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Given the title I was assigned, I had to make choices. 

Such choices are based on my persona taste and experience 

  

Both are debatable… 
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Q ≫ ΛQCD

Q ≳ ΛQCD

Q ∼ ΛQCD

Parton distribution functions 
±(3 − 5) %

dσ = ∑
ij

∫ dx1 dx2 fi/p (x1) fj/p (x2) d ̂σij(x1x2s) (1 + 𝒪( Λn
QCD

Qn )) , n ≥ 1

4

Rudiments of particle physics (at colliders)
The success of a percent level phenomenology program relies on our ability to interpret and predict the outcome LHC 
measurement. [Snowmass’2021 whitepaper]

                            Theoretical predictions in hep-ph require description of physics across manu different energy scales

dσij = dσij, LO(1 + αs ΔQCD
ij, NLO + αew ΔEW

ij, NLO + α2
s ΔQCD

ij, NNLO + αs αew ΔQCD⊗EW
ij, NNLO + …)

Hard scattering 

(perturbative quantum field theory) 

aim for few  level!%

Non perturbative effects 
(fragmentation, hadronisation)

∼ % (?)

Chiara Signorile-Signorile                                                                                                                                                                                                               Track 3 summary                                  

[courtesy of Ramon]
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Theory Shower EventsHadronization Detectors

ℒ
Theory PDFs

X

̂σ

Hard process

energy 

Matching 
Merging 

Resummation

F.O. perturbation theory:  
‣ Automate (N)NLO QCD 
‣ EW and mixed QCD-EW  

Matching:  

Parton-shower/Resummation:  
‣ Increasing PS accuracy 
‣ (N)NLL accurate showers 
‣ Sub-leading color effects 

Hadronisation: 
‣ Refinement of models 
‣ Improving constraints

NxLO

NxLO + PSNyLL

PSNyLL

current efforts

[Pythia8.3 manual]

QCD AT COLLIDERS

See S. Schumann  [Mon]
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Theory Shower EventsHadronization Detectors

ℒ
Theory PDFs

X

̂σ

Hard process

Q ≫ ΛQCD

current effortsenergy 

F.O. perturbation theory: NxLO

[Pythia8.3 manual]

dσ
dX

= ∑
ab

∫ dx1 dx2 fa/A (x1, μ) fb/B (x2, μ)
d ̂σab(x1, x2, μ)

dX [1 + 𝒪(
Λp

QCD

Qp )]
Collinear factorisation formula [Collins, Soper, Sterman ’04]

Parton distribution 
functions 

(long-distance, non-
perturbative) 

Hard scattering 
(short-distance, 

perturbative regime) 
Target:  

± ( ≲ a few percent)

Non-perturbative 
effects 

(Power corrections) 
  p ≥ 1See e.g. S. Forte, 

A. Sarkar [Mon]

QCD AT COLLIDERS
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<latexit sha1_base64="4vO0iUN/0jHQh0DeXggD4Y9LRbs="></latexit>

dσ̂ab→X = dσ̂(0,0)+αsdσ̂
(1,0)+α dσ̂(0,1)+α2

sdσ̂
(2,0)+αsα dσ̂(1,1)+α2dσ̂(0,2)+α3

sdσ̂
(3,0)+. . .

leading order (LO)

Next-to-LO (NLO) QCD

NLO EW

Next-to-NLO (NNLO) QCD
mixed 

QCDxEW

NNLO EW

Next-to-NNLO (N3LO) QCD

(available only for simple 
processes. First  results for 

di-photon production in pp 
collisions: April 2026) 

2 → 2

(available for simple 
processes like DY 

production) 

(no (full) LHC process 
described with this 

accuracy yet) 

higher accuracy => higher complexity 

Impact suppressed by coupling (naively)

<latexit sha1_base64="5B2OMB4A16rZkea9qVRiO+FWAPQ="></latexit>

αs(mZ) ! 0.118 ∼ 10%
<latexit sha1_base64="SVRpnb7pbRvE+JyYth67gDxorTk="></latexit>

α(mZ) ! 1/128 ∼ 1%

couplings:

QCD

EW

(complete automation, 
efficiency and generality) 

(still not achieved for many 
high-multiplicity processes) 

Q ≫ ΛQCD

current effortsenergy 

F.O. perturbation theory: NxLOAt typical LHC energy scales: simultaneous expansion in QCD and EW couplings   

[Courtesy of C. Savoini]

QCD AT COLLIDERS
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F.O. perturbation theory: NxLOAt typical LHC energy scales: simultaneous expansion in QCD and EW couplings   

Not just an academic exercise: 
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Harlander, Kilgore (2002); Anastasiou, 
Melnikov (2002); Ravindran et al (2003)
Catani, de Florian, Nason, MG (2003)
Passarino et al (2008)
de Florian, MG (2008, 2012)

Anastasiou et al. (2016)

The role of precision theory
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Djouadi, Graudenz, Spira, Zerwas (1995)
Dawson (1991)

+ + …
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The role of precision theory

CMS

July ‘22

Georgi, Glashow, Machacek Nanopoulos  (1978)

[courtesy of M. Grazzini]

Relevant observables show a poor perturbative convergence Experience to consolidate in view of next flagship experiments

[CERN Yellow Rep. Monogr. 8 (2025)]

QCD AT COLLIDERS
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NNLO
NNLO QCD calculations are being extended to an increasing variety of processes                                                  

Adding external particles and/or additional mass scales remains a challenge 

Schematic NNLO ingredients:  

Ironically, in many cases the most complicated part, the double virtual, is also the “less relevant” (not always true!)

