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Phase Transitions



Tc of superconducting materials

before 2015 after 2015



Is there an upper limit to Tc?



Pomeranchuk Effect / Entropic Order: 
Tc can be infinite for certain systems!

Hawashin, Rong, Scherer, 
Phys. Rev. Lett. 134, 041602 (2025)

Han, Huang, Komargodski, Lucas, Popov, 
Nat. Commun. 17, 87 (2026)

Is this true for all systems?
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Onsager’s solution (square lattice)
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Onsager’s solution (square lattice)



1950/51: Triangular and Honeycomb lattice
(Houtappel; Temperley; Newell; Wannier; Husimi, Syozi)

Kagome lattice (q=4):  Tc does not only depend on q 
(Kano, Naya, 1954)



Kac-Ward matrix



Square lattice



• constant coordination number q

11 Archimedean Lattices
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• constant coordination number q
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Tc and q clearly related!



• non-constant coordination number q

Laves Lattices = Dual Archimedean



• non-constant coordination number q

Laves Lattices = Dual Archimedean

Tc and qmax are related



For the zero-field, ferromagnetic Ising model on any periodic tessellation 
of the plane with maximal coordination number qmax we prove that:

mean-field bound

exact bound



non-universal, lattice-dependent



polar decomposition



only depends on qmax

DN Joseph, IB, Phys. Rev. E 113, 064113 (2026)



data from 236 lattices

DN Joseph, IB, Phys. Rev. E 113, 064113 (2026)



Non-Euclidean tessellations of the plane?



DN Joseph, CM Walsh, IB, arXiv:2605.10017

Tc Engineering: Apollonian Lattices
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Tc Engineering: Apollonian Lattices



DN Joseph, IB, Phys. Rev. E 113, 064113 (2026)
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