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Gravity=spacetime geometry

Usual formulation in terms of metric  gμν (University of Oregon)

(Science)



Gravity=spacetime geometry

gμν = eA
μ ηAB eB

ν

Aμ
ab = ea

ν ∇μebν = ea
ν (∂μebν + Γν

μρebρ)

Alternative characterization of gravity: Cartan formalism  
using (co)frame field e and spin connection A

(University of Oregon)

(Science)

Choice of 
variables 
matters

Proper 
variables to 

include 
spin



∫ [Dg] eiSGR[g]

Quantum gravity goal: make sense of the partition function

∫ [De][DA] eiSGR[e,A]
Or

Choice of 
variables 
matters? 


What 
about the 
action?



Looking for your keys?



ultimately we hope experiments will somehow indicates where the 
quantum gravity regime keys are.

Looking for the Quantum Gravity keys?





∫ ℬ ∧ ℱ(𝒜) −
1
2

T(ℬ) ∧ ℬ

“4d BF theory”

Gravity

ℬ ∈ Λ2M ⊗ 𝔤*

𝒜 ∈ Λ1M ⊗ 𝔤

ℱ(𝒜) ∈ Λ2M ⊗ 𝔤

T : 𝔤* → 𝔤

Tℬ = ℱ

d𝒜ℬ = 0

(Quantum) topological models can be seen as backbone of a (quantum) gravity theory 

EOM:
“Fake flatness”

“2-curvature”



(Quantum) topological models can be seen as backbone of a (quantum) gravity theory 

∫ ℬ ∧ ℱ(𝒜) −
1
2

T(ℬ) ∧ ℬ

“4d BF theory”

Gravity

Lattice with edge and face 
decorations

t(y)us = uτTℬ = ℱ

2-holonomy

y

d𝒜ℬ = 0

y = 1
“Fake flatness” “2-curvature”



2-principal bundle
t(η) g−1

x1
u gx2

= u′￼

gx2gx1

(𝔥 → 𝔤, ⊳ )

A strict Lie 2-algebra is crossed module of Lie algebras  
T

T([X1, X2]) = [T(X1), T(X2)]

T(X1) ⊳ X2 = [X1, X2]
T(J ⊳ X) = [J, T(X)]

Strict Lie 2-algebra are 
exponentiated to strict Lie 2-group  

Ji ∈ 𝔤 Xi ∈ 𝔥

Baez-Crans



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

1- and 2-gauge transf parameterized by ,  
  

  

   

(α, ϕ) ∈ 𝔤 ⊗ Λ0M ⊕ 𝔥 ⊗ Λ1M

δ(α,ϕ)𝔄 = d(α, ϕ) + [𝒜, (α, ϕ)]2 = (dα + [A, α] + T(ϕ), α ⊳ Σ + dAϕ +
1
2

[ϕ, ϕ])

δ(α,ϕ)𝔉 = [ℱ, (α, ϕ)]2 = ([F − T Σ, α], α ⊳ dAΣ + (F − T Σ) ⊳ ϕ)

Curvature data,   𝔉 = (F − T Σ, dAΣ = dΣ + A ⊳ Σ) .

Connection  𝔄 = (A, Σ) ∈ (𝔤 ⊗ Λ1M) ⊕ (𝔥 ⊗ Λ2M)

Higher gauge thy for Lie 2-algebra (𝔥 → 𝔤, ⊳ )

2-adjoint action!

Generalized Maurer Cartan forms: 𝔄 = (A, Σ) ∈ (𝔤 ⊗ Λ1M ) ⊕ (𝔥 ⊗ Λ2M )

A = u−1du + tϕ

dA +
1
2

[A ∧ A] = tΣ, dAΣ = 0

B = dAϕ +
1
2

[ϕ ∧ ϕ]solution: 
“Pure 2-gauge”

t(η) g−1
x1

u gx2
= u′￼

gx2gx1

Jurco, Raspollini, Saemann, Wolf

Baez
Girelli, Pfeiffer

T



Some interesting math to do!

For Lie (quantum) 2-groups, we do not have the 
representation theory for most relevant groups, nor 

the harmonic analysis (Peter-Weyl theorem)…

See however Baez-Baratin-Freidel-Wise



Curvature defects can be introduced:

String-like: curvature 

Point-like: 2-curvature 

ℱ(𝒜) − Tℬ = Sδ2(x)

d𝒜ℬ = pδ3(x)

Defects

Exactly the structure to construct 
Kitaev model in 3+1  
(typically for finite 2-groups)



d𝒜ℬ = 0

Cf review by Freidel-Speziale

(Quantum) topological models can be seen as backbone of a (quantum) gravity theory 

𝒜 ∈ 𝔰𝔬(3,1) ⊗ Λ1MPlebanski 𝒮Pl = ∫ ℬ ∧ ℱ(𝒜) −
Λ
2

ℬ ∧ ℬ −
1
2

ϕ(ℬ) ∧ ℬ

TPL(ℬ) = (Λid + ϕ)ℬ = ℱ
Lagrange multiplier



d𝒜ℬ = 0

Cf review by Freidel-Speziale

Freidel-Starodubtsev  
(MacDowell-Mansouri)

∫ ℬ ∧ ℱ(𝒜) −
1
2

βℬ ∧ ℬ −
α
4

ϵ4IJKLℬIJ ∧ ℬKL

𝒜 = (ω, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M

TMM(ℬ) = (βid +
α
2

ϵ)ℬ = ℱ

Gives Immirzi α ∝ Gλ ∼ 10−120

(Quantum) topological models can be seen as backbone of a (quantum) gravity theory 

𝒜 ∈ 𝔰𝔬(3,1) ⊗ Λ1MPlebanski 𝒮Pl = ∫ ℬ ∧ ℱ(𝒜) −
Λ
2

ℬ ∧ ℬ −
1
2

ϕ(ℬ) ∧ ℬ

TPL(ℬ) = (Λid + ϕ)ℬ = ℱ
Lagrange multiplier



d𝒜ℬ = 0

Herffray-Krasnov
SHK = ∫ ℬ ∧ ℱ −

Λ
2

ℬ ∧ ℬ +
α
2 (Tr( ℬI ∧ ℬJ))2

TI
HK(ℬ) = (ΛδIJ − αTr( X) (X−1)IJ) ℬJ = ℱI, XIJ = ℬI ∧ ℬJ

𝒜 ∈ 𝔰𝔬(3,ℂ) ⊗ Λ1M

Cf review by Freidel-Speziale

Freidel-Starodubtsev  
(MacDowell-Mansouri)
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𝒜 = (ω, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M

TMM(ℬ) = (βid +
α
2

ϵ)ℬ = ℱ

Gives Immirzi α ∝ GΛ ∼ 10−120

(Quantum) topological models can be seen as backbone of a (quantum) gravity theory 

𝒜 ∈ 𝔰𝔬(3,1) ⊗ Λ1MPlebanski 𝒮Pl = ∫ ℬ ∧ ℱ(𝒜) −
Λ
2

ℬ ∧ ℬ −
1
2

ϕ(ℬ) ∧ ℬ

TPL(ℬ) = (Λid + ϕ)ℬ = ℱ
Lagrange multiplier



∫ ℬ ∧ ℱ(𝒜) −
1
2

T(ℬ) ∧ ℬ

“4d BF theory”

Gravity

Doable hard but proposals 

(Eg EPRL-FK model) 

(Quantum) topological models can be seen as backbone of a (quantum) gravity theory 

ZQG ∼ ∫ [Dℬ][D𝒜]ei ∫ ℬ∧ℱ(𝒜)− 1
2 T(ℬ)∧ℬ+ Non topo



We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

Topological theory from matter

ℒm(ebckgd, Φ)

Conversely, consider matter fields  with no spin on a 4d flat spacetime, which background geometry is 
given by frame field e and spin connection A.  

