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o Magnetars (𝐵!~10"#G)

o Gertsenshtein effect

⇒	photons ↔ gravitational waves (GW) 

o Constraints on the SGWB amplitude from 

magnetar X-ray spectra

Introduction
Objective

Searching for a stochastic gravitational wave 

background SGWB

o Probe of early-Universe/BSM physics

o Analogue of the CMB in EM astrophysics
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Gertsenshtein effect

o Consequence of metric expansion 𝑔$% = 𝜂$% − +
-!
ℎ$%

o Weak coupling between EM and GW fields (∝ 1/𝑚()

Euler–Heisenberg Lagrangian

Kinetic Terms 

o Nonlinear dynamics of QED at high energies

o Photon–photon scattering
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Kinetic Terms 

𝐴$

𝐴$
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o Consequence of metric expansion 𝑔$% = 𝜂$% − +
-!
ℎ$%

o Weak coupling between EM and GW fields (∝ 1/𝑚()

Euler–Heisenberg Lagrangian

o Nonlinear dynamics of QED at high energies

o Photon–photon scattering

Gertsenshtein effect
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Euler-Lagrange Equations
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Electromagnetic Field Linearisation

o Photon + background 
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Gauge fixing

o Transverse + traceless for GW

o Transverse + temporal for EM
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Euler-Lagrange Equations Electromagnetic Field LinearisationGauge fixing

Tapez	une	équation	ici.

Magnetic Background 

o Propagation in 𝑧-direction

o Purely magnetic background

Plane Wave

Tapez	une	équation	ici.o Approximate the fields as plane 

waves 𝐴$ , ℎ$% ∝ 𝑒/01–/34

WKB Approximation

Tapez	une	équation	ici.o Slow amplitude cf. fast	frequency

𝜕+ ≃ −2𝜔 𝜔– 𝑖𝜕4

Change of bases

o Background magnetic field in spherical coordinates

𝐁 = 𝐵 sinΘ cosΦ, sinΘ sinΦ, cos Θ

𝐴5
𝐴∥
ℎ×
ℎ8

 = 

sinΦ −cosΦ 0 0
cosΦ sinΦ 0 0
0 0 sin 2Φ cos 2Φ
0 0 − cos 2Φ sin 2Φ

𝐴9
𝐴:
ℎ99
ℎ9:
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“Schrödinger-like equation”

“Mixing of the photon with low-mass particles”

o Published in 1987 by G. Raffelt & L. Stodolsky

o Focused on axion-photon mixing

o Formalism for propagating wave packets in a magnetic 

background

o Similarities between axion-photon and GW-photon 

systems
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Δ! Δ% Δ& 0
Δ% 0 0 2Δ&
Δ& 0 Δ∥ Δ%
0 2Δ& Δ% 0

𝐴!
ℎ"
𝐴∥
ℎ×

“Schrödinger-like equation”

o Δ@ was neglected by G. Raffelt & L. Stodolsky

o Justified for axion-photon mixing since Δ@ ≪ Δ*

o Two uncoupled 2×2 systems: {𝐴5, ℎ8} and {𝐴∥, ℎ×}

o Not justified for GW-photon mixing since Δ@ ≫ Δ*
𝑖
𝑑
𝑑𝑧

𝐴]
ℎ]	

= 𝜔𝕀 +
Δ^ Δ_
Δ_ 0

𝐴]
ℎ]	

Δ& = 0

For some geometries
  Δ& = 0 exactly o Analysis restricted to two specific geometries

o Approximation is not valid outside these configurations

arXiv : 2606.12546
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“Schrödinger-like equation” 𝑖
𝑑
𝑑𝑧

𝐴]
ℎ]	

= 𝜔𝕀 +
Δ^ Δ_
Δ_ 0

𝐴]
ℎ]	

ℋ! = 𝜔𝕀 + ΔA 0
0 0

𝛿ℋ = 0 Δ*
Δ* 0 𝒰 𝑧, 𝑧! = 𝒰! 𝑧, 𝑧! 𝒰=B> 𝑧, 𝑧!

