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Based on |arXiv:2604.20954| & ongoing work with 5. Mizera and G. Salvatori
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While not limited to those integrals, my talk will tocus on Feynman integrals



Feynman integrals arise in perturbative amplitudes

P1 D4
S=1+1i1M

IN
P2 p3 \/ Connected S-matrix elements

time

we typically organize them as sums ot Feynman diagrams llustrating all that could happen 1n a process



Arise 1n perturbative amplitudes organized as a sum of Feynman diagrams allowed by a theory

P1 P4

|
T

P2 P3

Tree-level: “simple” rational function

— i N
D2 + p3)2 + 1€

U(=p1 — p2 — p3)(—iey")u(p1)] ; a(ps)(—iey”)u(pz))




Arise 1n perturbative amplitudes organized as a sum of Feynman diagrams allowed by a theory

P1 D4
P2 P3

One-loop: more complicated integral of a rational tfunction of the unconstrained loop momentum

_i64/d42€€ u(—p1 —p2 —p3) V(L + P, + P, P, +m) v ulpr)] [al(p2) v (f + P, +m) v, u(ps))
(04 p1+p2+p3)2 —m? +ie| (£ + p3)? — m? + ie| [(€ + p2 + p3)? + i€| [£2 + ie




Arise 1n perturbative amplitudes organized as a sum of Feynman diagrams allowed by a theory

|
il

P2 P3

L~loop: comes extremely dithicult integrals to evaluate...

,__— Integration over L non-integer

G rules > IG (Z) _ / N(é, p) dDXLf < dimensional vectors
[1:21[g2(p, £) — m2 + ie]

Feynman

D = space-time dimension L = loop order

N = numerator Denominator = prod. of Feynman propagators



What does “‘evaluate” means ?

So3 | L /“ Scalar massiwe box

S12 4—2¢
= 2 > >

(€ +p2 +p3)  [(€+p3)” = m2] [ [(£ + p1+ p2 + p3)” — m?]

[t means: represent the integral as a Laurent series 1in the external kinematic up to the finite piece*

log (—W:) —log (—wp)  (log(m?) —log (~25) ) (log (~W;") — log (~1¥7"))

: -0 (g
8m2823 (Wl_ — Wl_l_) m? 523 (Wl_ — Wl_l_) (8 )

W, =

N —

m 2 (—\/—312 (4m? — s19) — Im? - 312)

Sivresin = (Diy + o +Di)°
11 t1 t —2 (_I_\/_312 (4m2 — 812) — 2m2 + S12)

Wi =

N —

*e.g., m the Euchdean region



Motwating question
How fantastic would 1t be to be able to compute analytically those integrals with a single

“Shift + Enter” °?

(and as a byproduct be able to push the state-of-the art)



T'hat’s what we are aiming for! Possible user inputs

Literally just draw the diagram (demo soon)

STIntegratel[]

List of edges and external legs

STIntegrate[{{{1,2},0}, {{2,3},0}, {{3,4},0}, {{4,1},0},
{{1I0}I {210}1 {SIG}I {410}}}]

Loop momentum form
STIntegrate[{1[1]%, (L[1]+p[11)%, (L[1]+p[1]+p[21)?, (L[1]-p[4]1)?}]
Your favorite Euler integral

STIntegrate[x1+€PS yEPS (x2+y+xy)~2-€PS {x, 0, o}, {y, 0, o}]

then Shift + Enter



1 he toolbox as of today & and which direction 1s more geared toward automation ?
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SubTropica will solve this



What are the possible roadblocks to automated direct symbolic integration?

. Divergences require to work in D =4 — 2¢, where 0 < |¢| < 1

-~ Make sense of integrating non-integer dimensional vectors ?

-~ How do we deal & organize divergences ate =0 ?

! A prior1 no control over the zoo of functions these evaluate to

«~ Which restriction(s) on the function space to impose?

1 he development of SubTropica necessitated a (partial) answer to all these questions

* Ask me later for the details



Summary of the SubTropica pipeline

Faach main step of the program takes care separately of each roadblock

i Shift+Enter MPL i

1 2 3 4 5
Schwinger Tropical Determine Integrate Verify
parametrization  subtractions integration numerically

order



Summary of the SubTropica pipeline

-~ Make sense of integrating non-integer dimensional vectors ?

i Shift+Enter MPL i

1 2 3 4 5
Schwinger Tropical Determine Integrate Verify
parametrization subtractions integration numerically

' order
: _ /OO dae a?e ™1 exp [i(q2 —m? + i€)Qy }
: - € e e e €
(g2 —mg +ig)”e  T'(ve) Jo

* Ask me later for the details



Summary of the SubTropica pipeline

«~ How do we deal & organize divergences at e =0 ?