Φ



We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝔅 = (B, Σ) ∈ 𝔦𝔰𝔬*(3,1) ⊗ Λ2M

ℒm(ebckgd, Φ) → ℒm(e, Φ) + 𝔅 ∧ 𝔉

Use Lagrange multipliers                                                       to implement these constraints

Topological sector appears! 

We have enlarged the space of possible backgrounds: degenerate frame field/metrics are also allowed.

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

Topological theory from matter

Conversely, consider matter fields  with no spin on a 4d flat spacetime, which background geometry is 
given by frame field e and spin connection A.  

Φ

ℒm(ebckgd, Φ)

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,



We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝔅 = (B, Σ) ∈ 𝔦𝔰𝔬*(3,1) ⊗ Λ2M

Topological sector appears! 

We have enlarged the space of possible backgrounds: degenerate frame field/metric is also allowed.

Gauge symmetry on frame field sector = stress energy tensor conservation

Analogue of Einstein equation can be seen as a 2-curvature data

δℒ
δe

(e, Φ) = dAΣ

Matter can be seen as 2-curvature excitation.

 Dupuis, Girelli, Hyrtseniak, wip

Use Lagrange multipliers                                                       to implement these constraints

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

Topological theory from matter

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

ℒm(ebckgd, Φ) → ℒm(e, Φ) + 𝔅 ∧ 𝔉

ℒm(ebckgd, Φ)

Conversely, consider matter fields  with no spin on a 4d flat spacetime, which background geometry is 
given by frame field e and spin connection A.  

Φ



We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝔅 = (B, Σ) ∈ 𝔦𝔰𝔬*(3,1) ⊗ Λ2M

Topological sector appears! 

Use Lagrange multipliers                                                       to implement these constraints

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

Topological theory from matter

Feynman diagrams (scalar field in Minkowski) = 
particle excitations in a topological 2-state-sum

Similar result can be obtained from Feynman diagrams of scalar field theory

Baratin-Freidel

∫ [dϕ]ei ∫ S[ϕ,e] → ∫ [dϕ][d𝒜][dℬ]ei ∫ S[ϕ,e]+ℬ∧ℱ

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

ℒm(ebckgd, Φ)

ℒm(ebckgd, Φ) → ℒm(e, Φ) + 𝔅 ∧ 𝔉

Conversely, consider matter fields  with no spin on a 4d flat spacetime, which background geometry is 
given by frame field e and spin connection A.  

Φ



Two possible improvements of standard approach

𝒜 ∈ 𝔰𝔬(3,1) ⊗ Λ1M
Plebanski/ 
Spinfoam/ 

LQG
𝒮Pl = ∫ ℬ ∧ ℱ(𝒜) −

1
2

ϕ(ℬ) ∧ ℬ

TPL(ℬ) = ϕℬ = ℱ
Lagrange multiplier

Frame field not explicitly present in this formulation 
Makes things complicated to couple to matter! 

Is it really the best formulation?

ZQG ∼ ∫ [Dℬ][D𝒜]ei ∫ ℬ∧ℱ(𝒜)− 1
2 T(ℬ)∧ℬ+ Non topo

Using standard group representations, not 2-groups! 

Shouldn’t we use 2-group representations?



Spinorial BF action 

∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA

ϕ, ψ ∈ Λ1M ⊗ ℂ2, ϕπ, ψπ ∈ Λ2M ⊗ ℂ2

Global  symmetry 
2-group gauge symmetry 

SL(2,ℂ)
ℂ2 → ℂ2

A better formulation?



Make   local: introduce constraint using Lagrange multiplier SL(2,ℂ) AA
B

∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA + AA
B ∧ (ψπA ∧ ψB + ϕπA ∧ ϕB)

Dupuis, Girelli, Hyrtseniak, Wieland

A better formulation?

Spinorial BF action 

∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA

ϕ, ψ ∈ Λ1M ⊗ ℂ2, ϕπ, ψπ ∈ Λ2M ⊗ ℂ2

Global  symmetry 
2-group gauge symmetry 

SL(2,ℂ)
ℂ2 → ℂ2



∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA + AA
B ∧ (ψπA ∧ ψB + ϕπA ∧ ϕB)

= ∫ ψπA ∧ ∇ψA + ϕπA ∧ ∇ϕA + ψπA ∧ ϕπA

= self dual gravity (up to boundary term)
ψA = eA0′￼, ϕA = ieA1′￼

Robinson

A better formulation?

Spinorial BF action 

∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA

Global  symmetrySL(2,ℂ)

ϕ, ψ ∈ Λ1M ⊗ ℂ2, ϕπ, ψπ ∈ Λ2M ⊗ ℂ2

Make   local: introduce constraint using Lagrange multiplier SL(2,ℂ) AA
B

Dupuis, Girelli, Hyrtseniak, Wieland



∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA + AA
B ∧ (ψπA ∧ ψB + ϕπA ∧ ϕB)

= ∫ ψπA ∧ ∇ψA + ϕπA ∧ ∇ϕA + ψπA ∧ ϕπA

= self dual gravity (up to boundary term) Robinson

A better formulation?

Particle can be introduced at the topological level
Dupuis, Girelli, Hyrtseniak, Wieland

Gravity appears from topological theory (2-symmetries)  
by imposing local gauge symmetry  

(which breaks some of these 2-symmetries)

Can construct a Kodama state for zero cosmological constant!

Make   local: introduce constraint using Lagrange multiplier SL(2,ℂ) AA
B

Dupuis, Girelli, Hyrtseniak, Wieland



4d BF theory have symmetries encoded by Lie 2-groups.