 = IRC-safe observableX
dσN2LO

dX
= ∫ dΦn VV δXn

+ ∫ dΦn+1 RV δXn+1
+ ∫ dΦn+2 RR δXn+2

Up to  
explicit poles

1/ϵ4

Up to  explicit poles 
Up to 2 PS singularities

1/ϵ2
up to 4 PS 

singularities 

Virtual corrections: 
Algebraic and analytic complexity, increasing with the 
number of masses and external particles

Real radiation: 
Systematic treatment of soft and collinear singularities  

 fully differential predictions→

   d = 4 − 2ϵ

QCD AT COLLIDERS



‣ At his very core, the problem of computing loop amplitudes is the problem of calculating divergent integrals of rational 
functions in Minkowski space 

‣ @1loop: 

‣  fully automated* in public programs [FormCalc, MadGraph+MadLoop, GoSam, BlackHat, OpenLoops, Recola, …] 
‣ Available tools for:  

‣ Systematic reduction to known integrals [CutTools, Samurai, Ninja, Golem, Collier, …] 
‣  Evaluate such integrals [OneLoop, QCDLoop, LoopTools, …] 

‣ Current focus: performance, numerical stability, extensions to more models…

8

LOOP CORRECTIONS

𝒜 ∼ ∫
+∞

−∞ (
ℓ

∏
i=1

ddki) 𝒩(ki)
𝒟1 𝒟2 𝒟3…

Loop momenta: unresolved 
momenta of virtual particles (not 
constrained by mom. conservation)

ki = Inverse propagator:                                 
linear combination of  

‣ External (initial/final states) momenta  
‣ Loop momenta 

𝒟k = l2
j − m2

j
lj =

pj
kj

* In principle. In practice, it might still be very challenging

QCD AT COLLIDERS
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LOOP CORRECTIONS
‣  The complexity increases dramatically with loop order, number of external particles and internal masses  

‣  Beyond 1loop: still case-by-case calculation 

‣ More diagrams, but generally not a bottleneck 

‣ Higher algebraic complexity: proliferation of scales + huge intermediate expression 

‣ Higher analytic complexity: new mathematical structures (special functions, elliptic and beyond)  

‣ Higher numerical complexity: representations suitable for efficient and stable amplitude evaluation

‣ State of the art: 

‣ Today in QCD: 2loop  scattering with masses, 3loop  with one external mass  
‣ Today in EW: 2loop  with massive particles ( ) everywhere 

‣ Various approaches*: analytic (representation dependent), numerical (might be 
unstable), approximate (non universal), … 

2 → 3 2 → 2
2 → 2 Z, W, H, t

* Very rapidly growing field. Bare in mind: progressively accurate results lead to amazing pheno studies!

QCD AT COLLIDERS



10

LOOP CORRECTIONS

[adapted from B.Page]

STATUS OF TWO-LOOP QCD AMPLITUDES for 2 ->3 processes (up to 6 scales)

4

Scattering Amplitudes: NNLO in QCD

tremendous progress in the past 10 years!→

… but still far from reaching the same level of automation, efficiency and generalisation as at NLO more details in 
Chiara’s talk

double-virtual

beyond having all scattering amplitudes, it is crucial to construct an NNLO subtraction/slicing scheme

[Badger et al.] ∼
(pp

𝒜
W

γγ)

[Badger et al.] ∼
(pp

𝒜
H

bb̄)

[Badger et al.] ∼
(pp

𝒜
tt̄j)

[De Laurentis et al.] ∼
(pp

𝒜
H

jj)

[De Laurentis et al.] ∼
(pp

𝒜
Vjj)

‘25‘24 ‘26
…

‘23

[Badger et al.] ∼
(pp

𝒜
γjj)

[Abreu et al.] ∼
(pp

𝒜
γγγ)

[De Laurentis  et al.] ∼
(pp

𝒜
jjj)

[Agarwal  et al.] ∼
(pp

𝒜
jjj)

[Abreu et al.] 
all one-m

ass functions

Full Colour

Full Colour

QCD AT COLLIDERS
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LOOP CORRECTIONS
Feynman 
diagrams
‣ From the Lagrangian, one 

infer the Feynman diagrams 
allowed by the theory: 
typically  

‣ However, fully automated 
techniques available 
[QGraph, DiaGen, …] 

‣ Direct evaluation not 
possible: 

‣ (tensor-)loop integrals 
need regularisation (IR & 
UV):  

𝒪(102 − 104)

d = 4 − 2ϵ

QCD AT COLLIDERS
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LOOP CORRECTIONS
Feynman 
diagrams

Scalar 
integrals 

Projection
𝒜 = ∑

c,s

𝒜c,s Cc Ts

Spin structure 

Color structure 

Scalar partial amplitudes

𝒜c,s = ∑
j

cj({p, k}, ϵ) Ij({p, k}, ϵ)

Rational functions 
(kinematics and )ϵ

(scalar) Feynman integrals

Ii = ∫ (
ℓ

∏
i=1

ddki)∏
k=1

𝒟−αi,k
k

Integral family:                   
common set of denominators

QCD AT COLLIDERS
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LOOP CORRECTIONS
Feynman 
diagrams

Scalar 
integrals 

Projection

Ii = ∫ (
ℓ

∏
i=1

ddki)∏
k=1

𝒟−αi,k
k

Master 
integrals 

IBPs
‣ Loop integrals obey linear relations: Integration By Parts (IBPs) 

[Chetyrkin, Tkachov (1981), Laporta (2000)] 

‣ Very large and sparse linear system  often a huge bottleneck  

‣ Solution of linear system  reduction into a basis of linearly 
independent master integrals (MIs):  

