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Procedure - Mathematica libraries

FeynArts draws the Feynman Diagrams1

FeynCalc computes the amplitudes2

FeynGrav works with gravity. Incompatible with FeynArts3

We compatiblized FeynGrav and FeynArts

1Hahn 2001.
2Shtabovenko et al. 2025.
3Latosh 2025.
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QCD process

QCD diagrams: qq′ → qq′g

qq′ → qq′g
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QCD process

Now define the two (gauge invariant) subamplitudes

M↑ =M1 +M2 +
t

t− t′
M5

M↓ =M3 +M4 −
t′

t− t′
M5

And with them, an effective vertex pops up

∝ uγuuΛu
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QCD process

By combining the two GI vertices one obtains the full amplitude

 +



∣∣∣
MRK

=

pa k0

k1

pb k2

τ, α

Where we can define the effective vertex

τ ∝ Γτ
χσ = iαsgχσΩ

τ
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Gravity process

Gravitational diagrams

ϕφ → ϕφG
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Gravity process

We now define a new GI amplitudes, in the same way as before

M↑ =M2 +M3 +
t

t− t′
(M1 +M4)

M↓ =M6 +M7 −
t′

t− t′
(M5 +M4)

By applying

1 Check Steinmann relations4

2 On-shell conditions

3 Apply MRK limit

We obtain the total amplitude

M = Mµνϵµν

4Steinmann 1960; Caron-Huot et al. 2016.
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Double-copy structure in the MRK

With this we can see that we do not obtain

Mµν = ΩµΩν .

By checking the Steinmann relations we can see that this should not be
valid, and we need to use5

Mµν = ΩµΩν −N µN ν .

5Lipatov 1982.
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Introduction to the discrete BFKL

Discrete Hamiltonian

As shown in the BFKL equation for forward scattering, i.e.,

∂ϕ(Q2, Y )

α∂Y
=

∫ ∞

0

dq2

|q2 −Q2|

(
ϕ(q2, Y )− 2min(q2, Q2)

q2 +Q2
ϕ(Q2, Y )

)
The discretized version uses q2 = n∆, Q2 = N∆6, which leaves,

∂

α∂Y
|ϕ(N)⟩ = ĤN |ϕ(N)⟩; ĤN = A− 2D,

where

Aij =

{
1/|i− j|, i ̸= j,

0, i = j
Dij = Hi−1δij

6Chachamis et al. 2023; León et al. 2020.
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Introduction to the discrete BFKL

Norm bounds and Rayleigh quotient

We can now define the Rayleigh quotient

R =
⟨vγ , ĤNv

γ⟩
⟨vγ , vγ⟩

With a Mellin trial function, we obtain

RN,ϵ = χ(γ) + δN (γ)

By imposing hard-wall conditions on the boundary we obtain

λn(ĤN ) ≈ 4 log(2)− 14ζ(3)
(nπ
L

)2
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Introduction to the discrete BFKL
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Walk expansion and Reggeization

Vertex-dressed resolvent

To obtain the evolution we now want to compute

|ϕ(N)(Y )⟩ = eαY ĤN |ϕ(N)(0)⟩
= (1 + αY ĤN + (αY ĤN )2 + · · · )|ϕ(N)(0)⟩

Starting at a site N0 and looking at a site n, the evolution is given by

d(r)n = ⟨en, (A− 2D)reN0⟩.

m0 m1 m2 m3

Am0m1

Am1m2

Am2m3
Dm0 Dm1 Dm2 Dm3
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= (1 + αY ĤN + (αY ĤN )2 + · · · )|ϕ(N)(0)⟩

Starting at a site N0 and looking at a site n, the evolution is given by

d(r)n = ⟨en, (A− 2D)reN0⟩.

m0 m1 m2 m3

Am0m1

Am1m2

Am2m3
Dm0 Dm1 Dm2 Dm3

QCD–Gravity Duality and Discrete BFKL Evolution in Multi-Regge Kinematics
Josep Rub́ı Bort, Prof. Agust́ın Sabio Vera 13 / 19



Double copy structure Discrete BFKL Conclusions and outlook

Walk expansion and Reggeization

Reggeization

With this, we obtain

d(r)n =

r∑
j=0

(−2)r−j
∑

(m0,...,mj)

[
hr−j(Hm0−1, . . . ,Hmj−1)

j−1∏
i=0

1

|mi −mi+1|

]

When the sum over m’s means for all the paths connecting n and N0.

