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Superintegrable Systems

Definition

A quantum system in d dimensions is maximally superintegrable if it has 2d — 1 algebraically
independent constants of motion {H} including the Hamiltonian H, with [H, Hx] = 0 for all k.

Harmonic oscillator (d > 2) Hydrogen atom Generic model on S”
Dynamical algebra: sp(20) Dynamical algebra: so(4,2) [this work]
Symmetry: su(d) Symmetry: so(4)  [Pauli 1926]

Key distinction

> Symmetry algebra: commutes with H; explains degeneracies; finite-dimensional irreps per level

» Dynamical algebra: does not commute with H; connects all energy levels; full spectrum in one
irreducible module
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The Generic Superintegrable Model on 52

Unit sphere 52 C R3: x? + x5 + x5 = 1, restrict to octant x; > 0.

py sy s, @ —1 p2 1 2 1
H=T2+TF+TFR+—2+—5*+—*%,  abceR
24 2% X3
where Jx = —ickmx|Om are angular momentum operators.
Constants of motion (commute with H):
2 1),2 2 _1),2 . .
S =2+ (b — 3)x3 i (e —2)% All second-order superintegrable models in
X3 x3 2D arise as limits/contractions of this
) ) 3-parameter system  [Kalnins—Miller—Post
and cyclic permutations S, Ss. 2013]

H=81+8+S+a+b +—3
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Quadratic Algebras

General structure (two generators K1, K>)

[[K1, Ko], Ki] = f(K1, K2), [[K2, [K1, K2]] = g(Ki1, K2)

where f, g are quadratic polynomials in K7, K> plus central elements.

Racah algebra R; (rank 1) Jacobi algebra J; (rank 1)

[[K1, K2], Ki] = 2K} + 2{K1, Ko} + €K1 +mKa + G | [[Ki, Ka], Ki] = 2{Ki1, K2} — 2Ky
Kz, [K1, K2]] = 2K§ + 2{K1, Ko} + EK2 + 2 K1 + (2 — (a+B)(a+B+2)Kz + (a+B)(a+1)

Kz, [Ki, K2]] = 2K3 — 2K
= Symmetry algebra of H [Kz, [Ks, Kl 2 2

Racah / Wilson polynomials

J = Bispectral algebra of J,(,O"ﬂ)(x)
Univariate Jacobi polynomials
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Where Do Quadratic Algebras Come From?

Simplest case. If two operators Ki, K share an eigenbasis {|n)} used to label states, then
Ki|n) = paln), Ka|n) = An|n), and necessarily [Ki, K2] = 0.

Next level of complexity. Suppose instead there are two natural bases: in one, K is diagonal and K>
tridiagonal; in the other, the roles are reversed. This is exactly the bispectral situation for the Askey
scheme (Jacobi, Hahn, Racah, ...): one basis diagonalizes the differential /difference operator, the other
the recurrence operator.

Generically, such a pair does not commute, but satisfies a quadratic algebra: the double commutators
[[K1, K], K1] and [[K2, K1], K>] close back onto quadratic polynomials in Kq, K>. This is how Jacobi,
Hahn and Racah algebras encode bispectrality.
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The 511(]., 1)&‘3 Framework [Genest-Vinet-Zhedanov 2014]

su(1,1): generators Jo, J+ with [Jo, J4] = +Jt, [Jy, J_] = —2Jp. Casimir C = J3 — Jo — J4J_.
Differential realization (singular oscillator in x;,/ = 1,2,3)

i 4vi(vi— 1)+ 3 i 4vi(vi — 1) + 2
tﬁ)=i<—$+m?+l4yx2)4),.ﬁ)=i<¥4ﬁm&+(ﬁ¢1%—lwyz)4)

i

vy =21y, = B = oL Clv;-) =v(v —1)|v;-) on each irrep

Three-fold tensor product and total Casimir:

c23) — c(2) 4 ¢(23) L c(3) _ (W) _ c(®) _ cB)

2
=((n+1)+a+b+c) —;

2 (20 20 2 1)
On 5° (i +x5 + x5 =1): n € N, degeneracy = n + 1.

