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Neutrino mixing

OSCILLATING

Neutrinos come in three types, called flavors.

There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest
aspects of neutrinos is that they don't pick
just one flavor and stick to it. They oscillate
between all three.
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LIGHTWEIGHT

Neutrinos weigh almost nothing, and they
travel close to the speed of light. Neutrino
masses are so small that so far no experi-
ment has succeeded in measuring them. The
masses of other fundamental particles come
from the Higgs field, but neutrinos might get
their masses another way.

the far side of the Uppys



Neutrino parameters and the known unknowns

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

T _ T
|Ve7VI—L7VT>ﬁavor - ﬂi|V17V27V3>mass
e Pontecorvo-Maki-Nakagawa-Sakata parametrization: | Uy = UpnmNs
1 0 0 s 0 sj3e 0 s sz 0\ /et 0 0
Upmns = 0 3 23 o 1 0 —si2 ¢ O 0 e'*2 0
0 —s3 o3 —s13¢'® 0 13 0 o 1 0 0 1
cci3 s12¢13 size 0 elo1 0 0
_ i5 ; )
= —s12623 — 612513523% c12003 — s2s13523€"° c13s3 0 e“2 0
s12523 — c12513¢23¢€" —c1253 — s12513023€" c13¢23 0 0 1

here cjj = cosfj; and s;j = sin6;; and o1 > are Majorana phases (if present).
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Neutrino parameters and the known unknowns

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

|Ve7V[—L7V‘F>1—{avor = ai|V17V27V3>r—£ass

e Pontecorvo-Maki-Nakagawa-Sakata parametrization: | Uy = UpnmNs

1 0 0 s 0 sj3e 0 s sz 0\ /et 0 0
Upmns = 0 o3 523 o 1 0 —si2 ¢ O 0 elx2 o>
0 —s3 o3 —s13¢'® 0 c13 0 0 1 0 0 1
cc13 ) s12€13 ) size 0N fefen 0 0
= —s1203 — crasizsze’®  cpcp — spsizsze’® c13s3 0 ef2 0>
si253 — cosi3cse’®  —ciosy — sppsizexel c13e3 0 0 1

here cjj = cosfj; and s;j = sin6;; and o1 > are Majorana phases (if present).

@ Position of the imaginary part in the matrix is up to parametrization.
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Neutrino parameters and the known unknowns

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

|Ve7V[—L7V‘F>1—{avor = ai|V17V27V3>r—£ass

e Pontecorvo-Maki-Nakagawa-Sakata parametrization: | Uy = UpnmNs

1 0 0 s 0 sj3e 0 s sz 0\ /et 0 0
Upmns = 0 o3 523 o 1 0 —si2 ¢ O 0 elx2 o>
0 —s3 o3 —s13¢'® 0 c13 0 0 1 0 0 1
cc13 ) s12€13 ) size 0N fefen 0 0
= —s1203 — crasizsze’®  cpcp — spsizsze’® c13s3 0 ef2 0>
si253 — cosi3cse’®  —ciosy — sppsizexel c13e3 0 0 1

here cjj = cosfj; and s;j = sin6;; and o1 > are Majorana phases (if present).
@ Position of the imaginary part in the matrix is up to parametrization.

@ Elements of U,; are not necessarily angles, however such 'angle’ parametrization
has its advantages.
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Neutrino parameters and the known unknowns

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

|Ve7V[—L7V‘F>1—{avor = ai|V17V27V3>r—£ass

e Pontecorvo-Maki-Nakagawa-Sakata parametrization: | Uy = UpnmNs

1 0 0 s 0 sj3e 0 s sz 0\ /et 0 0
UpmMNsS = 0 @3 3 ( 0 1 0 ) —s12 c12 0 < 0 el 0>
0 —s3 o3 —s13¢'® 0 c13 0 0 1 0 0 1
cc13 ) s12€13 ) size 0N fefen 0 0
= —s1203 — crasizsze’®  cpcp — spsizsze’® c13s3 < 0 ef2 0>
si253 — cosi3cse’®  —ciosy — sppsizexel c13e3 0 0 1

here cjj = cosfj; and s;j = sin6;; and o1 > are Majorana phases (if present).

Position of the imaginary part in the matrix is up to parametrization.

Elements of U,; are not necessarily angles, however such 'angle’ parametrization
has its advantages.

@ |Inherited from the quark sector.

