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Gravity=spacetime geometry

(Science)

(University of Oregon)

Usual formulation in terms of metric g,



Gravity=spacetime geometry

Choice of
variables
matters

(Science)

(University of Oregon)

Alternative characterization of gravity: Cartan formalism
using (co)frame field e and spin connection 4
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Quantum gravity goal: make sense of the partition function
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Choice of
variables
matters?

What
about the
action?
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Looking for the Quantum Gravity keys?

ultimately we hope experiments will somehow indicates where the
quantum gravity regime keys are.
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Is this where
the QG theory lies?

| don’t know but at least here | can see




(Quantum) topological models can be seen as backbone of a (quantum) gravity theory

Gravity
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TAHB =S  “Fake flathess”
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dyAB =0 “2-curvature”



(Quantum) topological models can be seen as backbone of a (quantum) gravity theory

Gravity

JQS’ ANF(A)— %T(%) NS

Lattice with edge and face
decorations

2-holonomy d;% =0

y=1

O — t »
TE = F [(y)u, = U, “Fake flatness “o_curvature”



A strict Lie 2-algebra is crossed module of Lie algebras

(bl&>) J;€Eg X €}

T([Xsz]) — [T(Xl)a T(Xz)]

TUr>X)=1[J,T(X)]

Strict Lie 2-algebra are
exponentiated to strict Lie 2-group

Baez-Crans
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Symmetries of 4d BF theory, aka 4d Chern-Simons thy

: : T B
Higher gauge thy for Lie 2-algebra () — g, > ) Girem,ale,?eiffer
Jurco, Raspollini, Saemann, Wolf
Connection 2 = @A 2) € @AM S (h @ A’M) ’
gx:\ 1\ gxz
Curvaturedata, § = (F - TX, d,X2=dX+AD>2). 4 '\66‘

Y
I
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1- and 2-gauge transf parameterized by (B, ) € GRAM © §h @ A'M,

1
Sy = da, ) + 1, (o, ), = (AN + 7). BB+ duh + = )
S = 17 (. ), = (TS, WS + (F=TS) > §)

2-adjoint action!

Generalized Maurer Cartan forms: A =(A,X) € (@@ A'M) D (Hh® A*M)
1
dA+E[A/\A] =12, d2=0
1
solution: A=u"'du+1tp  B=d,p+ E[qb N

“Pure 2-gauge”



For Lie (quantum) 2-groups, we do not have the
representation theory for most relevant groups, nor
the harmonic analysis (Peter-Weyl theorem). ..

See however Baez-Baratin-Freidel-Wise

Some interesting math to do!




Defects

Curvature defects can be introduced:

String-like: curvature  F(«) — TB = S5%(x)

!
(
/

Exactly the structure to construct
Kitaev model in 3+1
(typically for finite 2-groups)

Point-like: 2-curvature d B = ps(x)




(Quantum) topological models can be seen as backbone of a (quantum) gravity theory

A 1
Plebanski o €303, Q@AM Sp = J%’A?(&i) —393’/\95’ —Eqb@/\%’

L Itipli
Tpi (B) = (Aid + ) B = F agrange multiplier

Cf review by Freidel-Speziale



(Quantum) topological models can be seen as backbone of a (quantum) gravity theory

A 1
Plebanski o €303, Q@AM Sp = J%A?(ﬂ)—;%’/\%—ng@/\%

L Itipli
Tp;(B) = (Nid + ¢p)AB = agrange multiplier

ax GA ~ 107120

Gives Immirzi

Freidel-Starodubtsev of = (w, ¢) € 80(4,1) @ A'M
(MacDowell-Mansouri) / /

Ty (B) = (fid + % B =

Cf review by Freidel-Speziale



(Quantum) topological models can be seen as backbone of a (quantum) gravity theory

A 1
Plebanski o €303, Q@AM Sp = J%A?(ﬂ)—;%’/\%—ng@/\%

L Itipli
Tp;(B) = (Nid + ¢p)AB = agrange multiplier

ax GA ~ 10712V

Gives Immirzi

Freidel-Starodubtsev of = (w, ¢) € 80(4,1) @ A'M
(MacDowell-Mansouri) / /

Ty (B) = (fid + % B =

Herffray-Krasnov & € 80(3,C) ® A'M A
S = J@ ANF — ?93’ AB+— ; (Tr(\/gf;’ A B))?

T (B) = (ASY — aTr(/X) X~Y) B, = FI, XV = B' A B’

Cf review by Freidel-Speziale



(Quantum) topological models can be seen as backbone of a (quantum) gravity theory

Gravity

J%’ A F () - %T(%) A B

ZQG ~ J[Dgg] [Dd]eif@Ag(ﬂ)—%T(%)A@+ -

hard but proposals
(Eg EPRL-FK model)




Topological theory from matter

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which background geometry is

given by frame field e and spin connection A.
Z nCperga P)

We assume constant curvature and no torsion: F(A) =0, T(e,A) =de =0

ad=(A,e), F=(FQA),Te,A) e i30(3,1) @ A’°M,



Topological theory from matter

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which background geometry is
given by frame field e and spin connection A4.

