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Precision physics with massive quarks

key SM parameters

initial state quark PDFS

top interacting with W,Z,H,γ

tt+j

Higgs vacuum stability

mt,ωs, yt, yb
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not just the top…

bb,cc,Wbb, Zbb, Hbb



Reliable theoretical predictions
We need to ensure theory predictions have reliable uncertainties 

and can be evaluated efficiently across the full phase space 

will need at least NNLO QCD - fully differential

approximations are always necessary
full mass effects?
full colour effects?
full spin effects (decays)?

recent examples for precision 
top/heavy flavour physics

NNLO+PS : bbH, ttH

[see also Signorile-Signorile’s talk]

NNLO: ttj and ttW

may even need N3LO in some cases (e.g. tt)

Aim for today: see how these computations have been done to understand 
where the complexity is coming from and what we can do to improve



Theory challenges at NNLO

A = C.I
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often missing

e.g.

maturing IR 
subtraction methods

STRIPPER, Antenna, nested-soft,…

O(ω6
s)
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State of the art for multiscale 
two-loop corrections

remarkable progress in recent years for many multiscale processes

pp→3j, pp→3γ, pp→γγj, pp→ γjj, pp→ W+2j, 
pp→ Wbb, pp→ Hbb, pp→ Wγγ

A = C.I
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F = c.f
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finite remainder

tensor reduction to master integrals
integration-by-parts identities [Chetykin, Tkachov] [Laporta]

solve over finite fields e.g. FiniteFlow, FireFly, FIRE, Kira
optimized systems (Blade, NeatIBP etc.)

master integral expansions
identity function basis via differential equations for master integrals

canonical ‘ε’ -factorized form (Henn)

analytic reconstruction
extract rational coefficients through multiple finite field 

evaluations (in parallel) [Thiele interpolation]
optimize with linear relations, partial fractioning etc.

optimized numerical evaluation
fast one-form integral representation (e.g. pentagon functions)

Abreu, Agarwal, Badger, Buccioni, Chawdhry, Chicherin,Czakon, de Laurentis, Febres-
Cordero, Gambuti, Gehrmann, Henn, Lo Presti, Klinkert, Kuschke, Manteuffel, Ma, Mitov, 

Page, Peraro, Poncelet, Schabinger, Sotnikov, Tancredi, Zhang,…

technology also relevant 3L 2→2, 4L 2→1,…Integration by parts: The algorithm to calculate β-functions in 
4-loops, Chetykin, Tkachov Nucl.Phys.B 192 (1981) 159-204

https://inspirehep.net/literature/171845


State of the art for multiscale 
two-loop corrections

finite field methods for amplitudes

IBPs: Schabinger, Manteuffel (2014) Amplitudes: Peraro (2016, 2019)

→3(mod 5) = 2
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• floating point arithmetic → large cancellations = loss of precison 

• modular arithmetic→ exact, no loss of precison 

1

2
(mod 97) = 49

<latexit sha1_base64="gAEqwDtwy9aOTi+V30UNrpzvSwo=">AAACH3icbZBLSgNBEIZ74ivGV9Slm9Yg6CbMyIBmIQTduIxgopCE0NNTY5r0POiuEcMwa8/hAdzqEdyJ25zAa9h5LDT6Q8PPX1VU1+clUmi07ZFVWFhcWl4prpbW1jc2t8rbOy0dp4pDk8cyVnce0yBFBE0UKOEuUcBCT8KtN7gc128fQGkRRzc4TKAbsvtIBIIzNFGvvN8JFOOZk2cnOT3qIDxiFsY+zWnt9JieU7fWK1fsqj0R/WucmamQmRq98lfHj3kaQoRcMq3bjp1gN2MKBZeQlzqphoTxAbuHtrERC0F3s8kpOT00iU+DWJkXIZ2kPycyFmo9DD3TGTLs6/naOPyv1k4xOOtmIkpShIhPFwWppBjTMRfqCwUc5dAYxpUwf6W8zwwbNPR+bdHmqD74ecmQceY5/DWtk6rjVt1rt1K/mDEqkj1yQI6IQ05JnVyRBmkSTp7IC3klb9az9W59WJ/T1oI1m9klv2SNvgHtGqGE</latexit>

public tools: FiniteFlow, FireFly,…

• rational function reconstruction: through repeated evaluations modulo a set 
of (large) prime numbers the polynomial coefficients in numerator and 
denominator can be determined exactly (using chinese remainder theorem)

FiniteFlow uses modular graph structure

• number of evaluations grows fast with the number of scales / complexity of the amplitude

F = c.f
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State of the art for multiscale 
two-loop corrections

differential equations

Kotikov (1996) Gehrmann, Remiddi (2000)

Henn (2013)

dI = M(ω, x).I
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dI = ωM(x).I
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M(x) =
∑

w

dlog(w)
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• integrals are closed under IBPs:

• one may find a particular basis such that

(Canonical form)

• if in addition                                   it is possible to expand to multiple polylogarithms
  ⇒path to indep. basis with good numerical evaluation

• in the general non-dlog case we may encounter Elliptic curves (genus 1), hyperelliptic 
curves (genus>1), K3 surfaces, higher-dimensional Calabi–Yau varieties, …

  ⇒no clear path to good numerical evaluationthis is the case for most 
amplitudes with internal masses

F = c.f
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Two-loop corrections to bbH

• double virtual via ‘massification’ [Penin]
[Moch, Mitov][Becher, Melnikov][Engel,Gnendiger,Signer,Ulrich]
[Wang et al.]

b

b̄

H

(a) LO yb diagram in 5FS

g

g

H

b

b̄

(b) LO yb diagram in 4FS

g

g

b

b̄

H

(c) yt diagram

Figure 1: Sample Feynman diagrams for Higgs production in association with bottom
quarks.

studies, especially at the High-Luminosity LHC (HL-LHC). In this phase, the HH cross
section in the SM is projected to be measured with a significance of 3.4ω, potentially rising to
4.9ω assuming minimal systematic uncertainties [17]. Consequently, the precise simulation
of bb̄H production will be indispensable for achieving the level of precision required for LHC
measurements, especially in the HL-LHC phase.

In addition to its experimental relevance, bb̄H production is theoretically very interest-
ing and challenging, as discussed in the following. The dominant contributions to the bb̄H

process arise from two production mechanisms. The first one involves terms proportional to
the bottom-Yukawa coupling (yb), where the Higgs boson directly couples to a bottom-quark
line, as illustrated in figure 1 (a) and (b). The second one stems from terms proportional to
the top Yukawa coupling (yt), where the Higgs couples to a closed top-quark loop, as shown
in figure 1 (c). Interestingly, the latter mechanism, which corresponds to ggF process with
a bb̄ pair produced through a QCD splitting, yields a slightly larger cross section. Its rela-
tive contribution becomes even larger when tagging one or more bottom-quark jets. Both
mechanisms are relevant within the SM, and their accurate description requires higher-order
QCD calculations due to the significant size of perturbative corrections. Subleading con-
tributions to bb̄H production include associated V H production, where the vector boson
decays to bottom quarks, and bottom-associated vector-boson fusion. While these chan-
nels contribute only a few percent to the total cross section, or even less depending on the
selection criteria, dedicated simulations for these processes are available [13].

Theoretical predictions for bb̄H production at the LHC rely on two main approaches for
treating the bottom-quark mass: the five-flavor scheme (5FS) and the four-flavor scheme
(4FS). In the 5FS, the bottom quark is treated as a massless parton, with logarithmic
contributions of collinear origin resummed into the parton distribution functions (PDFs).
This assumption simplifies calculations in the 5FS, c.f. the leading-order (LO) diagram in
figure 1 (a), allowing higher-order corrections in the strong coupling constant to be more
readily computed. Substantial progress has been made in recent years on contributions
to the cross section proportional to y

2

b
in the 5FS [18–40]. Notably, the computation of

the third-order QCD cross section [31] represents a significant milestone. Pure QED and
mixed QCD-QED corrections in this framework are minimal, typically below 0.03% of the
LO cross section [41], while mixed QCD-electroweak corrections contribute around 1% [13].
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Figure 1. Representative two-loop Feynman diagrams appearing in the 0 → b̄bggH scattering process,
together with the partial amplitudes associated with each of the diagrams. Dashed lines denote the Higgs
boson, while solid lines denote massless quarks (red for the bottom quark).