We choose this parametrization because of the smallness of Ug3
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Neutrino parameters and the known unknowns

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

|Ve7V[—L7V‘F>1—{avor = ai|V17V27V3>r—£ass

e Pontecorvo-Maki-Nakagawa-Sakata parametrization: | Uy = UpnmNs

1 0 0 s 0 sj3e 0 s sz 0\ /et 0 0
UpmMNsS = 0 @3 3 ( 0 1 0 ) —s12 c12 0 < 0 el O>
0 —s3 o3 —s13¢'® 0 c13 0 0 1 0 0 1
cc13 ) s12€13 ) size 0N fefen 0 0
= —s1203 — crasizsze’®  cpcp — spsizsze’® c13s3 < 0 ef2 0>
si253 — cosi3cse’®  —ciosy — sppsizexel c13e3 0 0 1

here cjj = cosfj; and s;j = sin6;; and o1 > are Majorana phases (if present).
@ Position of the imaginary part in the matrix is up to parametrization.

@ Elements of U,; are not necessarily angles, however such 'angle’ parametrization
has its advantages.

@ |Inherited from the quark sector.
@ We choose this parametrization because of the smallness of Ues

@ We are not fitting any fundamental objects, it's just elements of some
parametrization that we have chosen.

Biswajit Karmakar Life on the far side of the Uppys



Neutrino parameters and the known unknow

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

|Ve7 Yy, VT)A—avor = aill/lv v, V3>r7r—1ass

e Pontecorvo-Maki-Nakagawa-Sakata parametrization:

SPISES s s12c13 s size 0| felen 0 0
Upmns = | —siaco3 — ciosizspze’ c12623 — s12513523€" s 0 2 0
s12523 — 125130236 —ci2523 — si2s13¢3€’ 513623 0 0 1

here ¢;j = cos;; and s; = sin§;;.

e Large Lepton Mixings

0.79-0.86 0.50—-0.61 0.14—0.16
|Uqil ~ [ 0.24 —0.52 0.44—-0.69 0.63—0.79
0.26 —0.52 0.47 —0.71 0.60 —0.77
e Small Quark Mixings
0.9745 — 0.9757 0.219 — 0.224 0.002 — 0.005
[Vekm| ~ | 0.218 —0.224  0.9736 — 0.9750 0.036 — 0.046
0.004 — 0.014 0.034 — 0.046 0.9989 — 0.9993
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Neutrino parameters and the known unknowns

e Neutrinos are special!! It's flavor and mass eigenstates are related by :

|l/e7 Vy,y VT>£av0r = Uai'”lv v, V3)l71:laSS

e Pontecorvo-Maki-Nakagawa-Sakata parametrization: | Uy; = UpnNs

cc13 ) s12€13 ) si3e 0\ [l 0 0
UpMNS = | —si2co3 — crasizsse’®  crpcps — spsizspze’® 13523 0 2 0

s12523 — c12s13¢23€’ —c1253 — s12513¢23€" s13623 0 0 1

here cjj = cos 9,-j and sij = sin 09,-j. Figure : D. Meloni, 1709.02662

Vexumll =

|Upaaxs || = .1
O

0 0.2 0.4 0.6 0.8 1
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Neutrino parameters and the known unknowns

m? m?
-_— V(
I 1 L V"l
[In Standard Model: determined by | .4 o . -V,
arbitrary Yukawa coupling constants
T 4 s b Am2
e o -y
solar~7.6x10e V|
L . —— 1,
o o atmospheric 1
¥ ~2.5x10%V? )
. -«— atmospheric
. ® ~25x10%V?2
v <«—  inverted hierarchy 5
v v o -+my~
?
I a—r : W om0 tece  tews  tenio tew2
0 0
meV eV keV MeV GeV TeV
0.8 Normal Ordering (best fit) Tnverted Ordering (A = 2.6)
0.2 bip £1o 30 range bip £1o 30 range
1 ;u@.z 0.3047 01 0.269 - 0.343 030475013 0.269 - 0.343
(%] 33445077 3127 35.86 33452077 3127  35.87
1 \
0.45 sin’ B3 057310088 0.405 — 0.620 05781004 0410 - 0.623
o 5 5 P
0.15 \ﬂax/ 292715 520 495119 398 =521
10 0022201009955 0.02031 - 0.02430 | 00223850058 002053 — 0.0
9 85741 8.20 - 8.97 8,600 12 8.24 - 8.98
0.04 5 .
194732 105 -+ 405 8745 192 - 361
0
ST Tkl - 742" -8
2 742403 6825 801 742403 6825 801
: e 030 30
0 2 .
i A;"“,, FRBIGHIN £2431 5 42509 | -2498T00% 2384 - -2.413
‘98 2000 2005 2010 2015 2020 100 eV
Biswajit Karmakar Life on the far side of the Uppys




