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COMBINE theory and experiment

basic concept

f1(xi ) = g(xk , ...).
↓

χ2(x1, ..., xi , .., xj , ..., xn)
↑

f2(xj) = (xm, ...).
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COMBINE theory and experiment

for neutrinos: eg. mixing scheme relations + ”full range” χ2 correlated
data

a minimal dataset: χ2(θ13, θ12, θ23, δCP)

or better, a dataset with masses:

sin2 θ12 = ....
↓

χ2(θ13, θ12, θ23, δCP,∆m221,∆m231)
↑

cos δCP = ....
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3ν oscillations and masses, m0 = mlightest

Normal mass ordering (NO)

m1 = m0,

m2 =
√

m20 + ∆m221,

m3 =
√

m20 + ∆m231,

Inverted mass ordering (IO)

m1 =
√

m20 − ∆m221 − ∆m232,

m2 =
√

m20 − ∆m232,

m3 = m0,

∆m221 > 0 |∆m231(32)| > 0 NO or IO ?

Σmi < 0.12 eV at 95% CL from Planck (CMB)
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3ν mixing

Neutrino flavor and mass eigenstates are related by

|να⟩ = Uαi |νi ⟩

Pontecorvo–Maki–Nakagawa–Sakata parametrization of mixing matrix

UPMNS =

[
c12c13 s12c13 s13e−iδ

−s12c23 − c12s13s23e iδ c12c23 − s12s13s23e iδ c13s23
s12s23 − c12s13c23e iδ −c12s23 − s12s13c23e iδ c13c23

][
e iα1 0 0
0 e iα2 0
0 0 1

]
,

where cij ≡ cos θij , sij ≡ sin θij , δ ≡ δCP.

Peter B. Denton talk, link here. arXiv:2204.08668, Figure 2.1
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Neutrino masses and mixing puzzle

Dirac or Majorana ? (3+ n)ν, n=0 ?

NO or IO ? mlightest ̸= 0 ?

flavor symmetry ? mixing scheme ?

θ23 octant ?

δCP ̸= 0 ?

Σmi < 0.12 eV ← this we know from Planck at 95% CL.

θ13 ̸= 0 ← this we know from reactor experiments, e.g. Daya Bay.

Experimental data indicate that δCP ̸= 0 and NO are favored.
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Closer look at NuFIT data
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Global fit available data files (data sets)

1. NuFIT (1D, 2D + single 3D data set)
http://www.nu-fit.org

2. χ2 profiles from Valencia neutrino global fit (1D, 2D data sets)
https://globalfit.astroparticles.es
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http://www.nu-fit.org/?q=node/309##label85
https://globalfit.astroparticles.es/2018/09/24/chi2-profiles/


1D profiles of oscillation parameters, 3σ ranges, b-fs, NuFIT v6.0
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2D and 3D profiles, correlated data, NuFIT v6.0.

Currently, up to 3D datasets are available.
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Mathematica output based on NuFIT v6.0 datasets.

← treated independently, each χ2 ∼ 3

←

← composition of two, χ2 ∼ 5 to 13

←

← composition of three, χ2 ∼ 17

Insight into the χ2 value is crucial to confront theory with exp.
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Extend to full range.

To extend the number of random variables we introduce conservative estimations:

χ2ext(X1, ...,Xi ) ≡ max
{
χ2(X1, ...,Xk−1,Xk+1, ...,Xi ), k ∈ {1...i}

}
.

and in the context of neutrino parameters e.g.

χ2ext(θ13,∆m231, δCP) ≡ max
{
χ2NuFIT(∆m231, δCP), χ

2
NuFIT(θ13, δCP), χ

2
NuFIT(θ13,∆m231)

}
Tested against complete minimized NuFIT data sets, both mass orderings, that

χ2(X1, ...,Xi ) ­ max
{
χ2(X1, ...,Xk−1,Xk+1, ...,Xi ), k ∈ {1...i}

}
.

Example NuFIT data test:

χ2(θ23,∆m231, δCP) ­ max
{
χ2(∆m231, δCP), χ

2(θ23, δCP), χ
2(θ23,∆m231)

}
17.5 ­ max{7.6, 13.5, 4.7} ← numbers taken from slide 11

due to ”­” underestimation (13.5 < 17.5) ⇒ no risk of excluding allowed region
(volume).
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Reduce.

To reduce the number of random variables, we carry out projections:

χ2red(X1, ...,Xk−1,Xk+1, ...,Xn) ≡ min
{
χ2(X1, ...,Xk = xk , ...,Xn) for any xk

}
.

and in the context of neutrino parameters e.g.

χ2red(θ23, θ13, δCP) = min
{
χ2(θ23, θ13, θ12, δCP) for any θ12

}
.