𝒰! 𝑧, 𝑧! 	= exp −𝑖 e
4"

4
𝑑𝑧’	ℋ! 𝑧’ 𝒰=B> 𝑧, 𝑧! 	= 𝒫 exp −𝑖 e

4"

4
𝑑𝑧’	ℋ=B> 𝑧’

Evolution operators

Solutions: Free + Interacting part

𝑃C#→E# = e
4"

4
d𝑧’	Δ* 𝑧’ exp −𝑖	e

4"

4’
𝑑𝑧 ’’	ΔA 𝑧’’ 	

+

𝛿𝜙C# = Im e
4"

4
d𝑧’	 e

4"

4’
dz’’ Δ* 𝑧’ Δ* 𝑧’’ exp −𝑖	e

G’’

4’
𝑑𝑧 ’’’	ΔA 𝑧’’’ 	

Measurable quantities, e.g.,

arXiv : 2606.12546
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Polarization Formalism for Photon–Gravitational
Wave Mixing Around Magnetars

o Stokes parameters evolution expressed uniquely in 

terms of  measurable quantities (e.g., 𝑃C#→E# , 𝛿𝜙C# , etc.)

o Conversion probabilities and phase shifts computed in 

two geometries

o Upper and lower bounds on the SGWB at X-ray 

frequencies

o arXiv: 2606.12546
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𝐼E 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 𝐴5 𝑧 + + 𝐴∥ 𝑧

+

𝑄E 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 𝐴5 𝑧 + − 𝐴∥ 𝑧

+

𝑈E 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 𝐴5 𝑧 𝐴∥∗ 𝑧 + 𝐴5∗ 𝑧 𝐴∥ 𝑧

𝑉E 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 𝑖 𝐴5 𝑧 𝐴∥∗ 𝑧 − 𝐴5∗ 𝑧 𝐴∥ 𝑧

Stokes Parameters

𝐼C 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 ℎ8 𝑧 + + ℎ× 𝑧 +

𝑄C 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 ℎ8 𝑧 + − ℎ× 𝑧 +

𝑈C 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋

ℎ8 𝑧 ℎ×∗ 𝑧 + ℎ8∗ 𝑧 ℎ× 𝑧

𝑉C 𝑧 = e
!

+H dΔ𝜙E$"C×"
2𝜋 𝑖 ℎ8 𝑧 ℎ×∗ 𝑧 − ℎ8∗ 𝑧 ℎ× 𝑧

o Convenient description of polarization (𝐼: intensity, 𝑄	 + 	𝑈: linear polarization, 𝑉: circular polarization)

o Any measurement involves averaging 

o Integral over the arbitrary parameter Δ𝜙E$"C×"

arXiv : 2606.12546
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𝑈E 𝑧 ∝ tr

𝐴5 + 𝐴5ℎ8∗ 𝐴5𝐴∥∗ 𝐴5ℎ×∗

ℎ8𝐴5∗ ℎ8 + ℎ8𝐴∥∗ ℎ8ℎ×∗

𝐴∥𝐴5∗ 𝐴∥ℎ8∗ 𝐴∥
+ 𝐴∥ℎ×∗

ℎ×𝐴5∗ ℎ×ℎ8∗ ℎ×𝐴∥∗ ℎ× +

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

= 𝐴5 𝑧 𝐴∥∗ 𝑧 + 𝐴5∗ 𝑧 𝐴∥ 𝑧

Exemple

e
!

+H dΔ𝜙E$"C×"
2𝜋

Stokes Parameters

𝜌 =

𝐴5 + 𝐴5ℎ8∗ 𝐴5𝐴∥∗ 𝐴5ℎ×∗

ℎ8𝐴5∗ ℎ8 + ℎ8𝐴∥∗ ℎ8ℎ×∗

𝐴∥𝐴5∗ 𝐴∥ℎ8∗ 𝐴∥
+ 𝐴∥ℎ×∗

ℎ×𝐴5∗ ℎ×ℎ8∗ ℎ×𝐴∥∗ ℎ× +

Density matrix

𝜌 = 𝒰 𝑧, 𝑧! 𝜌!𝒰J 𝑧, 𝑧!

Initial averaged density matrix

= e
!

+H dΔ𝜙E$"C×"
2𝜋

𝐴5 + 𝐴5ℎ8∗ 𝐴5𝐴∥∗ 𝐴5ℎ×∗

ℎ8𝐴5∗ ℎ8 + ℎ8𝐴∥∗ ℎ8ℎ×∗

𝐴∥𝐴5∗ 𝐴∥ℎ8∗ 𝐴∥
+ 𝐴∥ℎ×∗

ℎ×𝐴5∗ ℎ×ℎ8∗ ℎ×𝐴∥∗ ℎ× +
4K4"

=
1
2

𝐼E! + 𝑄E! 0 𝑈E! − 𝑖𝑉E! 0
0 𝐼C! + 𝑄C! 0 𝑈C! − 𝑖𝑉C!