Neutrino parameters and the known

1010%10%10°¢

0.6

q)ﬁi
+® 0.5 B
@
—T2K-only 1o
—NOvA-only 1o
0.4 20 20 3o b
| | - PR N
T T T T
2 0 03 = 0 5

Normal Ordering

unknowns

Inverted Ordering

107! T T
10 102
Posterior
Probability 107 107
107 107

1010710107

[CP—conserving Scp = 0/180° is still possible!!]

See evening talks today by Monojit and Dinesh.
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Neutrino parameters and the known unknowas

In Standard Model: determined by | .o

arbitrary Yukawa coupling consaants| |

s 5 — -1

solar~7.6x10%VY

—— )
v . <«—  normal hierarchy_ atmospheric

~2.5%10%V?

«—  inverted hierarchy_____ N
v -~ Lmg?
9
0
0.8 Normal Ordering (best fit) Tnverted Ordering (A = 2.6)
02 bip £1o 30 range bip £lo 30 range
1 sin® 01z 0.30495013 0.269 — 0.343 030410012 0260 - 0.343
%) 3127 - 35.86 33451977 3127 - 35.87
1 &
0.45 sin? fag 05730018 0.405 - 0.620 0.5787507 0410 - 0.623
o
0.15 3/°) 19244 305520 195719 308 521
- &
10 sinfis | 0.0222070 00005 002034 0.02430 | 002238700003 0.02053 — 0.02434
2 @,/”\ 8571013 8.20 -+ 8.97 8607012 8.24 898
0.04 - .
bep/° 194552 105 - 405 192 - 361
0 2
9 Amy 7 494021 9 7 49t021 2
2 T | TR 682804 142405 652804
- =L 155000 424315 42509 | -2498%00% 2584 - —2413
‘08 2000 2005 2010 2015 2020 10°¢
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Common wisdom to explain lepton flavor mixing

@ Neutrino mixing anarchy is the hypothesis that the leptonic mixing matrix can be described as the result of
a random draw from an unbiased distribution of unitary 3 X 3 matrices.

@ Random analysis without imposing prior theories or symmetries on the mass and mixing matrices.
@ This hypothesis does not make any correlation among the neutrino masses and mixing parameters
de Gouvea, Haba, Hall, Murayama : 9911341, 0009174, 1204.1249

[Pheno Review: Prog.Part.Nucl.Phys. 2024; Chauhan, Dev, Dubovyk, Dziewit, Flieger, Grzanka, Gluza, Karmakar, Zieba]
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Common wisdom to explain lepton flavor mixing

@ Neutrino mixing anarchy is the hypothesis that the leptonic mixing matrix can be described as the result of
a random draw from an unbiased distribution of unitary 3 X 3 matrices.

@ Random analysis without imposing prior theories or symmetries on the mass and mixing matrices.
@ This hypothesis does not make any correlation among the neutrino masses and mixing parameters
de Gouvea, Haba, Hall, Murayama : 9911341, 0009174, 1204.1249

Texture

@ More specific studies with imposed mass or mixing textures for which models with underlying symmetries
can be sought.

@ It's an intermediate approach
@ Some texture zeros of neutrino mass matrices can be eliminated.

Talk : Marek Michalczyk on Wednesday Alejandro Ibarra, Graham Ross: Phys.Lett.B 2003

[Pheno Review: Prog.Part.Nucl.Phys. 2024; Chauhan, Dev, Dubovyk, Dziewit, Flieger, Grzanka, Gluza, Karmakar, Zieba]
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Common wisdom to explain lepton flavor mixing

Neutrino mixing anarchy is the hypothesis that the leptonic mixing matrix can be described as the result of
a random draw from an unbiased distribution of unitary 3 X 3 matrices.

@ Random analysis without imposing prior theories or symmetries on the mass and mixing matrices.
@ This hypothesis does not make any correlation among the neutrino masses and mixing parameters
de Gouvea, Haba, Hall, Murayama : 9911341, 0009174, 1204.1249

Texture

@ More specific studies with imposed mass or mixing textures for which models with underlying symmetries
can be sought.

