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The Haar measure
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● The notion of Haar measure formalizes the fundamental concept of 
drawing unitary matrices uniformly at random.

● All locally compact topological group admit a Haar measure.

Haar Measure - The Haar measure μ on the unitary group U(N) is the unique 
probability measure that is both left and right invariant over the group, i.e., for 
all integrable functions f and for all V ∈ U(N), we have



The Weingarten calculus
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The Weingarten calculus answers the following question: given a compact 
group G equipped with its Haar measure, how can one explicitly evaluate 
moments of the matrix coefficients of a random element of G?

For instance

Unitary group :

Orthogonal group :



The Weingarten calculus
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Timeline
● 1978 - Weingarten computes asymptotic expressions for integrals over 

the unitary group in the large-dimension limit N→∞.
● 2003 - Collins et al. find exact formulas, for the unitary group, valid for 

arbitrary group dimension
● Today - Full collection of closed-form Weingarten-type formulas for 

integrals over many classical groups and random matrix ensembles 
equipped with the Haar measure.

Applications
● Quantum information theory
● Statistical physics

● Random matrix theory
● Free probability
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The Weingarten function
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A Python library for Weingarten 
calculus and integration of classical 
compact groups and ensembles

● Open-source

● Easy to install

● Thoroughly tested

● Documented

● Symbolic

haarpy.readthedocs.io
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● Unitary group

● Orthogonal group

● Haarpy requires a group dimension 
variable for symbolic integration 
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Supported groups and ensembles
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● Unitary group
● Orthogonal group
● Symplectic group

● Circular orthogonal ensemble
● Circular symplectic ensemble

● Free orthogonal group
● Free symmetric group

● Random permutation matrices
● Random centered permutation 

matrices

Classical compact groups}
Circular ensembles}

Quantum groups}
Symmetric group}
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Some auxiliary functions
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● Returns the Murnaghan-Nakayama rule 
for the characters of the irreducible 
representations of the symmetric group

● Generates the set of non-crossing 
partitions of a given size

● Generates the permutations of the 
hyperoctahedral group

● Generates the permutations of the Young 
subgroup associated with a given integer 
partition
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A Python library for Weingarten 
calculus and integration of classical 
compact groups and ensembles

Thank you!


