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Procedure - Mathematica libraries

» FeynArts draws the Feynman Diagrams'

w FeynCalc computes the amplitudes?

» FeynGrav works with gravity. Incompatible with FeynArts®
» We compatiblized FeynGrav and FeynArts

'Hahn 2001.
2Shtabovenko et al. 2025.
3Latosh 2025.
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Double copy structure
(o] le}

QCD process

Now define the two (gauge invariant) subamplitudes

t
MT:M1+M2+mM5

/

t
M¢=M3+M4—mM5
And with them, an effective vertex pops up
——
x uyuuAu
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Where we can define the effective vertex
T )
x [ = iasgye 2"
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Gravity process

We now define a new GI amplitudes, in the same way as before

My = M3 + M3 + (My + My)

t
t—t
/

M, = Mg + M7 — (M5 + My)

t—t
By applying
Check Steinmann relations
On-shell conditions
Apply MRK limit

4

4Steinmann 1960; Caron-Huot et al. 2016.
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oe

Gravity process

We now define a new GI amplitudes, in the same way as before

t
MT=M2+M3+t_t,(M1+M4)
/
M, = Mg+ M7 — m(Ms + My)
By applying
Check Steinmann relations?
On-shell conditions
Apply MRK limit
We obtain the total amplitude
M = MMe,,

4Steinmann 1960; Caron-Huot et al. 2016.
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Double-copy structure in the MRK

With this we can see that we do not obtain
MM = QFQY.

By checking the Steinmann relations we can see that this should not be
valid, and we need to use®

M = QI — NN

5Lipatov 1982.
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Introduction to the discrete BFKL

Discrete Hamiltonian

As shown in the BFKL equation for forward scattering, i.e.
9p(Q*Y) /°° dg® ( 2 2min(¢*, Q%) )
= JY)— ———————~—= Y

The discretized version uses ¢ = nA, Q? = NAS, which leaves,

SChachamis et al. 2023; Ledn et al. 2020.
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Introduction to the discrete BFKL

Discrete Hamiltonian

As shown in the BFKL equation for forward scattering, i.e.,

2 00 2 min(q2, Q2
9(QY) _ /0 g (¢(q2,Y)—M¢(Q2»Y)>

oY - 2+
The discretized version uses ¢ = nA, Q? = NAS, which leaves,
0 . .
7 My = (N)y. — A—92D
where
Uli— il it
Aij = { fli =3l ' ’ 7 D;j = Hi—10;
0, 1=

SChachamis et al. 2023; Ledn et al. 2020.
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Introduction to the discrete BFKL

Norm bounds and Rayleigh quotient

We can now define the Rayleigh quotient

(vV,’?-A[va
(v7,v7)

With a Mellin trial function, we obtain

Rne=x() +n(7)

By imposing hard-wall conditions on the boundary we obtain

An(Hy) ~ 4log(2) — 14¢(3) ("%)2
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Introduction to the discrete BFKL
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‘Walk expansion and Reggeization
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Vertex-dressed resolvent

To obtain the evolution we now want to compute
(6N (1)) = e2X ™[N (0))
= (1+aYHn + (@Y HN)? + )™ (0))
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Reggeization

With this, we obtain

r

B ST vl [SUS ) S

Jj=0 (mao,...,my )

When the sum over m’s means for all the paths connecting n and Ny.
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Discrete BFKL
(o] lo}

‘Walk expansion and Reggeization
88

Reggeization

With this, we obtain

r

B ST vl [SUS ) S

Jj=0 (mo,...;mj)

When the sum over m’s means for all the paths connecting n and Ny.
By introducing a generating function, we can write

CAETS SERD S 4

H 1
7=0  (mo,...,m;) \i=0 i — mz+1| o L+ 22Hm,
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Discrete BFKL
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‘Walk expansion and Reggeization
88

From discrete to continuum

Instead of writting

d(”)
(r) — _ (r=1). () ) m
d, (A—-2D)d ; G\"(m/n; x) o oy
one can write

) 1 o™y
g(r—l—l / g y: Y+ : g (y,a:) dy
—T Jg 1- Yy
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Discrete BFKL
ooe

‘Walk expansion and Reggeization
88

From discrete to continuum

Instead of writting

(r)

one can write

z G(r) (y L g (y-
g(H‘l)(l;x):l/ g (y’m)dy—i- 1 /g (y’x)dy

z Jo Y 1—2 1—y
And from this, one can obtain the differential equation
d A A
O e+ — [ 20 1 (r)
FFE) = (24 2 ) A1),

where G (1;2) = F)(x).
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Anomalous dimension

Single log structure

Following the HPL structure, we can write

FO@) = 3 dH(w)

|r|=r—1

"Del Duca et al. 2014.
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Discrete BFKL
[ o)

Anomalous dimension

Single log structure

Following the HPL structure, we can write

FO@) = Y )
|r|=r—1
The Gluon’s green function can be written as

bulw) = 3 ) x> X e

r>0 720 |w|=r—1

The single-log and single-valued” version is given by

Hsv(én) x log(z).