‣ Modern solvers: Reduze, Fire, Kira, LiteRed, FiniteFlow 

‣ Simplified systems: NeatIBP, Blade, CALICO

⟹

↔
{Mj} ⊂ {Ij}

∫ (
ℓ

∏
i=1

ddki) ∂
∂kμ

j
vμ∏

k=1

𝒟−αi,k
k = 0 , vμ ∈ {pμ, kμ}

Ij = ∑ cjk Mk

QCD AT COLLIDERS
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LOOP CORRECTIONS
Feynman 
diagrams

Scalar 
integrals 

Projection

Master 
integrals 

IBPs

Ij = ∑ cjk Mk

‘Analytic’ 
functions

DEs

Ii = ∫ (
ℓ

∏
i=1

ddki)∏
k=1

𝒟−αi,k
k

‣ Master integrals obey systems of DEs w.r.t. invariants .    
[Kotikov (1991), Gehrmann, Remiddi (2000)] 

‣ Solving DEs requires boundary conditions 

‣ e.g. systematic approach: canonical form [Henn 2013] 

‣ Alternative direct numerical evaluation, e.g. sector 
decomposition [Binoth, Heinrich] via PySecDec [Heinrich, 
Jones, Margery, Olsson et al.] FIESTA [Smirnov et al.]

x

∂xMj = ∑
k

Ajk({p}, ϵ) Mk

QCD AT COLLIDERS
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LOOP CORRECTIONS
Feynman 
diagrams

Scalar 
integrals 

Projection

Master 
integrals 

IBPs

‘Analytic’ 
functions

DEs

Alternatives to the standard “work chain” :  

[2605.04009] 

▸ generate the relevant unitarity cuts 

▸ construct tree amplitudes on those cuts 

▸ reconstruct the loop integrand.

Successes of the standard “work chain” :  

[2607.12033] 

QCD AT COLLIDERS



Implicit PS sing. Explicit loop sing.

‣ The problem emerges already at NLO 

‣ The explicit poles of 1-loop amplitudes are known and universal 

‣ Singular limits of tree-level amplitudes are known and universal

  : soft limit  
 : collinear limit   

 universal: depends only on external-parton momenta, spin, colour.   
No explicit poles, unresolved PS integration generate  poles. 

Lim = Eg → 0 ⟹ ℱ(g, q, q̄) = eikonal function
Lim = θgq → 0 ⟹ ℱ(g, q, q̄) = splitting function

ℱ(g, q, q̄)
1/ϵ

16

REAL CORRECTIONS@NLO

   d = 4 − 2ϵ

Finite remainder requires dedicated calculations on a process-
by-process basis. It enters directly numerical implementations

2e
−

e
+

q

q̄

+

2

e
+

e
− q

q̄

g
+

e
−

e
+ q̄

q

g

e
−

e
+

q

q̄

2e
−

e
+

q

q̄

+

2

e
+

e
− q

q̄

g
+

e
−

e
+ q̄

q

g

e
−

e
+

q

q̄

Lim˜ ℱ(g, q, q̄)

QCD AT COLLIDERS



explicit upon PS integration
Explicit loop sing.

‣ The problem emerges already at NLO 

‣ However: need to extract real-radiation IR poles without integrating over PS  retain fully differential predictions→

17

REAL CORRECTIONS@NLO

Implicit PS sing.    d = 4 − 2ϵ

KLN IR singularities vanish if all degenerated states with arbitrary multiplicities in the final state are combined 
[Kinoshita ’62; Lee, Nauenberg ’64]

▸ Regulate infrared singularities of the real emission 

▸ Extract infrared    poles in d-dimension without integrating over the resolved phase space 

▸ Cancel the    poles stemming from the phase space integration against the poles of the loop correction

1/ϵ

1/ϵ

QCD AT COLLIDERS



‣Slicing 

18

SLICING/SUBTRACTION

• non-local in phase space 
• conceptually simple, straightforward to implement (bulk is NLO) 
• dependence on the slicing parameter and large cancellations between singular and regular terms 
• “easy” generalization to N3LO

‣Subtraction 

• more difficult conceptually 
• local in phase space 
• potentially, offers better numerical stability and scalability than slicing  
• at least for now, every step to yet higher order (e.g. N2LO → N3LO) is a challenge

∫ dΦg = ∫ [ − ] dΦg + ∫ dΦg

Finite in d=4  poles1/ϵ

Integrated 
subtraction 

term

Subtraction term

QCD AT COLLIDERS
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A lot of recent progress on NNLO formalisms and tools
Antenna 

subtraction
Nested soft-collinear subtraction Local analytic sector subtraction

NNLO grids with STRIPPER

CoLoRFul subtraction
qT slicing, NNLO grids with MATRIX

Loop-Tree 
Duality

Slicing with jets

QCD AT COLLIDERS
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NNLO
NNLO currently under investigation for a variety of processes. Adding more legs and/or more masses is a non-trivial challenge.  
In the following I present some representative examples  

‣ @NNLO 

‣ @NNLO 

‣ @NNLO 

Given the current status of the loop and subtraction/slicing technology many new processes can be studied and the relevant 
phenomenological applications are becoming accessible  

Strong control over all the aspects of the calculation allows for further extensions (N3LO, EW corrections, matching, …) 

‣ @QCD EW 

‣ @N3LO  

‣ @N3LO 

‣ @NNLO(+PS) 

‣ @NNLO(+PS) 

e+e− → 4j

pp → tt̄j

pp → tt̄W

pp → ℓℓ̄ ×

e+e− → jj

pp → γγ

pp → tt̄H

pp → HH

QCD AT COLLIDERS
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N2LO: INCREASING LEGS (LEPTON COLLIDER)
 