Zz m(ebckgd’ o)

We assume constant curvature and no torsion: F(A) =0, 7T(e,A) =de =0

d=(Ae), §F=(FA),T(e,A) € is0(3,1) Q@ A°M,
Use Lagrange multipliers 8 = (B, %) € i80 (3,1) ® A2M to implement these constraints

ZCperoar P) = £ (€, O) + BAF

Topological sector appears!

We have enlarged the space of possible backgrounds: degenerate frame field/metrics are also allowed.



Topological theory from matter

Conversely, consider matter fields @ with no spin on a 4d flat spacetime, which background geometry is

given by frame field e and spin connection A.
gm(ebckgd’ (D)

We assume constant curvature and no torsion: F(A) =0, 7T(e,A) =de =0
d=(Ae), F=(FQA),T(e,A) € i80(3,1) ® A*M,
Use Lagrange multipliers B = (B,2) € iéo*(3,1) R A*M to implement these constraints

ZCperoar P) = £ (€, O) + BAF

Topological sector appears!

We have enlarged the space of possible backgrounds: degenerate frame field/metric is also allowed.

Analogue of Einstein equation can be seen as a 2-curvature data

0
_(e, (D) — dAZ
oe

Matter can be seen as 2-curvature excitation.

Gauge symmetry on frame field sector = stress energy tensor conservation
Dupuis, Girelli, Hyrtseniak, wip



Topological theory from matter

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which background geometry is
given by frame field e and spin connection A.

Z n(Cpergar P)
We assume constant curvature and no torsion: F(A) =0, 7T(e,A) =de =0
d=Ae), F=(FQ),T(e A)) € i30(3,1) @ A’M,
Use Lagrange multipliers B = (B,2) € iéo*(3,1) R A*M to implement these constraints

Z pergas ©) = L (e, PC) + BAF

Topological sector appears!

Similar result can be obtained from Feynman diagrams of scalar field theory

Feynman diagrams (scalar field in Minkowski) =
particle excitations in a topological 2-state-sum

Baratin-Freidel

J[d¢]eifS[¢,e] — J[a’qﬁ] [dA[dB]e! ! Sibel+BAF



Two possible improvements of standard approach

Plebanski/ 1
Spinfoam/ & € 80(3,1) ® A'M Sp = [95’ ANF(A)— Egb@ A B

LQG .y
_ Lagrange multiplier
Tp(B) = B = F

Frame field not explicitly present in this formulation
Makes things complicated to couple to matter!
Is it really the best formulation?

ZoG ~ J[D%’][Dﬂ]e” BAF (A)—LT(B)NB+ -

Shouldn’t we use 2-group representations?



A better formulation?

Spinorial BF action ¢,y € AM® C?, 9n,¥r e A°M Q C?

[‘”JZA Ady, + 7 Ndgpy + VYt A m,

Global SL(2,C) symmetry
2-group gauge symmetry C> — C?



A better formulation?

Spinorial BF action ¢,y € AM® C?, In,%re A°MQ C?

JwﬂA A dl//A + ¢7TA A d¢A + WﬂA A ¢7TA

Global SL(2,C) symmetry
2-group gauge symmetry C> — C?

Make SL(2,C) local: introduce constraint using Lagrange multiplier A AB Dupuis, Girelli, Hyrtseniak, Wieland




A better formulation?

Spinorial BF action ¢,y € AM® C?, In,%re A°MQ C?

JwﬂA A dl//A + ¢7TA A d¢A + WﬂA A d)ﬂ’-A

Global SL(2,C) symmetry

Make SL(2,C) local: introduce constraint using Lagrange multiplier A AB Dupuis, Girelli, Hyrtseniak, Wieland

= J‘/’ﬂ“‘ AV, + 78 AV, +Ya Nn,

= self dual gravity (up to boundary term) Robinson
Wy = €xpn  Pa = ey



A better formulation?

Make SL.(2,C) local: introduce constraint using Lagrange multiplier A AB Dupuis, Girelli, Hyrtseniak, Wicland

= JWﬂA AV + P2 AV, + V7t AN ¥n,

= self dual gravity (up to boundary term) Robinson

Gravity appears from topological theory (2-symmetries)
by imposing local gauge symmetry
(which breaks some of these 2-symmetries)

Particle can be introduced at the topological level
Dupuis, Girelli, Hyrtseniak, Wieland

Can construct a Kodama state for zero cosmological constant!