"Del Duca et al. 2014.
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Anomalous dimension

Anomalous dimension coefficients

By writting the anomalous dimension expansion as

%(a) _ chs—i—l) <g)s

s>1
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Discrete BFKL
oce

Anomalous dimension

Anomalous dimension coefficients

By writting the anomalous dimension expansion as
- (s+1) (Q)S
Yoo (¥) Z =l w
s>1
one finds the following coefficients

n+1
-l

cn.-l;ww)—to|5
o
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Results and conclusions

= Double copy structure

Correct amplitudes with Mathematica
Double-copy structure

m Discrete BFKL

Pomeron intercept

Evolution and Reggeization

Knizhnik—Zamolodchikov and Harmonic Polylogarithms
Anomalous dimension expansion
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Thank you for your attention!

= Double copy structure
Reproduce other known amplitudes
Extension to higher-point amplitudes
m Discrete BFKL
Include NLLO corrections
Study the integrability structure
Include non-forward contributions
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More on the MRK limit

By setting
Pa kO
q1 kq
—
o 2Pk

We can set the Sudakov parametrization
@ = nply + Bapyy + 4, |-
And the generalized Mandestav variables as
5§ =2xATBS; Sai = —2paki; Sp; = —2ppki; 815 = 2k;k;,

we can obtain the following relations
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More on the MRK limit

S01 = —8(ag + B2); So1 = §(a1 + B1); 840 = —t = —501;
8p2 = —t' = Saw; 501 = 8(P1 — B2); Sp1 = §(a1 — a2);
Sq2 = 8(1 4 f2); 500 = 5(1 — an);

502 =5(1 — o1 + ag — p1 + B2).
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Steinmann relations

= We cannot have a double discontinuity
» No double poles
» Two channels cannot overlap

I have not found yet a reference that is able to explain them in English.
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More on duality relations

There are other works in the duality relation®

A= Z nlcz _ Z nzcz

Ny —Nj = Ny; C; — Cj = Cp;

nin;

d;

Agrav =

8Bern et al. 2019.
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Rayleigh quotient

We can define the Mellin trial function

v’ =147;
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Rayleigh quotient

We can define the Mellin trial function
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where ¢ is the index of the vector. While also staying away from the
boundaries

L={ic(l,....N)[eN <i<(1— €N}
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[e]e]e]e]e] le]elele)

Rayleigh quotient

We can define the Mellin trial function
v7 =147

where ¢ is the index of the vector. While also staying away from the
boundaries

L={ic(l,....N)[eN <i<(1— €N}

With this, and being careful on the end points regularization, we
obtain the BFKL characteristic function

x(7) = 2¢(1) = (y) — (1 — 7).

Josep Rubi Bort, Prof. Agustin Sabio Vera 6/10



0000008000

Hard-wall boundary

Define the logarithmic coordiantes

t=log(i)y  [T_,T4] = log(eN),log((1— ON);  L=T,—T_.
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Hard-wall boundary

Define the logarithmic coordiantes
t=log(i)y  [1-,T:] = log(eN),log((1 —ON)}; L =Ty —T_.
Now the wave function is given by

wj _ Ajfl/Qefiulog(j) _i_le/Zeiulog(j).
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Hard-wall boundary

Define the logarithmic coordiantes
t=logli)i  [T-,T:] = [log(eN),log((1— ON)};  L=T, —T..
Now the wave function is given by

b = AjTV2eiviogl) | gl/2civiogl),

Imposing boundary conditions means

1
voL+6(v)=m <— —|—n)
n
and the wave function becomes

@[)Z(") = 2Bi % cos(v(t — Tx))

Josep Rubi Bort, Prof. Agustin Sabio Vera
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Single Valued HPLS

The map from the HPLs to the SVHPLs reads, for the first ones
;C()(Z) = Hy —l—ﬁo; £(z) =H; —l—ﬁl.
For the next weight two we have

Loo(z) = Hoo+ Hoo + HoHo; Lo1(2) = Hoy + Hio+ HoHy;
L10(2)=Hio+ Ho1 + HiHo; L11(2)=Hyi1+Hiq+ HiHy;
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Anomalous dimension

We know that the Gluon Green Function can be written in Mellin
momenta space as

I %)
flwr)=1— (@s/w)x (),

where t — M and £ — N. There is a singularity around w/as = x (7).
Inverting this we obtain
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Gravity BFKL

There are works for the Gravity BFKL equation®
= We can ask if we can do something similar
= Would the KZ structure also appear?

= Work in progress

9Raj et al. 2025.
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