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Topology (from the Greek words 16170¢, 'place, location’, and
Aoyog, 'study') is the branch of mathematics concerned with the
properties of a geometric object that are preserved under
continuous deformations, such as stretching, twisting, crumpling,
and bending; that is, without closing holes, opening holes, tearing,

gluing, or passing through itself.

* Topology deals with classifies the possible
map between spaces

* |In condensed matter we are interested in
real space or momentum space (the
Brillouin zone) and mapping it to a Hilbert
Space










* Imagine a spin in a magnetic field B whose
direction changes slowly and forms a closed loop,
will follow the field direction.

* Its initial and final wavefunction will defer only by a
phase.

* The phase has two contributions —the dynamical
phase and Berry’s phase:

B (0)=B(1) | In(0))=|n(1)>

Yo =i /O < n(B(t’))|%|n(B(t’) > dt’

 Atrip around the equator gives a Berry phase of =7




* The lattice of ions provides a periodic
potential for electrons.

* Momentum is replaced by lattice
momentum - confined to the Brillouin
zone (loop in 1D, torus in 2D or 3D)

* |Imagine scanning momentum and
following the wavefunction

* The total accumulated phase is the Chern
number (loosely defined)

























Topological invariant = winding number
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* Similar model, with bosons, very different physics
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* Quadratures decouple
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Topological connection:

62

Oy = nz
nis aninteger

= #of filled Landau levels

= # of edge modes

= sum of Chern numbers C, of the filled Landau
levels (each LL contributes 1)
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Konig et al. Quantum Spin Hall Insulator State in HgTe Quantum Wells.
Science 318,766-770(2007)
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* With time reversal symmetry (no magnetic field) and periodicity

Con=— [ @k (O, tn|Ok, tn) — Ok, tn| Ok, t1n)) =0
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* However, not allis lost — Spin Quantum Hall effect (2DTI)
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* With time reversal symmetry (no magnetic field) and periodicity
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* However, not allis lost — Spin Quantum Hall effect (2DTI)
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2D. Topological insulator - Z, invariant

* With time reversal symmetry (no magnetic field) and periodicity
C, = 21 Bk (O, Un| O, tn) — (O, tn|Dk, tin)) = 0
T JBZ

* However, not allis lost — Spin Quantum Hall effect (2DTI)
Zy=0Cy—C #0
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Classification of topological insulators and superconductors in three spatial dimensions
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band inversion

* Another way to achieve
topological behaviour is
through driving
Insulator
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Quasi-energy
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Photonic Floquet topological insulators
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Floquet Topological Superconductor
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Disorder-induced topological phase transition in a driven
Majorana chain
Ling,..., TPB, Phys. Rev. B 109, 155144 (2024)
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Tunable multi-magnon Floquet topological edge states
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Topologicalinsulators in d dimensions will have
surface states in d-7 dimensions

Second order topological insulators have surface
states in d-2 dimensions

You can have 3D, second order Tl with hinge modes,
2D second order Tl with corner states

3D third order Tl with corner states



Topologicalinsulators in d dimensions will have
surface states in d-7 dimensions

Second order topological insulators have surface
states in d-2 dimensions

You can have 3D, second order Tl with hinge modes,
2D second order Tl with corner states

3D third order Tl with corner states




* Topological insulators in d dimensions will have
surface states in d-7 dimensions

* Second order topological insulators have surface
states in d-2 dimensions

* You can have 3D, second order Tl with hinge modes,
2D second order Tl with corner states
3D third order Tl with corner states

30




A-u.---u-n.“‘---‘w --------- L T
= S
cessnnnseset?. . Po...... g TS -

—— No field

—-— Zeeman field only

=== Gauge field only
Both fields

Levitan and TPB,

PRR 2, 033327 (2020)
Levitan, Goutte and TPB,

PRB 104, 125105 (2021)




A-u.---u-n.“‘---‘w --------- L T
= S
cessnnnseset?. . Po...... g TS -

0
momentum

—— No field

—-— Zeeman field only

=== Gauge field only
Both fields

Levitan and TPB,

PRR 2, 033327 (2020)
Levitan, Goutte and TPB,

PRB 104, 125105 (2021)




topological states)

* Design new materials and devices — proximity effect, charge
transfer, twistronics

* Many analogue systems (sound waves, optical lattices, resonator
arrays, magnons)
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