𝑈E! + 𝑖𝑉E! 0 𝐼E! − 𝑄E! 0
0 𝑈C! + 𝑖𝑉C! 0 𝐼C! − 𝑄C!

𝜌!

arXiv : 2606.12546
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=
1
2

𝐼E! + 𝑄E! 0 𝑈E! − 𝑖𝑉E! 0
0 𝐼C! + 𝑄C! 0 𝑈C! − 𝑖𝑉C!

𝑈E! + 𝑖𝑉E! 0 𝐼E! − 𝑄E! 0
0 𝑈C! + 𝑖𝑉C! 0 𝐼C! − 𝑄C!

𝜌!𝜌 = 𝒰 𝑧, 𝑧! 𝜌!𝒰
J 𝑧, 𝑧!

o Evolution operator 𝒰	 = 𝒰!𝒰=B> 

Stokes Parameters

𝒰=B> 𝑧, 𝑧! 	 ∈ 𝑆𝑈 2

Amplitude 
conservation

+
 tr 	ℋ=B> = 0

𝒰=B>(𝑧, 𝑧!) 	=
1 − 𝑃C#→E#𝑒

/LM&# 𝑃C#→E#𝑒
N/LM&#→(#

− 𝑃C#→E#𝑒
/LM&#→(# 1 − 𝑃C#→E#𝑒

N/LM&#

𝒰=B> ""

𝒰=B> +"

− 𝒰=B> +"
∗

𝒰=B> ""
∗

𝒰=B>(𝑧, 𝑧!) 	=
1 − 𝑃C#→E#𝑒

/LM&# 𝑃C#→E#𝑒
N/LM&#→(#

− 𝑃C#→E#𝑒
/LM&#→(# 1 − 𝑃C#→E#𝑒

N/LM&#

𝛿𝜙OPQ = e
4"

4
dz’ Δ5 𝑧’ − Δ∥ 𝑧’ Δ𝜙C = 𝛿𝜙C) − 𝛿𝜙C× Δ𝜙C→E = 𝛿𝜙C)→E$ − 𝛿𝜙C×→E∥
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𝒰=B> ""

𝒰=B> +"

− 𝒰=B> +"
∗

𝒰=B> ""
∗

𝒰=B>(𝑧, 𝑧!) 	=
1 − 𝑃C#→E#𝑒

/LM&# 𝑃C#→E#𝑒
N/LM&#→(#

− 𝑃C#→E#𝑒
/LM&#→(# 1 − 𝑃C#→E#𝑒
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𝛿𝜙OPQ = e
4"

4
dz’ Δ5 𝑧’ − Δ∥ 𝑧’ Δ𝜙C = 𝛿𝜙C) − 𝛿𝜙C× Δ𝜙C→E = 𝛿𝜙C)→E$ − 𝛿𝜙C×→E∥𝑉E = 𝑉E! cos 𝛿𝜙OPQ − Δ𝜙C + 𝑈E! sin 𝛿𝜙OPQ − Δ𝜙C 1 − 𝑃C)→E$ 1 − 𝑃C×→E∥ 	

                      + 𝑉C! cos 𝛿𝜙OPQ − Δ𝜙C→E + 𝑈C! sin 𝛿𝜙OPQ − Δ𝜙C→E 𝑃C)→E$𝑃C×→E∥

𝐼E = 𝐼E! +
𝐼C! + 𝑄C!

2
−
𝐼E! + 𝑄E!

2
𝑃C)→E$ +

𝐼C! − 𝑄C!
2

−
𝐼E! − 𝑄E!

2
𝑃C×→E∥	

𝑄E = 𝑄E! +
𝐼C! + 𝑄C!

2 −
𝐼E! + 𝑄E!

2 𝑃C)→E$ −
𝐼C! − 𝑄C!

2 −
𝐼E! − 𝑄E!

