , (7)

where the definition of B can be directly inferred from
Eq. (1) by restricting the time integrals to the medium
length. The evolution of B is dictated by a set of coupled
di”erential equations, as the system oscillates between
all possible color states during its time evolution. We
label the di”erent color configurations as Bε, using the
convention ϱ = 1 for the state of physical interest. In
practice, ϱ ↔ {1, 2} for g ↗ qq̄, ϱ ↔ {1, 2, 3} for q ↗ gq
and ϱ ↔ {1, ..., 6} for g ↗ gg. The resulting equation for
Bε is (4+1)-dimensional and takes the form

iϖtBε(t, k, l) =

[
2k·l
ϑ

ςε
→

ε + i
(
M̃ε→

ε ↓ ·
)]

Bε→(t,k, l)

+ (k ↑ l) · A(k + l) φε , (8)

path integrals over correlators of Wilson lines
unfeasible direct evaluation 
recasting as system of coupled evolution equations for correlators

[Apolinário et al, 1407.0599]

[Andres et al, 2002.01517]
[Caron-Huot, et al,  1006.2379]

[Isaksen et al, 2303.12119]
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where M̃ω→

ω is an evolution matrix, which contains
process-specific information on the strength of the color
mixing and diagonalizes by blocks in the large-Nc limit.
Another ingredient entering the previous system of equa-
tions is ωω, a vector whose elements are unity when the
associated correlator of Wilson lines has a non-zero ini-
tial value and zero otherwise. Since the solution lives
on the anti-diagonal p̄ = →p, we switch variables to
k = (p → p̄)/2 and l = (p + p̄)/2. This choice grants
more flexibility in tuning the grid settings along the l
axis, since only the subspace l = 0 carries the physics.
Furthermore, as discussed in the Supplemental Material,
the rotational symmetry of the medium can be exploited
in these new variables to reduce the dimensionality of the
di!erential equations for both A and B. This allows us
to write A(t, p = |p|) and B(t, k = |k|, l = |l|,ε), where
ε is the angle between k and l.

The evolution equations for A and B can be recast into
the compact form

iϑtf = Ĥf + s, (9)

where Ĥ = T̂ + iV̂ is an e!ective, non-Hermitian Hamil-
tonian and s represents a source term. For a time-
independent Hamiltonian, the formal recursive solution
of Eq. (9) reads

f(t+ϖt) = e→iĤεtf(t) →i

∫ t+εt

t
dt↑ e→iĤ(t→→t) s(t↑), (10)

where the t↑-integral is evaluated using a quadrature
scheme. Both contributions to Eq. (10) require evalu-
ating terms of the form e→iHεt̃f for various ϖt̃, which
constitutes the central computational task of this work.
Explicit numerical schemes, such as Runge-Kutta (RK)
methods, approximate this exponential operator via a
truncated polynomial expansion in powers of ϖt̃. Con-
sequently, the accuracy of such methods is strictly tied
to the step size, requiring a stringent stability condition
to prevent exponential error propagation. For the equa-
tions at hand, this condition is neither available in closed
form nor easily guaranteed, rendering explicit methods
di”cult to control over long propagation times, as previ-
ously noted in Ref. [45].

To overcome these limitations, we opt for a spectral
method based on a Faber polynomial expansion of the
evolution operator, building on techniques from electro-
dynamics [46] and condensed matter physics [47]. This
approach scales the Hamiltonian, Hsc ↑ Ĥ/ϱ, ensuring
its spectrum lies within a complex ellipse of unit loga-
rithmic capacity. The Faber expansion takes the form

e→iHεt̃f =
↓∑

n=0

cn(ϖς) #n(Hsc)f , (11)

where ϖς ↑ ϱϖt̃. Both the scaling factor ϱ and the ex-
pansion coe”cients cn are determined using the spectral
bounds of Ĥ, which can be inferred either from the struc-
tural properties of the operator or via numerical diago-
nalization techniques. The action #n(Hsc)f is evaluated
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using the recurrence relation of Faber polynomials tai-
lored to the bounding ellipse. This series converges ge-
ometrically, with the truncation error controlled by the
magnitude of the coe”cients: truncating at the smallest
n for which |cn| ↭ φ bounds the relative error of approx-
imating e→iHεt̃f to O(φ). In practice, n ↓ O(10) su”ces
for moderate step sizes that are substantially larger than
those typically needed by RK methods for a comparable
accuracy. This approach decouples the expansion accu-
racy from the step size and, crucially, removes the step-
size stability constraint, thereby enabling a robust and
stable solution for A and B across the entire kinematic
phase-space and range of medium parameters.

With the above elements in place, we are now in a
position to numerically evaluate the medium modifica-
tion factor, Rmed(z, kT = |p|), for the splitting cross-
section. The Supplemental Material contains a series of
validation plots where we benchmark our numerical rou-
tines against semi-analytic results in specific limits, find-
ing excellent agreement. Here, we focus on results that
go beyond standard approximations intrinsic to previ-
ous approaches. For instance, in what follows we employ
the GW model for the medium description and incor-
porate finite-Nc corrections, using CA = Nc = 3 and
CF = (N2

c → 1)/(2Nc). We adopt an LHC-guided selec-
tion of kinematic and medium parameters: p+ = 0.1, 1
TeV to mimic the experimental coverage of the ALICE
and ATLAS/CMS detectors, respectively, and choose the
medium properties to roughly correspond to a central
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FIG. 1. Diagrammatic representation of the time evolution
of the splitting kernel computed in this Letter, as described
by Eq. (1). The dashed gray line separates amplitude from
its complex conjugate. The inset illustrates how transverse
momentum and color evolve at each time step due to inter-
actions with the medium quasi-particles, while the light-cone
longitudinal momentum p+ is conserved.

constant, and the intermediate momentum variables are
defined as shown in Fig. 1. The objects K(t2, t1) and
Q(t→, t2) can be obtained by solving either: (i) a path
integral over medium-averaged traces of Wilson lines [12],
(ii) Dyson-like integral equations [41], or equivalently,
(iii) a system of non-Hermitian Schrödinger-like equa-
tions for the corresponding Green’s functions [42]. We
opt for the third strategy, which requires a series of ma-
nipulations to Eq. (1).

First, considering a medium of finite length, L, we can
decompose the cross section into a sum over three dis-
tinct time intervals, depending on the ordering between
the medium length and the light-cone times for the split-
ting in amplitude (t1) and complex-conjugate amplitude
(t2). Naturally, when t1, t2 > L we recover the vacuum
splitting kernel, meaning that Eq. (1) reduces to

dIvac

dzd2p
→ dI
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!(t1 > L)!(t2 > L) =

ωsPba(z)

2ε2p2
. (2)

For the remaining contributions, we first compute their
ratio with respect to Eq. (2) to isolate the medium mod-
ifications, denoting these quantities by R(z,p) such that
the spectrum reads
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The two contributions to Rmed are calculated as follows.

In the t1 < L < t2 region Eq. (1) reduces to
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where A is obtained by solving the following evolution
equation in 2+1 dimensions

iϖtA(t, p→) =

[
p→2

2ϑ
↑ i(ṽba ↓ ·)

]
A(t,p→) ↑ p→ . (5)

The operator (ṽba↓·) denotes a convolution in momentum
space between the potential and the function A, where
the potential is process-dependent and encodes the elas-
tic scattering cross section within the medium. Our al-
gorithm is agnostic to the specific scattering potential
model. The results in the main text adopt the Gyulassy-
Wang (GW) description of the medium as a collection of
static scattering centers [43]. In the soft limit, this po-
tential reduces to a simple form in coordinate space [44]

vb(x) =

∫

p
eip·x lim

z↑0
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where µω is an infrared scale reflecting the screening na-
ture of the medium and Cb the Casimir factor corre-
sponding to the soft prong b. The saturation scale, Qs,
represents the average transverse momentum acquired by
the propagating probe via medium-interactions during
its formation time. This scale is determined by solving
the transcendental equation Q2

s = q̃CbL lnQ2

s/µ
2

ω [44].
Finally, q̃ is the bare jet-quenching transport parame-
ter normalized to the corresponding color factor; for in-
stance, q̃ = 4εω2

sn within the GW model of the medium
with constant density n.