‣  colliders offers a very clean exp. environment                                 
 discovery of gluon in planar 3jet events, measurement of its spin 

‣  rate provides stringent test of non-abelian gauge theory structure 
‣  extraction

e+e− → 4j
e+e−

→
4j
αs

[CERN Yellow Rep. Monogr. 8 (2025)]

‣ Shape of NNLO predictions in better agreement with data 
‣ Theory uncertainty reduced by  
‣ Significant discrepancies at low : need for resummation  
‣ In the perturbative region ( )  NNLO correction vanishes if  
‣ In this case:  

∼ 1/3
ycut

ycut ∼ 10−2 VV = 0
VV ∼ NNLO ∼ 2 − 5 %

* VV: leading color approx. + no vector coupling to closed fermion loops 
[De Laurentis et al. 2503.10595]. 

* RR: (generalised) antenna subtraction [Fox et al. 2410.12904]

This patter is different from what observed in hadronic 
processes, where the two-loop finite remainder typically 

represents a smaller contribution to the NNLO correction. 
[Chen, Chicherin, Fox, Glover, Marcoli, Sotnikov, Sun, 

Zhang, Zoia 2602.18185]

yij =
min(E2

i , E2
j )(1 − cos θij)
Q2

Rn(ycut) =
σn(ycut)

σinc.

• Clustering until all 
pair-wise distances are 
larger than  

• Event classified as       
-jet, with = # clusters

ycut

n n

QCD AT COLLIDERS



22

 
‣ of  events at LHC are comes with an extra jet                       

 NNLO QCD corrections needed to reduce theo. uncertainties 
‣ Sensitivity to top-quark mass:    
‣ Impact of higher orders on xsection ratios:  
‣ NNLO  input for N3LO QCD corrections to 

pp → tt̄j
∼ 40 % tt̄

→
ρ = 2mo/m(tt̄j)

R3/2(X) = dσtt̄j(X)/dσtt̄(X)
tt̄j tt̄

N2LO: INCREASING LEGS AND MASSES

* VV: leading color approx. [Badger et al. 2511.11424] 
( of total xsection). Simplified amplitude 
expression for efficient numerical evaluation. 

* RR: STRIPPER

6 − 10 %

∼ + 12 % ∼ − 5 %
∼ + 22 %

[Badger, Becchetti, Brancaccio, Czakon, Hartanto, Poncelet, Zoia 2511.11431] 

QCD AT COLLIDERS
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‣ Background for key SM processes:  and  production 
‣ Relevant for physics beyond the SM searches 
‣ Theory predictions underestimate measurements

pp → tt̄W
tt̄H tt̄tt̄

N2LO: INCREASING LEGS AND MASSES

‣ Confirmed agreement with approximate 
2loop                                                             
(soft-W approx. [SA] + massification [MA])                     
[Buonocore, Devoto, Grazzini et al. 2306.16311] 

‣ Confirmed tension with experimental 
measurements 

[Becchetti, Canko, Chen, Chestnov, Delto, Ditsch, Grazzini, 
Kallweit, Peraro, Pozzoli, Savoini, Tancredi, Zoia 
2606.09503] 

* VV: impressive calculation of LC VV amplitude (previously approximated): 
‣ Special function evaluation 20-120 min  
‣ Amplitude coefficients evaluated in 20 min  

* RR:  subtraction [Catani, Grazzini 0703012] 

∼
∼

q⊥

QCD AT COLLIDERS



inclusive 
 slicing 

 slicing 
P2B 
antenna subt.

q⊥

τ
▸ Intense efforts on advancing 

streamlined workflows 

▸NNLO EW remains even more elusive 

▸ The techniques and issues discussed 
will become more pressing when 
moving at N3LO  

▸ Tricks and tips learned at NNLO will 
come at hand 

▸Nowadays the state of the art of 
N3LO calculation is largely 
dominated by slicing approaches and 
combinations with N2LO+j 
subtractions 

▸ The theory community has plenty of 
space for developing methods and 
technologies to be onboard on such 
endeavour

24

GOING TO N3LO…
QCD AT COLLIDERS

 
[Chen et al.  
2107.09085]

pp → γ

 
[Chen et al.  
2102.07607]

pp → H 
[Mondini et al.  
1904.08960]

H → bb̄

 
[Chen et al.  
2203.01565]

pp → Z

 
[Campbell et al.  
2308.15382]

pp → W

 
[Baglio et al. 
2209.06138]

pp → VH

 
[Chen et al. 
2209.14259]

e+e− → tt̄

 
[Chen et al.  
2505.10618]

e+e− → jj

 
[Fox et al.  2502.17333]
H → jj

 
[Chen et al.  
2205.11426]

pp → W

 
[Dong et al.  
2603.29673]

ep → j

 
[Generet et al.  
2604.25490]

pp → γγ

 
[Gehrmann-De 
Ridder et al. 
2606.31286]

pp → HW

See R. Poncelet [Mon]

See F. Silvetti [Tue]



▸ First pheno results for  massless processes  

▸  via (partial) extension of antenna subtraction 

▸ First fully differential F.O. calculation for jet 
production with a local infrared subtraction 

▸ numerical stability of RRV and RVV is a major 
challenge: rescue systems (quadruple-precision)       
+ Taylor exp. of special functions

2 → 2

e+e− → jj

▸ Inclusive hadronic cross section: 