i Shift+Enter

m

MPL
1 2 3 4 o
Schwinger Tropical Determine Integrate Verify
parametrization  subtractions integration numerically
order
“ Gontrolled by the Newton polytope
of the Schwinger integrand

* Ask me later for the details

(1.e., Symanzik polynomials)



Summary of the SubTropica pipeline

«~ Which restriction(s) on the function space to impose?

i Shift+Enter MPL i

1 2 3 4 5
Schwinger Tropical Determine Integrate Verify
parametrization  subtractions integration numerically

' order

L., = (J{Disc,,(P)}U [ {Ress, (P,Q)}

PeLl P,QeLl

H(z; 0 Ow) = /Z a1 /t1 dtz /tw1 Aty H(z;0)=1
s Uy ey — 9 ; —
v 0 t1—0'1 0 tQ—O'Q 0 tw—O'w

* Ask me later for the details




Summary of the SubTropica pipeline

i Shift+Enter MPL i

1 2 3 4 5
Schwinger Tropical Determine Integrate Verify
parametrization  subtractions integration numerically

' order

SubTropica can optionally stress-test the symbolic output by
comparing independently with PySecDec at a pont



How to use SubTropica

and how 1t can accelerate your research?



Literally just draw the diagram (demo soon)

STIntegratel]

List of edges and external legs

STIntegrate[{{{1,2},0}, {{2,3},0}, {{3,4},0}, {{4,1},0},
{{1,0}, {2,0}, {3,0}, {4,0}}}]

Loop momentum form
STIntegrate[{1[1]%, (L[1]+p[1])?, (l[1]+p[1]+p[21)?, (1[1]-p[4])?}]
Your favorite Euler integral

STIntegrate[x1+€PS yEPS (x2+y+xy)~2-€PS {x, 0, o}, {y, 0, o}]




Feynman integrals Eikonal Energy correlators BK kernel

devg TT4 424

/@

P2

p3)? —m?2] (b1—L3)* £3 (£1-+Ly+p3)° 03 (by+-Lls — £4)* £3 (£y—py)” £2

4 Loops =+ 4 legs <+ 1 mass







Feynman integrals

Eikonal Energy correlators

BK kernel

STIntegrate[diag, "Dimension"

(* Graph: edges {vertices}, weight *)

diag = {{{{4,5},0},{{1,4},0},{{1,2}, 1},
{{2,3},0},{{3,5},0},{415, 6}, 0},
{{2,5},0},{{4,6},0},{{1,6},0}},
111,0},{2,0},43,0},14,0}}};

— 4 - 2 eps,

"Gauge" - {x3 > 1},

"SimplifyOutput" — Identity]

then Shift + Enter




Feynman integrals Eikonal Energy correlators BK kernel

>> Time to set up i1ntegrands and directories: 4.7 s
>> Time to find 1linearly reducible orderings: 1.2 h
>> Time to integrate: 36.6 h

0

0

Has not been computed betore!

Result in terms of multi-polylogarithms on the GitHub

* Tumangs from the Apnil implementation, the unpublished version 1s now dramatically faster; ask me later for more details



/\ Integral appearing in calculation of 3-loop soft anomalous dimension

Feynman integrals Energy correlators BK kernel

Numerator "\

/ del dez (46713)25 [U2°k1]_r7 [B’kz]_TS [’Ul'kz]_rg
imP/2 mP/2 (k2] [k2]7 [(ky+ke)?]™ [v1-k1—1]™ [ve-ka—1]" [ B - (k1 + ko))"

,\\ ~ Lineanzed

propagator

Gardi, Zhu [2509.18017]




/\ Integral appearing in calculation of 3-loop soft anomalous dimension

Feynman integrals Energy correlators BK kernel

(* Propagators and numerators x*) STIntegrate[basisProp,

basisProp = {k[1]-k[1], k[2]-k[2], "Exponents" — basisExp,
(k[1]+k[2])-(k[1]+k[2]), "Substitutions" — basisKin,
vi1l]-k[1]-1, v[2]-k[2]-1, "LoopMomenta" — {k[1],k[2]},
-3+ (k[1]+k[2]), "Normalization" — -(4 Exp[EulerGamma])?2eps,
v[2]-k[1], B-k[2]1, vI[1]-k[2]}; "Gauge" — {x5 - 1},

"MethodPolysAndPairs" — "Standard"
(* Powers for each element %) ]

basisExp = {1,1,1,1,1,1,-1,0,0};

(* Kinematic replacements *)

basisKin = {v[1]-v[1] | v[2]-v[2] — 1,
v[1]-3 = -y,
v[2]-8 = -1,
vil]-v[2] —» —

Qt

5o,
(s +212)};

DO =

then Shift + Enter



/\ Integral appearing in calculation of 3-loop soft anomalous dimension

Feynman integrals Energy correlators BK kernel

1 723+ Ty) +4(1+y)log®ais + dylog’y
4ety 8y (1+y) o

Matches exactly known results from ditterential equations!