C(#) commute with C(23)
(they built it) = constants of motion

H=4C12 43

The C'9) do not commute among themselves: their mutual commutators close on the Racah algebra 9i;, which
is therefore the symmetry algebra of H — its (n+1)-dim. irreps account for the degeneracy above.
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From Symmetry to Dynamical: What Is Missing?

M1 = (L, Ly, L3) commutes entirely with H oc L: it reshuffles states within a level but never changes n.
What operator could change n? The position-like operators X; = x? and X3 = x3 do not commute

with L — exactly the kind of generator a dynamical algebra needs.

Adjoin X1, X3 to {L, L, L3} J
The five generators {L, Ly, L3, X1, X3} close into a quadratic algebra of rank two — the rank-two
Jacobi algebra J,, our candidate dynamical algebra. }
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The Rank-Two Jacobi Algebra J,

Five generators embedded in su(1,1)®3

{L, Ly, L3, X1, X3} C su(1,1)®3

L=—C13) 4 const H, Ly =—-C®) 4 const, L3 = —C12) 4 const
Xi=Rh+J+]0101(=xF), Xs=1011 2k +Jr+J](=x3)

Vanishing commutators:

(L La] = [L, Ls] = [Ly, X1] = [Ls, Xs] = [Xs, Xa] = 0 Subalgebra structure

Sample non-trivial relation: Centralizing of Type
[[L, X1], L] = 2{ X1, L} — 2L +2L; Ly Jacobi J1 (via L, X1)
— (a+b+c+1) ((a+bt+c+3)X1 — (a+1)) X1 Jacobi 31 (via L1, Xs)
X3 Jacobi 31 (via L3,X1)
L3 Jacobi J1 (via L, X3)
L Racah R, (via L, L3)
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The Pentagonal Subalgebra Structure
X3 X1 Reading the pentagon

» Each vertex = commuting pair =
representation basis

» Solid edges: rank-1 Jacobi algebra
= overlaps = Jacobi polynomials

» Dashed edge: rank-1 Racah algebra
= overlaps = Racah polynomials

Three representation bases:
» {|x,y)}: eigenbasis of X1, X3 (position)
» {|n, k;a,b,c)}: eigenbasis of L, L;
(energy + first symmetry)

= Jacobi J1 » {|n, k;a, b,c)"}: eigenbasis of L, L3

« = == Racah 9, (energy + second symmetry)

Crampé et al. (CRM-UdeM) Dynamical Algebra on S 2026 9/22



Physical States: Dirac Quantization

Constraint: X1 + X2 + X3=1 & X2 +x3+x3 =1
Step 1 — Generalized eigenvectors of X =2Jy + J; + J_ in su(1,1):

(71)[ efr/2ru71/2 (2v—1)

vir) =rlvir) = vir) = Zq, i) @) =g Ty b )

Step 2 — Joint eigenvectors of C(123) C(23), X(123) yia Clebsch-Gordan coefficients (= Hahn
polynomials):

|r,n, k;a,b,c) Z gl =t (r)|v12s + n,va3 + ki m)

Cn m>0

Step 3 — Dirac constraint:

|n, k;a,b,c) == |r=1, n, k;a, b, c) (freeze radial d.o.f.)
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Orthogonality of the Physical Basis

Following the Dirac quantization on the previous slide, the basis {|n, k; a, b, ¢)} is genuinely discrete and
normalizable. Orthogonality (computed exactly from the Laguerre resolution of the identity):

[ (n',K';a,b,c|n, k;a, b, c) = N& T2kt )y 5 5, b ]

with the standard univariate normalization constant

M(n+a+1)T(n+b+1)
@n+a+b+1)nT(n+a+b+1)

Nr(1a,b) _

The orthogonality factorizes into a product of two univariate weights — a first hint that two-variable
Jacobi polynomials are about to appear. J
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Representation of the Symmetry Algebra R,