25

N3LO: FEW RECENT ACHIEVEMENTS

Recent progress in antenna subtraction at NNLO and N3LO Matteo Marcoli
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Figure 2: Two-jet rate 𝐿2 (𝑀cut) as a function of the Durham jet resolution parameter 𝑀cut, computed at LO,
NLO, NNLO and N3LO with 𝑁𝐿 (𝑂𝑀 ) = 0.118. The lower panel shows the ratio to the NNLO result. Figure
from Ref. [48].

inclusive cross section at N3LO. These results demonstrate both the correctness of the subtraction
scheme and the feasibility of fully-di!erential N3LO calculations with antenna subtraction. The
almost colour-connected topology discussed in Section 2 — which requires generalised antenna
functions with three hard radiators — only becomes relevant at higher multiplicity, and will be part
of the more complicated processes tackled next, such as 𝑃

+
𝑃
→ ↑ 3 𝑄 at N3LO. The extension of

generalised antenna functions to cover N3LO configurations is therefore a crucial next step in the
antenna subtraction programme.

4. Conclusions and outlook

We have summarised two recent advances in the antenna subtraction formalism. Generalised
antenna functions with three hard radiators [19] provide a unified, compact, and numerically e"-
cient description of almost colour-connected double-unresolved configurations at NNLO, removing
the most complex sector of the traditional formulation and yielding up to an order-of-magnitude
speedup. The first application of antenna subtraction to a fully-di!erential N3LO calculation — jet
production in 𝑃

+
𝑃
→ annihilation [48] — demonstrates the viability of antenna subtraction at this

perturbative order and provides a solid foundation for extending the method to more complex pro-
cesses. The natural outlook is the gradual extension of both developments: the generalised antenna
functions need to be extended to include initial-state radiation and the antenna structures required at
N3LO, while the N3LO calculation framework will be extended to processes with more final-state
partons. The combination of generalised antenna functions with the colourful antenna subtraction
method [16, 18] o!ers a promising route towards a general, automated infrared subtraction scheme
at N3LO.

Acknowledgements
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(a) triple-real
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�⇤/Z

(b) double-real-virtual
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�⇤/Z

(c) real-double-virtual

�⇤/Z

e�

e+

(d) triple-virtual

Figure 1: Representative Feynman diagrams (before interference with an appropriate tree-level diagram) for each type of radiative correction to the process
e
+

e
→
↑ 2 jets at O(ω3

s
). From left to right: dε(3)

5 , dε(3)
4 , dε(3)

3 , and dε(3)
2 .

the double-real-virtual contribution dε(3)
4 by two real emissions

at one loop, the real-double-virtual contribution dε(3)
3 by one

real emission at two loops and finally the triple-virtual contribu-
tion dε(3)

2 by the three-loop correction. Examples of Feynman
diagrams contributing to different types of N3LO corrections
are shown in Figure 1.

The individual contributions contain explicit IR singularities
due to loop corrections (dε(3)

2 ), implicit singularities arising
when the external momenta approach soft and collinear limits
(dε(3)

5 ), or a mixture of both (dε(3)
3 and dε(3)

4 ). These diver-
gences cancel when virtual and real corrections are combined
in physical predictions [92, 96], but each individual term is nu-
merically integrable over the associated phase space only after
introducing dedicated subtraction terms. We denote by dε(3)

n,finite
the individual contributions after subtraction, free from any
type of IR singularity. The definition of dε(k)

n,finite up to NNLO
in the context of antenna subtraction was described in [45, 78].
At N3LO, we write schematically

dε(3)
5,finite = dε(3)

5 → dε(3)
5,S 1
→ dε(3)

5,S 2
→ dε(3)

5,S 3
, (1)

dε(3)
4,finite = dε(3)

4 → dε(3)
4,V1
→ dε(3)

4,V1S 1
→ dε(3)

4,V1S 2
, (2)

dε(3)
3,finite = dε(3)

3 → dε(3)
3,V2
→ dε(3)

3,V2S 1
, (3)

dε(3)
2,finite = dε(3)

2 → dε(3)
2,V3
, (4)

where dε(3)
n,VϑS m

represents a counterterm targeting the divergent
behavior of m unresolved partons as well as the explicit IR poles
in a ϑ-loop matrix element.

The following relations between the subtraction terms ensure
the cancellation of IR singularities across different phase-space
multiplicities:

dε(3)
4,V1

= →

∫

1
dε(3)

5,S 1
, (5)

dε(3)
3,V2

= →

∫

1
dε(3)

4,V1S 1
→

∫

2
dε(3)

5,S 2
, (6)

dε(3)
2,V3

= →

∫

1
dε(3)

3,V2S 1
→

∫

2
dε(3)

4,V1S 2
→

∫

3
dε(3)

5,S 3
, (7)

where
∫

m
indicates inclusive integration over the phase space of

m unresolved emissions. As a consequence of the relations (5)–
(7), the net contribution of the subtraction terms vanishes in the
sum of (1)–(4), restoring the correct physical result

5∑

n=2

∫

n

dε(3)
n,finite =

5∑

n=2

∫

n

dε(3)
n
, (8)

with the crucial difference that each term in the sum on the left-
hand side is individually well-defined and computable with nu-
merical techniques.

The subtraction terms dε(3)
5,S 1

, dε(3)
5,S 2

, dε(3)
4,V1

, dε(3)
4,V1S 1

and
dε(3)

3,V2
are analogous to those required for an NNLO cal-

culation of three-jet production in electron-positron annihila-
tion [81, 107]. The subtraction terms dε(3)

5,S 3
, dε(3)

4,V1S 2
, dε(3)

3,V2S 1

and dε(3)
2,V3

specifically target N3LO infrared singularities and
have been constructed for the first time for the present calcula-
tion.