@ It's an intermediate approach
@ Some texture zeros of neutrino mass matrices can be eliminated.
Talk : Marek Michalczyk on Wednesday Alejandro Ibarra, Graham Ross: Phys.Lett.B 2003

Symmetry

Theoretical studies where some explicit symmetries at the Yukawa Lagrangian level are assumed and
corresponding extended particle sector is defined.

@ The symmetry-based approach to explain the non-trivial mixing in the lepton sector known as family
symmetry or horizontal symmetry

Talk : Janusz Gluza on Wednesday Review: Altarelli, Feruglio (Rev. Mod. Phys.) 1002.0211

[Pheno Review: Prog.Part.Nucl.Phys. 2024; Chauhan, Dev, Dubovyk, Dziewit, Flieger, Grzanka, Gluza, Karmakar, Zieba]
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Symmetries, why?

c2c13 s s12¢13 s size 0
UpmnNs = | —s12c23 — crasizsaze’ c12c3 — siosizspze’’ 1353
s1253 — Cc12513¢23€" —c1253 — s12s13023€" s13623
4
(Prior to 2012)
[523 =1/v2 (023 = 45°) and 613 = 0]
4
€12 512 0
U _S12 ‘12 ,%
o = 2 2 2
I
V2 V2 V2
012 = 45°(s1p = 1/V/2) 6010 = 35.26°(s12 = 1/+/3) 012 = 31.7° 012 = 30°(s;p = 1/2)
Bimaximal Mixing Tribimaximal Mixing Golden Ratio Mixing Hexagonal Mixing
1 1 0 2 1 0 _e 1 0 \/3 1 0
i ¢ 4 O R M LG LA Y S
ST 1 M1 — 1 1 M3 1
1 _1 A D 1 — 1 1 3 1
2 > VIRV B Vi ViR 55 % 5

Fukugita, Tanimoto, Yanagida PRD98; Harrison Perkins, Scott PLB02; Dutta,Ramond NPB03; Rodejohann et. al. EPJC10
(GR: tan 015 = 1/¢ where ¢ = (1 + /5)/2)
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Symmetries, why? Theory Perspective

’ Lagrangian/neutrino mass mechanism ‘ ® ‘ Symmetry ‘ = ‘ Observed Mixing

Example: 1 — 7 permutation symmetry and tribimaximal mixing

my, = U§ diag(my, mo, mz)Ug7

such a mixing matrices can easily diagonalize a 4 — 7 symmetric (transformations ve — ve, vy — vr,
vy — vy, under which the neutrino mass term remains unchanged) neutrino mass matrix of the form

A B B
my, = B C D s
B D C

With A 4+ B = C + D this matrix yields tribimaximal mixing pattern where s15 = 1/+/3 i.e., 015 = 35.26°

o Compatible Mixing Matrix :

2 1 0

V6 3
Urp~ | -4 L1 _ 1
™= v 2

V6 V3 V2
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Neutrino Oscillation: as we measure it

0.79 —0.86 0.50 —0.61 0.14 —0.16
|Uni| ~ | 0.24 —0.52 0.44 —0.69 0.63 — 0.79
0.26 —0.52 0.47 —0.71 0.60 —0.77
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Neutrino Oscillation

o Order dependent mixing matrix

Upmns = Rx (923)Ry(91376CP)RZ(912)UM(0(1»042) =
1 c13 0 51367"SCP c2 sz O
=10 3 03 0 1 0 —s12 c2 O
0 —s;3 23 —sizeffcP 0 c13 0 0 1
c12€13 s12€13 size~ocp
—s12623 — C12523513€"°CP C1a3 — s12p3513€/0CP 23€13
S12503 — C12C23513€0CP  —cio8p3 — S10Cp3513€70CP c23€13
e Probability:
AmiL
_ s * . .2 u
Puasvs = 0ap — 4> Re (UniUz Uz Ugj ) sin < i
i>j

+22Im (UaiUEiU;jUﬂf) sin < 2 ”

i>j

>
M|
~
N————

Biswajit Karmakar Life on the far side of the Uppys



Neutrino Oscillation and Upumns

e Order-dependent mixing matrix : Why this particular order?

Upmns = Rx(023)Ry (613, 6cp ) R-(012) Um (a1, a2) = U

1 0 0 a3 0 sp3eidcp c2 s 0
=10 3 3 0 1 0 75| 2 C1 2o 0
0 —s3 o3 —sizedcP 0 cs 1
c12€13 s12€13 51387’6“’
= | —s12c23 — cras3s13€/CP 1263 — S12523513€/0CP $23€13 )
S12523 — C12Co3513€/9CP —c12823 — S12Ca3513€0CP 3C13

‘Secrets’ of the Standard Parametrization

@ Placing Ry(623) (atmospheric) on the left and R.(015) (solar) on the right =
extreme physical limit = clean 2 x 2 framework.

