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Goal: Characterize the consistent interactions of massive spin-2
particles by deriving bounds on their cubic couplings and particle
spectrum.
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The scattering matrix, or S-matrix, maps an initial state to a final state,
S=1+iT
Assumptions on the S-matrix:
e Unitarity: SST =1
e Causality = analyticity
e Crossing symmetry: M(s, t,u) = M(t,s,u) = M(t,u,s)=...
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The S-matrix bootstrap uses these general consistency conditions to constrain scattering

amplitudes without assuming a specific UV completion. 315



Scattering set-up

Consider the scattering of a massive spin-2 particle h,, with mass m,
h? h2 — h? h?
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We construct the tree-level amplitude from the following exchange and contact

contributions:
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Einstein—Hilbert interactions

We assume that the interactions among the Kaluza—Klein spin-2 modes are inherited from
the higher-dimensional Einstein—Hilbert action,

D-2
MD

Sgn = > /dDX\/—gR.
After compactification and expansion around flat space,
V=g R ~ (9h)? + kph(Oh)? + kB h*(Oh)? + - - .

which generates the three-point and four-point KK vertices.

Minimal-coupling assumption
® Both the three-point exchange vertices and the four-point contact interaction are
fixed by the Einstein—Hilbert action.
® The coupling of each massive KK mode to the massless graviton is universal and
fixed by gravitational minimal coupling.
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Smeared Amplitudes

® Use smeared amplitudes:

Pmax
My(s) = /0 dpyy(p)M (s, —p?)

with wavefunctions 1(p) that have compact support in momentum space and decay
rapidly at large impact parameter b [Caron-Huot et al., 2021, Hiring and Zhiboedov, 2024]:

[im M =0 for fixed u < 0.
|00 |s]?

® The compact smearing integral preserves the relevant analyticity properties of the
original amplitude.
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Dual-Tensor Method

For massive spin-2 particles, a fixed-helicity amplitude is obtained by contracting the
open-index amplitude with external polarization tensors:

(1) J(A2) #(N3) (M) A q1ps
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A massive spin-2 particle has five helicities = 5% = 625 possible helicity configurations.

Key idea: Instead of using helicity amplitudes, we introduce dual tensors. J

Dual tensors provide alternative projections of the open-index amplitude:

Adgual = My cpygMHFETHE,

They can be chosen to isolate particular helicity sectors in the high-energy limit.
— allow us to impose crossing symmetry and derive dispersive sum rules without
explicitly computing the full set of helicity amplitudes.
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Example: Scalar Dual for Massive Spin-1

As a simplified illustration of the dual-tensor method, consider massive spin-1 scattering.
At high energies, the following dual isolates the scalar (longitudinal) sector:
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This can be seen by contracting the dual with physical polarization vectors and studying
its large-s behaviour. For example, the last term gives

nfHengethey €0, €3p5€au, = (€1 - €2) (€3 - €a)

The scaling of this contraction depends on the external polarizations. For spin-1
longitudinal modes:

L0 0 pi P S

i m2 m2’

while transverse contractions remain O(s?).

Therefore, in the large-s limit, this dual selects the all-longitudinal sector. )
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Dispersive Sum Rule

A dispersion relation follows from analyticity of the amplitude. Because the smeared
amplitude falls off sufficiently rapidly at large energies, the contour at infinity vanishes:

Ozj{ ds Mg (5, )M 15 (s, p)
Coo 271'/ Sk+1

The contour can then be deformed onto the poles and branch cuts of the amplitude:
Zf!_ess [Kk(s,P%) My s Mg (5, )]
m2
2 2\rr g 4 J
= Z n / Ry py(m )le(m s PI)Myy g€y e, (cOSB)
where df{1z,h34 describe the spin-J partial waves and unitarity implies 0 < p,(s) < 2.

® Left-hand side: contains the masses and couplings of the EFT.
® Right-hand side: positive contribution from the unknown heavy spectrum.

Analyticity relates low-energy EFT data to the high-energy spectrum. )
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Dispersive Sum Rule: example

fi1n: coupling between the external charge-one KK modes to a charge-n KK mode of
mass my p
h11n: coupling between the external charge-one KK modes to a charge-n scalar

Using the k = 4 sum rule with the SSSS dual, the low-energy side takes the simple form
(matching [Bonifacio and Hinterbichler, 2019])

BY™ = 4mPfilo + mPhl + ) (4m’ —3m3,) A,

n

Requiring that the amplitude grows no worse than ~ E* at high energies imposes
B} = 0. The sub-leading dispersive coupling Bi°" must be much smaller than the
leading dispersive coupling B%OW. Equivalently, at least one massive spin-2 state with
mo , > 2/v/3 m must couple to the external particles.

fiio _ 1

For n =2, f11 = 0, my > = 2m we expect the ratio of couplings == 5
110
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Bounding Couplings with SDPB

We use semi-definite programming, SDPB [Simmons-Duffin, 2015], to compute the coupling
bounds using the following optimization problem:

pmax
maximise ) /0 dpi(p) B/ (p°)
pmax
subject to Z/ dpi(p) B8 [p?, m?,J] = 0 Ym>M,VJ.
. 0

Label B; enumerates the independent dispersive sum rules and M is the EFT cutoff.
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Bounds on cubic couplings

Preliminary bounds: using 3 duals and setting
m=M/10, fi; =0, n =2, myp =2m

ha, ha,,
2 2 2
M 0.5f50 — € < f3, < 0.5f5, + ¢
Rt
ha,, ha,,

Additionally, using 3, = 1/27‘1210 and pmin = MR/ Mcutoff = 0.001
h? hfw

Af: 5.53f2, < 2,0 < 6.26f2,
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Bounds on contact interactions

Preliminary bounds: using 3 duals and setting pmin = Mg/ Mcutoft = 0.001 along with,
m=M/10, f3; =0, n=2, myp =2m, hijq = 6f,, iy =1/2f,

We place bounds on a zero-derivative O(E®) contact vertex coupling, a1, which
corresponds to the Gram determinant of the four auxiliary polarization vectors: det(e; - €;).

~0.0094 < - < 0.0066
fito
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Outlook

® We introduced dual tensors to derive dispersive constraints without computing the
full set of helicity amplitudes.

® Using the S-matrix bootstrap, we derived bounds on the cubic couplings of two
charge-one KK modes to a charge-two KK mode and to a massless scalar, as well as
on a quartic contact coupling.

Future directions:

® Characterize the full spectrum of Kaluza—Klein modes compatible with unitarity,
analyticity, and crossing symmetry.

® Extend the bootstrap to bound couplings of mixed scattering processes involving
different Kaluza—Klein levels.
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