4d BF theory can be used to define  gravity action in many different ways

4d BF theory naturally appears from matter Lagrangians 

We proposed yet another formulation of gravity using 4d BF theory 
— > Gravity appears by making a global  symmetry local. 
— > Frame field is present from the get-go.  
         —> This allows to include particles as topological defects

SL(2,ℂ)

Need to study Lie (quantum) 2-group representations to define 4d BF partition functions

Summary

To tweak them to define QG models

ZQG ∼ ∫ [Dℬ][D𝒜]ei ∫ ℬ∧ℱ(𝒜)− 1
2 T(ℬ)∧ℬ+ Non topo



Back up slides



• Higher gauge symmetries 

• Gauge and higher gauge theories to probe topology 

• 2d and 3d gravity are topological gauge theories (no local degrees of 
freedom) 

• Many formulations of 4d gravity start from a topological theory









Probing topology



Probing topology

Cylinder: circle cannot be shrunk

Probing the fundamental homotopy group π1(M)



Probing topology

Cylinder: circle cannot be shrunk

Can be decorated by some group element keeping track of topology.
g

g = 1
g g

Probing the fundamental homotopy group π1(M)



Probing topology

Cylinder: circle cannot be shrunk

Can be decorated by some group element keeping track of topology.
g

Probing the fundamental homotopy group π1(M)

Essential 2-sphere: 2-sphere cannot be shrunk

Probing the second homotopy group π2(M)
Need a surface to probe such object 



Probing topology

Cylinder: circle cannot be shrunk

Can be decorated by some group element keeping track of topology.
g

Probing the fundamental homotopy group π1(M)

Essential 2-sphere: 2-sphere cannot be shrunk

Probing the second homotopy group π2(M)
Need a surface to probe such object h

Can be decorated by some group element keeping track of topology.





Composing surfaces?



fi ∈ G

Composing surfaces: geometric compatibility



fi ∈ G

Composing surfaces: geometric compatibility



fi ∈ G

Composing surfaces: geometric compatibility

Group product:

Eckmann Hilton argument



Composing surfaces: geometric compatibility 

Solution: double groupoid

F

V H

M

f

h2

h1

v1 v2 + Compatibility rules
Brown, Spencer



Composing surfaces: geometric compatibility 

Solution: double groupoid

Exemple: crossed module = strict 2-group

“Boundary map”

F

V H

M

f

h2

h1

v1 v2 + Compatibility rules

t(y)us = ut

Brown, Spencer



Composing surfaces: geometric compatibility 

Solution: double groupoid

Exemple: crossed module = strict 2-group

“Boundary map” Identity 2-group:
face is totally characterized by boundary 

Skeletal 2-group:
face is totally independent from boundary 

F

V H

M

f

h2

h1

v1 v2 + Compatibility rules

t(y)us = ut

t = id

t = 1



Generalization of lattice gauge theory

Lattice with edge and face decorations
t(y)us = ut



Generalization of lattice gauge theory

Lattice with edge and face decorations
t(y)us = uτ

2-principal bundle
t(η) g−1

x1
u gx2

= u′￼

gx2gx1



Generalization of lattice gauge theory

Interpret these group elements as holonomies:  

need to have connection 1-form and 2-form, need to perform infinitesimal limit.

u = Pexp(∫γ
A), y = Sexp(∫ ∫ Σ)

Lie 2-algebra??

Need 2-vector space definition!

Lattice with edge and face decorations 2-principal bundle

Baez, Schreiber

t(η) g−1
x1

u gx2
= u′￼

gx2gx1



Attention:  there are 2 different notions of 2-vector spaces.

Baez-Crans Kapranov- 
Voevodsky • Condensed matter models  

(topological order): mainly inspired by 
finite groups and category theory 

• Douglas Reuter state sum. 
• Baez-Baratin-Freidel-Wise 2-

representation theory (building up on 
Crane,Yetter…..)

• Angulo’s representation theory 
• 2-Hopf algebras (Chen-Girelli) 
• Crossed modules

“Natural” from 
an  algebra 
perspective 

2-adj action! 

“Natural” from a  
category 

perspective



Attention:  there are 2 different notions of 2-vector spaces.

Baez-Crans Kapranov- 
Voevodsky • Condensed matter models  

(topological order): mainly inspired by 
finite groups and category theory 

• Douglas Reuter state sum. 
• Baez-Baratin-Freidel-Wise 2-

representation theory (building up on 
Crane,Yetter…..)

• Angulo’s representation theory 
• 2-Hopf algebras (Chen-Girelli) 
• Crossed modules

“Natural” from 
an  algebra 
perspective 

2-adj action! 

“Natural” from a  
category 

perspective

Baez-Crans 2-vector space

W and t encode the transformations on V v → v + tw

Baez-Crans 2-vector space is given in terms of a pair of vector spaces, with a linear map t : W → V



[(J1, X1); (J2, X2)]2 = ([J1; J2] , τ(J1, X1) ⊳ X2 − s(J2, X2) ⊳ X1)

= ([J1; J2] , [X1; X2] + J1 ⊳ X2 − J2 ⊳ X1)

Lie 2-algebra structure 𝔤 ⋉ 𝔥 → 𝔤→

Lie 2-bracket: 
(Satisfies 2-Jacobi)

2-vector space can be made a Lie 2-algebra, with a 2-bracket.

V ⇝ 𝔤, W ⇝ 𝔥, V ⊕ W ⇝ 𝔤 ⋉ 𝔥

Replace the vector spaces by Lie algebras, with an action of  on   𝔤 𝔥

Ji ∈ 𝔤 Xi ∈ 𝔥



[(J1, X1); (J2, X2)]2 = ([J1; J2] , τ(J1, X1) ⊳ X2 − s(J2, X2) ⊳ X1)

= ([J1; J2] , [X1; X2] + J1 ⊳ X2 − J2 ⊳ X1)

Lie 2-algebra structure 𝔤 ⋉ 𝔥 → 𝔤→

Lie 2-bracket: 
(Satisfies 2-Jacobi)

2-vector space can be made a Lie 2-algebra, with a 2-bracket.

V ⇝ 𝔤, W ⇝ 𝔥, V ⊕ W ⇝ 𝔤 ⋉ 𝔥

Replace the vector spaces by Lie algebras, with an action of  on   𝔤 𝔥

(𝔥 → 𝔤, ⊳ )

Equivalently a strict Lie 2-algebra is crossed module of Lie algebras  
t

t([X1, X2]) = [t(X1), t(X2)]

t(X1) ⊳ X2 = [X1, X2]
t(J ⊳ X) = [J, t(X)]

Strict Lie 2-algebra are 
exponentiated to strict Lie 2-group  

Ji ∈ 𝔤 Xi ∈ 𝔥

Baez-Crans



Elements of 2-representations

What is a “matrix” on a Baez-Crans 2-vector space ?  𝕍 = (W → V )
Sheng-Zhu 
Angulo Santacruz

∂

Consider a vector space , a representation of a Lie algebra/Lie group on V is given in terms of a matrix V



  is itself a Lie 2-group.GL(𝕍)

  : objects(M, m) ∈ GL(W ) ⊕ GL(V ) = GL0(𝕍) ∂M = m∂
  : maps between objects  A ∈ Hom(V, W ) = GL1(𝕍) ΔA = (id + A∂, id + ∂A)

It is given in terms of a pair of matrices  and a map (M, m) A

Consider a vector space , a representation of a Lie algebra/Lie group on V is given in terms of a matrix V

Elements of 2-representations

What is a “matrix” on a Baez-Crans 2-vector space ?  𝕍 = (W → V )
Sheng-Zhu 
Angulo Santacruz

∂



  is itself a Lie 2-group.GL(𝕍)

  : objects(M, m) ∈ GL(W ) ⊕ GL(V ) = GL0(𝕍) ∂M = m∂
  : maps between objects  A ∈ Hom(V, W ) = GL1(𝕍) ΔA = (id + A∂, id + ∂A)

It is given in terms of a pair of matrices  and a map (M, m) A

2-Adjoint action is a 2-representation of this kind! 

