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Exact critical temperature bounds for
two-dimensional Ising models
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University of Alberta, Quantum Horizons Alberta



Phase Transitions

T=147 nK

SCiMaglev o '(,2\
605 km/hr e ([ 14 T

| ,‘ ” uperconducting

Maanets



Transition temperature (K)

Tc of superconducting materials

before 2015

180 g |l L4 ) b T v T v T
160 .
140 HgCaSrCuO |o -
120 + TICaSrCuO 9 .
BiCaSrCuO @ 1
100 YBaCuO o ]
80 LaSrCu0 . | ]
SmFeAs
60 | LaBaCuO i
! e o
40} g 82
I NbC NbN  VaSi Nb,Ge ]
20+ pp Nb e oLaFersy ]
- FY e —@ % Nb,Sn Nb-AlGe LaFePOg

0 P
1900 1920 1940 1960 1980 2000 2020
Year

T.,K

after 2015
<, 0,0 | S R .:lx 3
R fi t IC, (267 GP:
Sl S LaH,, (190 GPa) S .
YH](200 GPa)
® conventional H,S (155 GPa) @ YH; (183 GPa)
200 F ® fullerides |
@ ironbased
@ hydrides
® HTSC HgTIBaCaCuO
FeSe
100} iquid, .
_________________ R
0 i 5 . 1 . 1 . 1 1
1900 1920 1940 1960 1980 2000 2020

Time, year



Is there an upper limit to Tc?



Pomeranchuk Effect / Entropic Order:
Tc can be infinite for certain systems!
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Is this true for all systems?



classical Ising model
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classical Ising model
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frontier

integrability / complexity / computability
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Onsager’s solution (square lattice)

2 dk 27 de
Bfop = —log2 — = f / — log cosh(QBJ) — sinh(28.J)(cos k1 + cos ks)
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Onsager’s solution (square lattice)

27 27
Bfop = —log2 — % f dky / % log cosh (28.J)% — sinh(23.J)(cos k; + cos k3)

vanishes for E:O at T

| | . 0s ]
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sinh(28.J) =1 = T./J = = 2.26919

log(1 + v/2)




Onsager’s solution (square lattice)

1 [*"dk, [*" dk
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1 Q”dk T Ak
——10g2—2/ / —210g

cosh(QBJ)2 — sinh(28J)(cos ky + cos kg)i|

cosh(2BJ)2 + ;sinh(QﬁJ)sg(k)]

integral over 2D Brillouin zone

square lattice dispersion e(k) =

—2(cos k1 + cos k) shows up



1950/51: Triangular and Honeycomb lattice
(Houtappel; Temperley; Newell; Wannier; Husimi, Syozi)

2m
Bfr=—log2— %/ dky / % log [cosh 28J)% — sinh(2B.J)° + ;sinh@BJ)eA(k))]

Ter/J = — 3.64096

2
log v/3

27 2m
Bfuc = —log2 — i/ dhy / dks log[ ([Cosh(QﬁJ)] + 1+ %[Sinh(?ﬁJﬂzEA(k))]

2
Teuc/J = = 1.51865
Ho/ log(2 + v/3)

Kagome lattice (q=4): Tc does not only depend on q
(Kano, Naya, 1954)



BF(H) = —log2 + Llog(1 — £2) — — /logdet(]ltW(k))
4 u JK
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Kac-Ward matrix

t = tanh(5J)
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1
N, /klogdet(]ltW(k))

Bf(t) = —log2 + %_log(l 2y -

Square lattice
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11 Archimedean Lattices

e constant coordination number q
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11 Archimedean Lattices

e constant coordination number g

Archimedean Lattices

Lattice (max q te T./J
Triangular 6 6 0.26795 | 3.64095
SrCuBO 5 5 | 0.32902 | 2.9263

Trellis 5 5 1/3 2.88542
Maple-Leaf 5 5) 0.34430 | 2.7858
Square 4 4 | 0.41421 | 2.26921
Kagome 4 4 0.43542 | 2.14332
Ruby 4 4 1 0.43542 | 2.14332
Honeycomb 3 3 0.57735 | 1.51865
CaVO 3 3 | 0.60123 | 1.4387
SHD 3 3 | 0.61661 | 1.38982
Star 3 3 | 0.67070 | 1.23151




11 Archimedean Lattices

e constant coordination number g

Archimedean Lattices

Lattice Qmax q le Te/J
Triangular 6 | 0.26795 | 3.64095
SrCuBO 5 5 10.32902 | 2.9263

Trellis 5 5 1/3 2.88542
Maple-Leaf 5 5) 0.34430 | 2.7858
Square 4 4 | 0.41421 | 2.26921
Kagome 4 4 0.43542 | 2.14332
Ruby 4 4 1 0.43542 | 2.14332
Honeycomb 3 3 0.57735 | 1.51865
CaVO 3 3 | 0.60123 | 1.4387
SHD 3 3 0.61661 | 1.38982
Star 3 3 | 0.67070 | 1.23151

Tc and g clearly related!
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Laves Lattices = Dual Archimedean

* non-constant coordination number q

Laves-Star Laves-Kagome Laves-Trellis

5
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Laves-SrCuBO Laves-SrCuBO*
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Laves-CaVO Laves-Ruby Laves-Maple-Leaf




Laves Lattices = Dual Archimedean

* non-constant coordination number q

Laves Lattices

Lattice Gmax | q le Te/J
Laves-Star /ié 6 | 0.19711 | 5.00704
Laves-SHD | 12 6 | 0.23716 | 4.13629

Laves-CaVO 8 6 | 0.24904 | 3.93102
Laves-Kagome 6 4 0.39332 | 2.40546
Laves-Ruby 6 4 0.39332 | 2.40546
Laves-Maple-Leaf 6 3.33 | 0.48777 | 1.87572
Laves-Trellis | 4[| 3.33 1/2 1.82048
Laves-StCuBO | \4/ | 3.33 | 0.50486 | 1.79917

Tc and gmax are related




For the zero-field, ferromagnetic Ising model on any periodic tessellation
of the plane with maximal coordination number gmax we prove that:

mean-field bound

exact bound
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BF(E) = —log2 + Llog(1 — 12) — — /logdet(]ltW(k))
4 u Jx

2N.

0 = det(1 — t.Wp), Wy := W(0)

= t_ 1 = largest eigenvalue of Wj

/

non-universal, lattice-dependent




Bf(t) = —log2 + glog(l 2y -

1
I 1-— k
2Nu/k og det(1 — tW(k))

0 = det(1 — t.Wp), Wy := W(0)

= tc_l = largest eigenvalue of W

polar decomposition
M = RU
R=vVMIM>0




7l 1
BF(t) = —log?2 + glog(l 2y - N /klog det(1 — tW (k))

0 = det(1 — t.Wp), Wy := W(0)

= tc_l = largest eigenvalue of W

= 1. V< limax = \/ largest eigenvalue of WJ Wo

/

only depends on gmax

DN Joseph, IB, Phys. Rev. E 113, 064113 (2026)
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Non-Euclidean tessellations of the plane?

Bethe Lattice: Le = 2

J log qu2

Hyperbolic Lattices
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Tc Engineering: Apollonian Lattices
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DN Joseph, CM Walsh, IB, arXiv:2605.10017



Tc Engineering: Apollonian Lattices
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