@ The mass hierarchy (Am3; < |Am% |, one-mass-scale dominance
approximation) and the smallness of 613
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Neutrino Oscillation and Upumns

Tuning the experimental baseline scale Aj; =

2
AmijL
4

, specific frequencies decouple:

‘ Parameters

Experiment Physical Limit / Regime Structural Reduction
Atmospheric Long base-line Pup = 023, |Am§1\
Ams; — 0 Am3 L
22 4 s 2
(Az) ~ /2, Ay — 0) 1 — sin®(2623) cos™ (613) sin ( 72 )
v1, vp mass-degenerate R(612) physically drops out
613 =+ 0 = v, decouples
Solar Very-long baseline Pee =~ cos*(613) [1 — sin2(2012) X 012, Am%1
Am3; — oo
Doy~ I, A 1 2 (Bmy L 4
( 21~ 3> 31_>>_)_ sin ( 42_-1 )]+sin (613)
Rapid atmospheric oscillations
average out (sin” Az; — %) Ry (613) — const. shift
v3 kinematically decouples 2 X 2 solar block isolates
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Neutrino Oscillation and Upumns

e Elements of Uppns

Reactor/LBL
[Ues|*(1 — |Ues|?)

SNO/KamLAND
|U22|2

C13€12 C13512 s13€”" Atm Nus/LBL
is i5
—C23512 — 513823C12€"°  (23C12 — S13523512€" C13823 [Upusl2(1 — [Upal?)
is is
S23812 — S13C23C12€"°  —S23C12 — S13C23812€"°  C13C23

e Experimentally, with écp = 180°

0.817 + 0.831 0.535+0.558  —0.150 =+ —0.146
U— Vose = [ —0.313+-0.273  0.615 + 0.657 0.686 = 0.738
0.471-+0.498 —0.569 =+ —-0.519  0.658 +-0.713

e Even with other CP conserving scenario, dcp = 0°, measured
values of 0,3, 013,012 remains same. Uppns does not distinguish
the CP-conserving scenarios.
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More on Upmns

e The standard parameterization of the U matrix is one of six
possible products of three-dimensional rotations for 3 flavors

e We adopted : Small-angle approximations = usual oscillation
paradigm

Upmns = Rx(6023,0)Ry (613, 6cp ) Rz(012,0)

1 €13 sjze~idop 12 S12
= 3 523 1 —S12 €12
—s23 23 —sizeifop c13 1
cr2ci3 s12¢13 sj3e~ioce
= | —si2c23 — cros23513€7%P 12023 — S12523513€/0CP S$23C13
12523 — C12C23513€/9¢P —c12523 — S12C23513€/9CP €23€13
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More on Upmns

e The standard parameterization of the U matrix is one of six
possible products of three-dimensional rotations for 3 flavors

e We adopted : Small-angle approximations = usual oscillation
paradigm

Upmns = Rx(023,0)Ry (013, cp ) Rz(612,0)

1 €13 sjze~idop 12 S12
= 3 523 1 —S12 €12
—s23 23 —sizeifop c13 1
cr2ci3 s12¢13 sj3e~ioce
= | —si2c23 — cros23513€7%P 12023 — S12523513€/0CP S$23C13
12523 — C12C23513€/9¢P —c12523 — S12C23513€/9CP €23€13

e Other possibilities (for Tait-Bryan angles):
RR.R,, RRR.. R,R,R. R.RR, R,R,Rs

“Who ordered that?”-Isidor Rabi (90 years ago after muon discovery)



More on Upyns

e Six possibilities :
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More on Upmns

e Six possibilities :

c
I

.