2.2 Two-quark two-gluon scattering channel

The colour decomposition of the L-loop amplitude M(L) for the 0 → b̄bggH channel is given by

M(L)(1
b̄
, 2b, 3g, 4g, 5H) = n

L
ḡ
2
s
ȳb

{
(ta3t

a4) ī1
i2

A(L)
34 (1

b̄
, 2b, 3g, 4g, 5H)

+ (ta4t
a3) ī1

i2
A(L)

43 (1
b̄
, 2b, 3g, 4g, 5H) + ω

ī1
i2

ω
a3a4A(L)

ω
(1

b̄
, 2b, 3g, 4g, 5H)

}
,

(2.12)

where n = (4ε)εe→εϑE ϑ̄s/(4ε), ϑ̄s = ḡ
2
s
/(4ε), ḡs is the bare strong coupling constant, ȳb is the bare

bottom-Yukawa coupling, and t
a are the SU(Nc) fundamental generators satisfying tr(tatb) = ω

ab
/2.

The A(L)
43 partial amplitudes can be obtained from the A(L)

34 ones through

A(L)
43 (1

b̄
, 2b, 3g, 4g, 5H) = A(L)

34 (1
b̄
, 2b, 4g, 3g, 5H) . (2.13)

We thus compute only A(L)
34 and A(L)

ω
. We further note that A(L)

ω
vanishes at tree level.

The partial amplitudes are decomposed in terms of the number of colours (Nc) and the number
of light quark flavours (nf ) appearing in closed massless quark loops. The (Nc, nf ) decomposition
of the one-loop partial amplitudes is given by

A(1)
34 = NcA

(1),Nc

34 +
1

Nc

A
(1),1/Nc

34 + nfA
(1),nf

34 , (2.14a)

A(1)
ω

= A
(1),1
ω

, (2.14b)

while at two loops we have

A(2)
34 = N

2
c
A

(2),N2
c

34 + A
(2),1
34 +

1

N2
c

A
(2),1/N2

c
34 + NcnfA

(2),Ncnf

34 +
nf

Nc

A
(2),nf/Nc

34 + n
2
f
A

(2),n2
f

34 , (2.15a)

A(2)
ω

= NcA
(2),Nc

ω
+

1

Nc

A
(2),1/Nc

ω
+ nfA

(2),nf

ω
+

nf

N2
c

A
(2),nf/N

2
c

ω
. (2.15b)

Representative two-loop Feynman diagrams together with the partial amplitudes they contribute
to are shown in Fig. 1.
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Figure 3: Comparison of two di!erent scale choices µ
(0),y

R
= mH (red, solid) and µ

(0),y

R
=

HT /4 (violet, dashed) of the bottom-Yukawa coupling in MiNNLOPS predictions for Higgs
observables.

below the peak, with e!ects up to 10%. Still, the predictions remain consistent within scale
uncertainties.

While it has become customary to use the dynamical scale choice for the Yukawa
coupling µ

(0),y

R
= HT /4 in NLO(+PS) calculations in the 4FS, mostly because this results

in a larger cross sections, as already noted in table 1, which are closer to the 5FS results,
we adopt a fixed scale µ

(0),y

R
= mH as our default setting in the remainder of the paper.

Not only does a setting of the scale of the Yukawa coupling of the order of the Higgs mass
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Figure 2: Comparison of MiNNLOPS predictions in the 4FS at LHE (black, dashed) and
including Pythia8 parton shower (red, solid) for the Higgs rapidity (left plot) and Higgs
transverse momentum (right plot) with at least one b-jet.

the Jacobian factor

dω

dεH

=
pT,H cosh εH√

mH
2 + pT,H

2 cosh2 εH

dω

dyH

. (5.3)

Therefore, while a Higgs boson with zero pseudo-rapidity also has zero rapidity, the Ja-
cobian factor alters the distribution near the peak, resulting in a maximum at a non-zero
pseudo-rapidities. In both cases, the choice of the bottom-Yukawa coupling scale has a
relatively small impact, inducing an e!ect of about 5%–10%, which is completely flat in
these observables. The rapidity di!erence between the Higgs and the leading jet in the last
plot of figure 3 shows exactly the same relative behaviour between the two scale choices.

Figure 4 shows di!erential cross sections with the 1 bjEXP requirement. The upper
panel shows again the Higgs transverse momentum and rapidity distributions. The relative
di!erence between the two scale choices is even smaller than in the fully inclusive case.
However, the scale uncertainties are slightly reduced in the Higgs rapidity distribution
when using the dynamical scale choice. In the first plot of the lower panel in figure 4, we
show the absolute pseudo-rapidity spectrum of the leading b-jet (|ε|bj1). Also here the two
scale choices lead to fully consistent MiNNLOPS predictions. Nevertheless, there is a very
small di!erence in shape towards larger |ε|bj1 , although the e!ect remains below about 5%.
In the last plot of figure 4, we show the distance between the Higgs boson and the leading
b-jet in the ε-ϑ-plane (!RH,bj1), where ϑ is the azimuthal angle and ε is the pseudo-rapidity
in the laboratory frame. As expected, the distributions peaks around ϖ. For !RH,bj1 more
pronounced shape di!erences between the two scale choices can be observed, especially
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0→ b̄bq̄qH partial amplitudes. Solid lines denote massless quarks (bottom quarks
in red), while dashed lines indicate the Higgs boson.

We show in Figs. 3 and 4 representative two-loop Feynman diagrams contributing to the
leading colour 0→ b̄bg gH and 0→ b̄bq̄qH partial amplitudes, respectively.

Ultra-violet (UV) singularities appearing in the one- and two-loop amplitudes are removed
by adding the appropriate UV counterterms due to the αs and C1 [92,93] renormalisations in
the MS scheme

ᾱsµ
2ϵ
0 Sϵ = αsµ

2ϵ
R

!
1− αs

4π
β0

ϵ
+
" αs

4π

⎛2
⎝
β2

0

ϵ2
− β1

2ϵ

⎞
+O(α3

s )
⎠

, (16)

C̄1 = C1

'
1− αs

4π
β0

ϵ
+
(
αs

4π

)2(β2
0

ϵ2
− β1

ϵ

)*
, (17)

where Sϵ = (4π)ϵe−ϵγE and µR is the renormalisation scale. The renormalised partial ampli-
tudes are then given by

A(0)ren =A(0) , (18a)

A(1)ren =A(1) − 2β0

ϵ
A(0) , (18b)

A(2)ren =A(2) − 3β0

ϵ
A(1) +

(3β2
0

ϵ2
− 3β1

2ϵ

)
A(0) . (18c)

The coefficients of β -function entering the UV renormalisation counterterms are

β0 =
11
3

CA−
4
3

TF nf ,

β1 =
34
3

C2
A −

20
3

CATF nf + 4CF nf ,
(19)

with
CA = Nc , CF =

Nc

2
, TF =

1
2

. (20)

We note that CF is quoted in the leading colour limit.
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tween both predictions is shown together with the scale uncertainty.
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investigate the sensitivity of the distribution R to the top-quark
mass we have calculated R for mpolet = 160,170,180 GeV. The
result is shown in Fig. 4. As before the three curves need to
cross since the area under each curve is normalized to one. The
crossing happens slightly below ρs √ 0.6. At this point the dis-
tribution is essentially insensitive to the top-quark mass. For
ρs √ 1 we expect that the production of heavier quark masses
is suppressed compared to lighter masses. Indeed the distribu-
tion for mpolet = 180 GeV is below the central curve while the
160 GeV result lies above the result for 170 GeV. In the high
energy regime, that is for ρs √ 0, we expect the opposite to be
true due to the normalization. For very large energies we ob-
serve that the mass dependence is small as one would naively
expect. From Fig. 4 we conclude that a significant mass de-
pendence can be observed for 0.4< ρs < 0.5 and 0.7< ρs. To
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Fig. 5. The sensitivity S(ρs) of R with respect to the top-quark mass
as defined in Eq. (5).

quantify the sensitivity we studied the quantity

S(ρs) =

∑
∆=±5−10 GeV

|R (170 GeV,ρs)−R (170 GeV+∆,ρs)|
2|∆|R (170 GeV,ρs)

.(5)

The result for S is shown in Fig. 5. For convenience the right
y-axis showsmpolet ≈S which is the proportionality factor relat-
ing the relative change in the top-quark mass with the relative
change in R :

∣

∣

∣

∣

∆R

R

∣

∣

∣

∣

√
(

mpolet S
)

≈

∣

∣

∣

∣

∣

∆mpolet

mpolet

∣

∣

∣

∣

∣

. (6)

As can be seen in Fig. 5 values up to 25 are reached for mpolet ≈
S at ρ √ 0.8. With other words a one per cent change of the
mass translates into a 25 per cent change of the observable R .
The observable is thus five times more sensitive than the inclu-
sive cross section. For comparison, in Fig. 5, we also show the
sensitivity in case R is defined for the tt̄ inclusive final state.
(In the tt̄ case we use the definition ρ = 2m0/