Summary

4d BF theory have symmetries encoded by Lie 2-groups.
4d BF theory can be used to define gravity action in many different ways
4d BF theory naturally appears from matter Lagrangians

We proposed yet another formulation of gravity using 4d BF theory
— > Gravity appears by making a global SL(2,C) symmetry local.
— > Frame field 1s present from the get-go.
—> This allows to include particles as topological defects

Need to study Lie (quantum) 2-group representations to define 4d BF partition functions

To tweak them to define QG models

ZQG ~ J'[DQS’] [D!Q[]eif@Ag(ﬂ)—%T(@)A@+ -




Back up slides



e Many formulations of 4d gravity start from a topological theory
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morphisms
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Probing topology




Probing topology

Cylinder: circle cannot be shrunk

Probing the fundamental homotopy group 7;(M)



Probing topology

Cylinder: circle cannot be shrunk

Can be decorated by some group element keeping track of topology.

Probing the fundamental homotopy group 7;(M)



Probing topology

Cylinder: circle cannot be shrunk

Can be decorated by some group element keeping track of topology.

Probing the fundamental homotopy group 7;(M)

Essential 2-sphere: 2-sphere cannot be shrunk

Need a surface to probe such object

Probing the second homotopy group 7,(M)



Probing topology

Cylinder: circle cannot be shrunk

Can be decorated by some group element keeping track of topology.

Probing the fundamental homotopy group 7;(M)

Essential 2-sphere: 2-sphere cannot be shrunk
Need a surface to probe such object

Probing the second homotopy group 7,(M)

Can be decorated by some group element keeping track of topology.



Decorated paths composition

Y /\ﬁ%L/a &n;P
O/\f‘
~

%

S: source T : target

0/-\%__/‘

S(3) Tly)

Ceoduck = & f T(a) = s:(sq,).

Groupoid structure. (3 é M
-



Composing surfaces?

fi f2

f3 [

(f17f27f37f4)?




Composing surfaces: geometric compatibility

(fiovf3)|(feovf4)

(frovf3)*u (f2ov fa)

S

fi

fo

f3

fa




Composing surfaces: geometric compatibility

(f1ovfs)|(f2ovfa)

(f1ovf3)xu (f2ov fa)

/

fi

f2

f3

fa

\

(f1*m f2)

(f3*mf4)

(f1%m f2) ov(fa*xmfa)

(frovfs)xm (faovfa) = (fixm f2) ov(fs*m]4)




Composing surfaces: geometric compatibility

fi

f2

fa

/ f

(fiovfs)|(faovfa)
LeaG
(frovfz)*xu (f2ov f1)
Group product:

\

(S1* fa)x (f2x fa) = (f1x f2) * (f3*[fa)

Eckmann Hilton argument

(f1*m f2)

(f3*mf4)

(f1%m f2) ov(fa*xmfa)

faxfa = fax f3




Composing surfaces: geometric compatibility

Solution: double groupoid

+ Compatibility rules

S \\
\ / V1V2

Brown, Spencer



Composing surfaces: geometric compatibility

Solution: double groupoid

hy

2N\, [ T ~commpimn
\\ / patibility

Brown, Spencer

hy

Exemple: crossed module = strict 2-group

H=G, V=1 /D

Y

Hy)u, = u
F:G1[><G29f:(u,y) U t

t: Gy — G “Boundary map”
G113 t(y) = 1(f)s(f)

tu>y) =ut(y)u
ty) >y =ypy




Composing surfaces: geometric compatibility

Solution: double groupoid

hy

2N\, [ T ~commin
\\ / patibility

hy

Exemple: crossed module = strict 2-group

H=G,, V=1 /D

Y

H(y)u, = u,
F=GixGy> f=(u,vy) U :

t:Gy— Gp  “Boundary map” Identity 2-group: t = id
G135 ty) = 7 f)s M (f) face 1s totally characterized by boundary
tu>y) =ut(y)u Skeletal 2-group: t = 1

ty) >y =yypy face 1s totally independent from boundary



Generalization of lattice gauge theory

t(y )us — ut
Lattice with edge and face decorations



Generalization of lattice gauge theory

iR
gxlf\ 6' \ gxz
& /)’} /‘6 L
A ’ — /
t(y)us — uz' t(ﬂ) gxll ugxz — U

Lattice with edge and face decorations 2-principal bundle



Generalization of lattice gauge theory

R
Z 8x,| o | 8
A A
S grlug, =u
Lattice with edge and face decorations 2-principal bundle

Interpret these group elements as holonomies: u = Pexp(J A) , y= Sexp( ”2)
Y

need to have connection 1-form and 2-form, need to perform infinitesimal limat.

Baez, Schreiber

Lie 2-algebra??

Need 2-vector space definition!



Attention:

e Angulo’s representation theory
e 2-Hopf algebras (Chen-Girelli)
¢ Crossed modules

“Natural” from
an algebra
perspective

2-adj action!

there are 2 different notions of 2-vector spaces.

Kapranov-
Voev‘odsky

¢ Condensed matter models
(topological order): mainly inspired by
finite groups and category theory

¢ Douglas Reuter state sum.

¢ Baez-Baratin-Freidel-Wise 2-
representation theory (building up on
Crane,Yetter.....)