Basis vectors |n, k; a, b, c) diagonalize L and L;:

Lin,ky =—n(n+a+ b+ c+2)|n, k), Li|n, k) = —k(k+ b+ c+1)|n, k)

Action of L3 (tridiagonal in k, fixed n)

Ls|n, k) = ypeln, k + 1) + 2l n, k) + v |n, k — 1)

. (k+1)(n—k+a)k+b+c+1)(n+k+a+b+c+2)

Yok = (2k+ b+ c+1)(2k + b+ c + 2)
3 (n=—k+1)(k+b)(k+c)n+k+b+c+1)
Yok = (2k + b+ c+ 1)(2k + b+ ¢)

Proof: Expand |r, n, k) over C(*?)-eigenbasis via Racah coefficients (= Racah polynomials), then
apply their 3-term recurrence relation.
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Action of the Position Operator X; — Connecting Energy Levels

Xi is the key spectrum-generating operator: it changes n by +1.

Xl‘nv k> = a111k|n+ 17 k> + ar21k|n7 k> + O‘?)k|n - 17 k>

ol - (n—k+1)(n+k+a+b+c+2)
kT (@2n+a+b+c+2)2n+a+b+c+3)
03, = (n+k+b+c+1)(n—k+a)

(@2n+a+b+c+1)2n+a+b+c+2)

Proof strategy:
» Work in auxiliary su(1,1) module
»> Use contiguity relations for Laguerre polynomials to shift parameter vy — vr +1
» Use contiguity relations for Hahn polynomials (Clebsch—Gordan coefficients)
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Action of X3 — The Nine-Term Relation

X3 changes both n and k simultaneously:

Xaln, k) = Bl +1,k = 1) + Bl + 1, k) + Boln+ 1,k +1)
+53k|n7 k — 1> +B:§k|na k> +5Sk|n7 k + 1>
+ﬁr77k|n_ lvk_ 1> +ﬁgk|n_ lak> +ﬁgk|n_ 17k+ 1>

Sample coefficients:

- (k+b)(k+c)(n—k+1)(n—k +2)

KT (2k+b+c)2k+b+ct+1)2n+tat+b+ct+2)2n+at+bt+c+3)
3 (k+1)(k+b+c+1)(n+k+a+b+c+2)(n+k+a+b+c+3)
nk —

(2k+b+c+1)2k+b+c+2)2n+a+b+c+2)(2n+a+b+c+3)
Proof: Uses B,- and Bj-type contiguity relations for Hahn polynomials (classified in [Crampé et al.,

2025]). = (1 —x—y)- Jlgi'(b’c)(x.,y) =>".B"J. (9-term recurrence)
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Algebraic Solution: Wavefunctions on S2

Position basis (barycentric coordinates x+y +z=1,z=1—x—y):
Ix,y;a,b,¢) = |vi;x) @ [v2;y) @ |vs; 2)
Wavefunctions = overlaps between energy basis and position basis:

P20V (x,y) = (x,y:a,b,c|n, ki a,b,c)

The 3-term and 9-term recurrences allow to recognize bivariate Jacobi polynomials and to write:

a,b,c a,b,c a,b,c
P22 x,y) = 050 (x,y) - S50 (x, )

Ground state (computed via Laguerre addition formula 4+ Dirichlet integral):

7b) a Cc
o5y x,y) = x2 Y2 (1 — x — y)°/?

P2V (x,y) = x2 Y2 (1 — x — y)/2 . S50 (x, y)
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Two-Variable Jacobi Polynomials on the Triangle

Definition [Proriol 1957, Koornwinder 1975]

J(abc)( Ly) = J’Sa f+c+2k+1)( )- (1 7X)k . Jl((b,c)< Y ) ., n>k>0

L (ab) oy (@+1)n —n, ntatbtl .
with J377(x) = TgFl( a+81 : X)

Orthogonality on the simplex:
/ Xayb(l o y) J a,b, c)Jn;'a /t()/C) dx dy = a,£+c+2k+1) N/Eb,c) S Ok
0<x<1—-y<1