×stt̄ .) As one
can see only in the extreme threshold region—where reliable
theoretical predictions are challenging and also experimental
uncertainties may become large— a similar sensitivity can be
reached. Note that the evaluation of the sensitivity relies on the
assumption of a nearly linear top-quark mass dependence. To
cross check this assumption we have used two different step
sizes in Eq. (5) (5 and 10 GeV). As can be seen from Fig. 5 the
two results are in perfect agreement. For a measurement not
only the sensitivity is important but also the expected theoret-
ical and experimental uncertainty. For example in the extreme
threshold regime a good sensitivity can be expected. However
a reliable theoretical prediction in that regime would require
to go beyond fixed order perturbation theory to resum thresh-
old effects and soft gluon emission. To estimate the impact of
different uncertainties we show in Fig. 6 the quantities

∆Rµ/R (170 GeV,ρs)
S(ρs)

and
∆RPDF/R (170 GeV,ρs)

S(ρs)
(7)

where ∆Rµ and ∆RPDF are the scale and PDF uncertainties of
R (172.5 GeV,ρs). We do not show the region around ρs √
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As can be seen in Fig. 5 values up to 25 are reached for mpolet ≈
S at ρ √ 0.8. With other words a one per cent change of the
mass translates into a 25 per cent change of the observable R .
The observable is thus five times more sensitive than the inclu-
sive cross section. For comparison, in Fig. 5, we also show the
sensitivity in case R is defined for the tt̄ inclusive final state.
(In the tt̄ case we use the definition ρ = 2m0/

×stt̄ .) As one
can see only in the extreme threshold region—where reliable
theoretical predictions are challenging and also experimental
uncertainties may become large— a similar sensitivity can be
reached. Note that the evaluation of the sensitivity relies on the
assumption of a nearly linear top-quark mass dependence. To
cross check this assumption we have used two different step
sizes in Eq. (5) (5 and 10 GeV). As can be seen from Fig. 5 the
two results are in perfect agreement. For a measurement not
only the sensitivity is important but also the expected theoret-
ical and experimental uncertainty. For example in the extreme
threshold regime a good sensitivity can be expected. However
a reliable theoretical prediction in that regime would require
to go beyond fixed order perturbation theory to resum thresh-
old effects and soft gluon emission. To estimate the impact of
different uncertainties we show in Fig. 6 the quantities

∆Rµ/R (170 GeV,ρs)
S(ρs)

and
∆RPDF/R (170 GeV,ρs)

S(ρs)
(7)

where ∆Rµ and ∆RPDF are the scale and PDF uncertainties of
R (172.5 GeV,ρs). We do not show the region around ρs √
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the agreement between different approaches is very good. Only
at large transverse momentum we observe minor differences.
While the fixed-order parton level results agree well with tt̄+
1-jet@NLO + POWHEG, the results obtained with tt̄@NLO
+ POWHEG are slightly larger. Since the hard emission in
tt̄@NLO + POWHEG is only treated in LO, this could be a
consequence of the missing double real emission processes. In
tt̄@NLO + POWHEG any additional jet activity beyond the
first emission is entirely due to the parton shower which prefers
soft and collinear emissions. In the fixed-order tt̄+1-jet calcu-
lation and also in the corresponding POWHEG implementa-
tion a second hard parton—which may be clustered in a sec-
ond jet—is included already in the hard matrix elements. The
effect of this hard emission can easily explain the reduced av-
erage transverse momentum at large pT 2. In case of the trans-
verse momentum distribution of the tt̄ system we observe dif-
ferences at low ptt̄T between the fixed-order calculation and the
two POWHEG implementations. This is not unexpected, be-
cause it is precisely the region where the parton shower ap-
proach resums logarithmically enhanced corrections to all or-
ders. Due to the additional cut which we have imposed on the
light jet this does not occur in the transverse momentum distri-
bution of the light jet.

The various studies presented above show, that the theoret-
ical description of the tt̄ + 1-jet process at NLO accuracy in
QCD is well under control.

2.1 Top-quark mass measurements with tt̄+ 1-jet events

As shown in Eq. (1), the mass sensitivity of the tt̄+ 1-jet cross
section σtt̄+1-jet is very similar to the inclusive tt̄ cross section.
Therefore, most likely, a measurement of the ‘inclusive’ tt̄ +
1-jet cross section would not lead to any significant improve-
ment compared to the mass measurements already performed
in inclusive top-quark pair production. Instead, we would like
to propose an alternative approach.

Since inclusive cross sections are in general difficult to mea-
sure, we propose to study normalized differential distributions.
Evidently distributions contain more information and may be
more sensitive to the mass parameter. Furthermore, due to the
normalization many experimental and theoretical uncertainties
cancel between numerator and denominator. In order to en-
hance the mass sensitivity of tt̄+ 1-jet events we need to focus
on kinematical configurations where an enhanced sensitivity
can be expected. A natural observable to look at is the (nor-
malized) differential distribution of the tt̄+ 1-jet cross section
with respect to the invariant mass squared stt̄ j of the final state.
More precisely we study the dimensionless distribution

R (mpolet ,ρs) =
1

σtt̄+1-jet

dσtt̄+1-jet
dρs

(mpolet ,ρs), (3)

2 We observe that in this distribution also the argument of αs plays a
role in determining the spectrum: if the second jet is generated by the
shower, typically there would be an αs(pT ) factor associated to that
emission. Instead, when computed with the exact matrix element, our
choice of µr = mt will results in a larger αs value and thus an harder
spectrum, for pT > mt .
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Fig. 2. Comparison between R (mpolet ,ρs) calculated at LO and NLO
accuracy for a mpolet = 170 GeV and using the CT09MC1 and
CTEQ6.6 PDF sets, respectively. Below we show the ratio NLO/LO.

where ρs is defined as

ρs =
2m0√stt̄ j

. (4)

The definition of the variable ρs is similar to the variable ρ =
2mt/

√
s often used in inclusive top-quark pair production.How-

ever, since we want to measure the top-quark mass, mt can-
not be used in the definition of ρs. Instead we use a scale m0
of the order of the top-quark mass. In the following we set
m0 = 170 GeV. Note, that in principle an arbitrary renormal-
ization scheme for the top-quark mass can be chosen. In this
article we will restrict the analysis to the pole mass scheme.
The conversion from the pole mass scheme to other schemes is
feasible albeit technically involved. We leave this issue for fu-
ture studies. In Fig. 2 we show LO and NLO predictions for the
distribution R as defined in Eq. (3). LO and NLO distributions
are normalized to the respective LO and NLO cross sections.
Given that the area under both curves is equal to one the curves
need to cross which happens at ρs − 0.45. We observe that in
the region close to the threshold which corresponds to ρs − 1
the LO and NLO predictions agree reasonable well. In Fig. 3
we compare results for different PDF sets. In black we show the
default setup where we use the CTEQ6.6 PDF set. In green the
result for the MSTW2008NLO set is shown. As a consequence
of the normalization the PDF dependence essentially cancels
and the curves lie on top of each other. Fig. 3 also shows the
uncertainty due to scale variations (black band). Evidently the
scale uncertainty is further reduced compared to the unnormal-
ized quantities, since the leading power in the strong coupling
constant αs cancels in the ratio. One may argue that in such a
situation the scale variation does not provide a sensible method
to estimate the effect of uncalculated higher order terms. As
a cross check we have compared the naive way to calculate
R where we just divide the differential distribution by σtt̄+1-jet
with the expanded version where we perform a strict expan-
sion of R in αs. We find that both methods lead to roughly
the same estimate for the uncertainty. We note that using the
running top-quark mass instead of the pole mass could in prin-
ciple lead to a further reduction of the scale uncertainty. To
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the agreement between different approaches is very good. Only
at large transverse momentum we observe minor differences.
While the fixed-order parton level results agree well with tt̄+
1-jet@NLO + POWHEG, the results obtained with tt̄@NLO
+ POWHEG are slightly larger. Since the hard emission in
tt̄@NLO + POWHEG is only treated in LO, this could be a
consequence of the missing double real emission processes. In
tt̄@NLO + POWHEG any additional jet activity beyond the
first emission is entirely due to the parton shower which prefers
soft and collinear emissions. In the fixed-order tt̄+1-jet calcu-
lation and also in the corresponding POWHEG implementa-
tion a second hard parton—which may be clustered in a sec-
ond jet—is included already in the hard matrix elements. The
effect of this hard emission can easily explain the reduced av-
erage transverse momentum at large pT 2. In case of the trans-
verse momentum distribution of the tt̄ system we observe dif-
ferences at low ptt̄T between the fixed-order calculation and the
two POWHEG implementations. This is not unexpected, be-
cause it is precisely the region where the parton shower ap-
proach resums logarithmically enhanced corrections to all or-
ders. Due to the additional cut which we have imposed on the
light jet this does not occur in the transverse momentum distri-
bution of the light jet.