“Natural” from a
category
perspective



Attention: there are 2 different notions of 2-vector spaces.

e Angulo’s representation theory
e 2-Hopf algebras (Chen-Girelli)
¢ Crossed modules

finite groups and category theory

¢ Douglas Reuter state sum.

¢ Baez-Baratin-Freidel-Wise 2-
representation theory (building up on
Crane,Yetter.....)

ﬁ Baez-Crans \Iic?ggg(s)l; ¢ Condensed matter models
L IXIXD o : 7 (topological order): mainly inspired by

“Natural” from
an algebra
perspective

2-adj action!

“Natural” from a
category
perspective

Baez-Crans 2-vector space

Baez-Crans 2-vector space 1s given 1n terms of a pair of vector spaces, with a linearmap¢: W - V

W and t encode the transformations on V' V= Vv+tw



2-vector space can be made a Lie 2-algebra, with a 2-bracket.

Replace the vector spaces by Lie algebras, with an action of g on [

Vwg, Wwlh VOWwgX]

Lie 2-algebra structure  gX b =g

Lie 2-bracket: [y, X)) (1, Xp)1, = (U3 o], U1, X)) B> X — 5(J, Xo) B> X))
(Satisfies 2-Jacobi) ,
= ([J; L], [ X X+ > X, —J, B> X))

J;€g X €}



2-vector space can be made a Lie 2-algebra, with a 2-bracket.

Replace the vector spaces by Lie algebras, with an action of g on [

Vwg, Wwlh VOWwgX]

Lie 2-algebra structure  gX b =g

Lie 2-bracket: [y, X)) (1, Xp)1, = (U3 o], U1, X)) B> X — 5(J, Xo) B> X))
(Satisfies 2-Jacobi) ,
= ([J; L], [ X X+ > X, —J, B> X))

J;€EG X €}

Equivalently a strict Lie 2-algebra is crossed module of Lie algebras

(5L g.>)
(X, X5]) = [1(X,), t(X,)]

Strict Lie 2-algebra are
(X)) > X, =[X,X . S
X0 2 = X1, X exponentiated to strict Lie 2-group

f(] > X) — [J, f(X)] Baez-Crans



Elements of 2-representations

Consider a vector space V, a representation of a Lie algebra/Lie group on V is given in terms of a matrix

0
What is a “matrix” on a Baez-Crans 2-vector space V= (W — V)?

Sheng-Zhu
Angulo Santacruz



Elements of 2-representations
Consider a vector space V, a representation of a Lie algebra/Lie group on V is given in terms of a matrix

0
What is a “matrix” on a Baez-Crans 2-vector space V= (W — V)?

Sheng-Zhu
Angulo Santacruz

It is given in terms of a pair of matrices (M, m) and a map A
(M,m) € GL(W) @ GL(V) = GLy(V) : objects oM = mo

A € Hom(V,W) = GL;(V) : maps between objects AA = (id + Ao, id + 0A)

GL(V) is itself a Lie 2-group.



Elements of 2-representations
Consider a vector space V, a representation of a Lie algebra/Lie group on V is given in terms of a matrix

0
What is a “matrix” on a Baez-Crans 2-vector space V= (W — V)?

Sheng-Zhu
Angulo Santacruz

It is given in terms of a pair of matrices (M, m) and a map A

(M, m) € GL(W) @ GL(V) = GLy(V) : objects oM = mo
A € Hom(V,W) = GL;(V) : maps between objects AA = (id + Ao, id + 0A)

GL(V) is itself a Lie 2-group.
2-Adjoint action is a 2-representation of this kind!

General representation theory of strict Lie 2-groups is not generally known

If W=0, this collapses to standard representations/matrices



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Higher gauge thy for Lie 2-algebra g X ) =g

Baez
Girelli, Pfeiffer

Connection &f = (A, Z) = (g 0% AIM) D (I) QR AzM) Jurco, Raspollini, Saemann, Wolf

Curvaturedata, ¥ = (FF— 12, d,X=dX+AD>2).



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

. . Baez
Higher gauge thy for Lie 2-algebra ¢ X §h = g Girelli, Pfeiffer

Jurco, Raspollini, Saemann, Wolf

Y

Connection o/ = (A,Y) € (@ A'M) ® (h ® A°M) >

N

8,
Curvaturedata, ¥ = (FF— 12, d,X=dX+AD>2). | qé(’”

Y
I

'\ ng

1) gy ug, =u

1- and 2-gauge transf parameterized by (o, ) € g A’M B Hh @ A'M,

1
Sap™ = da. §) + 1, (@, P)l, = (da+ A, a] + 1), a & T+ dyp + =1, p))

S p? = [F, (Pl = (F—1Z,a],a> dyZ + (F - 1X) > @]

2-adjoint action!

Generalized Maurer Cartan forms: & =(A,X) € (@@ A'M)D (h Q@ A’M)
1
dA+E[A/\A] =12, d2=0
1
solution: A=u"'du+tp B=dup+ 5[¢ N

“Pure 2-gauge”



Higher gauge theory natural object to discuss topological theory in 4d




Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Construct a 4d action to implement flat 2-curvature & = 0, a “2-BF” theory
This is called 4d Chern-Simons thy by some.