Properties obtained algebraically from the J, representation:

» PDEs: L[Jo] = —n(n+a+b+c+2)Jps, Lildok] = —k(k+b+c+1)Js
» 3-term recurrence in n: from action of X; = x
> 9-term recurrence in (n, k): from action of X3 =1—x —y [new]

Crampé et al. (CRM-UdeM) Dynamical Algebra on S 2026 16 / 22



Two-Variable Jacobi Polynomials as Overlaps: The Pentagon

Theorem (Crampé-Labriet—Morey—Tsujimoto—Vinet—Zhedanov 2026)

ayb(1 — x — y)c
<”7k;a,b,clx,y;a,b,c>—\/Xy( x—Y) abc)(xy)

b,c a,b+c+2k+1
NP N

Proof via convolution along the left path of the pentagon:

1
{(n,k;a,b,clx,y) = Z/ (n,k;a,b,clx', k'; b,c)(x', k'; b, c|x,y) dx
~Jo

» Each segment corresponds to a rank-1 Jacobi
subalgebra where the common generator is
central

» Overlaps within each segment = univariate
Jacobi polynomials

» Convolution gives the bivariate polynomial
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Racah Polynomials as Expansion Coefficients

Bottom edge of the pentagon: L; and L3 generate 3y (Racah algebra), centrally extended by L.

Overlap between the two bottom bases

o . i, w(b.e,=n—1n+1+atb)(() (5.5)( . -
(n,¢;a,b,cln,m;a, b, c) =(-1) C e p— R ( AY®2N(0); byc,—n—1,n+1+a+b
Mm,c,—n— n a

Inserting the Racah overlap into the pentagon convolution gives the change-of-basis between the two
families of bivariate Jacobi polynomials:
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The Resulting Expansion Formula

Expansion formula [new algebraic proof of Dunkl 1984]

LGP —x—y, y) =50 (1) R (/\("”b)(ﬁ): b,c,—n—1,n+1+a+ b) I (x, y)

m=0

b+1, n+a+b+c+2, —n

where R,(A\(£))=4F3 (*m, mtbtetl, —4, (athil, 1)

This is a new, transparent algebraic proof of a formula first obtained by Dunkl (1984) by direct
computation. The pentagon is not just a mnemonic: each of its features corresponds to a precise
algebraic and analytic statement about the bivariate Jacobi polynomials.

Analogy: This is a continuum version of the Biedenharn—Elliott identity for Racah/6j-symbols:

bivariate poly = Z Racah poly x (univariate Jacobi)®
m
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Order-3 Symmetry of the Triangle (Ds)

The simplex has D3 symmetry. Three families of  Three-pentagon picture:
bivariate Jacobi polynomials:

Transformation Polynomial

Identity J(abc)( ,Y)
masre,xeol-x—y J(Cba(l—x—y,y)

craerb xey J,(fk“()/ax)

Each pentagon <> one coordinate direction.

> 7 (exchange b <+ ¢): Change-of-basis matrices ++ Racah polynomials.
Il =x —y) = (CD 5 (x,y)

> Rotations R(%"), R(%") give o- and m-families
up to (—1)*
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Summary of Main Results

© Dynamical algebra identified: J, = {L, L1, L3, X1, X3} is the spectrum-generating algebra of the
generic superintegrable model on S? — first identification.

© Physical representation constructed: via su(1,1)®3 embedding + Dirac quantization; basis
orthogonality proved exactly.

© Algebraic solution: goff;(b’c) (x,y) = x?2yP2(1 — x — y)/? J,(f;(b’c)(x,y)

@ Characterization of the bivariate Jacobi polynomials from the representation of the Jacobi
algebra of rank 2

@ Racah polynomials as change-of-basis: new algebraic proof of the Dunkl (1984) expansion
formula.
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Thank You

N. Crampé, Q. Labriet, L. Morey, S. Tsujimoto, L. Vinet, A. Zhedanov
CRM-Université de Montréal CNRS Kyoto Renmin
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