Integral appearing in calculation of 1-loop gravitational EEC ’\
v

Energy correlators BK kernel

Feynman integrals Eikonal

E—4—45 1 J1+1—2¢ 1 — Jo+1—2¢
EECf}ea}, = / dx * ( )
1,J2 16(271')5_48 0 (1 . ZQ?)J2+2_28
Mo — 8 E* A(z,y1,Y2) (1—zz)*
2 z(1-2)y1y2 (1—y1)(1—y2) z?(1—x)* P(x) Q(x)

Chicherin, Korchemsky, Sokatchev, Zhiboedov [2512.23791]




Integral appearing in calculation of 1-loop gravitational EEC

Feynman integrals Eikonal Energy correlators BK kernel
(* Prefactor: *) (* Variables and coefficients: %)
pref = 16?;;):0,::?5 z(1—z)y1§;e(41§y1)(1—y2); xvars = {x};
coeffs = {ee, A, z, y1, y2}; i

(* Integrand on [0,x) after x — x/(1+x): *)

integrand = dlx] T imtam ok aR (" Jacobasii e tneenl OULOGIXIUR cadd i
/. x = x/(1+x) // Applyd[#, {x}] //. d[x_] :> 1 &;  Jac = (Times @@ xvars)
(* Applyd computes the Jacobian on d[x] = dx. *) (* Tropical analysis *)

STPreAnalysis[jac integrand /.{J1—1+eps, J2—2+eps}
/. FactorCompletely2[a_,b_,c_] > a,
xvars, coeffs]

(* Expand around J1 = 1, J2 = 2 %*)
seriesJ1J2 = Series[integrand /. {J1 - 1 - &J1, J2 - 2 - &J2},
{eps, 0, 0}, {&J1, 0, 1}, {832, 0, 1}]

then Shift + Enter



Integral appearing in calculation of 1-loop gravitational EEC ’\
v

Feynman integrals Eikonal Energy correlators BK kernel

e 8 E* A(z,y1,y2) [1 3

5 (1—J1)

]
EECT?; (151 =

w2 16(2m)54 2(1-2) y1 y2 (1—y1) (1—y2)
(2—J2)(1-2) (2 + (1—2) log(1 — 2)) = (1—J1)(2—J,)
222 422
+ 2(3-32—22(2) + (42—2) Liz(z)] +0O(8J; 5Jj)]

[(1—4z—|—3z2) log(1—2)




Integral appearing in the NNLO hadron rapidity evolution ’\
v

Feynman integrals Eikonal Energy correlators BK kernel

7 e 267E / dDél dez log(ﬁ> ei(f1°X1+fz'Xz)
T('D f%(fl — 52)2 Z%

Brunello, Caron-Huot, Crisanti, Giroux, Smith [2508.03794]




Integral appearing in the NNLO hadron rapidity evolution

\,

Feynman integrals Eikonal Energy correlators BK kernel
(* Jacobian between d[Log[x]] and d[x] *) (* Ray {1,0}: x1 — x1/A, x2 fixed *)
jac = (Times @@ xvars) STFactor[jac integrand /. {x1 — x1/A, x2 — x2}]

(* > A (-e+q): regulated by & *)
(* Tropical analysis *)
analysis = STPreAnalysis[jac integrand /. q — q eps, xvars, coeffs] {{prefl, intl}, {pref2, int2}} =
STTropicalContinuation|[

(* Ray {1,1}: x1 — x1/A, x2 — x2/A *) {{pref, jac integrand}}, xvars, {{1,1}}]
STFactor[jac integrand /. {x1 — x1/A, x2 — x2/A}]
(* - Aqg: regulated by q only %) (* Extract 0(q) coefficient of each term %)
intl = SeriesCoefficient[prefl intl, {q, 0, 1}];
(* Ray {0,1}: x1 fixed, x2 — x2/A *) int2 = SeriesCoefficient[pref2 int2, {q, 0, 1}];
STFactor[jac integrand /. {x1 — x1, x2 — x2/A}]
(* - AM-g: regulated by & *) (* Tropical subtraction in eps *)

serI1 = STExpandIntegral[intl, xvars, coeffs]
serI2 = STExpandIntegrall[int2, xvars, coeffs]

then Shift + Enter



Integral appearing in the NNLO hadron rapidity evolution ’\
v

Feynman integrals Eikonal Energy correlators BK kernel

I = 2; | gi: -4 Re|Liz(1—2)] + 4 Rellog(1—=z)| Re[Li2(2)]
G

+ 4 Rellog(1—2)|(Rellog(1—2) log z| — (3) 5 O(e)




Catchang up with what’s beyond the state-of-the-art. ..