The various studies presented above show, that the theoret-
ical description of the tt̄ + 1-jet process at NLO accuracy in
QCD is well under control.

2.1 Top-quark mass measurements with tt̄+ 1-jet events

As shown in Eq. (1), the mass sensitivity of the tt̄+ 1-jet cross
section σtt̄+1-jet is very similar to the inclusive tt̄ cross section.
Therefore, most likely, a measurement of the ‘inclusive’ tt̄ +
1-jet cross section would not lead to any significant improve-
ment compared to the mass measurements already performed
in inclusive top-quark pair production. Instead, we would like
to propose an alternative approach.

Since inclusive cross sections are in general difficult to mea-
sure, we propose to study normalized differential distributions.
Evidently distributions contain more information and may be
more sensitive to the mass parameter. Furthermore, due to the
normalization many experimental and theoretical uncertainties
cancel between numerator and denominator. In order to en-
hance the mass sensitivity of tt̄+ 1-jet events we need to focus
on kinematical configurations where an enhanced sensitivity
can be expected. A natural observable to look at is the (nor-
malized) differential distribution of the tt̄+ 1-jet cross section
with respect to the invariant mass squared stt̄ j of the final state.
More precisely we study the dimensionless distribution

R (mpolet ,ρs) =
1

σtt̄+1-jet

dσtt̄+1-jet
dρs

(mpolet ,ρs), (3)

2 We observe that in this distribution also the argument of αs plays a
role in determining the spectrum: if the second jet is generated by the
shower, typically there would be an αs(pT ) factor associated to that
emission. Instead, when computed with the exact matrix element, our
choice of µr = mt will results in a larger αs value and thus an harder
spectrum, for pT > mt .
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Fig. 2. Comparison between R (mpolet ,ρs) calculated at LO and NLO
accuracy for a mpolet = 170 GeV and using the CT09MC1 and
CTEQ6.6 PDF sets, respectively. Below we show the ratio NLO/LO.

where ρs is defined as

ρs =
2m0√stt̄ j
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The definition of the variable ρs is similar to the variable ρ =
2mt/

√
s often used in inclusive top-quark pair production.How-

ever, since we want to measure the top-quark mass, mt can-
not be used in the definition of ρs. Instead we use a scale m0
of the order of the top-quark mass. In the following we set
m0 = 170 GeV. Note, that in principle an arbitrary renormal-
ization scheme for the top-quark mass can be chosen. In this
article we will restrict the analysis to the pole mass scheme.
The conversion from the pole mass scheme to other schemes is
feasible albeit technically involved. We leave this issue for fu-
ture studies. In Fig. 2 we show LO and NLO predictions for the
distribution R as defined in Eq. (3). LO and NLO distributions
are normalized to the respective LO and NLO cross sections.
Given that the area under both curves is equal to one the curves
need to cross which happens at ρs − 0.45. We observe that in
the region close to the threshold which corresponds to ρs − 1
the LO and NLO predictions agree reasonable well. In Fig. 3
we compare results for different PDF sets. In black we show the
default setup where we use the CTEQ6.6 PDF set. In green the
result for the MSTW2008NLO set is shown. As a consequence
of the normalization the PDF dependence essentially cancels
and the curves lie on top of each other. Fig. 3 also shows the
uncertainty due to scale variations (black band). Evidently the
scale uncertainty is further reduced compared to the unnormal-
ized quantities, since the leading power in the strong coupling
constant αs cancels in the ratio. One may argue that in such a
situation the scale variation does not provide a sensible method
to estimate the effect of uncalculated higher order terms. As
a cross check we have compared the naive way to calculate
R where we just divide the differential distribution by σtt̄+1-jet
with the expanded version where we perform a strict expan-
sion of R in αs. We find that both methods lead to roughly
the same estimate for the uncertainty. We note that using the
running top-quark mass instead of the pole mass could in prin-
ciple lead to a further reduction of the scale uncertainty. To
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pp→ttj NNLO
step towards pp→tt 

@ N3LO
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Two-loop corrections to tt+jet

Two-loop amplitudes for pp→ttj

⇒ Increase in complexities due to external and internal masses

High-degree rational functions (6 kinematic variables + ϵ), massive spinors

Internal massive propagators, functions beyond polylogarithms

⇒ Two scattering processes: 0→ttggg and 0→ttqqg

⇒ Work in the leading colour approximation: only planar diagrams

9

Leading colour amplitude

helicity amplitudes encode 
spin correlations in the 

narrow width approximation

u±(p,m;n) =
h⌘ ⌥ |(/p+m)

h⌘ ⌥ |p[±i
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e.g. Melnikov, Schulze ‘09

4D projectors [Tancredi, Peraro ’19,’20]Helicity amplitude construction

Massive spinor prescriptions are known: [Kleiss,Stirling(1985)][Rodrigo(2005)][Arkani-Hamed,Huang,Huang(2017]

Our strategy: expand massive spinor structure in terms of form factors and Bx gluon helicities
see also [Buccioni,Kreer,Liu,Tancredi(2023)]

is constructed using four-dimensional projector method [Peraro,Tancredi(2019,2020)]

Bxing gluon
helicities

straightforward to

square the amplitude

or to attach decays

*sum over spin and polarisation states are implied

“contracted helicity amplitude”
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see also 1L ttH [Buccioni,Kreer,Liu,Tancredi ’23] 

easy to square amplitude or attach decays

16Colomba Brancaccio

Colour decomposition
SCATTERING AMPLITUDES

● Consider all diagrams contributing to the process (gg→ttg @ 2 loops)

● Colour expansion take the leading colour limit 
reduce the complexity of the loop integrals

 At two loops:

Leading colour ∝ Nc2  only planar diagrams
Towards tt+jet @ NNLO

[QGRAF]

SB, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet, Zoia  JHEP 05 (2026) 044
SB, Becchetti, Brancaccio,, Hartanto, Zoia JHEP 03 (2025) 070

https://inspirehep.net/literature/3083548
https://inspirehep.net/literature/2860899
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Two-loop corrections to tt+jet

The full colour 
decomposition would 

require a large number of 
integral topologies each 

with ‘complicated 
geometries’

Leading colour requires 
only three

c.f.  5-point massless with 
1 external scale (Hjj) has 8 

for full colour  and their variations

ttγ LC
[talk by Ripani]



Two-loop corrections to tt+jet
Integrals and DEQs @ LC SB, Becchetti, Giraudo, Zoia 2404.12325

4p5p ! 1t2t3j
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Two-loop corrections to tt+jet
Identifying a special function basis for the finite remainder

the MIs. The factorisation of " allows us to express the solution algorithmically in terms of Chen
iterated integrals [92], order by order in the Laurent expansion around " = 0. This, in conjunction
with the presence of logarithmic one-forms only, enables the application of a well-established toolbox
of mathematical techniques — most notably the symbol [93] — to write down and manipulate the
solution. Building on this, the method of the so-called pentagon functions [27, 30, 33, 35, 94, 95]
has proven particularly successful in the computation of two-loop amplitudes for 2 ! 3 processes.