The t1,2 < L contribution to the spectrum reads

Rin-in(z,p) → p2

ϑ2
Re [B(t = L,p, p̄)|p̄=↓p] , (7)

where the definition of B can be directly inferred from
Eq. (1) by restricting the time integrals to the medium
length. The evolution of B is dictated by a set of coupled
di”erential equations, as the system oscillates between
all possible color states during its time evolution. We
label the di”erent color configurations as Bε, using the
convention ϱ = 1 for the state of physical interest. In
practice, ϱ ↔ {1, 2} for g ↗ qq̄, ϱ ↔ {1, 2, 3} for q ↗ gq
and ϱ ↔ {1, ..., 6} for g ↗ gg. The resulting equation for
Bε is (4+1)-dimensional and takes the form

iϖtBε(t, k, l) =

[
2k·l
ϑ

ςε
→

ε + i
(
M̃ε→

ε ↓ ·
)]

Bε→(t,k, l)

+ (k ↑ l) · A(k + l) φε , (8)
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constant, and the intermediate momentum variables are
defined as shown in Fig. 1. The objects K(t2, t1) and
Q(t→, t2) can be obtained by solving either: (i) a path
integral over medium-averaged traces of Wilson lines [12],
(ii) Dyson-like integral equations [41], or equivalently,
(iii) a system of non-Hermitian Schrödinger-like equa-
tions for the corresponding Green’s functions [42]. We
opt for the third strategy, which requires a series of ma-
nipulations to Eq. (1).

First, considering a medium of finite length, L, we can
decompose the cross section into a sum over three dis-
tinct time intervals, depending on the ordering between
the medium length and the light-cone times for the split-
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↑ i(ṽba ↓ ·)

]
A(t,p→) ↑ p→ . (5)
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where µω is an infrared scale reflecting the screening na-
ture of the medium and Cb the Casimir factor corre-
sponding to the soft prong b. The saturation scale, Qs,
represents the average transverse momentum acquired by
the propagating probe via medium-interactions during
its formation time. This scale is determined by solving
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with constant density n.
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where the definition of B can be directly inferred from
Eq. (1) by restricting the time integrals to the medium
length. The evolution of B is dictated by a set of coupled
di”erential equations, as the system oscillates between
all possible color states during its time evolution. We
label the di”erent color configurations as Bε, using the
convention ϱ = 1 for the state of physical interest. In
practice, ϱ ↔ {1, 2} for g ↗ qq̄, ϱ ↔ {1, 2, 3} for q ↗ gq
and ϱ ↔ {1, ..., 6} for g ↗ gg. The resulting equation for
Bε is (4+1)-dimensional and takes the form

iϖtBε(t, k, l) =

[
2k·l
ϑ

ςε
→

ε + i
(
M̃ε→

ε ↓ ·
)]

Bε→(t,k, l)

+ (k ↑ l) · A(k + l) φε , (8)
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FIG. 3. Summary of Nc-corrections across splitting channels
as a function of z for kT = Qs/2 (dotted lines) and kT = Qs

(solid lines). For readability purposes we multiply the g → gg
results by a factor 10.

heavy-ion collision.
Figure 2 shows a Lund-style representation [48] of

Rmed(z, kT = |p|) for q → gq splittings. A result of
unity (Rmed = 1) indicates that the medium does not
modify the splitting process. This occurs in two specific
regimes: either when kT ↑ Qs (where Qs ↓ 7 GeV for
this parameter set), or when kT ↔ Qs at finite-z. In
the bulk of phase-space, medium corrections exhibit a
non-trivial kinematic dependence. These corrections in-
crease significantly for unbalanced splittings, reaching a
factor of 3 (3.5) when z → 1 (0). Conversely, as p+ in-
creases, Rmed decreases and can even fall below unity for
kT ↓ Qs, which represents a medium-induced suppres-
sion of the scattering rate. Similar qualitative behavior
is found for g → gg and g → qq̄ splittings except for the
z ↗ 1 ↘ z asymmetry, as discussed in the Supplemental
Material. Our results reveal that Rmed exhibits a com-
plex parametric dependence on both medium properties
and splitting kinematics, making it challenging to model
with semi-analytic approaches.

Finite-Nc corrections as a function of z at kT =
{Qs/2, Qs} for all splitting channels are shown in Fig. 3.
To quantify these corrections, we define the metric

!Nc =
|Rmed ↘ Rlarge-Nc

med
|

|Rmed|
, (12)

which vanishes when subleading color contributions are
absent. We obtain the large-Nc limit by applying two ap-
proximations: (i) setting CF = Nc/2 and (ii) neglecting
terms suppressed by inverse powers of Nc in the evolu-
tion matrix M̃ω→

ω from Eq. (8). The latter step leads to
substantial simplifications in the numerical evaluation of
Rmed. To disentangle the e”ects of (i) and (ii), it is in-
structive to study the z → 0, 1 endpoints. In these kine-
matic regions, oscillations between di”erent color states
vanish, as we analytically demonstrate in the Supplemen-

tal Material, meaning that !Nc is entirely driven by Nc-
corrections to CF . For g → gg and g → qq̄ splittings the
z → 0, 1 limits of Rmed are proportional to CA and CF ,
respectively. Consequently, !Nc vanishes exactly for the
former channel, but remains non-zero for the latter. For
q → gq splittings, the behavior is asymmetric: the emis-
sion rate is dominated by CA in the z → 0 limit (where
!Nc = 0), whereas it is governed by CF as z → 1. At
finite-z, !Nc is non-zero across all splitting channels and
its magnitude depends on the specific phase-space point,
though it remains small throughout.
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FIG. 4. Comparison between the large-Nc limit of the nu-
merical routine presented in this Letter and a semi-analytic
approximation of Rmed(z, kT ) based on the Improved Opacity
Expansion [36].

Finally, we examine the magnitude of the discrepancies
between the exact result for Rmed and standard approx-
imations found in the literature, even though the multi-
parametric nature of the problem precludes a definitive
statement. Fig. 4 compares our numerical results with a
semi-analytic calculation based on the Improved Opacity
Expansion (IOE) scheme at next-to-leading order [36].
This framework approximates the scattering potential
according to Eq. (6) and relies on the z → 0 approxi-
mation. Thus, the observed deviations of the IOE from
the full numerical result reflect the sensitivity of Rmed to
O(Qs/µε) and finite-z corrections. The impact of such
terms is significant; for instance, they reach up to 20% for
kT = Qs and z ↓ 0.5, suggesting that the corrections to
Rmed computed in this Letter could have a non-negligible
phenomenological e”ect.

In conclusion, we have developed a numerical frame-
work to evaluate the single-emission di”erential cross-
section in a dense QCD medium, which constitutes the
fundamental building block for jet physics calculations in
heavy-ion collisions. This framework establishes a new
baseline for all QCD in-medium splitting functions by
overcoming long-standing analytical simplifications, such

full solution [realistic interaction potential , finite Nc, exact longitudinal kinematics]

[Leitão et al, 2606.26039]
numerical solution based on Faber polynomial expansion

sizeable effects and significant deviations from approximate results across phase space

analogous calculation with quantum algorithm
[Barata et al, 2604.11616]

0.0 0.2 0.4 0.6 0.8 1.0
zq

0

1

2

3

4

5

F
m

ed

QS, q̂ = 0

QS, q̂ = q̂1

QS, q̂ = q̂2

QS, q̂ = q̂3

HO + fctr

Tilted Wilson lines

(a) p
2 = 0.62 GeV2

0.0 0.2 0.4 0.6 0.8 1.0
zq

0

1

2

3

4

5

F
m

ed

QS, q̂ = 0

QS, q̂ = q̂1

QS, q̂ = q̂2

QS, q̂ = q̂3

HO + fctr

Tilted Wilson lines

(b) p
2 = 1.23 GeV2

Figure 7: Simulation results of the modification factor Fmed for various q̂. Two val-
ues of relative momentum squared are provided with q̂1 = 0.0057 GeV3, q̂2 = 0.0169 GeV3,
and q̂3 = 0.0300 GeV3.

corresponding QS results. The dashed lines correspond to the tilted Wilson line (semi-
classical) approximation, where all particles are assumed to be su!ciently energetic (namely
p
+
i → L

→1) such that they follow classical paths and the medium mainly causes color
rotation along their trajectories, see e.g. [77] for details on this kinematical approximation.