2 𝑃C×→E∥

𝑈E =	 𝑈E! cos 𝛿𝜙OPQ − Δ𝜙C − 𝑉E! sin 𝛿𝜙OPQ − Δ𝜙C 1 − 𝑃C)→E$ 1 − 𝑃C×→E∥ 	

  	 + 𝑈C! cos 𝛿𝜙OPQ − Δ𝜙C→E − 𝑉C! sin 𝛿𝜙OPQ − Δ𝜙C→E 𝑃C)→E$𝑃C×→E∥

Photon
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𝑄E = 𝑄E! +
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2 −
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2 𝑃C)→E$ −
𝐼C! − 𝑄C!

2 −
𝐼E! − 𝑄E!

2 𝑃C×→E∥

𝑈E =	 𝑈E! cos 𝛿𝜙OPQ − Δ𝜙C − 𝑉E! sin 𝛿𝜙OPQ − Δ𝜙C 1 − 𝑃C)→E$ 1 − 𝑃C×→E∥ 	

  	 + 𝑈C! cos 𝛿𝜙OPQ − Δ𝜙C→E − 𝑉C! sin 𝛿𝜙OPQ − Δ𝜙C→E 𝑃C)→E$𝑃C×→E∥

Photon

𝑉C = 𝑉C! cos Δ𝜙C + 𝑈C! sin Δ𝜙C 1 − 𝑃C)→E$ 1 − 𝑃C×→E∥

+ 𝑉E! cos Δ𝜙C→E + 𝑈E! sin Δ𝜙C→E 𝑃C)→E$𝑃C×→E∥

𝐼C = 𝐼C! −
𝐼C! + 𝑄C!

2 −
𝐼E! + 𝑄E!

2 𝑃C)→E$ −
𝐼C! − 𝑄C!

2 −
𝐼E! − 𝑄E!

2 𝑃C×→E∥

𝑄C = 𝑄C! −
𝐼C! + 𝑄C!

2 −
𝐼E! + 𝑄E!

2 𝑃C)→E$ +
𝐼C! − 𝑄C!

2 −
𝐼E! − 𝑄E!

2 𝑃C×→E∥

𝑈C = 𝑈C! cos Δ𝜙C − 𝑉C! sin Δ𝜙C 1 − 𝑃C)→E$ 1 − 𝑃C×→E∥
                                                                      + 𝑈E! cos Δ𝜙C→E − 𝑉E! sin Δ𝜙C→E 𝑃C)→E$𝑃C×→E∥

Gravitational wave
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o Analytical computation of 𝑃C+→E+ , 𝛿𝜙C#→E# , 𝛿𝜙C# and 𝛿𝜙OPQ

o Two geometries of interest (Δ@ = 0):

     radial case (𝑏	 = 	0) 

 parallel case (𝛼 = 	0)

Tapez	une	équation	ici.

Magnetic dipole

𝑟! : Radius of magnetar     𝐫 : Wave-packet position

𝐵! : Surface magnetic field      𝐦 : Magnetic moment

𝐁 =
𝐵!
2

𝑟!
𝑟

R
3|𝐫( }𝐦 ⋅ |𝐫) − }𝐦

⇒ Computation of the EOM quantities (Δ∥, Δ5, Δ*)

Probabilities and Phase Shifts

arXiv : 2606.12546
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Radial case

Parallel case

�𝑃C#→E# SK!
=

Δ*!𝑟! + sin 𝛼
+
T

25 ΔU!𝑟!/5
#
T

e
!

V
−e

N/W#"X" Y=B, Z/T

V
	 d𝑥’𝑥’

+
TN"𝑒N9’

+

�𝛿𝜙C# SK!
= Δ*!𝑟! sin 𝛼 +e

H
+

H
#
𝑑𝜗’	 e

H
+

\’
𝑑𝜗’’ cot 𝜗’ csc+ 𝜗’ cot 𝜗’’ csc+ 𝜗’’ sin ΔU!𝑟! sin+ 𝛼e

\’’

\’
𝑑𝜗’’’ cot# 𝜗’’’ csc+ 𝜗’’’

�𝑃C#→E# ZK!
=

6Δ*!𝑟! +

𝑏
	# e

!

H
+
𝑑𝜗’ sin 𝜗’ cos+ 𝜗’ sin

9ΔU!𝑟!

𝑏
	T e

!

\’
𝑑𝜗’’ sin+ 𝜗’’ cos^ 𝜗’’

+

�𝛿𝜙C# ZK!
=

6Δ*!𝑟! +

𝑏
	# e

NH+

H
+
𝑑𝜗’e

NH+

\’
𝑑𝜗’’ sin 𝜗’’ cos+ 𝜗’’ sin 𝜗’’ cos+ 𝜗’’ sin

9ΔU!𝑟!