It is however known that the DEs for Feynman integrals can take more complicated forms.
Indeed, we anticipate that the canonical form in eqs. (3.4) and (3.5) can only be achieved for
topologies A and C [MB: Topology A is not defined yet], whereas a generalisation is necessary
for topology B. First of all, it is not proven that one can always factorise the dependence on " in the
connection matrices. On top of that, even when " is factorised, one-forms other than d log’s may be
necessary (see e.g. the review [96] and references therein). For such cases the notion of “canonical”
DEs is still under debate [55, 58] [SZ: other refs?]. On the one hand, the techniques for bringing
the DEs to an "-factorised form are much less mature than in the d log case. On the other, even
when an "-factorised form is achieved which involves one-forms more complicated that the d log’s,
manipulating and evaluating the solution efficiently remain challenging. For these reasons, it is
often convenient to resort to more flexible numerical approaches to solve DEs beyond the d log case,
as opposed to fully analytic solutions in terms of well understood special functions. The method of
generalised power series expansions [70] is proving particularly effective, boosted by the availability
of public implementations [71, 72, 76]. Nonetheless, also within this approach to the solution,
simplifying as much as possible the form of the DEs is crucial to an efficient and stable evaluation
of the solution. In particular, it is desirable for the connection matrices to depend polynomially
on ", and for the degree in " to be as low as possible. More explicitly, in the generalisation of the
canonical DEs we consider in this work for topology B the connection matrix has the form

dA
(B)(~x, ") =

kmaxX

k=0

X

i

"
k
!i(~x) c

(B)
k,i , (3.6)

where !i(~x) are (linearly independent) one-forms, kmax 2 N, and c
(B)
k,i are matrices of rational

numbers. A subset of the one-forms {!i(~x)} may be d log’s.
[SZ: edited until here]

[SZ: how to smoothly insert this paragraph?] When the master integrals under study
satisfy a set of canonical differential equations (3.4), they can often be represented as iterated
integrals over rational functions and they usually can be written in terms of a well-understood class
of functions, the so-called multiple polylogarithms (MPLs) [97, 98]. Geometrically these integrals
are defined on a genus zero surface, i.e. on a Riemann sphere. It is however well known that
Feynman integrals can admit a representation whose analytic structure is defined by higher-genus
surfaces, such as elliptic curves.

Our approach to construct a basis of master integrals is outlined in ref. [15]. For complete-
ness, we briefly summarise it in the following. [SZ: rephrase: we find good bases sector by
sector, and only after this is done we reconstruct] [SZ: define: homogeneous DEs]

• Step 0: We exploit finite fields technique to perform IBP reduction and to reconstruct the
differential equations, either fully analytically or on a univariate slice.

• Step 1: We select integrals candidates following patterns observed in previously studied cases.

• Step 2: We work sector by sector, searching for a basis of master integrals linear in ✏

d ~J (~x, ✏) = d
⇣
Â

(0)(~x) + ✏ Â
(1)(~x)

⌘
~J (~x, ✏) , (3.7)
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Two-loop corrections to tt+jet
Efficient numerical evaluation of the function basis?
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Two-loop corrections to tt+jet

1 2 3 4

master integral coe!cients
of mass-renormalised amplitude

(full ω dependence)
404/393 398/389 411/402 421/411

special function coe!cients
of finite remainder

314/303 305/296 321/312 326/317

linear relations 291/280 287/278 299/293 304/299

denominator matching #1 291/0 287/0 299/0 304/0
partial fraction decomposition

in x5123
44/40 55/51 57/54 58/54

denominator matching #2 44/0 54/0 54/0 56/0

number of sample points
(1 prime field)

137076 89624 161482 179838

Table 1: Maximum total numerator/denominator polynomial degrees of the rational coe!cients
appearing in the most complicated 0 → t̄tggg partial mass-renormalised amplitudes and finite re-
mainders (N2

c -components, see eq. (2.8)). The first row refers to the four components of the massive
spinor decomposition in eq. (3.5). The degree data for the finite remainders are shown at di"erent
stages of the optimisation strategy of refs. [49, 54]. All the independent helicity configurations are
evaluated simultaneously, εh ↑ {+++,++↓,+↓+}, and s34 = 1. The last row gives the number
of sample points required to complete the functional reconstruction in a prime field.

Gold 6342 CPU @ 2.80GHz ) and the evaluation of all sample points needed to complete the func-
tional reconstruction of the two-loop leading colour amplitudes for both 0 → t̄tggg and 0 → t̄tq̄qg
took around four months with O(8) multicore machines (with 48–64 threads used on each machine,
requiring ↔ 200 GB of RAM). Thanks to the univariate partial fraction decomposition performed
to optimise the reconstruction, the resulting analytic expressions are by construction simplified and
can be directly implemented in a C++ library, as discussed in section 5.

4 A full set of special functions and their numerical evaluation

Basis of functions and di!erential equations

In this section, we extend the representation of master integrals in terms of special functions con-
structed in ref. [85] to all crossings of the external momenta relevant to the cross section. Our
guiding principle is to write the required terms of the Laurent expansion of the MIs around ω = 0
as polynomials in a set of algebraically independent special functions to resolve all redundancies,
enabling simplification and analytic cancellation of UV/IR poles in the amplitudes. The presence of
elliptic functions in a subset of the MIs [83] prevents us from following the established procedure [34–
37, 40], that relies on canonical DEs for the MIs [80]. While canonical DEs are now available also
for the MIs involving elliptic functions [84], the numerical evaluation of their solution remains an
open problem. Therefore, we continue with the hybrid approach proposed in ref. [85]. By working
with algebraic, non-canonical DEs, this method isolates the terms of the MIs’ ω-expansion that do
not satisfy canonical DEs into few (potentially related) functions that only contribute to the finite
part of the two-loop amplitude, while treating the remaining terms with the established algorithm
to obtain algebraically independent functions.
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Two-loop corrections to tt+jet
since the overall performance is satisfactory, we have not tried to optimise the choice of the
initial points w.r.t. the endpoint of the integration. In practice, double precision is su!cient
for about 10 digits precision at most phase-space points. If required, the integrals can be
evaluated with quadruple or even higher precision. The limiting factor is the precision of the
initial values, which are currently provided with 60 digits.

The performance of the numerical integration is illustrated in table 4.

float type
boundary

requested
|!Q|

achieved
|!Q|

maximal
|!fi/fi|

number
of steps

number
of calls

call
time time

double

ωd01
10→10 8.2→ 10→10 1.4→ 10→6 17 716 0.77 ms 0.56 s

double

ωd02
10→10 8.2→ 10→10 1.4→ 10→6 28 1184 0.73 ms 0.89 s

dd_real

ωd01
10→10 7.7→ 10→11 1.3→ 10→6 16 709 9.3 ms 6.7 s

dd_real

ωd02
10→10 7.7→ 10→11 1.3→ 10→6 27 1166 9.3 ms 11 s

dd_real

ωd01
10→20 3.8→ 10→21 1.2→ 10→16 42 3002 9.0 ms 27 s

dd_real

ωd02
10→20 3.8→ 10→21 1.2→ 10→16 68 4873 9.0 ms 44 s

Table 4: Performance benchmarks for the numerical integration of DEs on SUSE Linux Enterprise
15, Intel(R) Core(TM) i9-10980XE CPU @ 3.00GHz, software compiled with g++-13 -O2. The
numbers are averages over 100 points corresponding to unweighted Born events in the gg ↑ tt̄g
channel. Achieved |!Q| and maximal |!fi/fi| have been determined by comparing the results
obtained starting from two di"erent points ωd01 and ωd02. The floating-point types used are either
the standard double or dd_real from the QD library [121]. Number of calls and call time refer to
calls to the function that evaluates the connection matrix. The achieved |!Q| in the first two rows
is dominated by a single point that only has 7.0→ 10→8 precision.

Before closing this section, let us comment of the recent publication [122], which contains a
reappraisal of the numerical solution of DEs for high multiplicity problems. The authors take two
two-loop integral families from the leading colour gg ↑ tt̄g amplitude as one of their examples.
They achieve a similar performance to ours, if we restrict our system to the same integral set.
Although the Bulirsch-Stoer algorithm from Boost is used in both cases, there are important
di"erences between our approach and the approach presented in ref. [122]. In particular, a linear
system of DEs is integrated one variable at a time along a complex curve in ref. [122] just as in
ref. [120]. Furthermore, the integration curve for each variable is chosen so that the square roots
remain on the same branch, which is achieved by factorising the arguments of the square roots
into irreducible polynomials. The publication provides a strategy to optimise the length of the
integration curve made of multiple segments. Error control is based on the standard error checker,
and the authors discuss how to estimate the total error after integration along all of the segments.
While integration along one smooth curve, as we do, has a certain elegance to it, there is one
potential advantage to integrating in each variable separately. Indeed, the connection matrix can
be precomputed as a function of just one single variable with the remaining variables replaced by
their numerical values. The evaluation time of the connection matrix is then vastly reduced and
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Channel Functions [s] Coe!cents [s] Assembly [s] total [s]

gg → t̄tg 2.69 30.90 1.58 35.17

q̄g → t̄tq̄ 2.16 9.40 0.18 11.74

qg → t̄tq 2.50 9.62 0.21 12.33

qq̄ → t̄tg 2.12 9.30 0.18 11.60

Table 6: Evaluation times in seconds for the di"erent channels including a break down into di"erent
stages. The numbers have been obtained with on Ubuntu 22.04, with a 12th Gen Intel(R) Core(TM)
i5-1240P processor, and compilation with gcc-11 -O2. The di"erence in timing for the special
functions in comparison with table 4 is due to the evaluation for two boundary points and a
di"erent CPU. A substantial variance with respect to the used CPU and compilation options has
been observed and should be kept in mind when comparing to these numbers, implying that they
are for indicative purposes only.

matrix element level. If the test on the numerical precision of the special functions is successful,
we evaluate the 3484 special function monomials (mk(ωf) in eq. (3.21), including ε2 and ε3)—not
required for the accuracy test in eq. (4.9)—and combine them with the rational coe!cients to obtain
the helicity amplitudes. The µR-depending parts are restored using the equation in section B for
µ→
R = µR/mt and the squared matrix elements are assembled by performing the colour and helicity

sums. After restoring the overall mt rescaling of the amplitudes, the results for the hard functions
in eq. (2.20) are returned.

