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Cross section
Collinear factorization:

σh1h2→n =
∑︂
a,b

∫︂ 1

0
dxadxb fa/h1(xa, µF)fb/h2(xb, µF)σ̂h1h2→n(µF , µR)

+O(ΛQCD/Q)

σ̂h1h2→n(µF , µR) =
1
2ŝ

∫︂
dΦn|Mab→n|2

M is the matrix element and is calculated as a sum of Feynman
diagrams:

M

= + + +· · ·
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Direct integration

I =

∫︂
dDk1 · · · dDkL∏︁

e∈E De
, De = q2

e − m2
e + iε

Why not

NIntegrate
[︃∫︂

dDk1 · · · dDkL∏︁
e∈E De

]︃
?

Problem 0: Can be infinite ⇒ regularization, renormalization,
subtraction...

We assume I is (quasi-)finite.
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Problem 1: Non-compact and non-standard (if D /∈ N)
integration domain.

I =

∫︂
P|E|−1
+

1
UD/2

(︃
U

F − iε

)︃ω

Ω

▶ P|E|−1
+ : the positive projective simplex.

▶ Ω: projective volume form.
▶ ω: superficial degree of divergence.
▶ U , F : the two Symanzik polynomials.

Compact integration domain and D is a parameter in the
integrand.
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Problem 2: The integrand can have poles in the integration
domain, F = 0 (and U = 0).

These poles are regulated by Feynman’s causal iε
perscription.

So...

NIntegrate

[︄∫︂
P|E|−1
+

1
UD/2

(︃
U

F − iε

)︃ω

Ω

]︄
?

No iε option!
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Embedding ιλ : P|E|−1
+ ↪→ CP|E|−1:

ιλ : xe ↦→ xe exp

(︃
−iλ ∂V

∂xe
(x)

)︃
where V = F/U and λ > 0.

iε free parametric representation:∫︂
P|E|−1
+

Jλ˜︁UD/2˜︁Vω
Ω

where ˜︁U and ˜︁V are the deformed version of U and V.
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Comparison with direct numerics on the Feynman parameterization
with iε and with deformation:

&
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Problem 3: The integrand has (integrable) poles on the boundary.

p
x1

−p

x3

x2
, U = x1x2+x1x3+x2x3 → 0 if x1, x2 → 0

∫︂ 1

0

∫︂ 1

0

1
x + y dxdy = 2 log 2 ≈ 1.3863

50 100 150 200 250 300

1.39

1.40

1.41

1.42

1.43

In[] NIntegrate[1/(x+y), {x,0,1}, {y,0,1},
Method->{"MonteCarlo","RandomSeed"->19950309}]

Out[] 0.998259

The integral is convergent but the variance is divergent!
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The tropical approximation of a polynomial
p(x) =

∑︁
α∈supp(p) cαxα:

ptr(x) = max
α∈supp(p)

{xα}.

Example
p(x) = x1 + x2 + (5 + 2i)x1x2 − 3x2

1 + πx2
2

ptr(x) = max{x1, x2, x1x1, x2
1 , x2

2}.

Theorem (Borinsky)
For a homogeneous polynomial p ∈ C[x1, . . . , xn] that is completely
non-vanishing in Pn−1

+ there exists constants C1,C2 > 0 s.t.

C1 ≤ |p(x)|
ptr(x) ≤ C2 f or all x ∈ Pn−1

+
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I =

∫︂
P|E|−1
+

Jλ˜︁U(x)D/2˜︁V(x)ωΩ
=

∫︂
P|E|−1
+

Ω˜︁U tr(x)D/2˜︁Vtr(x)ω
· Jλ

˜︁U tr(x)D/2˜︁Vtr(x)ω˜︁U(x)D/2˜︁V(x)ω
= I tr

∫︂
P|E|−1
+

µtr · Jλ
˜︁U tr(x)D/2˜︁Vtr(x)ω˜︁U(x)D/2˜︁V(x)ω

where

µtr =
1

I tr
Ω˜︁U tr(x)D/2˜︁Vtr(x)ω

, s.t.
∫︂

µtr = 1

Bounded integrand and easy to sample measure.
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The program feyntrop

▶ Tabletop evaluation of quasi-finite Feynman integral with
many scales.

▶ Available at https://github.com/michibo/feyntrop, a C++
program with Python and JSON interface.

Example: Four loop QED propagator (remember F.Forner’s talk?)

2 3

41

6

5
7

0

Setting λ = 1.3, N = 107, m2 = 1, p2 = 2, D0 = 4,
we get in 31.6 seconds:
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Prefactor: gamma(4*eps + 3).
(Effective) kinematic regime: Minkowski (generic).
Generalized permutahedron property seems fulfilled.
Analytic continuation: activated. Lambda = 1.3.
Started integrating using 4 threads and N = 1e+07 points.
Finished in 31.5622 seconds = 0.00876729 hours.

-- eps^0: [0.5129 +/- 0.0016] + i * [0.3577 +/- 0.0016]
-- eps^1: [-1.262 +/- 0.011 ] + i * [-0.529 +/- 0.011 ]
-- eps^2: [4.840 +/- 0.043 ] + i * [3.911 +/- 0.044 ]
-- eps^3: [-19.50 +/- 0.12 ] + i * [-1.44 +/- 0.13 ]
-- eps^4: [32.72 +/- 0.33 ] + i * [-24.09 +/- 0.28 ]
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Euclidean region: where feyntrop flies

12 scales, m2
i = i, D0 = 3, λ = 0.02, N = 107

p2 = 100 Minkowski, 33 sec.

eps^0: 1.958(48)×10^-4 + 1.476(49)×10^-4 i
eps^1: -4.967(66)×10^-3 - 8.84(72)×10^-4 i
eps^2: 4.968(49)×10^-2 - 1.504(55)×10^-2 i
eps^3: -0.2568(27) + 0.2464(29) i
eps^4: 0.599(12) - 1.726(12) i
eps^5: 1.034(40) + 7.426(43) i
eps^6: -14.69(12) - 20.98(14) i
eps^7: 66.14(37) + 35.15(36) i
eps^8: -191.5(1.1) - 3.89(93) i
eps^9: 393.4(2.6) - 186.5(2.8) i
eps^10: -554.8(5.0) + 696.3(8.9) i

p2 = −100 Euclidean, 9 s

eps^0: 9.03(10)×10^-6
eps^1: -1.941(20)×10^-4
eps^2: 2.102(20)×10^-3
eps^3: -1.529(14)×10^-2
eps^4: 8.416(72)×10^-2
eps^5: -0.3739(31)
eps^6: 1.397(11)
eps^7: -4.522(36)
eps^8: 12.95(11)
eps^9: -33.34(28)
eps^10: 78.29(70)
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20-loop banana:

m2 = 1, p2 = −1, D0 = 2, λ = 0.1, N = 108

Time: 2 min. and 40 sec.

-- eps^0:
(1.610477 +/- 0.000078) × 10^19
-- eps^1:
(-3.36580 +/- 0.00021) × 10^21
-- eps^2:
(3.69787 +/- 0.00031) × 10^23
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Summary
▶ Using tropical Monte Carlo integration, Feynman integrals

with many scales and many legs can be evaluated on a
laptop:

No free lunch:
▶ Might be hard to find quasi-finite basis
▶ Only Monte Carlo accuracy
▶ Works best for generalized permutohedra
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