Consider a vector space , a representation of a Lie algebra/Lie group on V is given in terms of a matrix V

Elements of 2-representations

What is a “matrix” on a Baez-Crans 2-vector space ?  𝕍 = (W → V )
Sheng-Zhu 
Angulo Santacruz

∂

General representation theory of strict Lie 2-groups is not generally known

If W=0, this collapses to standard representations/matrices



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Curvature data,   ℱ = (F − tΣ, dAΣ = dΣ + A ⊳ Σ) .

Connection  𝒜 = (A, Σ) ∈ (𝔤 ⊗ Λ1M) ⊕ (𝔥 ⊗ Λ2M)

Higher gauge thy for Lie 2-algebra 𝔤 ⋉ 𝔥 → 𝔤→

Jurco, Raspollini, Saemann, Wolf

Baez
Girelli, Pfeiffer



Symmetries of 4d BF theory, aka 4d Chern-Simons thy

1- and 2-gauge transf parameterized by ,  
  

  

   

(α, ϕ) ∈ 𝔤 ⊗ Λ0M ⊕ 𝔥 ⊗ Λ1M

δ(α,ϕ)𝒜 = d(α, ϕ) + [𝒜, (α, ϕ)]2 = (dα + [A, α] + t(ϕ), α ⊳ Σ + dAϕ +
1
2

[ϕ, ϕ])

δ(α,ϕ)ℱ = [ℱ, (α, ϕ)]2 = ([F − tΣ, α], α ⊳ dAΣ + (F − tΣ) ⊳ ϕ]

Curvature data,   ℱ = (F − tΣ, dAΣ = dΣ + A ⊳ Σ) .

Connection  𝒜 = (A, Σ) ∈ (𝔤 ⊗ Λ1M) ⊕ (𝔥 ⊗ Λ2M)

Higher gauge thy for Lie 2-algebra 𝔤 ⋉ 𝔥 → 𝔤→

2-adjoint action!

Generalized Maurer Cartan forms: 𝒜 = (A, Σ) ∈ (𝔤 ⊗ Λ1M ) ⊕ (𝔥 ⊗ Λ2M )

A = u−1du + tϕ

dA +
1
2

[A ∧ A] = tΣ, dAΣ = 0

B = dAϕ +
1
2

[ϕ ∧ ϕ]solution: 
“Pure 2-gauge”

t(η) g−1
x1

u gx2
= u′￼

gx2gx1

Jurco, Raspollini, Saemann, Wolf

Baez
Girelli, Pfeiffer



Higher gauge theory natural object to discuss topological theory in 4d



𝒮2BF = ⟨B ∧ (F − tΣ)⟩ + ⟨C ∧ dAΣ⟩ .

This is called 4d Chern-Simons thy by some.
Construct a 4d action to implement flat 2-curvature , a “2-BF” theoryℱ = 0

Symmetries of 4d BF theory, aka 4d Chern-Simons thy



Construct a 4d action to implement flat 2-curvature , a “2-BF” theoryℱ = 0

⟨[χ1, χ2], χ3⟩ = − ⟨χ2, [χ1, χ3]⟩, χ1,3 ∈ Lie𝔾, χ2 ∈ Lie𝔾*

This is called 4d Chern-Simons thy by some.

Use an invariant bilinear form   
invariant under the 2-(co)adjoint action. 

⟨, ⟩

Symmetries of 4d BF theory, aka 4d Chern-Simons thy

𝒮2BF = ⟨B ∧ (F − tΣ)⟩ + ⟨C ∧ dAΣ⟩ .
Lagrange multipliers 

,  
which also transform under the 2-adjoint action, 
(C, B) ∈ (𝔥* ⊗ Λ1M) ⊕ (𝔤* ⊗ Λ2M)



Natural symmetry given by a matched pair of Lie 2-algebras, Lie𝔾* ⋈ Lie𝔾

⟨[χ1, χ2], χ3⟩ = − ⟨χ2, [χ1, χ3]⟩, χ1,3 ∈ Lie𝔾, χ2 ∈ Lie𝔾*

θ = B ∧ δA + C ∧ δΣ (B, C) ↔ (A, Σ)

This is called 4d Chern-Simons thy by some.

1-2-connections dual to each other. 

Use an invariant bilinear form   
invariant under the 2-(co)adjoint action. 

⟨, ⟩

Canonical variables

Construct a 4d action to implement flat 2-curvature , a “2-BF” theoryℱ = 0

Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Classical 2-double , with cocycle structureLie𝔾* ⋈ Lie𝔾

𝒮2BF = ⟨B ∧ (F − tΣ)⟩ + ⟨C ∧ dAΣ⟩ .
Lagrange multipliers 

,  
which also transform under the 2-adjoint action, 
(C, B) ∈ (𝔥* ⊗ Λ1M) ⊕ (𝔤* ⊗ Λ2M)

There is a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity. 
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Symmetries of 4d BF theory, aka 4d Chern-Simons thy

Classical 2-double , with cocycle structureLie𝔾* ⋈ Lie𝔾

Generalization of bi-algebra used for quantum group, integrable systems… 

(Used by Hank Chen to construct higher dimensional integrable systems, generalization of Fock-Rosly 
construction to 4d.)