Tested against complete minimized NuFIT data sets, both mass orderings, that

χ2(X1, ...,Xk−1,Xk+1, ...,Xn) = min
{
χ2(X1, ...,Xk = xk , ...,Xn) for any xk

}
.

Example:

χ2NuFIT(δCP) = min
{
χ2NuFIT(θ23, δCP) for any θ23

}
.

A full (6D) correlated data from global fit (experiment) would further constrain the results.

The extension formula may still be useful due to numerical complexity and memory
requirements of 4D-6D data sets.
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Reconstructed χ2 volumes from NuFIT (v5.3) 1D and 2D data vs 3D data

Here presented for χ2 ¬ 9, NO (upper panel) and IO (lower panel).
max(...) extension formula (slide 12) applied to 1D and 2D data to reconstruct the 3D valume
1D data only (3σ ranges) 2D correlated data only 3D correlated data
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Reconstructed χ2 volumes from NuFIT (v6.1) 1D and 2D data vs 3D data

Here presented for χ2 ¬ 9, NO (upper panel) and IO (lower panel).
max(...) extension formula (slide 12) applied to 1D and 2D data to reconstruct the 3D volume
1D data only (3σ ranges) 2D correlated data only 3D correlated data
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Alternatives for max(...) estimation

χ2(θ13, θ12, θ23, δCP,∆m221,∆m231) from global fit (could be without masses)
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Decompose example max(...) estimation

max(...) formula at the end always return unchanged NuFIT χ2 value
(except needed interpolation to join the discrete data points - no
extrapolation).

χ2ext(θ13,∆m231, δCP)

is estimated by

max


χ2NuFIT(∆m231, δCP)

χ2NuFIT(θ13, δCP)

χ2NuFIT(θ13,∆m231)

The maximum is taken after checking each χ2 value of global fit available
subsets of parameters.
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θ13 ̸= 0, Daya Bay, RENO (2012)

BM, TB, GR, HG disfavored by non-zero θ13.

UPMNS =

[
c12c13 s12c13 s13e

−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23
s12s23 − c12s13c23e

iδ −c12s23 − s12s13c23e
iδ c13c23

]
θ13 ̸= 0◦ ⇓ θ23 = 45◦

U0 =

[
c12 s12 0
− s12√

2

c12√
2

1√
2

s12√
2

− c12√
2

1√
2

]
⇓

θ12 = 45◦, s12 = 1/
√
2 θ12 = 35, 26◦, s12 = 1/

√
3 θ12 = 31, 7◦ θ12 = 30◦, s12 = 1/2

Bimaximal Mixing Tribimaximal Mixing Golden Ratio Mixing Hexagonal Mixing[
1√
2
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2

0

− 12
1
2

1√
2

1
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2

] [√
2
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1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2

]  ϕ√
2+ϕ

1√
2+ϕ

0

−1√
4+2ϕ

ϕ√
4+2ϕ

1√
2

1√
4+2ϕ

−ϕ√
4+2ϕ

1√
2

 √ 3
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− 1
2
√
2

√
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2
√
2

− 1√
2

− 1
2
√
2

√
3

2
√
2

1√
2


Golden Ratio Mixing: tg θ12 = 1/ϕ , ϕ = (1 +

√
5)/2 being the golden ratio.
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Non-zero θ13: Successors of tribimaximal mixing

UTBM =

[
2√
6

1√
3

0

− 1√
6

1√
3

− 1√
2

− 1√
6

1√
3

1√
2

]
, UPMNS ≃

[
2√
6

1√
3

0.15

− 1√
6

1√
3

1√
2

1√
6

− 1√
3

1√
2

]
,

|UTM1 | =

[
2√
6

∗ ∗
1√
6

∗ ∗
1√
6

∗ ∗

]
, |UTM2 | =

[
∗ 1√

3
∗

∗ 1√
3

∗
∗ 1√

3
∗

]
,

UTM1 =

[ 2√
6

cθ√
3

sθ√
3
e−iγ

− 1√
6

cθ√
3
− sθ√

2
e iγ − sθ√

3
e−iγ − cθ√

2
− 1√

6

cθ√
3
− s√

2
e iγ − sθ√

3
e−iγ +

cθ√
2

]
,

UTM2 =

[ 2cθ√
6

1√
3

2sθ√
6
e−iγ

− cθ√
6
+ s√

2
e iγ 1√

3
− sθ√

3
e−iγ − cθ√

2
− cθ√

6
+ s√

2
e iγ 1√

3
− sθ√

3
e−iγ +

cθ√
2

]
.
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Mixing-schemes structure: TM1 and TM2, partial µ-τ

Flavor and mass mixing: [
νe
νµ
ντ

]
=

[
Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

][
ν1
ν2
ν3

]
.

