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Quantum Parameter Estimation

@@L

O In guantum metrology, instead of employing classical probes, quantum ones can be utilized to leverage quantum effects
and achieve greater precision.

U For a parameterized state, the lower bound for the variance of any unbiased estimator of the parameter, is given by the
Quantum Cramer Rao Bound
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L For a pure state quantum Fisher information can be calculated as

F(0) = 4[(0s¥109¥) —[{Ba¥|¥)|*]

[ For a mixed state we can write
F(0) =Tr|pl5]
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Hamiltonian of Mean Force & Effective Hamiltonians

The total Hamiltonian is written as:

I:Itot=I:IS+I:IB+I:II

dAway from the weak coupling limit the equilibrium state is given by the MFG.
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is the partition function associated with the HMF. HMF is:

e = — 2 (Trele e L (Tl et to caleulate so it ient to find anoth h
s=—5ln Tl 7] ) = 7 n o (difficult to calculate so it is convenient to find another approach)

Polaron Transformation: The polaron transformation allows to unitarily map the system to the polaron frame where
the system Hamiltonian is dressed by the system-bath coupling, giving an effective Hamiltonian.
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Hill's Nanothernmodynamics & TDEL

O The core idea of Hill's nanothermodynamics or thermodynamics of small systems is that a large
ensemble of small systems should yield the same thermodynamic behavior as a large system.

O For an ensemble of nanosystems, the Euler equation is
Et = TSt - th + ,uNt + EN

O Dividing by the number of nanosystems, we get
E=TS—pV+uN+E=U+E

In the equation above E = E;/N',V =V, /N, N = N /N and U is the internal energy without
considering FS effect.
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(Parts I and II)

The subdivision potential € is temperature-dependent and can be related to an effective Hamiltonian as

OEy,
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If the microscopic effective Hamiltonian is not known, we can extract the subdivision potential via a linear ansatz

F(B,N) = NF,(B) + £E(B)



The Model

dThe bare system, interaction and bath Hamlltonlans are

Hg = ——Z[(1+y)“x“,’f+1 +(1-y)é; n+1] hz
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O After performmg a full polaron transformation the effective system Hamiltonian becomes
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Finite-size Partition Function

(dWe can diagonalize the bare and dressed Hamiltonians by applying Jordan-Wigner, Fourier and Bogoliubov-Valatin
transformations. In the diagonal basis the quasiparticle field operators become:
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U The diagonalized Hamiltonian can be written as a direct sum of its positive and negative parity sector contributions.

H* = Tyex+ € (77k77k - ‘) NRIT*,  H™ = Tyeg-\(om €k (ﬁltﬁk - %) t € (ﬁgﬁo - %) t € (Unﬂn - ‘) NhII~

QThe fermionic dispersion relation becomes €, = 2,/ (h — Jcosk)? + J2y2sin2k.

U The finite-size partition function is written as
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U In the asymptotic limit, PPA becomes accurate and partition function is written as a product.
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QFI Calculations

The total QF! can be written as a sum of classical and quantum contributions.
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dApplying this to our system we get
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The free entropy and CFl are related via —; Y _ <(M>2> — <M>2 — <m> =F(a) — <m>

L Using the phenomenological approach, we can also define an expression for QFI as
(
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Results: Comparing QFI
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Comparison between QFI calculated for 3 cases. Top panel: QFI calculated for h (a) at WC, (b) at SC, (c) using the phenomenological approach. Bottom panel: QFI 5
calculated for S (d) at WC (e) at SC, (f) using the phenomenological approach. The parameters are N =8,/ = 1,y = 0.25,g = 0.2
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Results: Effect of Neglecting FS Effects

The ratio of the QFI with and without assuming PPA is given by R(a) = Fppa(a)/F(a).
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Results: Effect of System-Bath Coupling Strength
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Results: Scaling

l09(Frmax(h))

- \\/C

1 3 4
log(N)
The ansatz is derived using finite-size scaling theory as Fjax(a) = aN¢ + % + c.
'3 a b C
Fmax(h) 0.999 6.093 -27.930 18.290
Fmax(B) 0.989 4.794 18.671 -3.514
Frax (R 0.973 3.055 -5.178 2.192
FRax(B) 0.995 1.255 0.310 -0.123

10



Conclusion

¢ FS introduce significant and systematic corrections to QFI that persist well beyond very small system sizes. Approximations based
on thermodynamic-limit arguments, such as PPA, can therefore lead to substantial misestimation of achievable precision

¢ Strong system—bath coupling qualitatively modifies metrological performance. While it generally suppresses sensitivity, it can

enhance thermometric precision in low-temperature regimes and shift optimal operating points. Utility of SC in low-temperature
thermometry is also shown.

*» Phenomenological thermodynamic approaches, including those based on subdivision potentials and temperature-dependent energy
levels, fail to reliably capture these effects, highlighting the necessity of a fully microscopic description
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