edeVE dPe; dPey, dPes dPey

7;7.‘.D/2 7;7.‘.D/2 7;7.‘.D/2 7;7.‘.D/2

/ [(€s — p1 — p3)°]" [(6s — p1 — p3)°]72 (L2 — p1 — p3)°]%s [(61 — p1 — p3)°]" [(€1 — p1 — pa — p3)°]7s [£3]7s [€3)7 [€3]vs [€3)% [(€a — p3)?]¥oo [(€s — €4)°]"0 (€ — €5)°]72 [(6g — £o)?]71s

g Multi-polylogarithms
, vf”—_\‘ polylog
= E e cx + O(e)

k=—8

(work 1n progress)



Installation, basic usage and submitting new results

Quit[]

Install SubTropica via paclet

PacletInstall["https://subtropi.ca/SubTropica.paclet", ForceVersionInstall » True]

Load the SubTropica package

Get["SubTropica "]

The minimal way to compute a Feynman diagram is to run STIntegrate[], draw your diagram and click on “ Integrate ”

STIntegrate[]




Drawing diagrams and inserting numerators

N N B subtropica.nb

In[«]:= Quit[]
Install SubTropica via paclet

In[-]:= PacletInstall["https://subtropi.ca/SubTropica.paclet", ForceVersionInstall -» True]

. <= Name: SubTropica
out[-]= PacletObj ect[ N Version:1.1.10p

Load the SubTropica package

In[1]:= Get ["SubTropica™ "]

@@EEEE@
@EEEEE@EE@EEA@@@ polymake
@EEEEEEEEEEEE@RE@Q@
0EEEEEEEEEEEEEEA@AQ@
@EEEEEEEEEEEEEAAAAAAQ@
SEEEEEEEEEEEEEEEE&&&E&

~ o~~~ ~ ~ ~ o~ o~ ~

[] pySe;Dec [v] FIESTA [V] iﬁFlow [v] feyntrop
[v] FiniteFlow [v] SPQR [v] LiteRed [Y] FIRE ] HyperiInt
[v] maple [v] ginsh [V] [ [-] make [v] HyperFLINT

Welcome to SubTropica v1.1.10!
by Mathieu Giroux, Sebastian Mizera, Giulio Salvatori

New version (v1.1.10) — run STBenchmark|[] to re-verify your setup.

The minimal way to compute a Feynman diagram is to run STIntegrate[], draw your diagram and click on “ Integrate ”

N

In[-]:= STIntegrate[]




1 he database subtropi.ca I*A




1 he database subtropi.ca I*A

Database of papers

Database of results

e Al agent scraping all of arXiv * e After a successful integration,

1298 relevant papers so far
Total 1587 families extracted
361 unique topologies

861 unique mass configurations

users can submit the result

e Needs to pass automatic

verification

e 195 results so far

e Submissions welcomel!

Ul or STSubmitResult] ]



Conclusion

Presented a Mathematica package to evaluate parametric integrals via

Graph, propagator + numerators or parametric inputs
Automatize tropical subtraction scheme

Imtiate & maintain an online database of Feynman integrals

In progress
C++/FLINT unplementation

Automatic rationalization

Lixpand class of integrals
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Wall time, MacBook Pro M4 with 48 GB RAM

Easy

6.4
] 1

S1200
960
720
480
240

0

® Hyperlintica (Mathematica) v1.1

Medium

1020

© Hyperint (Maple)

114

—

(all 5-variable integrals with a fixed integration order)

Hard

131
71

I 9.7

_—

B HyperFLINT (C++) v1.2

min ..,

120
90
60

50

0



FExtra shides [



- Make sense of integrating non-integer dimensional vectors ?

Stmple and well-established solution.

Make a “change of variables™ to end up integrating over an wnteger number ot scalar varables

Many choices possible (Baikov, Feynman, ...): let’s commit to the Schwinger representation

T (S) _ egLWE / Ndel dD€2 N deL
S (@mP2)E (g — mi)v(gs —ma)v2 - (gF — mR)Y
(2 — mi ey F(lye) /OOO dae o™ expli(g? — m? + ie)a| + integrate out Gaussian
N v N N ¥
N _ &L~y (_1) ) / d™z Ve —1 N(S)
LD =€ I'(w T
g (152 [ e T e

U, F = Symanzik polys.



.~ Make sense of integrating non-integer dimensional vectors ?

Shift + Enter wm SubTropica

1 1 2
= M7 -’ﬂ—w—(m e Mt

[ Lnter; e.g, a propagator basis here

STIntegrate[{ (p[1] - 1[1])% - m12, 1[1]2} s "StopAt" » "AfterBuild'ingIntegrand"]

ut[ J= @SPS EUtereamma (x4 x2) 272 ¢PS (1% x1% + m1* x1 x2 - M1? x1 x2) “*P° Gamma [eps]

U F

r’s are to be integrated from |0, co)



.~ Make sense of integrating non-integer dimensional vectors ?