𝒮2BF = ⟨B ∧ (F − tΣ)⟩ + ⟨C ∧ dAΣ⟩ .
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,  
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There is a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity. 
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This is called 4d Chern-Simons thy by some.
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Construct a 4d action to implement flat 2-curvature , a “2-BF” theoryℱ = 0

Canonical variables

Symmetries of 4d BF theory, aka 4d Chern-Simons thy

This 2-BF theory is a  BF theory with symmetry  up to a 
boundary term

((𝔥* ⋉ 𝔤) ⋉ (𝔤* ⋉ 𝔥) → 𝔥* ⋉ 𝔤)→

𝒮2BF = ⟨B ∧ (F − tΣ)⟩ + ⟨C ∧ dAΣ⟩ .
Lagrange multipliers 

,  
which also transform under the 2-adjoint action, 
(C, B) ∈ (𝔥* ⊗ Λ1M) ⊕ (𝔤* ⊗ Λ2M)

There is a dual 2-symmetry, for the dual sector, due to 2-Bianchi identity. 
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1
2

⟨T(ℬ) ∧ ℬ⟩ .
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1-2-connections dual to each other. 
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,  

which also transform under the 2-adjoint action, 
(C, B) ∈ (𝔥* ⊗ Λ1M) ⊕ (𝔤* ⊗ Λ2M) Use an invariant bilinear form   

invariant under the 2-(co)adjoint action. 
⟨, ⟩

Canonical variables

Construct a 4d action to implement flat 2-curvature , a “2-BF” theoryℱ = 0

Canonical variables

Symmetries of 4d BF theory, aka 4d Chern-Simons thy

This 2-BF theory is a  BF theory with symmetry  up to a 
boundary term

((𝔥* ⋉ 𝔤) ⋉ (𝔤* ⋉ 𝔥) → 𝔥* ⋉ 𝔤)→



Not all BF theories are double of 2-symmetries. This is the analogue of Chern-Simons vs BF theory in 3d 

3d Chern-Simons 
thy with Lie algb 𝔤

BF thy = Chern-
Simons thy with 
Lie algb 
𝔤 = 𝔤0* ⋈ 𝔤0

4d Chern-Simons 
thy with Lie 2-algb 
Lie𝔾

2-BF thy = 4d Chern-
Simons thy with Lie algb 
Lie𝔾 = Lie𝔾*0 ⋈ Lie𝔾03d gravity  for 

.  
 depends on the value of 

the cosmological constant.

𝔤0 = 𝔰𝔬(2,1), 𝔰𝔬(3)
𝔤*0

4d BF thy  for 
.  

 depends on the value of 
the cosmological constant.

𝔤0 = 𝔰𝔬(2,1), 𝔰𝔬(3)
𝔤*0

Symmetries of 4d BF theory, aka 4d Chern-Simons thy



2-BF thy = 4d Chern-
Simons thy with Lie algb 
Lie𝔾 = Lie𝔾*0 ⋈ Lie𝔾0

Phase space of discrete geometries from 2BF

No loss of information by discretizing the manifold and smearing the variables (lattice picture)



2-BF thy = 4d Chern-
Simons thy with Lie algb 
Lie𝔾 = Lie𝔾*0 ⋈ Lie𝔾0

No loss of information by discretizing the manifold and smearing the variables (lattice picture)

Phase space constructed in terms of decorated triangulation and dual triangulation. 

G SO(3,1)

ℝ6
ℝ4

G*
H

H*
AN3

In particular we can have edge information: frame field
Can define homogeneously curved 3d discrete geometry 
Use non abelian decorations on the triangulation  

Ferreira Oliveira, Girelli, Riello, wip
Girelli Tsimiklis

Phase space of discrete geometries from 2BF



For some choices of Lie 2-group, we know how to discretise the partition function  

∫ [dA][dC][dΣ][dB]ei ∫M ⟨ℬ∧ℱ⟩ ∼ ∫ [dg][dh]∏
face

δ(t(h)∏
links

g) δ( ∏
polyhedra

h)

Quantum theory

This partition function is a topological invariant for the manifold: invariant under Pachner moves.



For some choices of Lie 2-group, we know how to discretise the partition function  

∫ [dA][dC][dΣ][dB]ei ∫M ⟨ℬ∧ℱ⟩ ∼ ∫ [dg][dh]∏
face

δ(t(h)∏
links

g) δ( ∏
polyhedra

h)

This partition function is a topological invariant for the manifold: invariant under Pachner moves.

∫ [dA][dC][dΣ][dB]ei ∫M ⟨ℬ∧(ℱ− 1
2 T(ℬ)⟩ ∼ ??

∫ dℬd𝒜ei ∫M ⟨ℬ∧ℱ⟩ ∼ {15j}SO(4)

Standard picture up to now for 𝒜 ∈ 𝔰𝔬(4)

Does not use any 2-representations: missing data? 
Lacking edge information, not easy to introduce matter.

Quantum theory



For some choices of Lie 2-group, we know how to discretise the partition function  

∫ [dA][dC][dΣ][dB]ei ∫M ⟨ℬ∧ℱ⟩ ∼ ∫ [dg][dh]∏
face

δ(t(h)∏
links

g) δ( ∏
polyhedra

h)

Some interesting math to do!

For Lie 2-groups, we do not have the representation theory for most relevant groups, nor the 
harmonic analysis (Peter-Weyl theorem)…

∫ dℬd𝒜ei ∫M ⟨ℬ∧ℱ⟩ ∼ {15j}SO(4)

Quantum theory



For some choices of Lie 2-group, we know how to discretise the partition function  

∫ [dA][dC][dΣ][dB]ei ∫M ⟨ℬ∧ℱ⟩ ∼ ∫ [dg][dh]∏
face

δ(t(h)∏
links

g) δ( ∏
polyhedra

h)

Some interesting math to do!

Quantum theory

For Lie 2-groups, we do not have the representation theory for most relevant groups, nor the 
harmonic analysis (Peter-Weyl theorem)…

Note that: 
-  state-sums have been constructed using 2-categories associated with finite 2-

groups 
- For the Poincaré 2-group, we were able to connect the BF partition with a 2-state-

sum built independently by Korepanov and Baratin-Freidel.  

Cui 
Douglas-Reutter

Asante-Dittrich-Girelli-Riello-Tsimiklis



Curvature defects can be introduced:

String-like: curvature 

Point-like: 2-curvature 

F[A] − tΣ = Sδ2(x)

dAΣ = pδ3(x)

Defects

Exactly the structure to construct 
Kitaev model in 3+1  
(typically for finite 2-groups)



Matter and topological theory

Consider topological theory 

Implement point like topological defects : 2-curvature defects 

𝔅 = (B, Σ) ∈ 𝔰𝔬*(4,1) ⊗ Λ2M

ℒ = 𝔅 ∧ 𝔉

𝒜 = (A, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M, ℱ = (F(A) + Λe ∧ e, T(e, A)) ∈ 𝔰𝔬(4,1) ⊗ Λ2M,

d𝒜ℬ = π

ℒ′￼= ℬ ∧ ℱ − 𝒜 ⋅ π

π = (σδ2(x), pδ3(x))



Matter and topological theory

Consider topological theory 

Implement point like topological defects : 2-curvature defects 

𝔅 = (B, Σ) ∈ 𝔰𝔬*(4,1) ⊗ Λ2M

ℒ = 𝔅 ∧ 𝔉

Introduce fields to re-establish gauge invariance in the action (same as particle in 3d gravity)  