The subtraction terms are built from antenna functions with
the following notation: X

ϑ
n

is a n-parton ϑ-loop antenna func-
tion intended to subtract the singular behavior of n → 2 unre-
solved partons between a pair of hard radiators at ϑ loops. X is
a placeholder for a particular partonic configuration [78]. The
quark-antiquark antenna functions relevant for our process are
obtained from color-ordered matrix elements for the decay of a
photon to n partons [77, 91], denoted by M

ϑ
n,ϖ↓ . The integrated

counterpart of an antenna function, Xϑ
n
, is obtained by analytic

integration over the inclusive phase space of the n → 2 unre-
solved emissions. All the N3LO final-state antenna functions
were recently integrated in [39, 40, 91].

The infrared limits appearing at N3LO cannot in general be
addressed by a combination of NLO and NNLO ingredients,
and three new types antenna functions must be defined: five-
parton tree-level

X
0
5 = N5

M
0
5,ϖ↓

M
0
2,ϖ↓
, (9)

four-parton one-loop

X
1
4 = N4

M
1
4,ϖ↓

M
0
2,ϖ↓
→ X

0
4

M
1
2,ϖ↓

M
0
2,ϖ↓
, (10)

and three-parton two-loop

X
2
3 = N3

M
2
3,ϖ↓

M
0
2,ϖ↓
→ X

1
3

M
1
2,ϖ↓

M
0
2,ϖ↓
→ X

0
3

M
2
2,ϖ↓

M
0
2,ϖ↓
, (11)

where Ni indicates a numerical symmetry factor and the two-
body decay matrix element M

0
2,ϖ↓ is a normalization factor. In

the case of the loop antenna functions X
1
4 and X

2
3 , we remove

the singular behavior that can be captured by antenna functions

2

RRR RRV RVV VVV

σ(3) = σ0( αs

2π )3 (−105 ± 11)

Large MC error, due to large cancellations 
occurring in very inclusive set up 

[Chen, Jakubčík, Marcoli, Stagnitto (2025)] 

▸Differential distributions:  
2jet production rate in resolution parameter  (Durham algorithm) : direct calculationycut

σ(3)
exact = σ0( αs

2π )3 (−102.14…)

[Chetyrkin, Kühn, Kwiatkowski ’95] 

Crucial validation benchmark, but not the point =) 

Full agreement with indirect 
calculation [Gehrmann-De 
Ridder, Gehrmann, Glover, 
Heinrich] 

QCD AT COLLIDERS



▸ First pheno results for  massless processes  

▸  via (partial) extension of antenna subtraction 

▸  via  subtraction + STRIPPER @(N2LO+j)

2 → 2

e+e− → jj

pp → γγ q⊥

26

N3LO: FEW RECENT ACHIEVEMENTS
[Czakon, Eschment, Generet, Poncelet (2026)]

N2LO+j: STRIPPER
 factorisation: need N3LO TMD [Ebert, 

Mistlberger, Vita ’20] [Luo, Yang, Zhu, Zhu ’20]
q⊥

Result mostly driven by NNLO+j: the separate 
divergence of the terms is clearly visible for  rcut < 10−3

5

FIG. 2. The left plot shows pp → ωωj cross sections at NNLO for di!erent rcut values decomposed into multiple contributions
(a precise definition can be found in Ref. [16]). The first two letters indicate contributions which are double-virtual (VV), real-
virtual (RV), double-real (RR), or a single-convolution with splitting kernels (C1). The following letters correspond to finite
(F), single-unresolved (SU), double-unresolved (DU), and finite-remainder (FR) contributions. The NNLO cross section and
the contribution of the qT subtraction terms, Eq. (1), is shown in the middle plot. Their sum converges to εpp→ωω

N3LO
as rcut → 0.

The right plot displays the results of the qT -slicing method additionally for NLO and NNLO, where the cross section can also
be directly calculated with STRIPPER for comparison. The numerical values can be found in the supplementary material to
this letter. It also contains a comparison to experimental data presented by ATLAS in Ref. [62]. The error bars correspond to
the statistical uncertainty of the Monte Carlo integration, whereas the shaded bands indicate the uncertainty from seven-point
scale variation for the theory predictions and the experimental uncertainty reported by ATLAS, respectively.

FIG. 3. The invariant-mass distribution of the photon pair
through N3LO. The top panel contains absolute predictions,
whereas the bottom panel is normalized to the NNLO val-
ues. While the distributions through NNLO are calculated
through direct computation with STRIPPER, the N3LO values
are obtained through qT slicing for fixed rcut. The remaining
dependence on rcut is included in the lower panel and lies well
within the statistical uncertainty.

frameworks and their application to N3LO slicing com-
putations. Turning this argument around, local N3LO
subtraction schemes might o!er improved e”ciency by
avoiding regions with extreme numerical cancellations.

ACKNOWLEDGMENTS

This work was performed in part using the Cam-
bridge Service for Data Driven Discovery (CSD3), part
of which is operated by the University of Cambridge Re-
search Computing on behalf of the STFC DiRAC HPC
Facility (www.dirac.ac.uk). The DiRAC component of
CSD3 was supported by STFC grants ST/P002307/1,
ST/R002452/1 and ST/R00689X/1. The authors grate-
fully acknowledge the computing time provided to them
at the NHR Center NHR4CES at RWTH Aachen Uni-
versity (project number p0020025 and p0020216). This
is funded by the Federal Ministry of Research, Technol-
ogy and Space, and the state governments participat-
ing on the basis of the resolutions of the GWK for na-
tional high performance computing at universities. The
work of M.C. and F.E. was supported by the Deutsche
Forschungsgemeinschaft (DFG) under grant 396021762
- TRR 257: Particle Physics Phenomenology after the
Higgs Discovery, and grant 400140256 - GRK 2497: The
Physics of the Heaviest Particles at the LHC. T.G.
has been supported by STFC consolidated HEP the-
ory grants ST/T000694/1 and ST/X000664/1. R.P. ac-
knowledges that this research was funded in part by NCN
2024/55/D/ST2/00934.

