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Regular polygons
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Polygons in negative curvature
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Gaussian curvature



Fitting polygons together
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Euclidean tessellations
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Regular p-gons Coordination q



Euclidean tessellations
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Regular p-gons Coordination q



Hyperbolic tessellations
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Poincaré disk representation
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Plane of constant negative curvature:

with metric

Hyperbolic geometry implies:

.

,

.



“Intrinsic” curvature scale
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Hyperbolic matter
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▪ Geometry beyond Euclidean crystals: curvature 
becomes an additional degree of freedom.

▪ Lattice ≠ atomic crystal: circuit QED, topolectric, 
photonic, and programmable architectures can 
realize graph connectivity directly.

▪ Hyperbolic lattices appear naturally in AdS/CFT 
tensor-network and quantum-error-correction 
constructions.

▪ Literature on single-particle systems is relatively 
mature, strongly correlated phenomena such as 
magnetism, superconductivity, Hubbard physics, and 
spin liquids are still developing.

A. J. Kollár et al., Nature 571, 45-50 (2019)



Hyperbolic Heisenberg model

We study the low energy, bulk properties of the 

hyperbolic Heisenberg antiferromagnet.
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Holstein-Primakoff transformation



Bethe lattice limit

The limit                    is the infinite regular tree 

graph – the Bethe lattice. 
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Resolvent of the adjacency matrix:



Continuum limit
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O(3) Nonlinear sigma model:



Euclidean overview

▪ Ground state (T=0) is Néel ordered, low energy subspace is Goldstone mode                  .

▪ Correlations (T=0) are long-range (massless):

▪ Finite temperature fluctuations destroy magnetic order (Mermin-Wagner theorem):
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Bulk density of states
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Global symmetry (Goldstone) 

mode contributes O(1/N) at zero 

energy.



Spectral gap
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Curvature induces magnon gap

q-regular Bethe lattice:

Continuum:



Zero-point fluctuations
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Curvature reduces quantum fluctuations



Critical temperature
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Infrared fluctuations are no longer divergent:



Transverse correlations
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:

Bethe lattice:

Continuum:

Transverse correlations have finite correlation length



Transverse correlation length
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Diverges when:



Conclusion

▪ Hyperbolic geometry changes the infrared 

phase space of spin waves, allowing finite-

temperature magnetic order with SU(2) 

symmetry.

▪ Negative curvature induces a bulk spectral 

gap, short-ranged transverse correlations, 

and reduced quantum fluctuations.
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