‘P1 y
L 2
ke I S
\pG,'f’ N ~~~ 3 ’}3
T TN i
STIntegrate[ B, 5 : , "StopAt" » "AfterBuildingIntegrand"]
||8 “9 ;4;
"-—-'%.~~ 5'¢’ ~_ P4
e i
" P5
|\

ez eps EulerGamma

(X1 X10 + X1 X2 + X10 X2+ X1 X3 +X2 X3+ X100 X4 +X2XxX4 +X3X4+X1X5+X10X5+X%x3X%X5+X%x4x5+X1X6+X2X6+ X4 X6+ X5X6 +
X10 X7 + X2 X7 + X3 X7 + X5 X7 + X6 X7 + X10 X8 + X2 X8 + X3 X8 + X5 X8 + X6 X8 + X10 X9 + X2 X9 + X3 X9 + X5 X9 + x6 x9) *+3¢eps

(-S178 X1 x10 x2 +s18 x1 x10 x2 +s78 x1 x10 X2 - 52345 X1 X100 x4 - s2345 X1 X2 X4 + S67 X100 X2 X4 - s678 x10 X2 x4 + s78 X100 X2 x4 - s2345 x1 x3 x4 -
S678 X2 X3 X4 + s18 x1 x10 x5 - s2345 x1 x10 X5 - s67 x1 x10 x5 + s678 x1 x10 x5 + s178 X1 X3 X5 - 2345 x1 x3 x5 +s678 x1 x3 x5-s78 x1 x3 x5 -
S$2345 X1 X4 X5 -sS7T8 X3 X4 x5 -s178 X1 X2 X6 - S7T8 X1 X3 X6 -S78 X2 X3 X6 - 52345 X1 x4 X6 - S78 X3 X4 X6 - s2345 X1 X5 X6 - s78 X3 X5 x6 - s12 x10 x2 X7 +
S128 x10 X2 X7 - s3456 X100 X2 X7 + S78 X10 X2 X7 - S12 X2 X3 X7 — S345 x10 x4 X7 - s345 x2 x4 X7 - s345 X3 x4 X7 - s1l2 x10 x5 x7 + s128 x10 x5 x7 -
S$345 x10 X5 X7 - s67 X100 x5 X7 + s678 x10 X5 X7 - s12 X3 X5 X7 - S345 X3 X5 X7 + 3456 X3 X5 X7 + s678 X3 X5 X7 - s78 X3 X5 X7 - s345 x4 x5 X7 - s3456 X2 X6 X7 -
S7T8 X3 X6 X7 — S345 x4 X6 X7 — S345 X5 X6 X7 - s23 X1 x10 X8 - s23 X1 X2 X8 - s123 x10 X2 X8 - s456 x10 x2 X8 + s4567 x10 x2 X8 + s78 x10 x2 x8 - s23 x1 x3 x8 -
S123 X2 X3 X8 — $45 x10 x4 X8 - s45 X2 X4 X8 — s45 X3 x4 X8 - s23 X1 x5 x8 - s123 x10 X5 x8 - s45 x10 x5 x8 + s4567 x10 x5 x8 - s67 x10 x5 x8 + s678 x10 x5 x8 -
$123 X3 X5 X8 - s45 X3 X5 X8 + s456 X3 X5 X8 + s678 X3 X5 X8 - s78 X3 X5 X8 - s45 x4 x5 x8 - s23 X1 X6 X8 - s456 X2 x6 X8 - s78 X3 X6 X8 — s45 x4 x6 x8 -
S45 X5 x6 X8 - s234 x1 x10 X9 - s234 X1 X2 X9 - s1234 x10 X2 X9 - s56 x10 X2 X9 + s567 x10 X2 X9 + s78 x10 X2 X9 - s234 x1 X3 X9 - s1234 x2 x3 x9 -
S$234 X1 X5 X9 - 51234 x10 x5 X9 + s567 x10 x5 x9 - s67 x10 x5 X9 + s678 X100 X5 X9 - 51234 x3 X5 X9 + s56 X3 X5 X9 + s678 x3 x5 x9 - s78 x3 x5 x9 -
$234 X1 X6 X9 - 56 X2 X6 X9 - S78 X3 X6 X9 - s34 Xx10 X7 X9 - 834 X2 X7 X9 - s34 x3 X7 X9 - s34 X5 X7 X9 - s34 x6 x7 x9) 2 3*¢PS) Gamma[2 (3 + eps) ]

SG1yeeisby — (pzl pzn)z



«~ Make sense of integrating non-integer dimensional vectors ?

