Trinity College Dublin
‘B Colaiste na Triondide, Baile Atha Cliath
The University of Dublin

Tropical Monte Carlo Integration

FELIX TELLANDER

School of Mathematics
Trinity College Dublin

Oxford, October 2026

MA/CAMP



Y Trinity
. -«‘Et Collese
Colliders: past, present and future Dubhn

The University of Dublin

MA/CAMP Tropical Integration October 2026 2/17



Trinity
College
Dublin

versity of Dublin

past, present and future

er (FCC)
km

Large Hadron Collider (LHC)
Large Electron-Positron Collider (LEP)
1

Tevatron
Circumference: 6.2 km
Energy: 2 TeV (pp)
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Collinear factorization:

1
Ohihy—n = Z/ dxadxbfa/hl (xa,,lLF)fb/hQ(-'Eb,MF)5'h1h2—>n(MF,MR)
a,b 70

+O0(Aqen/ Q)
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Tieity
Cross section G bubiin

The University of Dublin

Collinear factorization:

1
Ohihy—n = Z/ dxadxbfa/hl (xa,,lLF)fb/hQ(-'Eb,MF)5'h1h2—>n(MF,MR)
a,b 70

+O0(Aqen/ Q)

. 1
Ohyhy—n(lF, HR) = %/d®n|Mab—>n|2
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Doty
Cross section G bubiin

The University of Dublin

Collinear factorization:

1
Ohihy—n = Z/ dxad-rbfa/hl (-Tay:U’F)fb/hg(xbv:uF)a'hlhzﬁn(:anu’R)
a,b 70

+O(Aqep/ @)
. 1 2
Uhlhg—m(MFa MR) = 2% dq)n|Mab—>n|
M is the and is calculated as a sum of Feynman

diagrams:
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Colege
Direct integration i) busin

The University of Dublin

del s deL 2 2
I= =2 D= -—mitic
HeEE D, ‘ g ‘
Why not
Pk, - -- deL} :

NIntegrate [
HeeE D,
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Colege
Direct integration i) busin

The University of Dublin

del s deL 2 2
7= 22 o=@ —md+ie
HeEE De ‘ g ‘
Why not
dPky - - deL} :

NIntegrate [
HeeE D,

Problem 0: Can be infinite = regularization, renormalization,
subtraction...
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Colege
Direct integration i) busin

The University of Dublin

del s deL 2 2
T= 222 D= —mitic
[eer De cT e
Why not
Pk - deL} )

NIntegrate [
HeeE D,

Problem 0: Can be infinite = regularization, renormalization,
subtraction...

We assume 7 is (quasi-)finite.
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Problem 1: Non-compact and non-standard (if D ¢ N)
integration domain.
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Problem 1: Non-compact and non-standard (if D ¢ N)
integration domain.

1 u \*
t= /PE—l UD/2 <]-‘ is) ¢
+

> IP’LEl_I: the positive projective simplex.
> (. projective volume form.
> w: superficial degree of divergence.

» U, F: the two Symanzik polynomials.
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Problem 1: Non-compact and non-standard (if D ¢ N)
integration domain.

1 u \"
1= /PE—l ub/2 <]-‘ is) ¢
+

> IP’LEl_I: the positive projective simplex.
> (): projective volume form.
> w: superficial degree of divergence.

» U, F: the two Symanzik polynomials.

Compact integration domain and D is a parameter in the
integrand.
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Problem 2: The integrand can have poles in the integration
domain, F =0 (and U = 0).
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Problem 2: The integrand can have poles in the integration
domain, F =0 (and U = 0).

These poles are regulated by Feynman’s causal ic
perscription.
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Problem 2: The integrand can have poles in the integration
domain, F =0 (and U = 0).

These poles are regulated by Feynman’s causal ic
perscription.

NInt t / 1 u wQ ?
ntegrate IPLE‘_l bR\ F i !

So...
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Problem 2: The integrand can have poles in the integration
domain, F =0 (and U = 0).

These poles are regulated by Feynman’s causal ic
perscription.

So...

NInt t / 1 u wQ ?
ntegrate IP'f“l UPE \ F iz !
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Problem 2: The integrand can have poles in the integration
domain, F =0 (and U = 0).

These poles are regulated by Feynman’s causal ic
perscription.

So...