In the presence of the medium, the simulation results show sizable di"erence from the
analytical estimates. In the case of smaller p2, as shown in figure 7a, when q̂ increases,
the simulation results indicate a stronger positive medium modification in the intermediate
zq regime, whereas the HO + fctr analytical results predict a weaker q̂ dependence, which
for intermediate zq actually results in a smaller suppression of the cross-section with in-
creasing q̂. Note that the divergence for small zq is expected analytically. Physically, this
is a consequence of an increasingly soft dipole pair (zq ↑ 1) being forced to carry a finite
transverse momentum p2. This kinematic setup is naturally not captured by the collinear
limit underlying both calculations. The semi-classical results, labeled as “Tilted Wilson
lines", are in better agreement with the QS results for zq ↓ 0.5, although severely overes-
timating Fmed for zq ↭ 0.1. This is expected, since only for balanced enough splittings are
both q and q̄ su!ciently energetic to be in the semi-classical regime. In contrast, in the
larger p2 case, as shown in figure 7b, all three results yield positive medium modification
in the intermediate zq regime, with the semi-classical results overestimating the magnitude
of Fmed and its dependence on q̂ with respect to the remaining two sets of results - QS and
HO+fctr. These two roughly agree on the sensitivity to the value of q̂, with the increase
from q̂2 to q̂3 being quite modest, and even agree on the strength of the modification for
the smallest value q̂ = q̂1. For larger q̂, the HO + fctr result underestimates Fmed. As
previously, there is divergent behaviour in the limits zq ↔ 0, 1, which corresponds to large
splitting angles outside of the present calculation’s validity. Finally, since the analytical
results rely on additional simplifications, the observed discrepancy reflects the limitations

– 23 –

0.0 0.2 0.4 0.6 0.8 1.0
zq

0

1

2

3

4

5

F
m

ed

QS, q̂ = 0

QS, q̂ = q̂1

QS, q̂ = q̂2

QS, q̂ = q̂3

HO + fctr

Tilted Wilson lines

(a) p
2 = 0.62 GeV2

0.0 0.2 0.4 0.6 0.8 1.0
zq

0

1

2

3

4

5

F
m

ed

QS, q̂ = 0

QS, q̂ = q̂1

QS, q̂ = q̂2

QS, q̂ = q̂3

HO + fctr

Tilted Wilson lines

(b) p
2 = 1.23 GeV2

Figure 7: Simulation results of the modification factor Fmed for various q̂. Two val-
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corresponding QS results. The dashed lines correspond to the tilted Wilson line (semi-
classical) approximation, where all particles are assumed to be su!ciently energetic (namely
p
+
i → L

→1) such that they follow classical paths and the medium mainly causes color
rotation along their trajectories, see e.g. [77] for details on this kinematical approximation.

In the presence of the medium, the simulation results show sizable di"erence from the
analytical estimates. In the case of smaller p2, as shown in figure 7a, when q̂ increases,
the simulation results indicate a stronger positive medium modification in the intermediate
zq regime, whereas the HO + fctr analytical results predict a weaker q̂ dependence, which
for intermediate zq actually results in a smaller suppression of the cross-section with in-
creasing q̂. Note that the divergence for small zq is expected analytically. Physically, this
is a consequence of an increasingly soft dipole pair (zq ↑ 1) being forced to carry a finite
transverse momentum p2. This kinematic setup is naturally not captured by the collinear
limit underlying both calculations. The semi-classical results, labeled as “Tilted Wilson
lines", are in better agreement with the QS results for zq ↓ 0.5, although severely overes-
timating Fmed for zq ↭ 0.1. This is expected, since only for balanced enough splittings are
both q and q̄ su!ciently energetic to be in the semi-classical regime. In contrast, in the
larger p2 case, as shown in figure 7b, all three results yield positive medium modification
in the intermediate zq regime, with the semi-classical results overestimating the magnitude
of Fmed and its dependence on q̂ with respect to the remaining two sets of results - QS and
HO+fctr. These two roughly agree on the sensitivity to the value of q̂, with the increase
from q̂2 to q̂3 being quite modest, and even agree on the strength of the modification for
the smallest value q̂ = q̂1. For larger q̂, the HO + fctr result underestimates Fmed. As
previously, there is divergent behaviour in the limits zq ↔ 0, 1, which corresponds to large
splitting angles outside of the present calculation’s validity. Finally, since the analytical
results rely on additional simplifications, the observed discrepancy reflects the limitations
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unrealistic parameters; resource limited

semi-analytical 
[Andres et al, 2603.27846]
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Figure 2. Fmed for q → qg as a function of ω in the large-Nc-HO approach (see section 3). Solid magenta

curves show the full large-Nc–HO result, orange dashed curves correspond to the result without the non-

factorizable term, and blue dotted curves show the non-factorizable term alone. The top-left and top-right

panels correspond to z = 0.1 and z = 0.5, respectively, for the same emitter energy and medium parameters

(indicated in the figure). The bottom panels show z = 0.5 for a higher emitter energy (left) and a shorter

medium length (right).

where ω = |l|
ω as defined in eq. (2.16) and the out-out term corresponds to the vacuum contribution

given in eq. (2.25). The quantity Fmed thus quantifies how much the in-medium emission spectrum
is modified relative to its vacuum counterpart. In the following, we will present results for Fmed in
the large-Nc-HO approach, as well as within the ISHA and the SHA, all evaluated with the same
HO dipole cross section. These correspond to di!erent evaluations of the numerator in (5.1). In
most of this section, we choose to show results for a static medium of length L with constant q̂ (a
“brick”), which makes the dependence on the medium parameters most transparent. Finally, to
illustrate the applicability of all three formalisms to longitudinally expanding media, we include as
the last figure of this section a comparison made for a trajectory sampled from a hydrodynamic
simulation of the QGP.

We begin with the large-Nc-HO approach, introduced in section 3, which is currently the most
general framework available for these splittings when resumming all in-medium interactions. It also
allows for (semi-)analytical control and numerically e”cient evaluation. Finite-Nc corrections are
known to scale as 1/N2

c , but their size remains to be fully quantified. It was shown in [60] that for
the ε → qq̄ channel in a thin medium these corrections are very small across the entire (ω, z)-plane,
typically below 1%. Their impact in other channels is, however, less well understood, as finite-Nc
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FIG. 3. Summary of Nc-corrections across splitting channels
as a function of z for kT = Qs/2 (dotted lines) and kT = Qs

(solid lines). For readability purposes we multiply the g → gg
results by a factor 10.

heavy-ion collision.
Figure 2 shows a Lund-style representation [48] of

Rmed(z, kT = |p|) for q → gq splittings. A result of
unity (Rmed = 1) indicates that the medium does not
modify the splitting process. This occurs in two specific
regimes: either when kT ↑ Qs (where Qs ↓ 7 GeV for
this parameter set), or when kT ↔ Qs at finite-z. In
the bulk of phase-space, medium corrections exhibit a
non-trivial kinematic dependence. These corrections in-
crease significantly for unbalanced splittings, reaching a
factor of 3 (3.5) when z → 1 (0). Conversely, as p+ in-
creases, Rmed decreases and can even fall below unity for
kT ↓ Qs, which represents a medium-induced suppres-
sion of the scattering rate. Similar qualitative behavior
is found for g → gg and g → qq̄ splittings except for the
z ↗ 1 ↘ z asymmetry, as discussed in the Supplemental
Material. Our results reveal that Rmed exhibits a com-
plex parametric dependence on both medium properties
and splitting kinematics, making it challenging to model
with semi-analytic approaches.

Finite-Nc corrections as a function of z at kT =
{Qs/2, Qs} for all splitting channels are shown in Fig. 3.
To quantify these corrections, we define the metric

!Nc =
|Rmed ↘ Rlarge-Nc

med
|

|Rmed|
, (12)

which vanishes when subleading color contributions are
absent. We obtain the large-Nc limit by applying two ap-
proximations: (i) setting CF = Nc/2 and (ii) neglecting
terms suppressed by inverse powers of Nc in the evolu-
tion matrix M̃ω→

ω from Eq. (8). The latter step leads to
substantial simplifications in the numerical evaluation of
Rmed. To disentangle the e”ects of (i) and (ii), it is in-
structive to study the z → 0, 1 endpoints. In these kine-
matic regions, oscillations between di”erent color states
vanish, as we analytically demonstrate in the Supplemen-

tal Material, meaning that !Nc is entirely driven by Nc-
corrections to CF . For g → gg and g → qq̄ splittings the
z → 0, 1 limits of Rmed are proportional to CA and CF ,
respectively. Consequently, !Nc vanishes exactly for the
former channel, but remains non-zero for the latter. For
q → gq splittings, the behavior is asymmetric: the emis-
sion rate is dominated by CA in the z → 0 limit (where
!Nc = 0), whereas it is governed by CF as z → 1. At
finite-z, !Nc is non-zero across all splitting channels and
its magnitude depends on the specific phase-space point,
though it remains small throughout.
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FIG. 4. Comparison between the large-Nc limit of the nu-
merical routine presented in this Letter and a semi-analytic
approximation of Rmed(z, kT ) based on the Improved Opacity
Expansion [36].