\\ ///, \\ //,, \ //,/
RBRe N | R,R.R \/ R,R,R, N

R.(43.3°)R,(8.56°)R,(33.68°) = R,(37.64°)R,(10.25°)R, (33.26°)
R, (42.70°) R\ (11.69°) R, (25.70°) = R, (18.58°)R,(45.68° )R, (29.76°)
R.(33.17°)R(39.63°)R, (30.71°) = R,(35.36°)R, (28.06°) R, (21.17°).
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More on Upmns

e After decades of observation :

0.817 +0.831 0.535+0.558  —0.150 = —0.146
Vose = —0.313 +-0.273  0.615 + 0.657 0.686 + 0.738
0.471+0.498 —0.569 = —-0.519  0.658 = 0.713

[|(Vosc)e1|2 > |(Vosc),u1’2 > ‘(Vosc)‘rl|2]

@ Permutations of Euler matrices are qualitatively equivalent
@ Mixing angles are parameters of the U matrix, not physical
observables, fitted experimentally

@ There is nothing special in choosing Uppns as far as neutrino
mixing parametrization is concerned

@ Current choice of Uppns is order dependent

@ Specific representation matters as theoretical considerations
and mass/mixing models are based on this choice.
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Q: Can neutrino mixing originate directly from any symmetry
principle?

‘ ‘ ® ‘ Symmetry ‘ = ‘ Observed Mixing
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Q: Can neutrino mixing originate directly from any symmetry
principle?

‘ ‘ ® ‘ Symmetry ‘ = ’ Observed Mixing

Ans: Yes, with Special Orthogonal group in 3 dimensions,
denoted as SO(3) but with some caveats
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SO(3) Group Theory

@ The continuous SO(3) family symmetry is one of the most
widely used Lie groups in mathematics and physics.
Mathematically, SO(3) is the set of all (3 x 3) real matrices R

that satisfy: [RTR =1 and det(R):+1].
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SO(3) Group Theory

@ The continuous SO(3) family symmetry is one of the most
widely used Lie groups in mathematics and physics.
Mathematically, SO(3) is the set of all (3 x 3) real matrices R
that satisfy: [RTR =1 and det(R):+1].

@ Fundamental three-dimensional representaion of the standard
antisymmetric SO(3) generators :

00 O
GX: 0 0 —1 ,Gy:
01 O -1

where G,.T = —G; and the commutator of the generators can
be written as

[Gth]:eijka: i:jak:XaYaZ-
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SO(3) and Euler rotaions

o Euler rotations are elements of SO(3):
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SO(3) and Euler rotaions

o Euler rotations are elements of SO(3):

@ The matrix Rc(623), Ry (013, 0cp = 180°), R,(612) can be
obtained via SO(3) generators Gy, G, G,

U — e—923 GX e—913 Gy 6_912 Gz
b
1 0 0 C13 0 —S513 C12 512 0
= 0 23 523 0 1 0 —S512 C12 0 5
0 —S523 (23 513 0 C13 0 0 1
C12C13 S12€13 —S13
= —S12C23 + C12523513  C12C23 + S12523513  S23C13 |
512523 + C12€23513  —C12523 + S12C23513  €23C13

where dcp = 180°. For dcp = 0°, replace with e /136
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SO(3) and Euler rotaions

o Euler rotations are elements of SO(3):

@ The matrix Rc(623), Ry (013, 0cp = 180°), R,(612) can be
obtained via SO(3) generators Gy, G, G,

U — e—923 GX 6—913 Gy 6_912 Gz
b
1 0 0 C13 0 —S513 C12 512 0
= 0 23 523 0 1 O —S512 C12 0 5
0 —S523 (23 513 0 C13 0 0 1
C12C13 S12€13 —S13
= —S12C23 + C12523513  C12C23 + S12523513  S23C13 |
512523 + C12€23513  —C12523 + S12C23513  €23C13

where dcp = 180°. For dcp = 0°, replace with e /136

@ Other combinations, such as e 023Gxg 012Gz —013Gy
e 0120z e70236x o =013Gy \yi| imply different values of the mixing
angles, not reflecting nearly maximal mixings in Upyns
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SO(3) order independent parameterization

@ How to avoid the order dependence for the multiplication of
group matrices ?
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SO(3) order independent parameterization

@ How to avoid the order dependence for the multiplication of
group matrices ?

@ We propose, an order independent parameterization of
rotations in a plane perpendicular to © = (0x,6y,0) through
the matrix exponent.
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SO(3) order independent parameterization

@ How to avoid the order dependence for the multiplication of
group matrices ?

@ We propose, an order independent parameterization of
rotations in a plane perpendicular to © = (0x,6y,0) through
the matrix exponent.

@ Using the three SO(3) generators, and the three mixing angles
(0x,6y,0,) :
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order independent parameterization

@ How to avoid the order dependence for the multiplication of group
matrices ?