Sopr = (BA(F—12))+(CAdZ).



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Construct a 4d action to implement flat 2-curvature & = 0, a “2-BF” theory
This is called 4d Chern-Simons thy by some.

Lagrange multipliers —

(C,B) € (h* @ A'M) @ (g* ® A°M),

which also transform under the 2-adjoint action,

V\

Use an invariant bilinear form (, )
invariant under the 2-(co)adjoint action.

(Lol xa) = = L xal)s x5 € LieG, y, € LieG*



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Construct a 4d action to implement flat 2-curvature & = 0, a “2-BF” theory
This is called 4d Chern-Simons thy by some.

—12)) + (CAdZ) ~—_

Use an invariant bilinear form (, )
invariant under the 2-(co)adjoint action.

(L xads3) = = (s s xal)s x5 € LieG, y; € LieG*

Lagrange multipliers —

(C,B) € (h* @ A'M) @ (g* ® A°M),

which also transform under the 2-adjoint action,

Canonical variables
O =BASA+CASZ (B,C) « (A,Y) 1-2-connections dual to each other.

There 1s a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity.

Natural symmetry given by a matched pair of Lie 2-algebras, LieG* X Lie(

Classical 2-double LieG* M LieG, with cocycle structure



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Construct a 4d action to implement flat 2-curvature & = 0, a “2-BF” theory
This is called 4d Chern-Simons thy by some.

c\SDZBF
Lagrange multipliers —
(C,B) € (h* @ A'M) & (¢* ® A*M),

which also transform under the 2-adjoint action,

Use an invariant bilinear form (, )
invariant under the 2-(co)adjoint action.

(L xads3) = = (s s xal)s x5 € LieG, y; € LieG*

Canonical variables
O =BASA+CASZ (B,C) « (A,Y) 1-2-connections dual to each other.

There 1s a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity.

Natural symmetry given by a matched pair of Lie 2-algebras, LieG* X Lie(

Classical 2-double LieG* M LieG, with cocycle structure

Generalization of bi-algebra used for quantum group, integrable systems...

(Used by Hank Chen to construct higher dimensional integrable systems, generalization of Fock-Rosly
construction to 4d.)



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Construct a 4d action to implement flat 2-curvature & = 0, a “2-BF” theory
This is called 4d Chern-Simons thy by some.

™~

Use an invariant bilinear form (, )
invariant under the 2-(co)adjoint action.

(L xads3) = = (s s xal)s x5 € LieG, y; € LieG*

Lagrange multipliers —

(C,B) € (h* @ A'M) @ (g* ® A°M),

which also transform under the 2-adjoint action,

Canonical variables
O =BASA+CASZ (B,C) « (A,Y) 1-2-connections dual to each other.

There 1s a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity.

Natural symmetry given by a matched pair of Lie 2-algebras, LieG* X Lie(

This 2-BF theory is a BF theory with symmetry ((f)* X g) X (g* X ) 3 h* X g)up to a
boundary term



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Construct a 4d action to implement flat 2-curvature & = 0, a “2-BF” theory
This is called 4d Chern-Simons thy by some.

Sopr = (BA(F—12))+(CAdZ). o

Use an invariant bilinear form (, )
invariant under the 2-(co)adjoint action.

(L xads3) = = (s s xal)s x5 € LieG, y; € LieG*

Lagrange multipliers —
(C,B) € (h* @ A'M) & (¢* ® A*M),

which also transform under the 2-adjoint action,

Canonical variables
O =BASA+CASZ (B,C) « (A,Y) 1-2-connections dual to each other.

There 1s a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity.
Natural symmetry given by a matched pair of Lie 2-algebras, LieG* X Lie(

This 2-BF theory is a BF theory with symmetry ((f)* X g) X (g* X ) 3 h* X g)up to a
boundary term

Srpgp+dA(CAZY=(BAF—12)) +(ZANd,C)=(BANF) —%(T(QS’)/\%).

Canonical variables
O =BAOA+2AC=BNOA B=MB,2)>AC)=oA



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Not all BF theories are double of 2-symmetries. This 1s the analogue of Chern-Simons vs BF theory in 3d

4d BF thy for .
3d Chern-Simons gp = 80(2,1), 30(3). 4d Chern-Simons

thy with Lie 2-algb
thy with Lie algb g gf’)‘ depends on the value of Li); G &
the cosmological constant,

BF thy = Chern-
Simons thy with
Lie algb

g =g Mg

2-BF thy = 4d Chern-
Simons thy with Lie algb
3d gravity for LieG = LieG] X LieG,
go = 30(2,1), 30(3).

g, depends on the value of

the,cosmological constant.