NInt t / 1 u wQ ?
ntegrate IP'f“l UPE \ F iz !

No ‘e option!
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Embedding ¢y : PI7I7! < CPIZI-1.

L OV
L)t Te V> Te €XP <_M8xe (X))

where V = F/U and X > 0.
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Embedding ¢, : P/ZI7! < CPIFI-1.

%
L)t Te V> Te €XP (—z)\axe(x)>

where V = F/U and X > 0.

Computer Programs in Physics puter Physics Communicaions 292 (2023) 108874

Tropical Feynman integration in the Minkowski regime “*

Michael Borinsky **, Henrik J. Munch ", Felix Tellander ¢

ie free parametric representation:

/ _h g
Pf"l ub/2yw

where I/ and ]7 are the deformed version of &/ and V.
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Comparison with direct numerics on the Feynman parameterization
with ¢ and with deformation:

Ibub
201

157

107
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Problem 3: The integrand has (integrable) poles on the boundary.

P\ .
U=mzm+trazt+ars — 0ifx, 20 — 0

w ?
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Problem 3: The integrand has (integrable) poles on the boundary.

U=mzm+trazt+ars — 0ifx, 20 — 0

w 7

11
/ / ! dxdy = 2log2 ~ 1.3863
o Jo THY
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Problem 3: The integrand has (integrable) poles on the boundary.

P\ .
U=mzm+trazt+ars — 0ifx, 20 — 0

w ,

11
/ / ! dxdy = 2log2 ~ 1.3863
o Jo THY

In[] NIntegratel1l/(x+y), {x,0,1}, {y,0,1},
Method->{"MonteCarlo","RandomSeed"->19950309}]
Out[] 0.998259
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Problem 3: The integrand has (integrable) poles on the boundary.

P\ .
U=mzm+trazt+ars — 0ifx, 20 — 0

w ,

11
/ / ! dxdy = 2log2 ~ 1.3863
o Jo THY

In[] NIntegratel1l/(x+y), {x,0,1}, {y,0,1},
Method->{"MonteCarlo","RandomSeed"->19950309}]
Out[] 0.998259

The integral is convergent but the variance is divergent!
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The of a polynomial
p(x) = X aesupp(p) CaX”

p"(x) = max {x*}.
a€supp(p)
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The tropical approximation of a polynomial

Q.

p(x) = Zchsupp(p) CaX

p"(x) = max {x“}.
a€supp(p)

Example

p(x) =21 + 22 + (5 + 20) 3129 — 327 + T3
ptr(X) = I'Ila.X{$17 Z2,T121, $12’ $22}
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The tropical approximation of a polynomial
p(x) = ZQESupp(p) CaXx®:

p"(x) = max {x“}.
a€supp(p)

Example

p(x) =21 + 22 + (5 + 20) 3129 — 327 + T3
ptr(X) = max{xlv Z2,T121, IE%, $22}

Theorem (Borinsky)

For a homogeneous polynomial p € C[xy,. .., z,| that is completely
non-vanishing in Pﬁ_l there exists constants Cy, Cy > 0 s.t.

[p(x)|

<
L= p(x)

< 0y forallxe Piﬁl
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o /nm' )P )
:/ _ Q~ I, Utr(x)D/2]7tr(x>w
BI=1 1 ftr (1) D/2tr (g)w u(x)D/Qf;(x)w
)

— Itr/ ’utr . J)\Z’/lvtAl:(x)D/thr(x “
plEI-1 U(x)D/2V( )w

+

MA/CAMP Tropical Integration October 2026 12/17



7= / Mg
BIPI1 U (2)DI2D ()

_/ 0 I, Utr(x)D/2]7tr(x>w
|B]-1 atr(x)D/Q]A}tr(x)w u(x)D/Qf;(x)w
— Itr/ ’utr . J)\Z’Jti(x)D/thr(x)w

plEI-1 U(x)D/2V( )w

i
where
1 Q
tr tr
wo=—-——= = , s.t./u =1
Itr utr(z)D/ZVtr(x)w
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. / _h g
]Plf\fl Z/{(CIE)D/2V($)""
:/ 0 I, Utr(x)D/2]7tr(x)w
|B]-1 atr(x)D/Q]A}tr(x)w u(x)D/Qf;(x)w
)

— Itr/ Mtr . J)\thi(x)D/thr(x “
plEI-1 U(z) P2V (z)

+
where
1 Q
tr tr
w=—== = , S.t./u =1
Jtr utr(z)D/ZVtr($)w

Bounded integrand and easy to sample measure.
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The program feyntrop nubnn

The University of Dublin

P Tabletop evaluation of quasi-finite Feynman integral with
many scales.