Finally, we examine the magnitude of the discrepancies
between the exact result for Rmed and standard approx-
imations found in the literature, even though the multi-
parametric nature of the problem precludes a definitive
statement. Fig. 4 compares our numerical results with a
semi-analytic calculation based on the Improved Opacity
Expansion (IOE) scheme at next-to-leading order [36].
This framework approximates the scattering potential
according to Eq. (6) and relies on the z → 0 approxi-
mation. Thus, the observed deviations of the IOE from
the full numerical result reflect the sensitivity of Rmed to
O(Qs/µε) and finite-z corrections. The impact of such
terms is significant; for instance, they reach up to 20% for
kT = Qs and z ↓ 0.5, suggesting that the corrections to
Rmed computed in this Letter could have a non-negligible
phenomenological e”ect.

In conclusion, we have developed a numerical frame-
work to evaluate the single-emission di”erential cross-
section in a dense QCD medium, which constitutes the
fundamental building block for jet physics calculations in
heavy-ion collisions. This framework establishes a new
baseline for all QCD in-medium splitting functions by
overcoming long-standing analytical simplifications, such

[phenomenological implications being assessed]
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interaction with QGP destroys colour coherence between emitters
[Mehtar-Tani, Salgado, Tywoniuk + collaborators [since 2010]]  

[Casalderrey, Iancu:: 1105.1760; 1407.0599]

J J †

J J †

ℳ2
qq̄g = 4 CFg2ℳ2

qq̄ ( 1
κ2

+
1
κ̄2

− 2 (1−Δmed) κ ⋅ κ̄
κ2κ̄2 )

Δmed = {0 for L, ̂q → 0 [angular ordering]
1 for L, ̂q → ∞ [anti-angular ordering]

with quadratic interaction potential and instantaneous antenna formation

Δmed = 1 − e−θ2
qq̄/θ2

c θc =
6
̂qL3

decoherence angle :: characteristic QGP scale

24

A new picture of  jet quenching

 LHCP2015 - St Petersburg                                                      Understanding Heavy-Ion data

The parton shower is composed of un-modified subjets (vacuum-like)
 With a typical radius given by the medium scale 
 For medium-induced radiation each subject is one single emitter

Also, 1st calculation of 1->3 splitting performed in SCET and 1st order in opacity expansion
 [Fickinger, Ovanesyan, Vitev 2013; see also Arnold, Iqbal 2015]

[Casalderrey-Solana, Mehtar-
Tani, Salgado, Tywoniuk 2012]

Salgado



DECOHERENCE ANGLE FROM DATA

20

simultaneous fit of jet suppression and jet safe region of EEC allows for extraction of decoherence angle 
[Bossi et al, 2609.05609]  

no significant jet    dependence as expectedpT

[and quark and gluon quenching factors]
5

Figure 1. Fit to the ATLAS jet nuclear modification factor,
together with the quark- and gluon-jet quenching factors, Sq

and Sg . The quenching factors are extracted from a joint fit
to the ATLAS RAA [3] and the CMS EEC [12], taking color-
decoherence corrections into account. In contrast to the purely
coherent approximation, the extracted factors are compatible
with Casimir scaling, Sg → S9/4

q (see Supplemental Material).
Horizontal error bars span the pT window. The vertical error
bars on the ATLAS points are their statistical and systematic
uncertainties added in quadrature; those on Sq and Sg are the
corresponding fit uncertainties.

Figure 2. CMS measurement of the Pb–Pb to pp EEC ra-
tio (points) [12], compared with the fit that takes color-
decoherence corrections into account (curves). Only points
with RL < 0.07 are fitted, restricting the analysis to the small-
angle region where hard-collinear dynamics are expected to
dominate. The systematic uncertainty associated with this cut-
off is assessed in the Supplemental Material by varying Rmax

L

between 0.05 and 0.10.

IV. TOWARD THE EXTRACTION OF MEDIUM
PROPERTIES

In this Letter, we propose a data-driven approach for
both testing QCD-based descriptions of jet quenching
and extracting quantities such as the color-coherence
angle ωc and the quark and gluon quenching factors,

Figure 3. Fitted decoherence angle ωc as a function of pT.
As expected, no significant pT dependence is observed, and
the extracted values are consistent with a characteristic an-
gle ωc → 0.05↑ 0.07. The vertical error bars are only related to
the uncertainty associated with the fitting procedure.

Sq and Sg . Our methodology restricts the extraction
to a theoretically well-controlled region of phase space,
namely the small-angle region, where we hypothesize
that color coherence dominates and medium-induced
gluon radiation, suppressed by the LPM effect, and
medium-response effects are subleading. Here, we do
not aim for a global extraction; rather, this work serves
as a first proof of concept for the approach.

Within the fully coherent picture, both observables
can be described, but the extracted quark and gluon
quenching factors are incompatible with Casimir scal-
ing. Including color decoherence resolves this ten-
sion while simultaneously determining a characteristic
medium resolution angle. More generally, our results
demonstrate that combining observables with comple-
mentary flavor sensitivities can test the physical consis-
tency of jet-quenching mechanisms, rather than merely
their ability to reproduce individual measurements.

Several extensions provide natural directions for fu-
ture work. The centrality dependence of ωc [93] could
provide further information on the medium resolu-
tion scale, while forthcoming sPHENIX data and avail-
able EEC measurements from STAR [94] will enable
analogous studies at RHIC energies, where the quark-
initiated jet fraction is significantly larger. Extending the
calculation to higher perturbative accuracy and incorpo-
rating a broader set of observables, such as the groomed
jet radius, would pave the way toward a more system-
atic global analysis. Ultimately, combining such theory-
constrained analyses with modern machine-learning
tools and Monte Carlo event generators may provide a
path toward precision extractions of QGP properties.

Acknowledgments. The authors would like to thank
Paul Caucal, Chris McGinn, and Peter Steinberg for

extraction of a fundamental QGP property?  
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when formation time of antenna taken into account, antenna decoherence becomes kinematics dependent 
[Abreu  et al, 2410.24135]  

no simple dependence on a decoherence angle  

We then recast this expression as

→2 ReMqM
→
q̄ ↑ = ↓8CF g

2
M

2
qq̄
ω · ω̄

ω2ω̄2
(1 + Fmed)

(
1 ↓ !̃med

)
(3.29)

where we have defined !̃med as

!̃med =
2

1 + Fmed

∫ L

0

dx̄+A
tA

∫ x̄+
A

0

dx+A
tA

cos

(
!x+A
tA

)
S
(2)

(
x̄+A, x

+
A; rAq (ω), rAq̄ (ω)

)

↔

[
Q

(4)
(
L, x̄+A; rAq (ω), rAq̄ (ω), r̄Aq (ω), r̄Aq̄ (ω)

)

↓ S
(2)

(
L, x̄+A; rAq (ω), rAq̄ (ω)

)
S
(2)

(
L, x̄+A; r̄Aq̄ (ω), r̄Aq (ω)

) ]
.

(3.30)

In the rest of this paper we will refer to !̃med as the generalized decoherence factor. Indeed,

as we will see in the next section, in the limit of !x+A = x̄+A ↓ x+A ↗ 0 it reduces to the

!med computed in Refs. [23–31].

We can interpret this formula as follows. First, the propagation of the virtual antenna

during !x+A is described by a dipole correlator of Wilson lines. From x̄+A to L, the antenna

is now real and there are two possible ways of connecting the colour of the four Wilson

lines [51]. One, described by the quadrupole, in which the q in the amplitude is colour

connected to the q̄ in the amplitude and similarly for the q̄. The second colour configuration,

described by the double-dipole, consists in considering the four-particle system as two

separate qq̄ dipoles, one in the amplitude and the other in the conjugated amplitude.

Putting direct contributions and interference terms together, we obtain our final result

for the squared matrix element for the emission of a soft gluon o” a (colour singlet) qq̄

antenna,

M
2
qq̄g = 4CF g

2
M

2
qq̄(1 + Fmed)

[(
1

ω2
+

1

ω̄2
↓ 2

ω · ω̄

ω2ω̄2

)
+ 2

ω · ω̄

ω2ω̄2
!̃med

]
. (3.31)

This is the main result of this paper. It contains two pieces: (i) the full vacuum spectrum

multiplied by the nuclear modification factor (1 + Fmed), and (ii) a pure interference con-

tribution multiplied by the generalized decoherence factor, which depends on the medium

properties and the kinematics of the antenna.