Phase space of discrete geometries from 2BF

-BF thy = 4d Chern-
Simons thy with Lie algb

LieG = LieG} X LieG,

No loss of information by discretizing the manifold and smearing the variables (lattice picture)



Phase space of discrete geometries from 2BF

-BF thy = 4d Chern-
Simons thy with Lie algb

LieG = LieG} X LieG,

No loss of information by discretizing the manifold and smearing the variables (lattice picture)

Phase space constructed in terms of decorated triangulation and dual triangulation.

In particular we can have edge information: frame field

Can define homogeneously curved 3d discrete geometry
Use non abelian decorations on the triangulation

Girelli Tsimiklis
Ferreira Oliveira, Girelli, Riello, wip



Quantum theory

For some choices of Lie 2-group, we know how to discretise the partition function

J[dA][dC][dZ][dB]eifM<LG/3A3"”> ~ J[dg][dh]]'[(sa(h)]'[g) sC 1 »

face links polyhedra

This partition function is a topological invariant for the manifold: invariant under Pachner moves.



Quantum theory

For some choices of Lie 2-group, we know how to discretise the partition function

J[dA][dC][dZ][dB]eifM<LG/3A3"”> ~ J[dg][dh]]'[(sa(h)]'[g) sC 1 »

face links polyhedra

This partition function is a topological invariant for the manifold: invariant under Pachner moves.

J[dA][dC][dZ] [dB]e!u(BNF=3T(B) , 99

Standard picture up to now for & € $0(4)

[dggdﬂeifm%% ~ {15/} 50w

Does not use any 2-representations: missing data?
Lacking edge information, not easy to introduce matter.



Quantum theory

For some choices of Lie 2-group, we know how to discretise the partition function

J[alA][dC][dz][dB]e”M<93A=9"~> ~ [[dg][dh]Hé(r(h)Hg) s I »

face links polyhedra

J dBddde' ') ~ {15} g0

For Lie 2-groups, we do not have the representation theory for most relevant groups, nor the
harmonic analysis (Peter-Weyl theorem). ..

Some interesting math to do!



Quantum theory
For some choices of Lie 2-group, we know how to discretise the partition function

J[alA][dC][dz][dB]e”M<93A=9"~> ~ [[dg][dh]Hé(r(h)Hg) s I »

face links polyhedra

For Lie 2-groups, we do not have the representation theory for most relevant groups, nor the
harmonic analysis (Peter-Weyl theorem). ..

Some interesting math to do!

Note that:
- state-sums have been constructed using 2-categories associated with finite 2- Cui
groups Douglas-Reutter

- For the Poincaré 2-group, we were able to connect the BF partition with a 2-state-
sum built independently by Korepanov and Baratin-Freidel.

Asante-Dittrich-Girelli-Riello-Tsimiklis



Defects

Curvature defects can be introduced:

String-like: curvature  F[A] — £ = S5%(x)

!
(
/

Exactly the structure to construct
Kitaev model in 3+1
(typically for finite 2-groups)

Point-like: 2-curvature d,Z = p&i(x)




Matter and topological theory

Consider topological theory
L =BAE

d=(Ae) €d041)QAM, F=FQA) +Aere,T(e, A))E 30(4,1) @ A°M,
B =(B,X) €30 (4,1)QAN*M
Implement point like topological defects : 2-curvature defects L' =BANF —A -1

d,B=r 7 = (05%(x), p5°(x))



Matter and topological theory

Consider topological theory
L =BAE

od=(Ae) €0l 1) QAM, F=FA) +Aere,T(e, A)) € 30(4,1) R A*M,
B=(B,Y) e 30 (4,1)QANM

Implement point like topological defects : 2-curvature defects L'=BANF - -x
d,B=n 7 = (66%(x), p&°(x))

Introduce fields to re-establish gauge invariance in the action (same as particle in 3d gravity)

We recover the usual spinning particle moving on a constantly curved space
VTSC‘b 4+ eTapb _ epra — 0 Freidel-Kowalski-Glikman-Starodubtsev

1 % a v
(VTpa)eua — §5ab Rw/abz ‘|‘paT,u1/ 2



Matter and topological theory

Consider topological theory
L =BAE

od=(Ae) €0l 1) QAM, F=FA) +Aere,T(e, A)) € 30(4,1) R A*M,
B=(B,Y) e 30 (4,1)QANM

Implement point like topological defects : 2-curvature defects L'=BANF - -x
d,B=n 7 = (66%(x), p&°(x))

Introduce fields to re-establish gauge invariance in the action (same as particle in 3d gravity)

We recover the usual spinning particle moving on a constantly curved space

VTgab 4+ eTapb — epra — 0 Freidel-Kowalski-Glikman-Starodubtsev
1 b . .
(Vipa)e,” = 5 Sab R, 2+ padun" 27

Analogue of Einstein equation can be seen as a 2-curvature data d ﬂ% =T

Matter can be seen as 2-curvature excitation.