↑ mczakon@physik.rwth-aachen.de
† felix.eschment@rwth-aachen.de

5

FIG. 2. The left plot shows pp → ωωj cross sections at NNLO for di!erent rcut values decomposed into multiple contributions
(a precise definition can be found in Ref. [16]). The first two letters indicate contributions which are double-virtual (VV), real-
virtual (RV), double-real (RR), or a single-convolution with splitting kernels (C1). The following letters correspond to finite
(F), single-unresolved (SU), double-unresolved (DU), and finite-remainder (FR) contributions. The NNLO cross section and
the contribution of the qT subtraction terms, Eq. (1), is shown in the middle plot. Their sum converges to εpp→ωω

N3LO
as rcut → 0.

The right plot displays the results of the qT -slicing method additionally for NLO and NNLO, where the cross section can also
be directly calculated with STRIPPER for comparison. The numerical values can be found in the supplementary material to
this letter. It also contains a comparison to experimental data presented by ATLAS in Ref. [62]. The error bars correspond to
the statistical uncertainty of the Monte Carlo integration, whereas the shaded bands indicate the uncertainty from seven-point
scale variation for the theory predictions and the experimental uncertainty reported by ATLAS, respectively.

FIG. 3. The invariant-mass distribution of the photon pair
through N3LO. The top panel contains absolute predictions,
whereas the bottom panel is normalized to the NNLO val-
ues. While the distributions through NNLO are calculated
through direct computation with STRIPPER, the N3LO values
are obtained through qT slicing for fixed rcut. The remaining
dependence on rcut is included in the lower panel and lies well
within the statistical uncertainty.

frameworks and their application to N3LO slicing com-
putations. Turning this argument around, local N3LO
subtraction schemes might o!er improved e”ciency by
avoiding regions with extreme numerical cancellations.

ACKNOWLEDGMENTS

This work was performed in part using the Cam-
bridge Service for Data Driven Discovery (CSD3), part
of which is operated by the University of Cambridge Re-
search Computing on behalf of the STFC DiRAC HPC
Facility (www.dirac.ac.uk). The DiRAC component of
CSD3 was supported by STFC grants ST/P002307/1,
ST/R002452/1 and ST/R00689X/1. The authors grate-
fully acknowledge the computing time provided to them
at the NHR Center NHR4CES at RWTH Aachen Uni-
versity (project number p0020025 and p0020216). This
is funded by the Federal Ministry of Research, Technol-
ogy and Space, and the state governments participat-
ing on the basis of the resolutions of the GWK for na-
tional high performance computing at universities. The
work of M.C. and F.E. was supported by the Deutsche
Forschungsgemeinschaft (DFG) under grant 396021762
- TRR 257: Particle Physics Phenomenology after the
Higgs Discovery, and grant 400140256 - GRK 2497: The
Physics of the Heaviest Particles at the LHC. T.G.
has been supported by STFC consolidated HEP the-
ory grants ST/T000694/1 and ST/X000664/1. R.P. ac-
knowledges that this research was funded in part by NCN
2024/55/D/ST2/00934.

↑ mczakon@physik.rwth-aachen.de
† felix.eschment@rwth-aachen.de

▸ Fiducial  xcross section:  

σpp→γγ
N3LO = 31.2(6)+0.5

−0.7 pb

σpp→γγ
ATLAS = 31.6 ± 0.1(stat.) ± 2.4(syst.) pb

Phase space from [ATLAS 
2107.09330] with hybrid-
cone photon-isolation 
[Siebert ’16, Chen et al. ’19]

Solid line:  slicing  clear sensitivity to q⊥ → rcut

▸Differential predictions:  

▸Optimised phase space 
integration  minimise 
statistical unc. 

▸ Statistical uncertainty 
comparable with scale 
uncertainty at NNLO 

▸ Good perturbative 
convergence  

▸ Stable behaviour in 

→

rcut

See R. Poncelet [Mon]
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W → eν

[CMS 2408.07622]

[2412.13872]

▸  

▸

mW

sin2 θW
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MIXED QCDXEW CORRECTIONS
▸ Mixed QCD EW corrections to the Drell-Yan process : increase our control on SM parameters and search for new physics×

Resonance region:                   
EW parameters determination

[2502.21088]

Off-shell region: 
New physics searches

Constrain heavy NP in 
a model-independent 
way using SMEFT 

QCD AT COLLIDERS



, , ,  , mμμ > 150GeV p⊥,μ± > 53GeV |yμ | < 2.4 μR = μF = mμμ shad = 13TeV
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MIXED QCDXEW CORRECTIONS
▸ Differential predictions for NCDY:

Massive muons as collinear- divergences regulator:

[Armadillo, Bonciani, Buonocore, Devoto, Grazzini, Kallweit, Rana, Vicini (2025) + 
previous studies by Buccioni & friends + WIP on CCDY (also by C. Biello & friends)]
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Figure 3: Dimuon invariant-mass distribution, in the acceptance setup defined in Section 3.2.
The structure of the panels and the coulour codes are the same as in Fig. 1.