TM1 and TM2 mixing-schemes structure

|UTM1 | =

 2√6 ∗ ∗
1√
6
∗ ∗

1√
6
∗ ∗

 , |UTM2 | =
∗ 1√

3
∗

∗ 1√
3
∗

∗ 1√
3
∗

 .
Partial µ-τ (µ1-τ1, µ2-τ2) reflection symmetry mixing structure:

|Uµ1| = |Uτ1|, |Uµ2| = |Uτ2|.

TM1 variant of more general µ1-τ1 TM2 variant of more general µ2-τ2
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TM1 and TM2 mixing schemes, partial µ− τ symmetry

Comparing the corresponding elements of the first column of UPMNS and UTM1 .

|Ue1|2 = c212c
2
13 = 2/3 : θTM112 (θ13) : s212 =

1− 3s213
3− 3s213

,

|Uµ1|2 = |Uτ1|2 = 1/6 : δTM1CP (θ13, θ23) : cos δCP =
(1− 5s213)(2s

2
23 − 1)

4s13s23
√
2(1− 3s213)(1− s223)

.

Comparing the corresponding elements of the second column of UPMNS and UTM2 .

|Ue2|2 = s212c
2
13 = 1/3 : θTM212 (θ13) : s212 =

1

3− 3s213
,

|Uµ2|2 = |Uτ2|2 = 1/3 : δTM2CP (θ13, θ23) : cos δCP = −
(2− 4s213)(2s

2
23 − 1)

4s13s23
√

(2− 3s213)(1− s223)
.

In partial µ-τ reflection symmetry, the mixing matrix symmetry is given by:

|Uµ1| = |Uτ1| : δ
µ1-τ1
CP (θ13, θ12, θ23) : cos δCP =

(c223 − s223)(c
2
12s
2
13 − s212)

4c12s12c23s23s13
,

|Uµ2| = |Uτ2| : δ
µ2-τ2
CP (θ13, θ12, θ23) : cos δCP =

(c223 − s223)(c
2
12 − s212s

2
13)

4c12s12c23s23s13
.
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Summary of relations arising from mixing-schemes structure

TM1 TM2

s212 =
1−3s213
3−3s213

s212 =
1

3−3s213

cos δCP =
(1−5s213)(2s

2
23−1)

4s13s23
√
2(1−3s213)(1−s223)

cos δCP = − (2−4s213)(2s
2
23−1)

4s13s23
√

(2−3s213)(1−s223)

µ1− τ1 µ2− τ2

cos δCP =
(c223−s223)(c

2
12s
2
13−s212)

4c12s12c23s23s13
cos δCP =

(c223−s223)(c
2
12−s212s

2
13)

4c12s12c23s23s13
.

How to confront the mixing schemes with experimental data ?
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Confronting mixing schemes with oscillation data (examples)

⇒ Next, we will combine theory with experiment which are flashed
independently on the plots.
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COMBINE correlated data and mixing-scheme relations
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Combining example

TM1 mixing relations + extended to full range correlated data, example:

sin2 θ12 =
1−3 sin2 θ13
3−3 sin2 θ13

↓
χ2(θ13, θ12, θ23, δCP,∆m221,∆m231)

↑
cos δCP =

(1−5 sin2 θ13)(2 sin223−1)
4 sin13 sin θ23

√
2(1−3 sin2 θ13)(1−sin2 θ23)

In mixing schemes some parameter values are determined by other
parameters values

For any choice of parameters, the equations for these parame-
ters must be solved first.

NO and IO need to be treated separately.
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Intersections of correlated data and mixing-scheme relations

∆χ2 ¬ 9, NO (left panel) and IO (right panel) (volumes NuFIT v5.3 + θ12(θ13) relation):

TM1 TM2 TM1 TM2

µ1-τ1 µ2-τ2 µ1-τ1 µ2-τ2

3D projections of 4D intersections for partial µ-τ reflection symmetry.
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Impact of correlated data on model’s predictions (NuFIT v6.0)
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Impact of correlated data on model’s predictions (NuFIT v6.0)
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Extracted ranges of model’s parameters from correlated data (NuFIT v6.0)

χ2min: TM1 = 2.8, TM2 = 8.1, µ1− τ1 = 2.1, µ2− τ2 = 2.8
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Extracted ranges of model’s parameters from correlated data (NuFIT v6.0)

χ2min: TM1 = 0.9, TM2 = 8.1, µ1− τ1 = 0.1, µ2− τ2 = 1.5
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Mixing schemes χ2min

Results for NuFIT 6.0 data sets (w/ atmospheric ν)
TM1 TM2 µ1-τ1 µ2-τ2

χ2min NO 2.8 8.1 2.1 2.8
IO 0.9 8.1 0.1 1.5

Results for NuFIT 6.1 data sets (w/ atmospheric ν)
TM1 TM2 µ1-τ1 µ2-τ2

χ2min NO 3.9 21.5 2.4 3.2
IO 1.9 21.5 0.1 1.6

JUNO results change numbers, not preferences.