We recover the usual spinning particle moving on a constantly curved space

𝒜 = (A, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M, ℱ = (F(A) + Λe ∧ e, T(e, A)) ∈ 𝔰𝔬(4,1) ⊗ Λ2M,

d𝒜ℬ = π π = (σδ2(x), pδ3(x))

where we introduced the SO(4, 1) covariant derivative along the world-line
of the particle

Dτ →
d

dω
+ [Aτ , ·], (3.18)

and J is defined by equation (3.5)
Since h is restricted to be in the Lorentz subgroup SO(3, 1) of SO(4, 1)

equations (3.16) constrain only the spin part of J and give the spin precession
equation

DτJ
ab = ∇τs

ab + eτ
apb − eτ

bpa = 0, (3.19)

with ∇τ → d
dτ + [ωτ , ·] the Lorentz connection and eτ a = eµażµ. Note that

by construction the momenta and spin satisfy the orthogonality condition

sabpb = 0. (3.20)

In what follows we will also need the translational part of the current deriva-
tive

1

l
DτJa = ∇τpa −

1

l2
sabeτ

b (3.21)

The variation over z gives

δL

δzµ
=

d

dω
Tr(JAµ)− Tr(J∂µAν)ż

ν ,

= Tr (DτJAµ)−Tr (JFµν(A)) ż
ν = 0 (3.22)

where

Fµν(A) → ∂µAν − ∂νAµ + [Aµ,Aν ],

= Tµν
aγaγ/2 +

(
Rµν

ab(ω)−
1

l2
(eµ

aeν
b − eν

aeµ
b)
)
γab/4 (3.23)

Here
T a = dea + ωa

b ∧ eb = Tµν
adxµ ∧ dxν/2

is the torsion, while

Rab = dω + [ω,ω]/2 = Rµν
abdxµ ∧ dxν/2

is the Lorentz curvature.
If one uses equation (3.19), equations (3.22) written in components reads

(∇τpa)eµ
a =

1

2
sab Rµν

ab żν + paTµν
a żν . (3.24)
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ℒ′￼= ℬ ∧ ℱ − 𝒜 ⋅ π



Matter and topological theory

Consider topological theory 

Implement point like topological defects : 2-curvature defects 

𝔅 = (B, Σ) ∈ 𝔰𝔬*(4,1) ⊗ Λ2M

ℒ = 𝔅 ∧ 𝔉

Introduce fields to re-establish gauge invariance in the action (same as particle in 3d gravity)  

We recover the usual spinning particle moving on a constantly curved space

𝒜 = (A, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M, ℱ = (F(A) + Λe ∧ e, T(e, A)) ∈ 𝔰𝔬(4,1) ⊗ Λ2M,

Analogue of Einstein equation can be seen as a 2-curvature data

Matter can be seen as 2-curvature excitation.

Standard particle is already present at the topological level
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ab żν + paTµν
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Conversely, consider matter fields  with no spin on a 4d flat spacetime, which geometry is given by 
frame field e and spin connection A.  

Φ
ℒm(e, Φ)

Matter and topological theory



Conversely, consider matter fields  with no spin on a 4d flat spacetime, which geometry is given by 
frame field e and spin connection A.  

Φ

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

ℒm(e, Φ)

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

Matter and topological theory



Conversely, consider matter fields  with no spin on a 4d flat spacetime, which geometry is given by 
frame field e and spin connection A.  

Φ

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

ℒm(e, Φ)

𝔅 = (B, Σ) ∈ 𝔦𝔰𝔬*(3,1) ⊗ Λ2M

ℒm(e, Φ) ≈ ℒm(e, Φ) + 𝔅 ∧ 𝔉

Use Lagrange multipliers                                                       to implement these constraints

Topological sector appears! 

We have enlarged the space of possible backgrounds: degenerate frame field/metric is also allowed.

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,

Matter and topological theory



Conversely, consider matter fields  with no spin on a 4d flat spacetime, which geometry is given by 
frame field e and spin connection A.  

Φ

We assume constant curvature and no torsion: F(A) = 0, T(e, A) = dAe = 0

ℒm(e, Φ)

𝔅 = (B, Σ) ∈ 𝔦𝔰𝔬*(3,1) ⊗ Λ2M

ℒm(e, Φ) ≈ ℒm(e, Φ) + 𝔅 ∧ 𝔉

Topological sector appears! 

We have enlarged the space of possible backgrounds: degenerate frame field/metric is also allowed.

Gauge symmetry on frame field sector = stress energy tensor conservation

Analogue of Einstein equation can be seen as a 2-curvature data

δℒ
δe

(e, Φ) = dAΣ

Matter and topological theory

Matter can be seen as 2-curvature excitation.

 Dupuis, Girelli, Hyrtseniak, wip

Use Lagrange multipliers                                                       to implement these constraints

𝒜 = (A, e), 𝔉 = (F(A), T(e, A)) ∈ 𝔦𝔰𝔬(3,1) ⊗ Λ2M,



Feynman diagrams (scalar field in 
Minkowski) = particle excitations in a 
topological 2-state-sum

Baratin-Freidel

4

explicit topological spin foam model. The idea of our derivation is to consistently erase the information about flat
space geometry from the Feynman integral and encode this information in terms of a choice of quantum amplitudes
that should be summed over, and which dynamically determine flat space geometry. In doing so, a triangulation, and
a specific spin foam model living on it, are naturally found; this allows us to express usual field theory amplitude in
a background independent manner. The idea that spin foam models code, in a background independent manner, the
integration measure viewed by Feynman diagrams was formulated for the first time in [10] and [11] in the context of
3d-gravity.
An analysis similar to the one done here has already been performed in 3d [13], where it has been shown that

the corresponding spin foam model is constructed in terms of 6j symbols of the 3d Euclidean group for flat space.
The deformation of this spin foam model using quantum group naturally leads to a formulation of Feynman diagram
coupled to 3d quantum gravity amplitudes [11, 12]. This corresponds to a deformation of field theory carrying a
deformed action of the Poincaré group.
The strategy followed here is, to some extent, analogous to the one followed by Polyakov [14], when he showed

that Feynman diagrams can be rewritten as worldline integrals. Such an interpretation leads to powerful partial
resummation of Feynman diagrams [15]. Moreover, it leads to a natural proposal for deforming the structure of
quantum field theory in terms of a dimensionfull parameter, that is to consider worldsheet (instead of worldline)
integrals - hence string theory. In our case we have written 4d Feynman diagram in terms of a specific spin foam
model, and this hopefully opens a new way to think about consistent dimensionfull deformations of field theory
structure. From the field theory perspective, such deformations due to the coupling of matter fields to gravity,
might serve as natural regulator of the infrared and ultraviolet singularities that faces quantum field theory on fixed
background metric.
This reformulation of Feynman graph amplitudes does not a priori simplify the computation of usual Feynman

diagrams, but, since it is based on a topological field theory, it allows to give a natural generalization of the definition
of Feynman amplitudes in the context where the underlying manifold admits a non-trivial topology.