𝑏
	T e

\’’

\’
𝑑𝜗’’’ sin+ 𝜗’’’ cos^ 𝜗’’’

+

change of variables, initial/final conditions and 𝑏 = 𝑏/𝑟!

Probabilities and Phase Shifts Large parameter : Δ'(𝑟( ∼ 10)*

arXiv : 2606.12546
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�𝑃C#→E# SK!
≈

_ ,
-
,
W."X" , Y=B, Z

+T.
/
-

1 + 𝒪 𝜆	
N 0
-  

�𝛿𝜙C# SK!
≈ Δ*!𝑟! sin 𝛼 + −

T8+ T_ ,
-
,

T!.
/
-

+ "
T.
+

_ ,
- ;`Y .N1-

+T.
2
-

+ 𝒪 𝜆	
N 3
-  

�𝑃C#→E# ZK!
≈ W."X" ,

S
/

R RTH/+
0
2_ 0

2 ;`Y .N-12

+a.
0
2

+
R
4
, R!H

,
0_ ,

0

^#.
,
0

−
T RTH/+

-
2_ -

2 ;`Y .812

^b+.
-
2

+ 𝒪 𝜆N"
+

�𝛿𝜙C# ZK!
≈	− RW."X" ,

S
/ �

RTH/+
5
2_ 0

2
,
>cB 01

2 NY=B +.N012

R"R^.
5
2

−
RTH/+

0
2 R!H

,
0_ 0

2 _ ,
0 Y=B .8,12

"bd+⋅R
4
,.

,0
,4

 

              �	−
T RTH/+

3
2_ 0

2 _ -
2 ;`Y 1

2 >cB 01
2 8Y=B +.N/12

""+	ad^.
3
2

−
R!H

/
0_ ,

0
,

a"d+⋅R
4
,.

/
0
+ 𝒪 𝜆N

,6
,4  

𝜆 =
45𝜋ΔU!𝑟!

256 𝑏
T

𝜆 =
ΔU!𝑟! sin+ 𝛼

5

Probabilities and Phase Shifts Large parameter : Δ'(𝑟( ∼ 10)*

Radial case

Parallel case
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*For the benchmark magnetar 1E 1547.0-5408 : 𝐵! = 3.2	×	10"# G, 𝑟! = 10 km and 𝜔 = 	10 keV

Radial case

Parallel case
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General idea

ℎf > 3.8	×	10NTR ⋅
𝐵!
𝐵crit

"
T 𝜔
10	keV

NbT 𝑟!
10	km

R
T 𝜈𝐹%

10N+ keV
+ ⋅ Photons

cm+ ⋅ s ⋅ keV

"
+

⇒𝐼C
x−y =

1
4𝜋

e𝑑Ω g𝐦e
!

+H Δ𝜙E$"
2𝜋

ℎ99 + + ℎ9:
+ -!

,

+
𝜔ℎf+	= 𝑃C→E

<ci jk("
j0

Lower bounds
Magnetars emit X-rays from their surfaces, which are converted into high-frequency gravitational waves 

via the Gertsenshtein effect in their magnetospheres.

arXiv : 2606.12546

Lower bounds
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Upper bounds
General idea

Geometry

-d�𝑏

𝜕+𝐿E
𝜕Ω𝜕𝜔

≈ isotropic

An existing SGWB is partially converted into X-rays in the vicinity of a magnetar. The converted 

light then propagates and can be detected on Earth.   

𝐼E
x−y = e

!

+H Δ𝜙E$"
2𝜋 𝐴9 + + 𝐴:

+ 	

arXiv : 2606.12546
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Upper bounds
General idea An existing SGWB is partially converted into X-rays in the vicinity of a magnetar. The converted 

light then propagates and can be detected on Earth.   

𝜕𝐹E
𝜕𝜔 =

𝜎lmm
4𝜋𝑑+

𝜕𝐹C!
𝜕𝜔

𝜎lmm =
1
2�

U

ed+𝑏 𝑃C#→E# ZK!

𝐼E
x−y = e

!