Standard particle is already present at the topological level



Matter and topological theory

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which geometry is given by
frame field ¢ and spin connection 4. Z (e, D)



Matter and topological theory

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which geometry is given by
frame field ¢ and spin connection 4. Z (e, D)

We assume constant curvature and no torsion: F(A) =0, T(e,A) =d,e=0

d=(Ae), F=(FQA),T(e A)E i80(3,1) ® A’M,



Matter and topological theory

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which geometry is given by
frame field ¢ and spin connection 4. Z (e, D)

We assume constant curvature and no torsion: F(A) =0, T(e,A) =d,e=0
d=(Ae), F=FA),T(e,A)Eido(3,1)QA°M,
Use Lagrange multipliers 8 = (B, %) € i80 (3,1) ® A2M to implement these constraints

L (e,P)~ L (e, D)+ BAEF

Topological sector appears!

We have enlarged the space of possible backgrounds: degenerate frame field/metric is also allowed.



Matter and topological theory

Conversely, consider matter fields ® with no spin on a 4d flat spacetime, which geometry is given by
frame field ¢ and spin connection 4. Z (e, D)

We assume constant curvature and no torsion: F(A) =0, T(e,A) =d,e=0
d=(A,e), F=(FA),T(e,A) € id3o(3,1)® A*M,
Use Lagrange multipliers B = (B,2) € iéo*(3,1) R A*M to implement these constraints

L (e,P)~ L (e, D)+ BAEF

Topological sector appears!

We have enlarged the space of possible backgrounds: degenerate frame field/metric is also allowed.

Analogue of Einstein equation can be seen as a 2-curvature data

0L
—(e, D) =d\ =
oe

Matter can be seen as 2-curvature excitation.

Gauge symmetry on frame field sector = stress energy tensor conservation

Dupuis, Girelli, Hyrtseniak, wip



Matter and topological theory

Feynman diagrams (scalar field in
Minkowski) = particle excitations in a

topological 2-state-sum
Baratin-Freidel

Ip:/ d*zy---d*2, Or(l7; — 7)),  Or= ] GF(@ - %))
R4



Matter and topological theory

Feynman diagrams (scalar field in
Minkowski1) = particle excitations in a

topological 2-state-sum

Baratin-Freidel

IF — / d45131 O d433n OF(‘fZ — fj
R4

This 2-state-sum 1s

> associated with Poincaré
2-group

Baratin-Freidel

v

Such 2-state-sum 1s associated with
BF theory with the Poincaré 2-

group
Asante, Dittrich, Girelli, Riello, Tsimiklis



Matter and topological theory

, , This 2-state-sum 1is
Feynman diagrams (scalar field in )
Minkowski1) = particle excitations in a

> associated with Poincaré
. 2-orou
topological 2-state-sum STOtP
Baratin-Freidel Baratin-Freidel
A
I :/ d*zqy---d*x, Or(|Z; — 7)), Or = H GF(ZL‘Z—ZCJ)
Rél

v

Such 2-state-sum 1s associated with

BF theory with the Poincaré 2-

A
group
v

Asante, Dittrich, Girelli, Riello, Tsimiklis

Particle as defects in BF theory with
the Poincaré¢ 2-group is the same as
Feynman diagram contribution?

Dupuis, Girelli, Hyrtseniak, wip



4d gravity from topological theory



Many formulations of gravity from topological gravity

4d gravity 1s not topological, it breaks higher symmetries. Just like Yang-Mills theory can be built
from a BF theory, we can do something similar for gravity.

ax GA ~ 107120

Gives Immirzi

Freidel-Starodubtsev of = (w, ¢) € 80(4,1) @ A'M
(MacDowell-Mansouri) / /

J%’/\J(ﬂ)——ﬁ%/\%’ —e"KLR N By

(Bid + % )\ B =



Many other formulations

ax G~ 10712

Gives Immirzi

Freidel-Starodubtsev of = (w, ¢) € 80(4,1) @ A'M
(MacDowell-Mansouri) / /

J%’/\Jv(&i)——ﬁ%’/\%’ —e"ELR N By

Ty (B) = (fid + % ) B =

Plebanski o€ 3031 Q@AM S p1

{9? ANF(A)— Pp(B)N B
\

Lagrange multiplier

Ty (B) = (Jid + $)B =

Herffray-Krasnov & € 80(3,C) ® A'M P
S = Jgg ANF — 599 AB+— ; (Tr(\/931 A B))?