3.4 Limiting behaviour

We now discuss how to recover two important limits of Eq. (3.31), namely the vacuum

baseline and the limit where we set !x+A to zero.

In the vacuum limit, all dipoles and quadrupoles in Eqs. (3.27) and (3.30) become

unity, and it follows that Fmed and !̃med vanish. Eq. (3.31) then reproduces the well known

squared matrix element for soft gluon radiation o” a colour singlet dipole in vacuum, see

e.g. Refs. [21, 22].

Let us now turn to the limit where !x+A = 0. This is the setup considered in Refs. [23–

31], where the antenna forms at x+A = 0 (and hence x̄+A = 0) and the decoherence factor

was found to be

!med = 1 ↓ S
(2),adj

(
L, 0; rAq (ω), rAq̄ (ω)

)
. (3.32)
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J

L
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(c) out-out

Figure 3: Di!erent contributions to Eq. (3.2). The amplitude is depicted on top of the

corresponding conjugate amplitude. For the in-out contributions we omit the diagram

where the roles of the amplitude and conjugate amplitude are reversed.

3 ω→ → qq̄g matrix-element in a dense medium

Equipped with the Mq and Mq̄ amplitudes derived in the previous section, we can now

calculate the squared matrix element M
2
qq̄g for ω→ → qq̄g splittings,

M
2
qq̄g = ↑|Mq|

2
↓ + ↑|Mq̄|

2
↓ + ↑2 Re MqM

→
q̄ ↓ , (3.1)

where the product of amplitudes has also been averaged over medium configurations, and

the standard average over initial and sum over final quantum numbers is implicit. We refer

to the first two contributions in Eq. (3.1) as direct terms, since they correspond to the

gluon being emitted by either the quark or the anti-quark both in the amplitude and the

conjugate amplitude. The last contribution is referred to as the interference term.

Each of the contributions in Eq. (3.1) can be written as the sum over three regions

depending on the light-cone time of the antenna formation, see Fig. 3: the in-in region,

where the antenna is created inside the medium in amplitude and conjugate amplitude;

the in-out region, where one of the antennas is created inside and the other one outside

the medium; and the out-out region, where both are created once the photon has escaped

the medium. For instance, given the decomposition in Eq. (2.6), we will compute |Mq|
2 as

the sum of

|Mq|
2
in-in = M in

q M in,†
q , |Mq|

2
in-out = M in

q Mout,†
q + Mout

q M in,†
q ,

|Mq|
2
out-out = Mout

q Mout,†
q .

(3.2)

In the various terms above we need to sum and average over the corresponding quantum

numbers. This procedure a!ects both the product of the polarization vectors and the

vertices given in Eqs. (2.8) and (2.21). The former simply becomes

εωA(p + p̄) · J(p + p̄)
(
εω̄A(p + p̄) · J(p + p̄)

)†
→ ϑωAω̄A |J(p + p̄)|2 . (3.3)
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After performing the medium average, this expression reduces to

2 Re
∑

→MqM
→
q̄ ↑in-out = 4CFNc

(ge)2

zq(1 ↓ zq)E3
ω

tg t̄g
z̄gzg

|J(p + p̄)|2ω · ω̄Pω↑qq̄(zq)

↔

∫ L

0
dx+A sin

(
L ↓ x+A

tA

)
S
(2)

(
L, x+A; rAq (ω), rAq̄ (ω)

)
,

(3.23)

where we identify the same functional form for the medium contribution as the one present

in the direct term, see Eq. (3.15).

Out-out region: Setting the antenna to be outside the medium in both contributions

leads to

2 Re
∑

→MqM
→
q̄ ↑out-out = ↓2CFNc

(ge)2

zq(1 ↓ zq)E3
ω

tg t̄gtA
z̄gzg

|J(p+ p̄)|2 ω · ω̄Pω↑qq̄(zq) , (3.24)

which coincides with the vacuum result for the interference term.

3.3 Medium Modifications to Squared Matrix Elements

The full result for the direct terms, including the emission o! the quark line and that o!

the anti-quark, can be compactly written as

→|Mq|
2
↑ + →|Mq̄|

2
↑ = 4CF g

2
M

2
qq̄

(
1

ω2
+

1

ω̄2

)
(1 + Fmed) , (3.25)

where we have introduced M
2
qq̄, which corresponds to the production of a qq̄ antenna from

a virtual photon in vacuum, and is given by

M
2
qq̄ =

e2NctA
Eω

Pω↑qq̄(zq)|J(p + p̄)|2 . (3.26)

We have identified Fmed, the known factor controlling the medium-induced modification to

the qq̄ antenna production [32]

Fmed = 2

∫ L

0

dx̄+A
tA

∫ x̄+
A

0

dx+A
tA

cos

(
”x+A
tA

)
S
(2)

(
x̄+A, x

+
A; rAq (ω), rAq̄ (ω)

)

↔ Q
(4)

(
L, x̄+A; rAq (ω), rAq̄ (ω), r̄Aq (ω), r̄Aq̄ (ω)

)

↓ 2

∫ L

0

dx+A
tA

sin

(
L ↓ x+A

tA

)
S
(2)

(
L, x+A; rAq (ω), rAq̄ (ω)

)
.

(3.27)

We will discuss the limiting behaviour of this expression in the following section.

By summing Eqs. (3.21), (3.23) and (3.24) we obtain the interference term, which reads

→2 ReMqM
→
q̄ ↑ = ↓8CF g

2
M

2
qq̄
ω · ω̄

ω2ω̄2

[
1 + 2

∫ L

0

dx̄+A
tA

∫ x̄+
A

0

dx+A
tA

cos

(
”x+A
tA

)

↔ S
(2)

(
L, x̄+A; rAq (ω), rAq̄ (ω)

)
S
(2)

(
L, x̄+A; r̄Aq̄ (ω), r̄Aq (ω)

)
S
(2)

(
x̄+A, x

+
A; rAq (ω), rAq̄ (ω)

)
(3.28)

↓ 2

∫ L

0

dx+A
tA

sin

(
L ↓ x+A

tA

)
S
(2)

(
L, x+A; rAq (ω), rAq̄ (ω)

) ]
.
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We then recast this expression as

→2 ReMqM
→
q̄ ↑ = ↓8CF g

2
M

2
qq̄
ω · ω̄

ω2ω̄2
(1 + Fmed)

(
1 ↓ !̃med

)
(3.29)

where we have defined !̃med as

!̃med =
2

1 + Fmed

∫ L

0

dx̄+A
tA

∫ x̄+
A

0

dx+A
tA

cos

(
!x+A
tA

)
S
(2)

(
x̄+A, x

+
A; rAq (ω), rAq̄ (ω)

)

↔

[
Q

(4)
(
L, x̄+A; rAq (ω), rAq̄ (ω), r̄Aq (ω), r̄Aq̄ (ω)

)

↓ S
(2)

(
L, x̄+A; rAq (ω), rAq̄ (ω)

)
S
(2)

(
L, x̄+A; r̄Aq̄ (ω), r̄Aq (ω)

) ]
.

(3.30)

In the rest of this paper we will refer to !̃med as the generalized decoherence factor. Indeed,

as we will see in the next section, in the limit of !x+A = x̄+A ↓ x+A ↗ 0 it reduces to the

!med computed in Refs. [23–31].

We can interpret this formula as follows. First, the propagation of the virtual antenna

during !x+A is described by a dipole correlator of Wilson lines. From x̄+A to L, the antenna

is now real and there are two possible ways of connecting the colour of the four Wilson

lines [51]. One, described by the quadrupole, in which the q in the amplitude is colour

connected to the q̄ in the amplitude and similarly for the q̄. The second colour configuration,

described by the double-dipole, consists in considering the four-particle system as two

separate qq̄ dipoles, one in the amplitude and the other in the conjugated amplitude.