The paper is organized as follows. In section II, we show how, from a reformulation of Feynman integrals in terms
of relatives distances between vertices, the background geometry can be induced dynamically in the amplitudes.
This analysis will allow us to formulate our main statement, namely that Feynman amplitudes are the evaluation of
observables for an explicit spin foam model. The section III focuses on a careful study of this model: the complete
identification of its symmetries and the expression of the gauge-fixed partition function. The proof of our statement is
then given in section IV: first the gauge-fixed model is shown to be invariant under Pachner moves; then for any graph
Γ, the so-called Feynman graph observable is defined, which breaks part of the symmetry of the model, promoting
gauge degrees of freedom into dynamical degrees of freedom; finally the expectation value of this observable is shown
to reproduce the Feynman amplitude associated the graph Γ. Eventually, in section V, the algebraic and physical
interpretation of the Feynman graph spin foam model is discussed.

II. DYNAMICAL GEOMETRY IN FEYNMAN AMPLITUDES

We restrict our study to the case of closed Feynman diagrams that arise in the context of QFT in flat Euclidean
space-time. A Feynman amplitude for a scalar field takes the form

IΓ =

∫

R4

d4x1 · · · d4xn OΓ(|ωxi → ωxj |), OΓ =
∏

(ij)∈Γ

GF (ωxi → ωxj) (4)

Γ is the Feynman graph, ωxi, i = 1, · · ·n denotes the positions in R4 of the n vertices of the graph. The product is
over all edges of Γ and GF is the Feynman propagator4. In this section we show how to write this amplitude as a
sum over labels living on a specific triangulation of a 4-dimensional ball, of the product of propagators. This result is
established in every dimension in our previous work [13], and here we summarize the main arguments leading to it.
We then describe, through a simple example, how flat geometry can be dynamically implemented in (4).

The usual way to express QFT amplitudes involves Lebesgue measures in R4, which explicitly carry information
about flat geometry. The product of propagators depending only on the distances between vertices of the graph, the
integrand in (4) is invariant under the action of the Euclidean group ISO(4) = SO(4) × R4. A first idea here is to

4 We will work with a regulated form of the Feynman propagator in order to avoid divergences. It is also understood that the volume of
R4 is divided out from this integral: this is achieved by not integrating over one of the xi.
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The strategy followed here is, to some extent, analogous to the one followed by Polyakov [14], when he showed

that Feynman diagrams can be rewritten as worldline integrals. Such an interpretation leads to powerful partial
resummation of Feynman diagrams [15]. Moreover, it leads to a natural proposal for deforming the structure of
quantum field theory in terms of a dimensionfull parameter, that is to consider worldsheet (instead of worldline)
integrals - hence string theory. In our case we have written 4d Feynman diagram in terms of a specific spin foam
model, and this hopefully opens a new way to think about consistent dimensionfull deformations of field theory
structure. From the field theory perspective, such deformations due to the coupling of matter fields to gravity,
might serve as natural regulator of the infrared and ultraviolet singularities that faces quantum field theory on fixed
background metric.
This reformulation of Feynman graph amplitudes does not a priori simplify the computation of usual Feynman

diagrams, but, since it is based on a topological field theory, it allows to give a natural generalization of the definition
of Feynman amplitudes in the context where the underlying manifold admits a non-trivial topology.

The paper is organized as follows. In section II, we show how, from a reformulation of Feynman integrals in terms
of relatives distances between vertices, the background geometry can be induced dynamically in the amplitudes.
This analysis will allow us to formulate our main statement, namely that Feynman amplitudes are the evaluation of
observables for an explicit spin foam model. The section III focuses on a careful study of this model: the complete
identification of its symmetries and the expression of the gauge-fixed partition function. The proof of our statement is
then given in section IV: first the gauge-fixed model is shown to be invariant under Pachner moves; then for any graph
Γ, the so-called Feynman graph observable is defined, which breaks part of the symmetry of the model, promoting
gauge degrees of freedom into dynamical degrees of freedom; finally the expectation value of this observable is shown
to reproduce the Feynman amplitude associated the graph Γ. Eventually, in section V, the algebraic and physical
interpretation of the Feynman graph spin foam model is discussed.

II. DYNAMICAL GEOMETRY IN FEYNMAN AMPLITUDES

We restrict our study to the case of closed Feynman diagrams that arise in the context of QFT in flat Euclidean
space-time. A Feynman amplitude for a scalar field takes the form

IΓ =

∫

R4

d4x1 · · · d4xn OΓ(|ωxi → ωxj |), OΓ =
∏

(ij)∈Γ

GF (ωxi → ωxj) (4)

Γ is the Feynman graph, ωxi, i = 1, · · ·n denotes the positions in R4 of the n vertices of the graph. The product is
over all edges of Γ and GF is the Feynman propagator4. In this section we show how to write this amplitude as a
sum over labels living on a specific triangulation of a 4-dimensional ball, of the product of propagators. This result is
established in every dimension in our previous work [13], and here we summarize the main arguments leading to it.
We then describe, through a simple example, how flat geometry can be dynamically implemented in (4).

The usual way to express QFT amplitudes involves Lebesgue measures in R4, which explicitly carry information
about flat geometry. The product of propagators depending only on the distances between vertices of the graph, the
integrand in (4) is invariant under the action of the Euclidean group ISO(4) = SO(4) × R4. A first idea here is to

4 We will work with a regulated form of the Feynman propagator in order to avoid divergences. It is also understood that the volume of
R4 is divided out from this integral: this is achieved by not integrating over one of the xi.

Such 2-state-sum is associated with 
BF theory with the Poincaré 2-
group

Asante, Dittrich, Girelli, Riello, Tsimiklis

This 2-state-sum is 
associated with Poincaré 
2-group

Baratin-Freidel

Matter and topological theory



Feynman diagrams (scalar field in 
Minkowski) = particle excitations in a 
topological 2-state-sum

Baratin-Freidel

4

explicit topological spin foam model. The idea of our derivation is to consistently erase the information about flat
space geometry from the Feynman integral and encode this information in terms of a choice of quantum amplitudes
that should be summed over, and which dynamically determine flat space geometry. In doing so, a triangulation, and
a specific spin foam model living on it, are naturally found; this allows us to express usual field theory amplitude in
a background independent manner. The idea that spin foam models code, in a background independent manner, the
integration measure viewed by Feynman diagrams was formulated for the first time in [10] and [11] in the context of
3d-gravity.
An analysis similar to the one done here has already been performed in 3d [13], where it has been shown that

the corresponding spin foam model is constructed in terms of 6j symbols of the 3d Euclidean group for flat space.
The deformation of this spin foam model using quantum group naturally leads to a formulation of Feynman diagram
coupled to 3d quantum gravity amplitudes [11, 12]. This corresponds to a deformation of field theory carrying a
deformed action of the Poincaré group.
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Many formulations of gravity from topological gravity

4d gravity is not topological, it breaks higher symmetries. Just like Yang-Mills theory can be built 
from a BF theory, we can do something similar for gravity. 
  