@ We propose, an order independent parameterization of rotations in a
plane perpendicular to © = (04, 6,,0,) through the matrix

exponent.
@ Using the three SO(3) generators, and the three mixing angles
(0, 0y,62) :
Lo 0 0, -0y
Usos = exp(—0.G) =exp(—0xGx —0,G, —0,G;)=exp| —0, O Ox
0, -6 0
9§+°059(9§+9§) 66, sin 6—6,0, (cos 6—1) 06 (cos 0—1)+66), sin 6
62 62 - 62
_ 0,8y (cos 0—1)+06, sin 0 cos 0(05+62)+62 06, sin 6—0,0,(cos 6—1)
92 02 02
06, sin 6—0,0,(cos 6—1) 00, sin 6+0, 0, (cos 0—1) 6059(0§+9§)+93
92 - 92 62

where 0 =, /02 + 02 + 62.

(Usog is also orthogonal and unimodular = Rotation ]
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SO(3) order independent parameterization

Warning !!
@ The exponential form
Usoz = exp(—©.G) = exp(—0xGx — 0, G, — 6,G;), is in
general basis-dependent.

@ Under a basis transformation, the magnitude of 6,0, and 0,

will change.
Good news !!

@ The rotation itself, however, will remain the same, and all
such forms are related by similarity transformation.

@ Since similarity transformations preserve intrinsic quantities
such as the rotation angle, the physical content of the
transformation remains unchanged.

@ Here we work with the fundamental three-dimensional

representaion of the standard antisymmetric SO(3) generators
(and their commutator relations)
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SO(3) order independent parameterization

e Usos explains Vg, with dcp = 180°
[ex —43.8°4+21° 0, =21.7°+0.6°, 0, =283+ 0.8°j
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SO(3) order independent parameterization

e Usos explains Vg, with dcp = 180°

[ex —43.8°4+21° 6§, =21.7°+0.6°, 0, =283+ 0.80]

T Uruns - S~
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SO(3) order independent parameterization

e Usos explains Vg, with écp = 180°

[ex —43.8°+21° 0, =21.7°+0.6°, 0,=283"+ 0.8°j
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SO(3) order independent parameterization

PDF

PDF
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NuFIT X2 — probability distributions of mixing angles — Monte Carlo sampling — PMNS matrices — nearest

SO(3) matrices — distributions of new angles

0, = 43.8° +£2.1°,

— 21.7° £ 0.6°,

0, =28.3°+0.8°
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SO(3) order independent parameterization

CP-Conserving cases are different

o cp = 180°

[ex —43.8°4+21° 6§, =21.7°+0.6°, 0, =283+ o.8°j

2
9X+6059(9§+9§) 60 sin 0— 050, (cos 0 —1) _ Ox0z(cos 6—1)+66) sin 6
2 2 2
¢ P2\, 02 o
USO = Ox 0y (cos —1)+66 sin O cos 0 (9x+€z)+9y 06 sin 6 — Oyez(cos 0—1)
3 - 62 62
60y sin 0 —0x 0 (cos 0 —1) 00 sin 646y 07 (cos 0—1) cos9(92+92)+92
62 62 62
_ no
e dcp=0

[ex —46.5°+2.4° 0, =54°+0.8°, 0,=351%+ 0.7°j
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SO(3) order independent parameterization

CP-Conserving cases are different

o cp = 180°

[ex —43.8°4+21° 6§, =21.7°+0.6°, 0, =283+ o.8°j

9§+6059(9§+9§) 60 sin 0— 050, (cos 0 —1) _ Ox0z(cos 6—1)+66) sin 6
2 2 2
¢ P2\, 02 o
U = Ox 0y (cos —1)+66 sin O cos 0 (9x+€z)+9y 06 sin 6 — Oyez(cos 0—1)
S03 - - —
60y sin 0 —0x 0 (cos 0 —1) 00 sin 646y 07 (cos 0—1) cos9(92+92)+32
62 62 62
_ no
e dcp=0

[ex —46.5°+2.4° 0, =54°+0.8°, 0,=351%+ 0.7°j

What do these results mean? Next talk by Elena (studied many
phenomenological aspects within a short period of time)
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SO(3) parameterization: phenomenology

. Usos [6cp=0], - Usos[6cp=1T] ]
Upmns 10, T Upmns 30

10°% 1074 0.001 0.010
my [eV]

2 2
2 _ 2im|Uel” _ 21()..|2
ms = S0 = 22 mi | Ueil
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SO(3) parameterization: phenomenology

m 8B [eV]

_ /2
mps = ‘ > milg
Biswajit Karmakar Life on the far side of the Uppys

0.050;