» Available at https://github.com/michibo/feyntrop, a C++
program with Python and JSON interface.

M AfC AMP Tropical Integration October 2026 13/17


https://github.com/michibo/feyntrop

Eﬂﬂéfgye
The program feyntrop ubin

The University of Dublin

P Tabletop evaluation of quasi-finite Feynman integral with
many scales.

» Available at https://github.com/michibo/feyntrop, a C++
program with Python and JSON interface.

Example: Four loop QED propagator (remember F.Forner's talk?)

2 3 6
1% (S
,,,‘ /7
1 4 5

Setting A\ =1.3, N=107, m?> =1, p>* =2, Dy =4,
we get in 31.6 seconds:
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https://github.com/michibo/feyntrop

Prefactor: gamma(4*eps + 3).

(Effective) kinematic regime: Minkowski (generic).
Generalized permutahedron property seems fulfilled.
Analytic continuation: activated. Lambda = 1.3.

Started integrating using 4 threads and N = 1e+07 points.
Finished in 31.5622 seconds = 0.00876729 hours.

[0.3577 +/- 0.0016]
[-0.529 +/- 0.011 ]
[3.911 +/- 0.044 ]
[-1.44 +/- 0.13 ]
[-24.09 +/- 0.28 ]

-- eps~0: [0.5129 +/- 0.0016]
-- eps”1: [-1.262 +/- 0.011 ]
-- eps~2: [4.840 +/- 0.043 ]
-- eps”3: [-19.50 +/- 0.12 ]
-- eps™4: [32.72 +/- 0.33]

+ + + + +
He He e e e
* X X X %

MA[CAMP Tropical Integration October 2026 14 /17



Euclidean region: where

flies
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12 scales, m?

p? = 100 Minkowski,

eps”0:
eps”1:
eps”2:
eps”3:
eps~4:
eps”b:
eps”6:
eps”7:
eps”8:
eps”9:

0

.958(48)x10"-4
.967(66)x10"-3
.968(49)x10"-2
.2568(27)
.599(12)
1.
-14.
66.

034(40)
69(12)
14(37)

-191.5(1.1)
393.4(2.6)
eps~10: -554.8(5.0)

+

+

+

1

P =

1.476(49)x107-4 i oy, o
8.84(72)x107-4 i _ ...

R “eps”l: -1
1.504(65)x107-2 i __ .,

X eps”2: 2.
0.2464(29) i -~

: eps”3: -1
1.726(12) i ~4:

: eps™4: 8.
7.426(43) i ~5:

: eps™b: -0
20.98(14) i ~6:

: eps”6: 1.
35.15(36) i 7. -4
3.89(93) i g 1
1. 2.8 eps™8: 12
86.5(2.8 1 eps”9: -33
696.3(8.9) i eps~10: 78

, Doy=3, A=0.02, N =10"
—100 Euclidean,

03(10)*107-6

.941(20)x107-4

102(20)x107-3

.529(14)x107-2

416(72)x107-2

.3739(31)

397(11)

.522(36)
.95(11)
.34(28)
.29(70)
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m?=1, p>=-1, Dy=2, A=0.1, N =10%

2 min. and 40 sec.

-- eps”0:
(1.610477 +/- 0.000078) x 10719
-- eps”1:
(-3.36580 +/- 0.00021) x 10721
-- eps”2:

(3.69787 +/- 0.00031) x 10723
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Erill;ily
ollege
Summary u Dublin

The University of Dublin

» Using tropical Monte Carlo integration, Feynman integrals
with and many legs can be evaluated on a
laptop:

-o—o > - .
OSSN

’ ’

€& ©
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Enlliuly
ollege
Summary u Dublin

The Uni of Dublin

» Using tropical Monte Carlo integration, Feynman integrals

with and many legs can be evaluated on a
laptop:

SOSEEESS SN

T S

No free lunch:

» Might be hard to find quasi-finite basis
» Only Monte Carlo accuracy

» Works best for generalized permutohedra
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