Freidel-Starodubtsev  
(MacDowell-Mansouri)

∫ ℬ ∧ ℱ(𝒜) −
1
2

βℬ ∧ ℬ −
α
4

ϵ4IJKLℬIJ ∧ ℬKL

𝒜 = (ω, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M
Gives Immirzi α ∝ Gλ ∼ 10−120

d𝒜ℬ = 0

(βid +
α
2

ϵ)ℬ = ℱ



d𝒜ℬ = 0

Many other formulations

Herffray-Krasnov
SHK = ∫ ℬ ∧ ℱ −

λ
2

ℬ ∧ ℬ +
α
2 (Tr( ℬI ∧ ℬJ))2

TI
HK(ℬ) = (λδIJ − αTr( X) (X−1)IJ) ℬJ = ℱI, XIJ = ℬI ∧ ℬJ

𝒜 ∈ 𝔰𝔬(3,ℂ) ⊗ Λ1M

Cf review by Freidel-Speziale
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Gives Immirzi α ∝ Gλ ∼ 10−120
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TPL(ℬ) = (λid + ϕ)ℬ = ℱ
Lagrange multiplier



Spinorial BF action 

∫ ψπA ∧ dψA + ϕπA ∧ dϕA + ψπA ∧ ϕπA

ϕ, ψ ∈ ℂ2 ⊗ Λ1M, ϕπ, ψπ ∈ ℂ2 ⊗ Λ2M

Global  symmetrySL(2,ℂ)

Many other formulations
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Dupuis, Girelli, Hyrtseniak, Wieland wip

Many other formulations

Particle can be introduced at the topological level Dupuis, Girelli, Hyrtseniak, Wieland wip



4d quantum gravity from topological theory?



Quantum gravity

Plebanski approach:   

  

𝒮Pl = ∫ ℬ ∧ ℱ(𝒜) − ϕ(ℬ) ∧ ℬ

∫ dℬd𝒜eiSPL ∼ {15j}SO(4) with ℬ ∧ ℬ = 0

∫ dℬd𝒜eiSBF

EPRL model  

No 2-reps, no matter included, no frame field: needs 2-improvement



Quantum gravity

∫ dℬd𝒜eiSMM ∼ ∫ dℬd𝒜(1 + αϵℬℬ + . . . )eiS2BF

Goal
Build state sum on 2-representations, introduce gravity in a perturbative manner.

Important to focus on 2-representations, and not only 1-representation.

Freidel-Starodubtsev  
(MacDowell-Mansouri)
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1
2

βℬ ∧ ℬ −
α
4

ϵ4IJKLℬIJ ∧ ℬKL

𝒜 = (ω, e) ∈ 𝔰𝔬(4,1) ⊗ Λ1M
Gives Immirzi α ∝ Gλ ∼ 10−120

Plebanski approach:   

  

𝒮Pl = ∫ ℬ ∧ ℱ(𝒜) − ϕ(ℬ) ∧ ℬ

∫ dℬd𝒜eiSPL ∼ {15j}SO(4) with ℬ ∧ ℬ = 0

∫ dℬd𝒜eiSBF

EPRL model  

Introduce matter at the topological level and it will percolate to the gravity case!! 



Outlook

2-symmetries are naturally present in 4d, but have not been leveraged

1-representation

2-representation

4d topological models are based on 2-symmetries/representations

Strict Lie/quantum 2-groups 2-representations have to be studied.

State-sum from strict Lie/quantum 2-groups 2-representations have to be derived.

Still some work to do…

Highlight: Have the frame field present (already at the topological level) due to higher gauge.
Can construct homogeneously curved discrete 3d geometries 

Can introduce matter at the topological level



Road map to LQG 2.0 
Work in progress

Gauge theory

3d BF 4d BF

Intertwiner

Spin network

Spin foam

2-gauge theory

Polyhedron phase space 
 (2-coadjoint orbits)

Polygon phase space 
(coadjoint orbits)

Kapovich Millson

2-intertwiner

2-Spin network

2-spin foam

Not using  
Minkowski theorem 

(Polygon=polyhedron)

Spinning tops Spinning top+ string



From polygon to polyhedron

  2-coadjoint orbits  
   
𝔾 = (SU(2) ⋉ SU(2) → SU(2))

 co-adjoint orbit  SU(2)

X ∈ S2
ℓ ⊂ 𝔰𝔲*(2) ∼ ℝ3

X2 = ℓ2
+ Kirillov symplectic form

{Xi, Xj} = ϵk
ijXk

𝒫 = (S2
ℓ × S2

ℓ × S2
ℓ)//C

C = ∑
a

Xa = 0
Polygon phase space (with fixed edge length) Kapovich-Millson

Polyhedron phase space? Ci = Xi − ∑
j

Jj = 0

C = ∑ Xi = 0

(X, J ) ∈ 𝔰𝔲*(2) ⊕ 𝔰𝔲*(2)
+ 2-Kirillov symplectic form

X ⋅ J = s, J2 = ℓ2

WIP  
Girelli-Oliveira-Riello 

{Xi, Xj} = ϵk
ijXk

{Ji, Xj} = ϵk
ijXk

{Ji, Jj} = ϵk
ijJk

→



Partition function as state sum in 
terms of 1-category of   
representations.

𝔰𝔬(3,1)
Partition function as state sum in 
terms of 2-category of Euclidian 2-
group   2-representations.𝔰𝔲(2) ⋉ ℝ3

SO(3,1) SU(2)

ℝ3 × ℝ3

AN
2

ℝ3

ℝ3

Girelli-Tsimiklis 
Girelli-Laudonio-Tsimiklis

Standard  BF theory (no BB interaction) can be viewed either as a double of trivial 2-symmetries, 
or as a double of (deformed) 2-symmetries. This is the same as the change of polarization from before.   

𝔰𝔬(3,1)

𝔰𝔬(3,1) ≈ 𝔰𝔲(2) ⋈ 𝔞𝔫2
𝔰𝔬(3,1)* ≈ ℝ3 × ℝ3



Standard Lorentz BF theory with BB interaction cannot be viewed as a standard gauge theory. This is 
why quantum 2-group structure should arise.   

SO(3,1) SU(2)

SO(3,1)

AN
2

AN2

SU(2)

𝔰𝔬(3,1) ≈ 𝔰𝔲(2) ⋈ 𝔞𝔫2

𝔰𝔬(3,1)* ≈ 𝔰𝔬(3,1)
Lie𝔾 = (𝔰𝔬(3,1) ⋉ 𝔰𝔬(3,1) → 𝔰𝔬(3,1)) ≈ Lie𝔾*→

Symmetries of 4d BF theory, aka 4d Chern-Simons thy