0.010}

0.005: — 74
F /

KamLAND=Zen Bound

0.0040

nEXO Proj. Sensitivity 0.0035

2x107°  2x107*

4

Usos [6cp=0 ,@1,2=0 Usos [Bcp=TT,0t; 2=0
0_001J Jsos [Ocp 12=0] . so3 [Ocp @12 ]

5.x10™*

107°

7 . Upwmns 10 [5CP;6\OF\1'Q aq2=0], UI‘{RANS 10,
I ﬂ Upmns 30 ,‘J
o ““]‘0“4 o 0601 0.610
m4 [eV]

, for NO with vanishing Majorana phases




SO(3) parameterization: phenomenology

0080 RamLAND “Zen Bound
0.0040
nEXO Proj. Sensitivity 0.0035
—_ 0.010¢ 2610°  2x10% /|
E 0.005" — /,/ ]
2 " / |
S 0.001 _.Uso3 [6CP:9\a1 2=0] . Usos [6¢cp=TT, d1 2—0]
5 x 10_4 . Upws 10 [6cp=0 ON{ aq2=0], UF;MNS 10,
m UPMNS 30 /
107° | 0‘4 o 0601 o 0610 |
my [eV]

Inverted Ordering with §cp = 180° is excluded by T2k/NOvA.



SO(3) Parametrization : Outlook

@ We propose a parameterization of the 3-dimensional U matrix
based on the SO(3) group, which corresponds to one general
rotation in 3-dimensional space.
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SO(3) Parametrization : Outlook

@ We propose a parameterization of the 3-dimensional U matrix
based on the SO(3) group, which corresponds to one general
rotation in 3-dimensional space.

@ To harmonize the signs of elements of the SO(3) generators
and related commutator relation with the neutrino mixing
matrix that follow, we infer 6cp = 0/180°
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SO(3) Parametrization : Outlook

@ We propose a parameterization of the 3-dimensional U matrix
based on the SO(3) group, which corresponds to one general
rotation in 3-dimensional space.

@ To harmonize the signs of elements of the SO(3) generators
and related commutator relation with the neutrino mixing
matrix that follow, we infer 6cp = 0/180°

@ Both T2K and NOvA disfavours inverted ordering with
dcp = 180°. In the framework of the SO(3) parameterization,
we remain with the normal mass ordering.
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SO(3) Parametrization : Outlook

@ Yields near maximal mixing for dcp = 0°, whereas relatively
large, ‘democratic’ values of the mixing angles 0, 0,, 6, for
dcp = 180°

Future Works
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SO(3) Parametrization : Outlook

@ Yields near maximal mixing for dcp = 0°, whereas relatively
large, ‘democratic’ values of the mixing angles 0, 0,, 6, for
dcp = 180°

Future Works
e Implications in neutrino oscillation pheno (next by Elena)
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SO(3) Parametrization : Outlook

@ Yields near maximal mixing for dcp = 0°, whereas relatively
large, ‘democratic’ values of the mixing angles 0, 0,, 6, for
dcp = 180°

Future Works
e Implications in neutrino oscillation pheno (next by Elena)

e Constructions of models that naturally generate the SO(3)
mixing.
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SO(3) Parametrization : Outlook

@ Yields near maximal mixing for dcp = 0°, whereas relatively
large, ‘democratic’ values of the mixing angles 0, 0,, 6, for
dcp = 180°

Future Works
e Implications in neutrino oscillation pheno (next by Elena)

e Constructions of models that naturally generate the SO(3)
mixing.

@ Consequences beyond neutrino mixing,
e.g., The fixed dcp = 0/180° prediction eliminates CP
violation in the lepton sector, which could have implications
for a wide variety of leptogenesis scenarios. With hierarchical
right-handed neutrinos, the lepton asymmetry vanishes for
vanilla leptogenesis
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SO(3) Parametrization : Outlook

@ Yields near maximal mixing for dcp = 0°, whereas relatively
large, ‘democratic’ values of the mixing angles 0, 0,, 6, for
dcp = 180°

Future Works
e Implications in neutrino oscillation pheno (next by Elena)

e Constructions of models that naturally generate the SO(3)
mixing.

@ Consequences beyond neutrino mixing,
e.g., The fixed dcp = 0/180° prediction eliminates CP
violation in the lepton sector, which could have implications
for a wide variety of leptogenesis scenarios. With hierarchical
right-handed neutrinos, the lepton asymmetry vanishes for
vanilla leptogenesis

@ How to include CP-conserving cases?
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