The code uses higher floating-point precision through the QD package [121]. In particular, the
evaluation of the rational functions proved numerically challenging, to the extent that evaluation
using standard double floating-point numbers is not su!ciently stable to yield meaningful values of
the squared two-loop hard functions. For that reason, the default is to use the dd_real type for the
rational coe!cients and double for the special functions. A checked evaluation of the amplitude
using a rescaling test is also provided.

The package has been tested to reproduce the number in table 5 (this test can be repeated using
the validate program provided) and has been used to successfully evaluate about 90k physical top-
quark pair plus jet phase-space points at the 13 TeV LHC. The average evaluation times broken
down into coe!cients, special functions, and assembly, are shown in table 6. Most of the time
is spent evaluating the rational functions and their permutations: about 30 seconds for the gg
channel and 10 seconds for the qg and qq̄ channels. The evaluation of the special functions for two
boundary points and the assembly takes about 3–4 seconds in total. The test can be repeated using
the performance program.

The numerical stability of the hard function has been tested on a set of phase-space points
by using the implemented scaling test and a comparisons between evaluations using dd_real and
qd_real floating-point types for the rational coe!cients. For the scaling test, all momenta, the
top-quark mass and the renormalisation scale have been multiplied by a factor f (here f = 10) and
the resulting amplitude multiplied with the expected energy scaling (f2). The number of agreeing
digits between the original and scaled amplitude is shown in fig. 1 for both floating point types.
Additionally, the numerical stability has been gauged by comparing the results for dd_real and
qd_real floating-point types directly. The good agreement between the scaling test for dd_real

and the comparison to the more stable qd_real evaluations for unstable phase space points (i.e.
below approximately 5 correct digits) indicates the reliability of the scaling test and error control
on the special functions as outlined in section section 4. To achieve 5-digit accuracy on the two-loop
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tt+jet @ NNLO

2

iting factor in the experimental analyses, see for example
Ref. [13]. In this work, we present for the first time next-
to-next-to-leading order (NNLO) QCD corrections for
the production of a stable top-quark pair in association
with a jet. The computation we present here is complete,
except for subleading color and heavy-quark-loop contri-
butions in the finite remainder of the two-loop matrix
elements, which are unknown to date. This computation
has been made possible by recent advances in treating
the rational coe!cients and special functions in two-loop
multi-scale computations [26–28], which enabled the cal-
culation of the leading-color partonic matrix elements in
all required channels [29]. The computation of these am-
plitudes was particularly challenging due to the presence
of the top-quark mass, leading to elliptic functions in the
Feynman integrals and to high polynomial degrees of the
rational coe!cients, which required advanced finite-field
reconstruction techniques.

The contributions from real radiation are handled
within the sector-improved residue-subtraction scheme
using the Stripper C++ framework. This work is the
first to use a NNLO QCD subtraction scheme for a pair
of massive colored final-state state particles plus a col-
ored parton in the final state. It constitutes, therefore,
another test to demonstrate the completeness of this sub-
traction scheme.

The article is organized as follows: after detailing the
computational setup in section II, we discuss the NNLO
QCD corrections to a range of relevant LHC observables
at 13 TeV in section III. This includes a discussion of
the implications of these corrections to future top-quark
mass measurements. We conclude and discuss future ap-
plications of the presented results in section IV.

II. COMPUTATIONAL SETUP

We are studying the cross-section for the process

pp → tt̄j + X , (1)

where we are working with five massless quark flavors
and one massive (top) quark (mt = 172.5 GeV), which
is decoupled from the running of ωs [30]. The top quark
is considered stable, and the mass is renormalized in the
on-shell mass scheme. We define the (di”erential) cross
section in perturbation theory in collinear factorization
through NNLO QCD:
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The cross sections are computed within the four-
dimensional sector-improved residue subtraction scheme
as formulated in Ref. [31–33]. The implementation in
C++ applies to arbitrary processes at the LHC. It has

been well tested through numerous calculations, includ-
ing top-quark pair production and a range of 2-to-3 pro-
cesses, with and without final-state masses [34–38].

The computation requires the evaluation of tree-level
amplitudes with up to 7 legs, which is handled within
the AvH library [39]. The necessary six-point one-loop
amplitudes are taken from OpenLoops2 [40, 41], which
provides a stable numerical evaluation [42]. The two-
loop finite-remainder for the partonic processes gg → tt̄g,
qq̄ → tt̄g, and qg → tt̄q are available in the strict lead-
ing color limit [26–29]. To minimize the impact of this
approximation on the cross-section, we use the following
reweighted definition of the finite remainder:
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(0)
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F
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l.c. (Q
2) +

4∑
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ci logi(µ2
/Q

2) , (5)

where Q
2 is the partonic center of mass squared and the

coe!cients ci dependent on the lower-order finite remain-
ders F

(0) and F
(1). The finite remainders are defined as

F
(0) = ↑F (0)|F (0)↓ , F

(1) = 2Re(↑F (0)|F (1)↓) ,

F
(2) = 2Re(↑F (0)|F (2)↓) + ↑F (1)|F (1)↓ , (6)

through the i-th loop finite remainder amplitudes |F (i)↓.
The bra-ket notation indicates the spin and color-
summed squares. The infrared and ultraviolet renormal-
isation has been performed within the MS scheme, which
is consistent with the IR scheme in Ref. [32].

The numerical evaluation of the finite remainders in
the leading color limit has been performed with the im-
plementation in Ref. [29]. To e!ciently evaluate the am-
plitude, we used an error-control strategy to solve the
di”erential equations of the special functions, control-
ling the precision of the squared matrix element rather
than that of the individual functions. The contribu-
tion to the (di”erential) cross section has been evaluated
by reweighting partially unweighted Born-level events.
This method has been validated at one-loop to repro-
duce the correct contributions to the di”erential cross
section within statistical uncertainties. The primary mo-
tivation for using this approach was better control over
the numerical stability of the matrix elements. The nu-
merically stable evaluation of the matrix elements was a
challenge due to cancellations in the rational functions of
the amplitude. All phase space points, in total about 90k
across the studies presented here, have been evaluated in
double-double (32-digit) floating point precision for the
rational coe!cients and double precision for the special
functions. However, the use of quad-double precision (64
digits) for the rationals was needed for about 4% of the
phase space points.

The required PDFs are evaluated using the LHAPDF
library [43], which is also used for the running of the
strong coupling constant. If not otherwise noted, we are
using the PDF4LHC21 PDF set [44]. The cross sections
are evaluated using a set of dynamical choices for the

IR subtraction using STRIPPER
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FIG. 1. The transverse momentum distribution of the top-
quark pair in the soft-jet phase space, through LO (green),
NLO (blue), and NNLO (red) QCD. The top panel shows
absolute predictions, while the bottom panels show ratios rel-
ative to the central NLO QCD prediction. The solid lines
show the central predictions and the colored bands the enve-
lope of seven-point scale variations. In the bottom panel, the
dashed lines indicate the TNP uncertainty bands for MHOU,
and the grey hashed area indicates the uncertainty estimates
for the sub-leading color terms.

tions. By construction, the TNP uncertainties are more
symmetric than their estimates from scale variation.

In addition to the MHOU estimates, we use a simplified
TNP-inspired approach to estimate the impact of missing
sub-leading color terms on the di!erential spectrum. To
this end, we parameterize the sub-leading color terms in
the following way:
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, (9)

and estimate the impact on the di!erential cross sections
by varying the parameter ω within [↑1, 1]. The estimated
uncertainty increases slightly with pT (tt̄) from about 1%
to 4% in the high transverse momentum regime.