Schwinger representation

. (-0 ANz p oL N(s)
Iﬁ(s)_e P(w) H F(Ve) /GL(1> H$e Z/{D/Q—w[_JT.'(S)]w

e=—1 e=1
i Shift+Enter MPL
1 2 3 4 5
Schwinger Tropical Determine Integrate Verify
parametrization  subtractions integration numerically

order



~~ How do we deal with divergences as e =0 ?

Solution to this problem 1s more subtle and technical, so I will focus on lustrating the idea

Phalosophy: we should always aim to integrate after expanding in € (ssmpler!)

- / I(s,e) = / r.1(s,¢)

! In general wrong: RHS may diverge while LHS finite

8

/Old_o‘(ae_z&%) 0 # /01%0‘(_1+0<5>) -

Lesson. e-expansion commutes with itegration <= integrand 1s locally finite

(1.e., does not develop a singularity on the integration contour)



-~ How do we deal with divergences as e =0 ?

A simple idea to organize dwergences: rewrite

T = [T—-1% +1°

with counter-terms (c.t.) Z¢" chosen so that, schematically:

1. 25" =7 — I s locally finite (i.e., c.t have same leading pole structure as L)

2. but are sumple enough™ to be integrated directly and exactly i ¢

Strategy 1s thus to first expose all dwergences and subtract them one c.t. at a time**

*e.g, separable and depends on less integration vanables = terminates when no varables are left over

¥ Ask me later or see for the theory belund 1t



A simple example: constructing c.t. & integrating expansions

dzi d
I(e) = TLTT2 e 2 (14 xp + xg) "1
RQZO L1 L9

Stmple enough to be performed with Mathematicas Integrate[ ] and can check operations do not commute

n[1]:= J = x1°PS x2°PS (1 + x1 + x2) "1-3¢ps,
J

X1 x2
J

X1 X2

Integrate[ , {X1, O, Infinity}, {x2, 0, Infinity}, GenerateConditions -» False] // NormaleSeries[#, {eps, 0, 0}] &

Integrate[

// NormaleSeries[#, {eps, 0, O0}] &, {x1, O, Infinity}, {x2, 0, Infinity}, GenerateConditions » False]

1 i
2

Out[2]=
: eps?

7_(2

Out[3]= —
ut([3] e



* Ask me later or see

A simple example: constructing c.t. & integrating expansions

dxi da
I(e) = / L e s x5 (1 4+ x4 +x2)_1_38
RQ

L1 L9

One can use tropical geometry to systematically construct counter-terms™

= (ounter- [6TMS commm—
ren = B _
1" =1 va‘pl ”UIOQI‘ + vplvp21|p1p2
1 11— 1
Z|, = 25a5(1 + zo) "1, Z‘pQ = ajz5(1+x1) ' 7% I| = 2525 Uy, =

for the theory belund 1t



A simple example: constructing c.t. & integrating expansions

T = T — 0, Z|  — 0,,Z|  + 0,,0,,7

P2 P1pP2

Justa “Shift + Enter” wm SubTropica

STIntegrate[{1, x1°P" x2°P"% (1 + x1 + x2)'7°®P%, {x1, x2}, {}}, "StopAt" » "AfterExpansion"]

0.2s

1 ) l+eps Xx2%PS (1 4+ x2) S , _x1%PS (1 4 x1) ~1-3eps y Heps ( 1l )1+eps , «1€PS ( 1 ) 1+eps D EPS ( 1 )1+ep5}
1+ x1 1+ X2 1+ X2

Out[13]= {— Sl




A simple example: constructing c.t. & integrating expansions

Summary:

dzy dza T
I(E) :-[Ri . _I =17 + @Plz‘m T 602I|p2 B @P1@ﬂ22|p1pz_

2  T1
2012

Now ™" can be expanded in € before integration while the c.t. can be evaluate as exact function in €

_ dzidas > wi_l = e—1 —1—3¢
/fUmZ|p1 /0 T dazl-/o s (1 + x2) dxo

—_—
B(e,1—¢) B(e, 142¢)




A simple example: constructing c.t. & integrating expansions

Sanity check

dxzq d
I(e) = o1 o x5 (14 1 + To) 1T0F
RQZO L1 L9

Again, justa “Shift + Enter”wm SubTropica

l[‘ Series here 1s taken before integrating!
in23]:= STIntegrate[{1, x1%PS~! x2°PS~1 (1 + x1+ x2) "173°P%, (x1, x2}, {}}]

Series[Integrate[x1 1P x271*PS (14 x1 + x2) **°P*, (x1, 0, Infinity}, {x2, @, Infinity}, GenerateConditions - False], {eps, 0, 0}]

2

out[23]= —~ > - " +0[eps]?
eps 2
2

Out[24]= = = " ,0[eps]?
eps 2



Number of counter terms grows fast

\pZ }3
s 2 9
g .
STIntegrate[ 1 g s "StopAt" » "AfterExpan51on"] ["Result"][1, 2, 1, 1] // Length

Out[«]= 6

P2 3

'\ Y 3

s\_z_ - 5- . -'Ql
STIntegrate[ :1 Ts ', s "StopAt" » "AfterExpanS'ion"] ["Result"][1, 2, 1, 1] // Length
S B
T
Out[+]= 32

P4 3

L 3 4

STIntegrate[ > 6 H , "StopAt" - "AfterExpanS'ion"] ["Result"][1, 2, 1, 1] // Length

i D

\

Out[«]= 96



~~ How do we deal with divergences as e =0 ?