Can we minimize χ2?

We can confront the constrains coming from mixing schemes
to global-fit data.

Szymon Zięba, University of Silesia (UŚ) Confronting neutrino mixing schemes Zagreb, July 3, 2026 31 / 42



Extra parameter example mβ(m0), TM1, NO, χ2 < 9



χ2(θ13, θ12, θ23, δCP,∆m221,∆m231) ¬ 9 ,
mβ =

√
m20 +∆m221c

2
13s
2
12 +∆m231s

2
13 ,

s212 =
1−3s213
3−3s213

,

cos δCP =
(1−5s213)(2s

2
23−1)

4s13s23
√
2(1−3s213)(1−s

2
23)
.
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Extra parameters example mββ(m0), TM1, NO, χ2 < 9



χ2(θ13, θ12, θ23, δCP,∆m221,∆m231) ¬ 9 ,

mββ =
∣∣m0c213c212e i2(α1−δCP) +√m20 +∆m221c

2
13s
2
12e

i2(α2−δCP)

+
√
m20 +∆m231s

2
13

∣∣ ,
s212 =

1−3s213
3−3s213

,

cos δCP =
(1−5s213)(2s

2
23−1)

4s13s23
√
2(1−3s213)(1−s

2
23)
,

0 ¬ α1, α2 ¬ 2π .
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Phenomenological predictions: mβ and mββ (NuFIT v6.0)

Solution of eqs from slides 32 and 33
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Summary

Multidimensional correlated datasets on neutrino oscillation parameters allows for confronting
the theoretical models with experimental data

With the presented approach, we
– find χ2min ”floor” for the model
– test TM1, TM2 and partial µ-τ mixing-schemes over the full range of parameters at a
given χ2 level

– some parameters are exceptionally constrained (for NuFIT v6.0)

θ12 for TM1 and TM2,
θ23 for TM2,
δCP for all considered mixing-schemes,
∆m221 and ∆m231(32) for TM2

– TM2 is outside the reasonable χ2min value (for NuFIT v6.1)
– find tighter, model-dependent constraints on the effective neutrino masses
– potentially could be used for χ2 estimation in SO(3) parametrization

The method is general and can be applied to any model providing mixing-scheme re-
lations in the form analytical expressions involving the neutrino oscillation parameters.
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Thank you
for your attention.
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3ν mixing

Left: Mathematica output based on NuFIT v5.3 data (2024). Right: Mathematica output based on NuFIT v6.0 data (2025).

Left: Mixing matrix (|UPMNS|) ranges in 3σ, NuFIT v5.3. Right: Taken from arXiv:2210.11922, Figure 2.
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Flavor symmetries and mixing-schemes
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Experiment / Theory / Combined at χ2 < 9 (NuFIT v6.0)
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Experiment / Theory / Combined at χ2 < 9 (NuFIT v6.0)
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Effective neutrino mass

Effective electron neutrino mass:

m2β = c213c
2
12m

2
1 + c213s

2
12m

2
2 + s213m

2
3 =

{
NO: m20 +∆m221c

2
13s
2
12 +∆m23ℓs

2
13 ,

IO: m20 −∆m221c
2
13c
2
12 −∆m23ℓc

2
13.

Effective Majorana mass:

mββ =

∣∣∣∑
i

miU
2
ei

∣∣∣ = ∣∣∣m1c213c212e i2α1 +m2c
2
13s
2
12e

i2α2 +m3s
2
13e
−i2δCP

∣∣∣
=


NO: m0

∣∣∣c213c212e i2(α1−δCP) +√1+ ∆m221
m20

c213s
2
12e

i2(α2−δCP) +

√
1+

∆m2
3ℓ

m20
s213

∣∣∣
IO: m0

∣∣∣√1− ∆m2
3ℓ

+∆m221
m20

c213c
2
12e

i2(α1−δCP) +

√
1−

∆m2
3ℓ

m20
c213s

2
12e

i2(α2−δCP) + s213

∣∣∣.
Here m0=m1 (m3) and ℓ = 1 (2) in ∆m23ℓ for NO (IO).
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Neutrino mass

Planck TT,TE,EE+lowE+lensing+BAO
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Planck:
∑

i
mi < 0.12 eV, 95% CL, arXiv:1807.06209

KATRIN: mβ < 0.8 eV, 90% CL, arXiv:2105.08533

KamLAND-Zen: mββ < (0.036 to) 0.156 eV, 90% CL, arXiv:2203.02139
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