Putting direct contributions and interference terms together, we obtain our final result

for the squared matrix element for the emission of a soft gluon o” a (colour singlet) qq̄

antenna,

M
2
qq̄g = 4CF g

2
M

2
qq̄(1 + Fmed)

[(
1

ω2
+

1

ω̄2
↓ 2

ω · ω̄

ω2ω̄2

)
+ 2

ω · ω̄

ω2ω̄2
!̃med

]
. (3.31)

This is the main result of this paper. It contains two pieces: (i) the full vacuum spectrum

multiplied by the nuclear modification factor (1 + Fmed), and (ii) a pure interference con-

tribution multiplied by the generalized decoherence factor, which depends on the medium

properties and the kinematics of the antenna.

3.4 Limiting behaviour

We now discuss how to recover two important limits of Eq. (3.31), namely the vacuum

baseline and the limit where we set !x+A to zero.

In the vacuum limit, all dipoles and quadrupoles in Eqs. (3.27) and (3.30) become

unity, and it follows that Fmed and !̃med vanish. Eq. (3.31) then reproduces the well known

squared matrix element for soft gluon radiation o” a colour singlet dipole in vacuum, see

e.g. Refs. [21, 22].

Let us now turn to the limit where !x+A = 0. This is the setup considered in Refs. [23–

31], where the antenna forms at x+A = 0 (and hence x̄+A = 0) and the decoherence factor

was found to be

!med = 1 ↓ S
(2),adj

(
L, 0; rAq (ω), rAq̄ (ω)

)
. (3.32)
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Figure 4: Numerical evaluation of the generalized decoherence factor !̃med in Eq. (3.30)

as a function of the opening angle of the antenna, ωqq̄, and its energy sharing fraction, zq,

for three di”erent photon energies and medium lengths. The dashed black line corresponds

to !med, see Eq. (3.32). The value of q̂ is fixed to 1.5 GeV2/fm.

can be understood analytically by expanding Eqs. (3.31) and (3.32) in the small-angle limit.

We find that they behave as

!̃med

∣∣∣
ωqq̄→1

=
1

480
q̂L5E2

εz
2
q (1 → zq)

2(3 → 2zq + 2z2q )ω
6
qq̄ + O(ω8qq̄)

!med

∣∣∣
ωqq̄→1

=
1

6
q̂L3ω2qq̄ + O(ω4qq̄)

(4.13)

We note that the radius of convergence of these expansions is very small: while for ωqq̄ <

0.01 they give a good approximation of the exact result, for ωqq̄ > 0.01 the series stops

converging very quickly for realistic values of Eε and q̂. Nevertheless, the small-angle

expansions provide an explanation for the behaviour we observe in all the plots of Fig. 4,

i.e., !̃med < !med in the ωqq̄ ↑ 0 limit. Physically, this implies that gluons radiated o”

very hard-collinear prongs of a qq̄-antenna are vacuum-like (since Fmed also vanishes in this

limit, as shown in Fig. 7).
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Figure 1: A simplified picture illustrating how we implement the effects of resolution. Solid
lines indicate the particles in the parton shower, without any consideration of resolution. Dashed
lines indicate the new shower seen by the medium after taking into account that it can only resolve
offspring partons as distinct when they have separated by a distance Lres. In the top diagram,
particle 1 propagates as a single effective parton after it splits until its offspring, particles 2 and
3, separate by Lres. In the bottom diagram, particles 2 and 3 have not separated by Lres before
particle 3 splits into particles 4 and 5. It is the later resolution of particles 4 and 5 that “breaks” the
effective parton: particle 1 resolves into particles 2, 4, and 5 when this happens.

certainly issues with this oversimplified prescription. The description we have given sounds simple
and straightforward only at first hearing; implementing it for a branching shower in a dynamically
evolving medium necessitates resolving several important ambiguities. The most obvious one is
that when we state that a single effective parton at some location becomes two resolved partons at
two separated locations at the moment when the two offspring partons are separated by Lres, we
must specify in which Lorentz frame we are making this statement. This choice has effects and is
arbitrary, and the fact that we must make it reflects the oversimplified nature of our treatment of
the process of resolution. As we shall see below, our implementation requires us to pick the same
Lorentz frame in our treatment of all splittings, and for this reason we shall choose to apply our
prescription in the laboratory frame even though in the hybrid model we compute the energy loss of
each parton, or effective parton, in its own local fluid rest frame. We describe further ambiguities,
and the attendant simplifying assumptions that we make, below.

As the first and simplest example, consider the picture in the upper panel of Fig. 1. Here we
find depicted the splitting of parent particle m1 into sibling particles s2 and s3. The solid orange
lines show the “true” trajectory of the partons in the system, determined by the formation time
argument only. If instead we require s2 and s3 to be spatially separated by more than Lres in
order to be treated as individual resolved objects from the point of view of the medium, we get the
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coupled, a case that can be returned to in future work.
In a weakly coupled plasma, the textbook result for mD can be found, for example, in Ref. [126]

and is given by m2
D = 3

2g
2T 2 for QCD with Nc = Nf = 3. Taking ↵QCD ⌘ g2/(4⇡) to lie within

the broad range from 1
8 to 1

2 corresponds to taking �D to lie within the broad range from 2.0/(⇡T )

to 1.0/(⇡T ).
Reflecting these considerations, it seems that

1

⇡T
. Lres .

2

⇡T
(3.1)

is a reasonable range of expectation for Lres in either a strongly coupled QCD plasma or a weakly
coupled QCD plasma. In implementing the effects of resolution in the hybrid model, we shall
define

Lres =
Rres

⇡T
, (3.2)

treating Rres as a new parameter in the model. With this parametrization, we ensure that Lres /

1/T in the hybrid model, with T the local temperature at the position of each parton in the shower at
a given time. We will explore the consequences of choosing the proportionality constant Rres = 1

and Rres = 2, spanning the reasonable range for the resolution length in either strongly coupled
or weakly coupled QCD plasma. We shall also explore the consequences of choosing Rres = 5,
corresponding to an unphysically large value of the resolution length. We do so in order to check
the robustness of our results, i.e. for the purpose of confirming that none of the results we report
are hypersensitive to the value of Lres that we choose.

4 Implementation of the Effects of Resolution within the Hybrid Model

In this Section we will describe our implementation of the effects of resolution within the hybrid
strong/weak coupling model, whose main features have already been described in Section 2. Noting
that the hybrid model is itself only a model, our goal is not a complete description of the physical
processes via which two offspring partons produced in a splitting go from being unresolved to
being fully resolved and losing energy separately. Our goal is a simplified prescription that suffices
to gauge the magnitude of the effects of including resolution on several physical observables that
are of interest and where it is reasonable to expect some effects, with a magnitude to be determined.

Until now, the hybrid model has been built upon a space-time picture for the development of a
parton shower that is based solely on the formation time argument (2.3), such that a specific parton
splits into its two offspring once the formation time for that parton has passed. This process iterates
until all partons are on-shell. Each parton in the shower loses energy independently, according
to (2.1), from the moment that it is produced in a splitting. Including the effects of resolution
serves to modify the space-time structure of the shower that the medium sees, responds to, and
affects. Because it takes time before the offspring from each splitting in the shower are separated
by Lres and resolved, the moments in time when the number of shower partons seen by the medium
increases are delayed. The medium now sees the shower as a collection of effective partons, each
of which is either a single parton that has separated from its siblings by a distance Lres and is
losing energy independently, or a collection of offspring that are still being treated together as a
single not-yet-resolved entity, and as such are all losing the same fractional energy. There are
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Figure 15. Nuclear modification factor RAA for 0 → 10% Pb+Pb collisions at ↑
sNN = 5.02TeV

measured by Atlas [50] compared to Jewel 2.6.0+Pythia with di!erent colour coherence settings.
Left: Without colour coherence (red), with only rejections of unresolved scatterings (blue), and
with rejection of unresolved scatterings and coherent scatterings of dipoles (green). Also shown
for comparison is the case without colour coherence where the scattering cross section has been
artificially reduced by a factor of two (orange). Right: Without (red) and with colour coherence
(rejection of unresolved scatterings and coherent scatterings of dipoles, shown in blue), and without
(green) and with colour coherence (orange) where medium induced emissions have been disabled.

Also shown in figure 15 is the scenario without induced emissions, i.e. purely elastic
energy loss, with and without colour coherence (shown in green and orange, respectively,
in the right panel of figure 15). The e!ect of colour coherence is here largely due to
the suppression of splittings due to restored angular ordering (cf. table 2), because the
number of scatterings per parton is very similar in both cases (this does not automatically
imply the same elastic energy loss as the scattering kinematics is di!erent, but still no
large di!erences are expected). Interestingly, the coherent scenarios with and without
induced emissions (shown in blue and orange, respectively) yield almost identical nuclear
modification factors, although the number of splittings is rather di!erent (cf. table 2).