So at the end of the day, SubTropica uses a tropical subtraction scheme to write

et LE N dP¢, dPe, .. -dPy¢;
I8 (q

e v Y T R v e
Z €i]?nite(6, S)
1=—"n

/\ Polynomuals

Iﬁnite((g’ S) _ / d.??l L dQZ‘n H Pz (.CE, S)ai+bi€
0 i

| . ; MPL
\’ Integration commutes e

with expansion for those YT ot

etermine

numerica



What are the possible roadblocks to direct symbolic integration?

I Divergences require to work in D =4 — 2¢, where 0 < |¢| < 1

- Make sense of integrating non-integer dimensional vectors ? v

.~ How do we deal with divergences ? v

! A prior1 no control over the zoo of functions these evaluate to

«~ Which restriction(s) on the tunction space to impose?

1 he development of SubTropica necessitated a (partial) answer to all these questions



What are we left with after expanding the integrands in € ?

Schematically an integral of the form

/\ Polynomuals

[ﬁnite(87 S) _ / dil?l L dQZ’n H Pz (ZC, S)a/z"|‘b7j€
0 i

0o gk k
o (s bﬁg P;) 1 7
Ha7;<0 PZ Z a; >0

= 4o

Question: 1s there any condition under which these integrals be evaluated systematically ?



Yes! Writing

e
Iﬁnlte _ / dCIZ‘n o
0

fust iterated integrals over dlog forms
(1e., easy to evaluate numenrically)

| dn—1 (xn)
V

T'here 1s a algorithmic procedure to pertorm the integral in terms ot Ayperlogarithms 1t

at every step k, all denominator factors ot g,_; are linear 1n x;

T'his condition 1s called linear reducibility (5rown, 2009; panzer, 2014



What are we left with after expanding the integrands in € ?

Schematically an integral of the form

/‘ Polynomuals

[ﬁnite(87 S) _ / dil?l L dQZ’n H Pz (ZC, S)a/z"|‘b7j€
0 i

D 0 %(Zz b lOgP’i)k H
Ha7;<0 Pz"ai‘ a; >0

= 4o

= | d"x

Guwen 90, SubTropica wmplements™ an algorithmic procedure to check this LR condition prior integration

Scans over all possible integration orders, 1f it finds a LR one, 1t proceeds automatically with integration

* Ask me later for more details



Summary of the SubTropica pipeline

i Shift+Enter MPL i

1 2 3 4 5
Schwinger Tropical Determine Integrate Verify
parametrization  subtractions integration numerically

' order

SubTropica can optionally stress-test the symbolic output by
comparing independently with PySecDec and FIESTA at a pownt:
Call STVerify[ ] after arun
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A simple example: constructing c.t. & integrating expansions

dxi da
](6) — / St Zli‘i CES (1 + 21 —|—a:2)_1_35
R

2 X1 L
>0 1 L2

Step #1. Find all leading divergent scalings z; — 2; A~ (A — 07) such that integrand ~ A ~/™I*ne

No p'= (a,b) € Z* : integrand ~ A~Iml+ne — no power divergent scaling

1 = (—1,0), po = (0,—1) : integrand ~ A\°* = marginal/log-divergent at ¢ = 0 <~

oy = (—1,—1): integrand ~ \*® = marginal but less (not leading) at e = 0 OZZ;Z‘”
03 = (1,1) : integrand ~ A\'*¢ = convergent at ¢ = 0

* Lor the experts: this “power counting™ 1s what the “Newton polytope™ wn tropical geometry gwes you and 1s actually how these are obtained in SubTropica



A simple example: constructing c.t. & integrating expansions

Step #2. Next we want to subtract to (¢) itself restricted on the leading divergent rays # = (p1, p2)

A nawe guess for the “renormalized integrand”™ would be

,
Tren — 7 — I|p1 — I\pz

| =x7x5(1+ x2) =3¢ I‘m = z525(1 4+ 1) =3¢

However, we cannot stop there because while this remove the diergence along p,

it introduces a “UV” dwergence at the opposite boundary x, — oo



A simple example: constructing c.t. & integrating expansions

Step #2. Next we want to subtract to (¢) itself restricted on the leading divergent rays # = (p1, p2)