The second observable we will discuss is

ε =
2m0

m(tt̄j)
, (10)

where m0 = 170 GeV is an arbitrary scale [7]. This ob-
servable provides an opportunity to extract the top-quark
mass due to its sensitivity to the top-quark mass value;
for a summary of NLO QCD studies, see Ref. [10]. In
Fig. 2, we show predictions through NNLO QCD and
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FIG. 2. Same as Fig. 1 but for the ω observable.

uncertainties from scale variation and TNPs as before.
The NNLO QCD corrections stabilize the perturbative
expansion of the observable but also introduce a slight
distortion in its shape, similar to those from NLO QCD
corrections with respect to LO. The uncertainties from
scale variation and TNPs are consistent with each other.

B. Cross section ratios

We continue our discussion of di!erential observables
by investigating the impact of higher-order corrections
to cross-section ratios with respect to the inclusive top-
quark pair production case, i.e., the cross section where
no additional jet is required,

R
3/2(X) =

dϑ
tt̄j(X)

dϑtt̄(X)
, (11)

as a function of an observable X that is only based on
the top-quark kinematics. The factorization and renor-
malization scales for the top-quark pair cross sections
are defined as in Eq. (7) but without the jet transverse
momentum. We show the ratio as a function of the top-
quark pair invariant mass in Fig. 3 in the hard phase
space for µ0 = HT /2. We refrain from providing uncer-
tainties based on TNPs in this case, as both processes are
clearly correlated and the TNP model in Ref. [46] does
not provide an adequate correlation model.

At high invariant mass, the perturbative corrections
to the ratio are small and reduce the MHOU by a factor
of 2. At low invariant mass, they come out larger and

pT (j) → 30GeV, |y(j)| ↑ 2.5
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FIG. 1. The transverse momentum distribution of the top-
quark pair in the soft-jet phase space, through LO (green),
NLO (blue), and NNLO (red) QCD. The top panel shows
absolute predictions, while the bottom panels show ratios rel-
ative to the central NLO QCD prediction. The solid lines
show the central predictions and the colored bands the enve-
lope of seven-point scale variations. In the bottom panel, the
dashed lines indicate the TNP uncertainty bands for MHOU,
and the grey hashed area indicates the uncertainty estimates
for the sub-leading color terms.

tions. By construction, the TNP uncertainties are more
symmetric than their estimates from scale variation.

In addition to the MHOU estimates, we use a simplified
TNP-inspired approach to estimate the impact of missing
sub-leading color terms on the di!erential spectrum. To
this end, we parameterize the sub-leading color terms in
the following way:
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and estimate the impact on the di!erential cross sections
by varying the parameter ω within [↑1, 1]. The estimated
uncertainty increases slightly with pT (tt̄) from about 1%
to 4% in the high transverse momentum regime.

The second observable we will discuss is

ε =
2m0

m(tt̄j)
, (10)

where m0 = 170 GeV is an arbitrary scale [7]. This ob-
servable provides an opportunity to extract the top-quark
mass due to its sensitivity to the top-quark mass value;
for a summary of NLO QCD studies, see Ref. [10]. In
Fig. 2, we show predictions through NNLO QCD and
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uncertainties from scale variation and TNPs as before.
The NNLO QCD corrections stabilize the perturbative
expansion of the observable but also introduce a slight
distortion in its shape, similar to those from NLO QCD
corrections with respect to LO. The uncertainties from
scale variation and TNPs are consistent with each other.

B. Cross section ratios

We continue our discussion of di!erential observables
by investigating the impact of higher-order corrections
to cross-section ratios with respect to the inclusive top-
quark pair production case, i.e., the cross section where
no additional jet is required,

R
3/2(X) =

dϑ
tt̄j(X)

dϑtt̄(X)
, (11)

as a function of an observable X that is only based on
the top-quark kinematics. The factorization and renor-
malization scales for the top-quark pair cross sections
are defined as in Eq. (7) but without the jet transverse
momentum. We show the ratio as a function of the top-
quark pair invariant mass in Fig. 3 in the hard phase
space for µ0 = HT /2. We refrain from providing uncer-
tainties based on TNPs in this case, as both processes are
clearly correlated and the TNP model in Ref. [46] does
not provide an adequate correlation model.

At high invariant mass, the perturbative corrections
to the ratio are small and reduce the MHOU by a factor
of 2. At low invariant mass, they come out larger and
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pT (j) → 120GeV, |y(j)| ↑ 2.4, pT (j) → 0.4(pT (t) + pT (t̄))
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FIG. 3. The R32 as a function of the top-quark pair invariant
mass in the hard-jet phase space, through LO (green), NLO
(blue), and NNLO (red) QCD. The top panel shows abso-
lute predictions, while the bottom panel shows ratios relative
to the central NLO QCD prediction. The solid lines show
the central predictions and the colored bands the envelope of
seven-point scale variations.

negative, reaching about →7% in the lowest bin. This
behavior indicates some perturbative instability. Addi-
tionally, close to the tt̄ threshold, Coulomb e!ects, which
are of sub-leading color nature [50], become important,
which might limit the validity of the two-loop finite re-
mainder leading color approximation.

IV. CONCLUSIONS

We presented predictions for cross sections for the pro-
duction of top-quark pair in association with a recon-
structed jet through NNLO QCD at the 13 TeV LHC.
The impact of higher-order corrections to di!erential ob-
servables relevant for LHC phenomenology suggests that
NNLO QCD corrections are essential to achieve sub-10%
theoretical precision. Besides the nominal impact, we
studied estimates of theoretical uncertainties arising from
missing higher orders due to scale variation and a TNP-
based approach. We found the expected substantial re-
duction in the remaining uncertainty (to about ±10%),
consistent across both methods, when including second-
order corrections. Also, we studied the impact of missing
sub-leading color contributions arising from terms in the
two-loop finite remainder, which add another 3→ 4% un-
certainty to the absolute NNLO QCD predictions at high
transverse momentum or invariant mass. Finally, we in-

vestigated ratios to inclusive top-quark pair production
cross sections and found strong sensitivity to higher-order
corrections and possibly sub-leading color e!ects at low
invariant mass.

The present work represents only the starting point of
a detailed investigation of the second-order QCD correc-
tions to the top-quark pair plus jet process. A crucial
next step is to study the mass dependence in the ω ob-
servable at this order in perturbation theory. Also the
impact of the sub-leading color terms needs to be un-
derstood more rigorously. A possibility might be o!ered
in the high energy limit, where the top-quarks are quasi
massless, where a comparison with (massified [51–53])
massless two-loop five-parton amplitudes [54–56] could
be performed, as these are known in full color. A fur-
ther future extension is the inclusion of top-quark decays
within the NWA. Finally, tt̄j NNLO QCD cross sections
could be viewed as input for an N3LO QCD inclusive
cross section computation within a slicing scheme, simi-
lar to recent achievements in color singlet production [57–
60].
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tions. By construction, the TNP uncertainties are more
symmetric than their estimates from scale variation.

In addition to the MHOU estimates, we use a simplified
TNP-inspired approach to estimate the impact of missing
sub-leading color terms on the di!erential spectrum. To
this end, we parameterize the sub-leading color terms in
the following way:
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and estimate the impact on the di!erential cross sections
by varying the parameter ω within [↑1, 1]. The estimated
uncertainty increases slightly with pT (tt̄) from about 1%
to 4% in the high transverse momentum regime.

The second observable we will discuss is

ε =
2m0

m(tt̄j)
, (10)

where m0 = 170 GeV is an arbitrary scale [7]. This ob-
servable provides an opportunity to extract the top-quark
mass due to its sensitivity to the top-quark mass value;
for a summary of NLO QCD studies, see Ref. [10]. In
Fig. 2, we show predictions through NNLO QCD and
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uncertainties from scale variation and TNPs as before.
The NNLO QCD corrections stabilize the perturbative
expansion of the observable but also introduce a slight
distortion in its shape, similar to those from NLO QCD
corrections with respect to LO. The uncertainties from
scale variation and TNPs are consistent with each other.

B. Cross section ratios

We continue our discussion of di!erential observables
by investigating the impact of higher-order corrections
to cross-section ratios with respect to the inclusive top-
quark pair production case, i.e., the cross section where
no additional jet is required,

R
3/2(X) =

dϑ
tt̄j(X)

dϑtt̄(X)
, (11)

as a function of an observable X that is only based on
the top-quark kinematics. The factorization and renor-
malization scales for the top-quark pair cross sections
are defined as in Eq. (7) but without the jet transverse
momentum. We show the ratio as a function of the top-
quark pair invariant mass in Fig. 3 in the hard phase
space for µ0 = HT /2. We refrain from providing uncer-
tainties based on TNPs in this case, as both processes are
clearly correlated and the TNP model in Ref. [46] does
not provide an adequate correlation model.