The jet fragmentation functions (shown in figure 16) reveal a reduction of soft parti-
cles inside the jets due to colour coherence. Medium response is an important source of
soft particles. Colour coherence reduces the number of partons by suppressing splittings
while leaving the number of scatterings per partons almost unchanged. The total number
of scatterings thus goes down, which leads to a corresponding reduction in the medium
response component. In addition, the reduced number of splittings translates into a harder
fragmentation function, which is seen also in the form of a slight increase in the number
of hard particles in figure 16. One has to keep in mind that the overall suppression is
not the same in the di!erent scenarios and the survivor bias hardening the fragmentation
function is stronger when the overall suppression is larger. What this means here is that
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q→

d→

q→

q→ > 1/d→ q→ < 1/d→

d→

Figure 1. Left: Resolved re-scattering of a colour dipole, where the resolution set by the inverse
transverse momentum transfer q→ is su!cient to resolve the transverse separation between the
partons and both legs radiate independently. Right: Unresolved scattering, where the momentum
transfer does not resolve the partons individually and the dipole therefore scatters and radiates
coherently.

of induced gluon emissions o! a colour dipole (antenna) is that the antenna radiates co-
herently when the medium does not resolve the separation between the two partons, and
the partons radiate independently when they are resolved by the medium [11–15] (cf. fig-
ure 1). It is important to note that the resolution of the medium is set by the transverse
momentum transfer between the hard parton/dipole and the medium, which is generically
expected to be of order the screening mass (or inverse screening length). The antenna thus
stays coherent in the medium until the two partons have separated by a transverse distance
that is resolved by the medium. Furthermore, it was observed that the medium induced
radiation o! the coherent antenna follows an anti-angular ordering pattern [16]. It was then
suggested that the experimental observation of the separation scale at which structures in-
side jets start to be modified in heavy ion collisions compared to proton–proton collisions
could give access to the resolution scale of the medium [17]. Since these early works the
theoretical modelling of antenna radiation in a medium has improved considerably [18–23].
Compelling experimental evidence of colour coherence in quenched jets is presently lacking,
although there is a first indication from the hybrid strong/weak model of jet quenching that
jet sub-structure data seems to favour a finite resolution scale [24, 25].

Up to now the only Monte Carlo models for jet quenching that consider e!ects of colour
coherence are the hybrid strong/weak model of jet quenching [26] and JetMed [27]. The
approach to colour evolution taken in Angantyr [28] is also based on dipoles and has
some similarities with the traditional picture of colour coherence.

The hybrid strong/weak model of jet quenching, aka the Hybrid Model, uses Pythia

to generate jet production and parton showers without medium e!ects. The partons in the
parton shower (intermediate and final partons) then lose energy according to a holographic
calculation in a hydrodynamic background medium. To include coherence e!ects it is
stipulated that after a splitting the daughters will only start interacting independently
after they have separated by a distance (in the lab frame) given by the resolution scale [29].
Until then the parent parton continues to lose energy. When a parton splits before becoming
resolved from its colour partner, coherent systems consisting of more than two partons can
form. The temperature dependent resolution scale, which is expected to be of the order
of the screening length, is treated as a parameter of the model. The main e!ects of a
finite resolution identified in [29] are a modest enhancement of low to intermediate energy
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[Zapp, 2604.13932]
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5

Figure 4. Normalized E3C for the ccc term from hydrody-
namic response.

celestial blocks [10, 11, 30]:

RLω23ω13 d!(3)

→
↑D dRLdω13dω23

=
∑

k=1

a(3)
ω,0 Gq

ω,0(z, z̄)
∣∣∣
ω=2k

, (9)

where the complex variables z, z̄, are defined as R2
Lzz̄ =

ω2
13, R2

L(1 ↑ z)(1 ↑ z̄) = ω2
23, while the single-valued

Gq
ω,0 can be written in terms of hypergeometric functions,

whose explicit form can be found in [10]. We fitted the
data for RL = 0.2 to the functional form

∑3
i=1 niG2i,0(ε,ϑ)∑3
i=1 diG2i,0(ε,ϑ)

,
following the structure in Eq. (9). This is shown in the
bottom right plot of Fig. 3. We obtained a good fit to
data, with R2 = 0.887, while we find that the numera-
tor’s coe!cient, for i > 1, are approximately an order
of magnitude larger than the denominator’s ones. This
points to the dominance of higher-twist terms in-medium,
as expected. It will be interesting to explore this in more
detail in di"erent models.

The E3C’s extraction including the full response is far
from trivial; nonetheless, insight into the distribution’s
shape can be gained from the ccc term:

d!(3)
ccc

dRLdεdϑ
=

4ϖ2p→2
t R3

Lε
∫

dω1 E
3(cos ω1) sin ω1

(1 + ε cos ϑ)3
√

4 + 4ε cos ϑ ↑ ε2 sin2 ϑ
,

shown in Fig. 4. The distributions’ maximizer is nearly
identical to the one for the perturbative terms in Fig. 3,
further evidencing the overlap of these two e"ects, as for
the PENCs. More, this result closely matches the numer-
ical result in [28]; here it is solely determined by geometri-
cal correlations. Finally, writing the ccc term in (z, z̄) co-
ordinates, d!(3)

ccc
dRLdRez dImz = 2ϖ2R3

L

p2
t

[∫
dω1 E

3(cos ω1) sin ω1

]
,

and decomposing it in the celestial blocks, we find in
the (collinear) limit z ↓ 0 at fixed z̄, the only contri-
bution comes from the leading spin and ϱ = 4 block,
demonstrating the overlap with higher terms in the twist
expansion.
Conclusion: In this Letter, we have presented the first
theory study of the collinear limit of higher-point en-
ergy correlators in HICs, including both the perturbative

modifications to the jet and the medium response. For
the PENCs we have demonstrated the universal structure

d!(N)
P

dRL
=

∑

ω

{
aP(N)

ω,0 R
→ϱω,2ς(N+1)
L + bP(N)

ω,0 + cP(N)
ω

}
Rω→3

L ,

for even ϱ , with bP(N)
2,0 = cP(N)

2 = 0, assuming an az-
imuthal trivial background and jet substructure; odd ϱ
terms can be associated to non-perturbative e"ects or
non-trivial QGP profiles. Further, we have separated the
parametric dependence of the di"erent coe!cients, per-
mitting a first theory driven identification of the PENC
structure. In Fig. 2 we schematically show how to dis-
tinguish these elements, which exhibit distinct evolutions
along (white) lines of constant q̂/p3

t . Experimental prox-
ies for such curves would allow to map the PENCs in the
QGP, see also e.g. [54], a necessary and critical step for
a clear interpretation of the experimental data.

At the level of the E3C, we have analytically shown
that the perturbative and the medium response contri-
butions overlap, as for the E2C case, and can not be
directly distinguished apart, requiring a treatment anal-
ogous to the PENCs. More, we have explained the nature
and shape of the medium response imprint on the E3C,
previously only observed in numerical simulations [28],
clarifying their physical origin. We find strong evidences
that the E3C follows the pattern set by the celestial block
decomposition, with the QGP perturbatively imprinting
itself on the higher-twist terms, with the response follow-
ing the same structure. This further exposes the univer-
sal character of energy correlator observables in the QGP,
complementing the recent discussions on the properties
of these objects e.g. [55–59].
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OO collisions, where overall jet modifications are small, should allow for observation of [semi-] hard scatterings
[Kudinoor et al., 2603.23596]

models/frameworks consider alternatively QGP quasi-particles or an evolving fluid
at some resolution scale [high enough momentum exchange], partons should resolve QGP quasi-particles 
high-momentum scatterings should deviate partons
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FIG. 3: Hybrid Model calculations of OO/pp ratios of EECs for Rjet = 0.4 (top panels) and Rjet = 0.8 (bottom
panels) jets with 40 < pT < 80 GeV versus RL. EECs are calculated using charged hadrons with pT > 0.5GeV (left

panels), and pT > 2GeV (right panels). To the right of the dashed vertical lines at RL = Rjet, EECs probe
correlations between points separated by an RL that is greater than the jet radius and less than its diameter.

paring RAA for charged hadrons in OO and PbPb col-
lisions.) Comparing the blue and black bands in Fig. 2
confirms that the Soft Drop procedure grooms away most
soft hadrons from the freezeout of jet wakes, essentially
eliminating their e!ects in jets with Rjet = 0.4 and, for
Rg ↭ 0.4, in jets with Rjet = 0.8. The e!ects of jet wakes
seen for Rg ↫ 0.4 in the larger radius jets arise because
more of the hadrons from the wake remain in the jet cone.