By introducing a generating function, we can write

Gn(z) =
∞∑
j=0

zj
∑

(m0,...,mj)

(
j−1∏
i=0

1

|mi −mi+1|

)(
j∏

l=0

1

1 + 2zHmi−1

)
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Walk expansion and Reggeization

From discrete to continuum

Instead of writting

d(r)n = (A− 2D)d(r−1); G(r)(m/n;x) =
d
(r)
m

n(m/n− x)

one can write

G(r+1)(1;x) =
1

x

∫ x

0

G(r)(y;x)

y
dy +

1

1− x

∫ 1

x

G(r)(y;x)

1− y
dy

And from this, one can obtain the differential equation

d

dx
F (r+1)(x) =

(
A0

x
+

A1

1− x

)
F (r)(x),

where G(r)(1;x) ≡ F (r)(x).
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Anomalous dimension

Single log structure

Following the HPL structure, we can write

F (r)(x) =
∑

|τ |=r−1

c(r)τ Hτ (x)

The Gluon’s green function can be written as

ϕ̃n(ω) =
∑
r≥0

αr

ωr+1
d(r)n ϕ̃n(ω) ∝

∑
r≥0

∑
|ω|=r−1

αr

ωr+1
c(r)ω Hω(x)

The single-log and single-valued7 version is given by

ΠSV (ϕ̃n) ∝ log(x).

7Del Duca et al. 2014.
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Anomalous dimension

Anomalous dimension coefficients

By writting the anomalous dimension expansion as

γω(α) =
∑
s≥1

c
(s+1)
1

(α
ω

)s

one finds the following coefficients

n cn+1
1

0 1
1 0
2 0
3 2ζ3
4 0
5 2ζ5
...

...
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Results and conclusions

Double copy structure

1 Correct amplitudes with Mathematica
2 Double-copy structure

Discrete BFKL

1 Pomeron intercept
2 Evolution and Reggeization
3 Knizhnik–Zamolodchikov and Harmonic Polylogarithms
4 Anomalous dimension expansion
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Further research

Double copy structure

1 Reproduce other known amplitudes
2 Extension to higher-point amplitudes

Discrete BFKL

1 Include NLLO corrections
2 Study the integrability structure
3 Include non-forward contributions
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More on the MRK limit

By setting

pa

q1

q2

k0

k1

pb k2

We can set the Sudakov parametrization

qµn = αnp
µ
a + βnp

µ
b + qµn,⊥.

And the generalized Mandestav variables as

ŝ = xAxBs; ŝai = −2paki; ŝbi = −2pbki; ŝij = 2kikj ,

we can obtain the following relations
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More on the MRK limit

ŝ01 = −ŝ(α2 + β2); ŝ21 = ŝ(α1 + β1); ŝa0 = −t = −ŝβ1;

ŝb2 = −t′ = ŝα2; ŝa1 = ŝ(β1 − β2); ŝb1 = ŝ(α1 − α2);

ŝa2 = ŝ(1 + β2); ŝb0 = ŝ(1− α1);

ŝ02 = ŝ(1− α1 + α2 − β1 + β2).
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Steinmann relations

We cannot have a double discontinuity

No double poles

Two channels cannot overlap

I have not found yet a reference that is able to explain them in English.
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More on duality relations

There are other works in the duality relation8

A =
∑
i

nici
di

; Ã =
∑
i

ñici
di

ni − nj = nk; ci − cj = ck;

Agrav =
∑
i

niñi
di

8Bern et al. 2019.
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Rayleigh quotient

We can define the Mellin trial function

vγ = iγ ;

where i is the index of the vector. While also staying away from the
boundaries

Iϵ = {i ∈ (1, . . . , N)|ϵN ≤ i ≤ (1− ϵ)N}.

With this, and being careful on the end points regularization, we
obtain the BFKL characteristic function

χ(γ) = 2ψ(1)− ψ(γ)− ψ(1− γ).
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Hard-wall boundary

Define the logarithmic coordiantes

t = log(i); [T−, T+] = [log(ϵN), log((1− ϵ)N)]; L = T+ − T−.

Now the wave function is given by

ψj = Aj−1/2e−iν log(j) +Bj1/2eiν log(j).

Imposing boundary conditions means

νnL+ δ(ν) = π

(
1

n
+ n

)
and the wave function becomes

ψ
(n)
i = 2Bi−1/2 cos(ν(t− T±))
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Single Valued HPLS

The map from the HPLs to the SVHPLs reads, for the first ones

L0(z) = H0 +H0; L(z) = H1 +H1.

For the next weight two we have

L0,0(z) = H0,0 +H0,0 +H0H0; L0,1(z) = H0,1 +H1,0 +H0H1;

L1,0(z) = H1,0 +H0,1 +H1H0; L1,1(z) = H1,1 +H1,1 +H1H1;
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Anomalous dimension

We know that the Gluon Green Function can be written in Mellin
momenta space as

f(ω, γ) =
f̃0(ω, γ)

1− (αs/ω)χ(γ),

where t→M and ξ → N . There is a singularity around ω/αs = χ(γ).
Inverting this we obtain

γ =
αs

ω
+ 2ζ(3)

(
αs

ω

)4

+ 2ζ(5)

(
αs

ω

)6

+O
(
αs

ω

)7
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Gravity BFKL

There are works for the Gravity BFKL equation9

We can ask if we can do something similar

Would the KZ structure also appear?

Work in progress

9Raj et al. 2025.
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