One obvious option to smooth this out 1s to allow coefficients with the right support properties

Iren — 17 — UP11| — U'OQI|,02

where Vpi goes to 1 on the ray p; and vanishes as x; = oo. The simplest choice s

1
V,, =
pi 1 + .

1 lus way we kill the growth far from the ray without changing the boundary cancellation



A simple example: constructing c.t. & integrating expansions

Step #2. Next we want to subtract to (¢) itself restricted on the leading divergent rays # = (p1, p2)

However; this 1s still not enough because " should be finate (e.g., vanish) along the dangerous scalings, e.g,

= —(0,,0,,Z|
Pi (p’ P Pmm)

o
ren S A _ T — [ M
L |,07: N z.|,07; U,Oi|,0i I‘pi (Upjz‘pj) pi (Upivpjz‘pj) Pi
N——

=1

and so I*°" 1s only finite after we, e.g., add the “contact term™
Predictable = implementable
v Special case of Mabius inversion formula
ren __ = B —
1 =1 Uplz.‘pl U,Ozz‘ T U,Ol vpzz-‘




Hyperlogarithms i a nutshell

2 dt 1 q¢ fw=1q¢,,
Hizon o) = | o [  H(z2) =1
o t1—01 )y t2— 02 0 lw — Ow
H(z;0) = log z, H(z;0) =log(z — o) — log(—0o) (o # 0)
log(1 — 2z) = H(z;1), Li,(2)=—H(2;0,...,0,1), Lis(z)= —H(z;0,1)
\/—/
n—1
d 1
gH(Z;Ul,Ug,...,O}U) = T H(z;09,...,0u)




What are we left with after expanding the integrands in € ?

[ﬁnite (5, S) — d’nm

S i (Sl P)"
Ha7;<0 Pi‘ai‘ a; >0 Z

1 he procedure™ to express this kind of LR integral 1s implemented through the command HyperIntical ]

Log[1+ i] Log[1+ 3]2 Log[y]

In[39]:= EchoTiming [Hype rIntica [
X(1+y) (L+X+Yy)

, {X, 0, Inf'in'ity}]]

0.006606

Ouf39l= =z Log[y] (48 Hlogll, {@, 0, 0, ﬁ} +24Hlog[1l, {0, 0, 1, 1}] + 48 Hlog[l, {0, 0, ﬁ, 1}] - Hlog[l, {@, 0, l}y’ lfy}] 4 Hlog[l, {0, 0, -%, 1} .
24Hlog:l, {o, ﬁ, 0, 1}} -24Hlog[1, {0, ﬁ, 0, ﬁ}} -24Hlog[1, {o, 1fy, 1}y’ 1} +24Hlog[1, {@, ﬁ, -é, 1} +24Hlog[1, {ﬁ, 0 o 1}] .
24Hlog:l, {l—:_Ly, 0, 0, ﬁ}] —24Hlogll, {%y, 0, ﬁ, 1} +24H'Logll, {ﬁ, 0, —i, 1}} —24Hlog[1, {l:_Ly, l}y’ —é, 1}] o o mzv[3])

Log[1 + i] Log[1+ 3]2 Log[y]

In[51]:= HyperInt'ica[ X (L+y) (L+X+Y)

, {x, 0, Infinity}, {y, O, Inf'im'ty}]

0.44772
L A 127 Zeta[5]
Out[51]= 71 (15 > ) ~ 7 Zeta[3] + -

HyperIntica[ ] 1s (one of) the integration engine in SubTropica

* Ask me later for more details



Hyperlogarithms i a nutshell

where u Il v = all mergings of u, v preserving internal order

log® z = H(z:0)? = H(z;[0] L [0]) = 2H(z;0,0)

log z log(1 — z) = H(z;0)-H(z;1) = H(2;0,1)+ H(z;1,0)

H(z;0,1) = —Lis(2), H(z;1,0) = log(z)log(1l — z) + Lis(2)



Integration algorithm in a nutshell

Step 1 — standard form via partial fractions & shuffle:

H(x:; o
fn—l — Z (x('i_v 7_))16 >\5’,T,k

o,T,k

Step 2 — antiderivative F, 0,F = f,_1. Simple pole (k=1) :

H(x; o
/ (z;0) dr = H(z;1,0) (T — new first letter, weight + 1)
Xr — T

Step 3 — evaluate at endpoints:

fintegrated = lim F(ZB) — lim F($)

T —»OC r—0T



Integration algorithm in a nutshell

Trailing zeros (z — 0) :

H(z;0,0) = H(z;0) logz —H(z;0,0) = Reg,H(z;0,0) = —H(2;0,0)

Trailing (—A)’s (z — 00, A > 0) :
H(z; —A) = log(z +A) —logA = Reg., H(z;—\) = 0