At high invariant mass, the perturbative corrections
to the ratio are small and reduce the MHOU by a factor
of 2. At low invariant mass, they come out larger and

next steps
- comparison with data
- decays in the narrow width approximation (2L t→Wbg needed [Brancaccio TOP25])
- subleading colour?

https://indico.cern.ch/event/1501204/contributions/6658355/attachments/3139706/5572292/CB_poster_TOP25.pdf


Two-loop corrections to tt+W

NNLO total cross sections using 
approximate 2-loop amplitudes

• soft boson limit
• massification

NEW! Leading colour ampltudes

challenging amplitude computation 
and numerical evaluation 

a global analytic reconstruction was 
impractical; coefficients reconstructed 

pointwise (worst point needed 400 prime evaluations)

200K points, interpolation 
grid, integrals via AMFlow

Becchetti, Canko, Chen, Chestnov, Delto, Ditsch, 
Peraro, Pozzoli, Savoini, Zoia [2608.03746]

Becchetti, Canko, Chen, Chestnov, Delto, Ditsch, 
Grazzini, Kallweit, Peraro, Pozzoli, Savoini, Tancredi, 

Zoia [2606.09503]

!ωNNLO,H[fb] tt̄W
→

tt̄W
+

SA 15.67 (0) ± 4.21 34.59 (0) ± 9.18

MA 22.62(15) ± 4.78 49.87(40) ± 8.74

SA+MA 19.14 (8) ± 4.49 42.23(20) ± 8.96

LCA 25.70 (0) ± 5.68 56.76 (0) ± 12.03

Table 1: Contribution of the hard-virtual coe”cient H
(2) to the inclusive NNLO cross section in the various

approximations (SA, MA and LCA). The numerical error from the Monte Carlo integration is shown in brackets.
The additional error denotes our estimate of the uncertainty of each approximation. The LCA uncertainty also
includes an estimate of the interpolation error.

approximation (LC MA), mirroring the behaviour observed for the full-colour prediction.

We now turn to the lower panel of Fig. 1, which shows the various approximations to the NNLO hard-
virtual contribution, !ωNNLO,H, normalised to the reference prediction of Ref. [32] (in orange). The latter was
defined as the arithmetic average of the SA (in red) and MA (in blue) results, with their uncertainties combined
linearly. In Ref. [32], the uncertainties associated with SA and MA were estimated under the assumption that
the quality of a given approximation of !ωNNLO,H cannot be expected to exceed the accuracy observed at NLO.
More precisely, the relative uncertainty on !ωNNLO,H was taken to be twice the relative di#erence between the
approximate and exact predictions for !ωNLO,H. This conservative prescription reflects the fact that the two
approximations employed in Ref. [32] have a dynamical origin and are applied well beyond their nominal region
of validity, requiring suitable kinematic projections. The final uncertainty further includes variations of the
subtraction scale µIR by a factor of two around the central scale choice Q.

In the present calculation, the two-loop amplitude is evaluated within the LCA. Unlike SA and MA, the
LCA is a parametric approximation and does not rely on any extrapolation or kinematic projection. Its main
limitation is expected in the threshold region, where subleading-colour (SLC) e#ects are dominant. This region,
however, has a negligible impact on the hadronic tt̄W cross section. Moreover, a comparison of the exact and
LCA results for the one-loop hard-virtual coe”cient H

(1) reveals no significant distortions (beyond the threshold
region) across phase space, and a similarly stable behaviour is observed when comparing the LCA predictions for
H

(2) and H
(1). Motivated by these observations, we estimate the LCA uncertainty at NNLO from the relative

di#erence between the exact and LCA results at NLO. We also consider variations of the subtraction scale
µIR around the central scale Q, but those e#ects are consistently subleading. The final uncertainty assigned
to !ω

LCA
NNLO,H is obtained by linearly combining the LCA uncertainty with an estimate of the numerical error

associated with the grid interpolation. The latter is below the percent level inclusively, but increases to about
12% in the high-pT,t/t̄ region. The resulting predictions for !ω

LCA
NNLO,H are shown in the lower panel of Fig. 1 as

black markers, together with the LC MA results shown in grey. The latter are obtained from the LC two-loop
massless W + 4-parton amplitudes [82, 83], as in the MA case, but with the massification ingredients retained
in LC. We find that the LCA prediction is systematically larger than the SA+MA result of Ref. [32], while
remaining compatible with it within the estimated uncertainties.

Finally, the numerical results for the inclusive NNLO hard-virtual contribution are reported in Table 1. As
shown in Fig. 1, the LCA results are consistent with the SA+MA prediction of Ref. [32], with slightly larger
uncertainties. Combining the new result for the two-loop contribution with the remaining NNLO contribu-
tions [32], which are evaluated without any approximation, we obtain the prediction for the NNLO QCD cross
section reported in Table 2 (second row). For comparison, we also report the NNLO QCD result of Ref. [32].1

The new ω
LCA
NNLO results are about 3% higher than the ω

SA+MA
NNLO predictions from Ref. [32] but consistent with

them within the stated uncertainties. Comparing with the results in Table 1 we see that the impact of the LC
two-loop virtual contribution is rather large: it amounts to about 11% of the NNLO cross section.

1The tiny di!erence between ωSA+MA

NNLO
and the values given in Table I of Ref. [32] is due to the correction of a bug in the

transverse-momentum soft function of Ref. [45].
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Figure 1: Results for !ωNLO,H (upper panel) and !ωNNLO,H (lower panel) in the case of tt̄W
→ production,

computed using the various approximations (SA, MA and LCA), for di”erent cuts applied to the transverse
momenta of the top quarks. At NLO the approximations are normalised to the exact result, while at NNLO
to the best result (SA+MA) from Ref. [32]. The uncertainties assigned to each approximation at NNLO are
discussed in the text. Similar results are obtained for tt̄W

+.

Gµ = 1.16639 → 10→5 GeV→2 and mZ = 91.1876 GeV. The CKM matrix is taken to be diagonal. We use the
NNPDF31_nnlo_as_0118_luxqed set for parton distribution functions [78] and strong coupling, through the
LHAPDF interface [79]. For our central predictions, we set the renormalisation (µR) and factorisation (µF) scales
to mt + mW /2, and evaluate the perturbative uncertainties through a standard seven-point scale variation, i.e.
we independently vary µF and µR by a factor of two with the constraint 1/2 ↑ µR/µF ↑ 2.

In Fig. 1 our new NLO and NNLO results for !ω(N)NLO,H based on the LC approximation (LCA) are
compared to those of Ref. [32], as functions of the lower cut applied to the transverse momenta of the top
quarks, pT,t/t̄. The soft approximation (SA) is obtained by evaluating the tt̄W amplitude in the soft W -boson
limit. The high-energy approximation, instead, is formally valid in the limit where the top-quark mass is much
smaller than all other relevant energy scales. It is constructed via the massification procedure [80, 81] and thus
labelled MA in the following. We stress once more that the approximations used throughout this Letter are
applied only to the hard-virtual coe#cient H

(n) (n = 1, 2) in Eq. (2); the Born cross section dωLO appearing in
Eq. (1) is always computed exactly.

We start by considering the upper panel of Fig. 1, where the various NLO approximations are compared
to the exact one-loop result. As discussed in Ref. [32], the SA (MA) underestimates (overestimates) the exact
prediction, and both approach the latter when a hard cut is imposed on the top-quark transverse momentum.
Indeed, the large-pT,t/t̄ region corresponds to a kinematic configuration in which both SA and MA are expected
to reproduce the full amplitude. In this regime, the agreement with the exact result is particularly good for the
MA, with di”erences at the percent level. The LCA, on the other hand, consistently overestimates the exact
result, with a deviation of about 22% at the inclusive level, which decreases to roughly 10% in the high-pT,t/t̄

region. We further observe that, at large pT,t/t̄, the LCA result is in very good agreement with its high-energy
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coeffs. ~ 20 mins

https://arxiv.org/abs/2608.03746
https://arxiv.org/abs/2606.09503
https://inspirehep.net/literature/2672565


Outlook

Techniques for multiscale amplitudes are improving a lot

Finding reliable approximations is very important

Simulations are still very expensive

- mt mass extraction from ttj to be updated [joint CMS/ATLAS]
- improvements for ttH soon?

New precision predictions amplitudes with masses

Rational function reconstruction may not always be possible
- what are the prospects for purely numerical methods?

- e.g. massification is great when it works, can combining different limits 
avoid enormous computational effort? 

- improvements will come for sure

[talk by Gambuti]

- numerical integration of DEQs looks like it might provide a 
generic solution suitable for phenomenology