T (B) = (467 — aTr(X) (X W) B, = F', X" = B N B’

Cf review by Freidel-Speziale



Many other formulations

Spinorial BF action ¢,y € C2Q A'M, 4z.¥n e C*Q A°M

Vad Ady, + Pni Adpy +Vat A r
A A A

Global SL(2,C) symmetry



Many other formulations

Spinorial BF action ¢,y € C2Q A'M, 4z.¥n e C*Q A°M

J“”nA Ady, + 7 Ndgpy + VYt A m,

Global SL(2,C) symmetry

Make it local: introduce constraint using Lagrange multiplier A ;% Dupuis, Girelli, Hyrtseniak, Wieland wip

[WﬂA Adyy + 078 Ndepy + VYt A Pmy + AP AV ANy + 7t A )



Many other formulations

Spinorial BF action ¢,y € C2Q A'M, 4z.¥n e C*Q A°M

Vad Ady, + Pni Adpy +Vat A r
A A A

Global SL(2,C) symmetry

Make it local: introduce constraint using Lagrange multiplier A ;% Dupuis, Girelli, Hyrtseniak, Wieland wip
[‘/’JZA Ady, + 27 Ndgpy +Va APmy + ABA Yt Ay + Pt A )
= [‘/’nf‘ AV, +%7 AV P, +Ya ANn,

= self dual gravity (up to boundary term) Robinson
Wy = €aon  Pa =€y



Many other formulations

Spinorial BF action ¢,y € C2Q A'M, 4z.¥n e C*Q A°M

J“”nA Ady, + 7 Ndgpy + VYt A m,

Global SL(2,C) symmetry

Make it local: introduce constraint using Lagrange multiplier A ;% Dupuis, Girelli, Hyrtseniak, Wieland wip

[WEA Adyy + 078 Ndepy + VYt A Pmy + AP AV ANy + 7t A )

= [‘/’nf‘ AV, + P2 AV, + VY7t A ¥n,

= self dual gravity (up to boundary term) Robinson

Particle can be introduced at the topological level Dupuis, Girelli, Hyrtseniak, Wieland wip



4d quantum gravity from topological theory?



Quantum gravity

Plebanski approach: &'p; = JQS’ NF(A)— Pp(B)NARB

EPRL model

Jd%’d&i e'sr

No 2-reps, no matter included, no frame field: needs 2-improvement



Quantum gravity

Plebanski approach: &'p; = J%’ NF(A)— Pp(B)NARB

EPRL model

Jd%’d&i e'sr

ax GA~ 107120

Gives Immirzi

Freidel-Starodubtsev o7 = (0, ¢) € 30(4,1) @ A'M
(MacDowell-Mansouri)

Jd%dﬂeiSMM ~ [d%’d&f(l + aeBAB + ... )eiSZBF
Goal

Build state sum on 2-representations, introduce gravity in a perturbative manner.

Important to focus on 2-representations, and not only 1-representation.

Introduce matter at the topological level and 1t will percolate to the gravity case!!



Outlook

2-symmetries are naturally present in 4d, but have not been leveraged

(VA I VA | .
< | -representation

4d topological models are based on 2-symmetries/representations

2-representation

Still some work to do...

Strict Lie/quantum 2-groups 2-representations have to be studied.

State-sum from strict Lie/quantum 2-groups 2-representations have to be derived.

Highlight: Have the frame field present (already at the topological level) due to higher gauge.

Can construct homogeneously curved discrete 3d geometries

Can introduce matter at the topological level



Road map to LQG 2.0
Work in progress

3d BF 4d BF

Gauge theory Spinning tops 2-gauge theory Spinning top+ string

l

Kapovich Millson
Polygon phase space
YEON PHAsE 5P Polyhedron phase space
(coadjoint orbits) .. .
(2-coadjoint orbits)
Not using
Minkowski theorem

v V . (Polygon=polyhedron)
2-intertwiner

Intertwiner

\ \ 2-Spin network
Spin network

/

Spin foam

2-spin foam



From polygon to polyhedron

Polygon phase space (with fixed edge length) Kapovich-Millson
/ C= 2 Xt=0
R=(SpxSzxS7)11C a
SU(2) co-adjoint orbit

2 *(7) ~ R3
X €S, Csu(2) R) + Kirillov symplectic form

= 2

Polyhedron phase space?

a 0O
i
M <
<
-

WIP
Girelli-Oliveira-Riello

= SUR) X SUR2) =3 SU(2)) 2-coadjoint orbits

X,J) € 8u*(2) @ f,u*(2>
+ 2-Kirillov symplectic form
X-J=s, JP=¢*

{l’ ]}_€Xk

X }—eXk

(X} = elX,

(0 =k,



Standard $0(3,1) BF theory (no BB interaction) can be viewed either as a double of trivial 2-symmetries,
or as a double of (deformed) 2-symmetries. This 1s the same as the change of polarization from before.

30(3,1) ~ 3u(2) X an,
30(3,1)* ¥ R3x R?

Partition function as state sum in Partition function as state sum in
terms of 1-category of 80(3,1) Girelli-Tsimiklis terms of 2-category of Euclidian 2-
representations. Girelli-Laudonio-Tsimiklis group $1(2) X R? 2-representations.



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Standard Lorentz BF theory with BB interaction cannot be viewed as a standard gauge theory. This is

why quantum 2-group structure should arise.
30(3,1)* ~ 80(3,1)

LieG = 31 3,1) = 380(3,1)) ~ LieG*
ieG = (80(3,1) X 80(3,1) = 80(3,1)) ~ Lie 30(3,1) ~ 31(2) I} an,