In Fig. 3 we show the invariant-mass distribution up tomµµ = 2TeV. Excluding the first bin

close to the edge at mµµ = 150GeV, imposed by the selection requirements on the leptons, the

e!ect of the mixed corrections is negative and increasing at higher invariant masses, reaching

→5% at mµµ = 2TeV. Such values are comparable with or even larger than the statistical error

expected at the end of the High-Luminosity (HL) phase of the LHC, with a total collected

luminosity of 3 ab→1. The inclusion of these corrections should help reducing the theoretical

uncertainty on the partonic cross section of the DY process and, in turn, help constraining the

proton PDFs, at large partonic x, in a global fit of collider data.6 The precise knowledge of

the higher-order corrections to this distribution is the mandatory starting point for an analysis

which aims at the determination of the running of the MS weak mixing angle [113].

We observe that the pattern of the mixed QCD–EW corrections is well approximated by

the factorised ansatz (see Eq. (4)). This implies that QCD and EW e!ects largely factorise in

this region of high invariant masses, as also observed in Ref. [55].

In Fig. 4, we show the invariant-mass distributions in the backward and forward regions up

to mµµ = 6TeV. We see that the impact of mixed corrections increases as mµµ increases. The

e!ect is slightly more pronounced in the forward region than in the backward region, following

an analogous e!ect in the NLO EW corrections. As observed in Fig. 3 the factorised ansatz

works rather well.
6The possibility that a PDF fit at large invariant masses inadvertently reabsorbs a New Physics signal has

been discussed in Ref. [112].
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▸ Visible effects of EW effects wrt to NNLO QCD in the entire spectrum 

▸ Impact of exact mixed ( ):  
▸ Non-flat shape  
▸ Large at low invariant mass:  

▸ Reaches   

▸ Impact of factorised mixed ( ):  
▸ Very good agreement with the exact calculation   
▸ QCD and EW effects largely factorises at high invariant mass 

▸ NLO EW/LO:  
▸ Large corrections growing from  to  
▸ Shape compatible with Sudakov effects 

▸ NLO QCD/LO and NNLO QCD/LO:  
▸ NLO QCD pretty flat correction  in , and 

NNLO QCD being consistently  wrt NLO in the same range

dσmix
exact /(dσQCD

NNLO + dσEW
NLO)

𝒪(1%)@250GeV
𝒪(4.5%)@2TeV

dσmix
fact = dσQCD

NLO × dσEW
NLO

𝒪(−2%) 𝒪(−20%)

𝒪(−20%) mμμ ∈ [5 − 20]GeV
𝒪(+2%)

QCD AT COLLIDERS
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QUICK DETOUR BEYOND 
FIXED-ORDER PREDICTIONS

Q ≫ ΛQCD

Q ≳ ΛQCD

Q ∼ ΛQCD

Parton distribution functions 
±(3 − 5) %

dσ = ∑
ij

∫ dx1 dx2 fi/p (x1) fj/p (x2) d ̂σij(x1x2s) (1 + 𝒪( Λn
QCD

Qn )) , n ≥ 1

4

Rudiments of particle physics (at colliders)
The success of a percent level phenomenology program relies on our ability to interpret and predict the outcome LHC 
measurement. [Snowmass’2021 whitepaper]

                            Theoretical predictions in hep-ph require description of physics across manu different energy scales

dσij = dσij, LO(1 + αs ΔQCD
ij, NLO + αew ΔEW

ij, NLO + α2
s ΔQCD

ij, NNLO + αs αew ΔQCD⊗EW
ij, NNLO + …)

Hard scattering 

(perturbative quantum field theory) 

aim for few  level!%

Non perturbative effects 
(fragmentation, hadronisation)

∼ % (?)

Chiara Signorile-Signorile                                                                                                                                                                                                               Track 3 summary                                  

[courtesy of Ramon]

Theory Shower EventsHadronization Detectors
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Theory Shower EventsHadronization Detectors

ℒ
Theory PDFs

X

̂σ

Hard process

energy 

Matching 
Merging 

Resummation

See J. Whitehead [Wed]
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PRECISION&REALISM [Biello, Savoini, CSS, 
Wiesemann 2603.06143] 

‣ Fixed-order predictions fails in the 
low-  region  need for matching 
and resummation  

‣ MiNNLOPS framework

p⊥ →
‣ VV via combined (CA) approximation 

(soft Higgs and massification) 
‣ Public code for exp. analysis 

[(Catani), Devoto et al. 2210.07846, 2411.15340] 

‣ NNLO large at xsection level, and larger 
at fiducial level:                                                

NLO @ GeV, 
uncertainty  NLO
∼ + 10 % p⊥,H = 200

∼ 1/3

pp → tt̄H

See C. Savoini [Thu]QCD AT COLLIDERS
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PRECISION&REALISM pp → HH  [Alioli, Marinelli, Napoletano 2507.08558]

 [Garosi, Wiesemann, Zanderighi 2606.05300]

See F. Garosi [Thu]

See K. Schönwald [Tue]
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CONCLUSIONS

“We are not only searching for new physics;             
        we are searching for something new in physics”

The Standard Model 

❖ Standard Model of particle physics gives us the “code of the 
Universe” through a tiny formula.  

❖ It explains outcomes of most current terrestrial experiments 
and many aspects of the evolution of the Universe (add a 
grain of gravity!) 

❖ However, many questions remain unanswered: origin of 
Higgs, EWSB, hierarchy puzzle, neutrino masses, matter/
antimatter asymmetry… 

❖ Test the Standard Model as thoroughly as possible stands 
as one of the main goal of the particle physics community

QCD AT COLLIDERS
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THANK YOU FOR LISTENING 

 [E. Golzio] 
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