+H Δ𝜙E$"
2𝜋 𝐴9 + + 𝐴:

+ 	 ⇒

arXiv : 2606.12546

ℎf < 3.5	×	10N+! ⋅
𝐵!
𝐵crit

NRT 𝜔
10	keV

N#T 𝑟!
10	km

NdT 𝑑
5	kpc

𝜈𝐹%

10N+ keV
+ ⋅ Photons

cm+ ⋅ s ⋅ keV

"
+

Upper bounds
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Figure 1 - Characteristic strain measured at Earth from gravitational 

waves produced through Gertsenshtein conversion of radially 

propagating X-rays in magnetars’ magnetospheres.

Figure 2 - Upper bounds on the characteristic strain of the gravitational-

wave background derived from Gertsenshtein conversion in magnetars’ 

magnetospheres.

Lower bounds Upper bounds

arXiv : 2606.12546
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Conclusion
o Formalism developped by Raffelt & Stodolsky (1987)

o EOM of the GW−photon system

o Evolution of Stokes parameters

o Conversion probabilities and phase shifts computed and  

approximated in two geometries

o Upper and lower bounds on the SGWB in X-ray frequency 

range

arXiv : 2606.12546
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Thank you
Jean-Simon Côté and Jean-François Fortin
June 19th 2026

V. Dandoy et al., (2024), JCAP, arXiv:2305.01832 

Questions ?



Magnétars 𝐵! 10"#	G 𝑑 [kpc]

1E 1547.0-5408 3,2 4,5

1E 1841-045 7,0 8,5

1E 2259+586 0,59 3,2

4U 0142+61 1,3 3,6

SGR 1806-20 7,7 8,7

Table 1 — Magnetar parameters used in Figures 1 and 2. In all 

cases, the neutron-star radius is taken to be 𝑟! 	= 	10 km. All 

parameters used are from the McGill Online Magnetar Catalog 

except for SGR 1806-20.
S. A. Olausen & V. M. Kaspi, (2014), ApJS, arXiv:1309.4167
G. Younes et al., (2017), ApJ, arXiv :1711.00034
J. L. Bibby et al. (2008), MNRAS, arXiv:0802.0815

Appendix - Magnetars Parameters
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Appendix - Stationary Phase Method for Degenerate Critical Points

Oscillation frequency scales as 𝜆 ∝ ΔU!𝑟!

ΔU!𝑟! ∼ 10"+	for	an	X-ray close to a magnetar

Rapid oscillations ⇒ destructive interference

ℐ"(𝜗∗) 	= 	e
\∗

L
𝑑𝜗′ 𝑔(𝜗′)𝑒/.n \8 ,	

ℐ+(𝜗∗) 	= e
\∗

L
𝑑𝜗′e

\∗

\’
𝑑𝜗’’ 𝑔 𝜗o 𝑔 𝜗oo 𝑒/. n \8 Nn \88

𝑓 𝜗o ≃ 𝑓! + 𝑓" 𝜗o − 𝜗∗ ℓ + 𝑓+ 𝜗o − 𝜗∗ ℓ83 + 𝒪 𝜗o − 𝜗∗ ℓ8+3  

𝑔 𝜗o ≃ 𝑔" 𝜗o − 𝜗∗ qN" + 𝑔+ 𝜗o − 𝜗∗ q8-N" + 𝒪 𝜗o − 𝜗∗ q8+-N"  

ℐ+ 𝜗∗ 	 ∼ 	 r4,,
9:1
ℓ

ℓ, n4.
,:
ℓ

_ :
ℓ
,

+ ;`Y :1
ℓ
+ r,

r4

_ :
ℓ _ :)<

ℓ ;`Y <1
,ℓ ,

9<1
,ℓ

n4.
<
ℓ ;`Y :1

ℓ 8
<1
,ℓ

− n,
n4

_ :
ℓ _ :)=

ℓ 8" ;`Y =1
,ℓ ,

9=1
,ℓ

n4.
=
ℓ ;`Y :1

ℓ 8
=1
,ℓ

 + 𝒪 𝜆	
N, :)>?@ A,>

ℓ
𝜆 → ∞

ℐ" 𝜗∗ 	 ∼ 	 r4,
9C"D)

91:
,ℓ

ℓ n4.
:
ℓ

Γ q
ℓ
+ r,

r4

_ :)<
ℓ ,

91<
,ℓ

n4.
<
ℓ

− n,
n4

_ :)=
ℓ 8" ,

91=
,ℓ

n4.
=
ℓ

+ 𝒪 𝜆	
N:), >?@ A,>

ℓ  𝜆 → ∞
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