We find in Fig. 2 that including Molière scatterings
leads to a clear enhancement in the population of jets
with Rg ↫ 0.2 in OO collisions relative to pp collisions,
for jets with Rjet = 0.4 and Rjet = 0.8. The results of our
calculations of Rg are particularly striking for Rjet = 0.4
jets, where jet wakes have little e!ect. In this case, seeing
an OO/pp ratio above unity at su”ciently large Rg is a
distinctive consequence of Molière scattering. In inclu-
sive jets in PbPb collisions, this e!ect is overwhelmed by
the countervailing e!ect of selection bias due to energy
loss [24]; not here! Measuring this in experimental data
would be a distinctive, model-independent, signature of
hard scattering of jet partons o! QGP quasiparticles.

EEC Modifications. — Energy-energy correlators are
complementary observables for studying how Molière
scatterings modify both the hard shower and the
soft wakes that partons in the shower excite in the
medium [20, 54–71]. We study the two-point EEC, de-
fined in Ref. [72] as

EEC(RL) =
1

N
1

ωr

∑

jets

∑

pairs→[RL,a, RL,b]

pT,i pT,j , (1)

where (i, j) refers to pairs of charged particles, RL →
#ri,j =

√
(εi ↑ εj)2 + (ϑi ↑ ϑj)2 is the angular separa-

tion between particles i and j, RL,a and RL,b are RL

bin boundaries, ωr → RL,b ↑ RL,a is the bin width, and

the normalization is N =
∫ Rjet

0.008 EEC(RL)dRL. As in
Ref. [72], we first reconstruct jets in each collision event
using the anti-kt algorithm, with E-scheme recombina-
tion [73], and then identify the axis of each jet by apply-
ing the winner-take-all recombination algorithm [74, 75]
to its constituents. Finally, we identify all charged-
particle tracks in the event (whether or not they are part
of the reconstructed jet) that lie within an angular sep-
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FIG. 2: Hybrid Model calculations of the OO/pp ratio of the Rg/Rjet distributions in Rjet = 0.4 (left) and Rjet = 0.8

(right) jets with 40 < pjetT < 60 GeV, calculated using charged particles with pch track
T > 150 MeV, Soft Drop

grooming parameters zcut = 0.1 and ω = 0, and OO and pp distributions normalized by the number of jets selected.

for L → xstop and more strongly with L for partons that
thermalize [11, 12]. Since OO collisions produce smaller
QGP droplets than PbPb collisions, the contribution that
Molière scatterings make to suppressing charged hadron
production is larger relative to that of energy loss in OO
collisions. This makes the lightest ion collisions in which
jet quenching is apparent — which today means OO col-
lisions — the best arena in which to detect, isolate, quan-
tify, and analyze the e!ects of Molière scatterings.

Observables like hadron RAA, jet RAA and dijet asym-
metry (see the Supplemental Material [25]) indicate the
degree to which energetic partons and jets are quenched
in OO collisions. To understand how energy and momen-
tum are redistributed within a jet and how jet partons
resolve the microscopic structure of QGP, we study the
impacts of Molière scatterings and jet wakes on two jet
substructure observables: the Soft Drop splitting angle
Rg and energy-energy correlators (EECs).

Soft Drop Rg Modifications. — The Soft Drop groom-
ing algorithm [46] is designed to identify the first hard
splitting in a jet; for jets in heavy- or light-ion colli-
sions, it also grooms away most soft hadrons originating
from their wakes [18]. Since Molière scattering imparts
rare, but sizable, momentum kicks to jet partons [47]
and the partons from the medium that they strike, it
broadens the angular separation of resolved splittings
within jets. This makes Soft Drop a powerful tool for
detecting Molière scattering of partons in a jet traversing
QGP. The Soft Drop algorithm is as follows: first, recon-
struct jets using the anti-kt algorithm [48] with radius
parameter Rjet; next, recluster the jet constituents with
the Cambridge–Aachen algorithm [49, 50], whose clus-
tering history follows the angular structure of the parton
shower; then, the Soft Drop algorithm steps through the
history and selects the first splitting to satisfy the con-
dition z > zcut(R12/Rjet)ω , where we choose the param-
eters zcut = 0.1 and ω = 0, z is the fraction of transverse

momentum carried by the subleading prong in the split-
ting, and R12 is the angular separation between the two
prongs. The Soft Drop angle Rg is defined as the R12 of
the first splitting that fulfills this condition.

Although Molière scattering within a jet tends to
broaden its Rg, this need not push the Rg distribution
of jets with a given pT to larger Rg in PbPb collisions
than in pp collisions. Because the jet production rate
falls rapidly with increasing jet pT , selecting jets with a
given pT in PbPb collisions yields a sample that is biased
against jets that start out with much higher pT and lose
a lot of energy, and biased towards jets that survive the
QGP having lost little energy. This favors jets with fewer
and narrower splittings [15, 17, 51], with a smaller Rg,
and depresses the PbPb/pp ratio of Rg distributions at
large Rg [18, 22, 24] as seen in experimental data [52, 53].
This confounding e!ect reduces, and in PbPb collisions
may overwhelm, the e!ect of Molière scatterings on the
Rg distribution [24, 53]. Because OO collisions produce
smaller droplets of QGP than PbPb collisions, high-pT
particles lose less energy in OO collisions. This should
reduce the confounding e!ects of selection bias due to
energy loss, making OO collisions a compelling arena in
which to study the e!ects of Molière scattering.

Fig. 2 shows Hybrid Model calculations of the ratio
of the number of jets with a specified scaled Soft Drop
angle Rg/Rjet in OO collisions to that in pp collisions,
for Rjet = 0.4 (left panel) and Rjet = 0.8 (right panel)

jets with 60 < pch-jetT < 80 GeV reconstructed from
charged particles with pT > 150 MeV. The four colored
bands represent Hybrid Model calculations with wakes
and Molière scatterings included/excluded. The black
and blue bands (no Molière scattering) show modest ef-
fects of selection bias due to energy loss; comparison to
analogous calculations for PbPb collisions [24] confirms
that the e!ects of energy loss are much less in OO colli-
sions here. (The same conclusion can be drawn by com-

SD splitting angle EEC

Hybrid Hybrid
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fraction of jets that cannot be distinguished from [embedded] pp jets minimized by architecture sensitive to multi-particle correlations
ML/DL architectures identify jet modifications beyond what is captured by single observables 

Hybrid
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Fig. 7 Left: the evolution of f max
D ,v for the ten stringiest discriminants with the number of bins. Right: dependence of f max

D ,v on the discriminant
discriminating power, as measured by the ROC AUC, for 100 bins for all discriminants. Both plots for the MR-UE scenario.

misation trials, we trained separately for the SO and the MR-
UE physics cases. In both cases, the Monte Carlo genera-
tion statistical weights returned by JEWEL were used during
training to ensure the correct statistics of the loss function,
with an overall class reweighing imposed to guarantee the
same statistical contribution from both classes during train-
ing.

The best combination of hyperparameters for the Trans-
former trained on the SO dataset was Nh = 3, dR = 5, NT = 3,
Mh = 1, dropout rate at 0.3, maximal learning rate of 10→3,
and attention pooling. For the MR-UE case, the best hyper-
parameters were Nh = 1, dR = 109, NT = 3, Mh = 1, dropout
rate at 0.2, maximal learning rate of 3↑10→4, and attention
pooling. The hyperparameters of the BDT were also opti-
mised to guarantee maximal performance, but the details of
this step are omitted.
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EXCUSATIO

anything to do with heavy flavour and quarkonia 

parton dynamics in anisotropic media and description of pre-hydrodynamical stage 

simulation of concurrent jet dynamics and QGP evolution 

SCET reformulation of jet dynamics  

simulation/computation of medium response 

jets as QGP chronometers 

anything else I may have overlooked …
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what I left out for no justifiable reason [a lot of activity; a lot of results]
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But in reality we took a certain pleasure in this game, 
being still close to the age when we believe we create 
what we name.

“Mais en réalité nous pre- nions un certain plaisir à ce jeu, étant encore rapprochés de l’âge où on croit qu’on crée ce qu’on nomme.”
Marcel Proust, À la recherche du temps perdu  (1913)


