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Why are topological terms interesting?
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Why are topological terms interesting?

3+1D: Topological 𝜽-Term 2+1D: Topological Chern-Simons Term
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Relevance

The strong CP problem, Grand Unified Theories, …

Why are topological terms interesting?

3+1D: Topological 𝜽-Term 2+1D: Topological Chern-Simons Term

Relevance

Quantum Hall effect, fermion/boson dualities, …
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Relevance

The strong CP problem, Grand Unified Theories, …

Parameter

Continuous angle 𝜃 ∈ [0,2𝜋)

Why are topological terms interesting?

3+1D: Topological 𝜽-Term 2+1D: Topological Chern-Simons Term

Relevance

Quantum Hall effect, fermion/boson dualities, …

Parameter 1

Quantized Chern-Simons coupling 𝑘 ∈ ℤ, called “level”

1 Pisarski (1986)
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Relevance

The strong CP problem, Grand Unified Theories, …

Parameter

Continuous angle 𝜃 ∈ [0,2𝜋)

Degeneracy

Ground state has no 𝜃-dependent degeneracy

Why are topological terms interesting?

3+1D: Topological 𝜽-Term 2+1D: Topological Chern-Simons Term

Relevance

Quantum Hall effect, fermion/boson dualities, …

Parameter 1

Quantized Chern-Simons coupling 𝑘 ∈ ℤ, called “level”

Degeneracy 2

Ground state has 𝑘-fold degeneracy on a torus

1 Pisarski (1986)
2 Eliezer, Semenoff (1992)
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Relevance

The strong CP problem, Grand Unified Theories, …

Parameter

Continuous angle 𝜃 ∈ [0,2𝜋)

Degeneracy

Ground state has no 𝜃-dependent degeneracy

Mass generation

No mass from 𝜃-term, only from QCD and Higgs

Why are topological terms interesting?

3+1D: Topological 𝜽-Term 2+1D: Topological Chern-Simons Term

Relevance

Quantum Hall effect, fermion/boson dualities, …

Parameter 1

Quantized Chern-Simons coupling 𝑘 ∈ ℤ, called “level”

Degeneracy 2

Ground state has 𝑘-fold degeneracy on a torus

Mass generation 3

Photon mass from Chern-Simons term: 𝑚𝛾 = 𝑘𝑒2/2𝜋

1 Pisarski (1986)
2 Eliezer, Semenoff (1992)
3 Deser, Jackiw, Templeton (1982)
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How to simulate topological terms?
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Markov Chain Monte Carlo

Sign problem: No direct simulation of topological terms

 

How to simulate topological terms?

State-of-the-Art



Lena Funcke (University of Bonn) Topological Terms: A Hamiltonian Perspective 14 July 2026 10

1 Byrnes et al. (2002), Buyens et al. (2017), LF et al. (2020); Nakayama, LF et al. (2022); LF et al. (2023); Kanno et al. (2024); Dempsey et al. (2025); ... 

Markov Chain Monte Carlo

Sign problem: No direct simulation of topological terms

Tensor networks 1

Simulation of 𝜃-term for 1+1D compact QED, CP(1), …

How to simulate topological terms?

State-of-the-Art



Lena Funcke (University of Bonn) Topological Terms: A Hamiltonian Perspective 14 July 2026 11

1 Byrnes et al. (2002), Buyens et al. (2017), LF et al. (2020); Nakayama, LF et al. (2022); LF et al. (2023); Kanno et al. (2024); Dempsey et al. (2025); ... 
2 Thomson, Siopsis (2022); Halimeh et al. (2022); Angelides et al. (2023); Zhang et al. (2025); Rosanowski, Eisinger, LF et al. (2025); …

Markov Chain Monte Carlo

Sign problem: No direct simulation of topological terms

Tensor networks 1

Simulation of 𝜃-term for 1+1D compact QED, CP(1), …

Quantum computing 2

Simulation of 𝜃-term for 1+1D compact QED

 

How to simulate topological terms?

State-of-the-Art
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1 Byrnes et al. (2002), Buyens et al. (2017), LF et al. (2020); Nakayama, LF et al. (2022); LF et al. (2023); Kanno et al. (2024); Dempsey et al. (2025); ... 
2 Thomson, Siopsis (2022); Halimeh et al. (2022); Angelides et al. (2023); Zhang et al. (2025); Rosanowski, Eisinger, LF et al. (2025); … 3 Kan, LF, et al. (2021)

Markov Chain Monte Carlo

Sign problem: No direct simulation of topological terms

Tensor networks 1

Simulation of 𝜃-term for 1+1D compact QED, CP(1), …

Quantum computing 2

Simulation of 𝜃-term for 1+1D compact QED

Exact diagonalization 3

Simulation of 𝜃-term for 3+1D compact U(1) 

How to simulate topological terms?

State-of-the-Art Numerical Results for 3+1D 𝜽-Term
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1 Byrnes et al. (2002), Buyens et al. (2017), LF et al. (2020); Nakayama, LF et al. (2022); LF et al. (2023); Kanno et al. (2024); Dempsey et al. (2025); ... 
2 Thomson, Siopsis (2022); Halimeh et al. (2022); Angelides et al. (2023); Zhang et al. (2025); Rosanowski, Eisinger, LF et al. (2025); … 3 Kan, LF, et al. (2021)

Markov Chain Monte Carlo

Sign problem: No direct simulation of topological terms

Tensor networks 1

Simulation of 𝜃-term for 1+1D compact QED, CP(1), …

Quantum computing 2

Simulation of 𝜃-term for 1+1D compact QED

Exact diagonalization 3

Simulation of 𝜃-term for 3+1D compact U(1)

Why no simulations of topological terms in 2+1D?

So far, no suitable lattice formulation available!

 

How to simulate topological terms?

State-of-the-Art Numerical Results for 3+1D 𝜽-Term
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Kan, LF, et al. (2021)
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How to formulate 2+1D topological terms on the lattice?
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How to formulate 2+1D topological terms on the lattice?

Maxwell-Chern-Simons (MCS) Theory

Recent Hamiltonian lattice formulations 

CS 1 and MCS 2 theory: mainly for analytical studies 

MCS theory: targeting numerical simulations 3

1 Jacobson, Sulejmanpasic (2023) & (2024); 2 Xu, Chen (2025)
3 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Magnetic field term: similar to QED (without monopoles)

Electric field term: modified by Chern-Simons term

How to formulate 2+1D topological terms on the lattice?

Maxwell-Chern-Simons (MCS) Theory 2+1D Maxwell Hamiltonian + CS Extension 2

Recent Hamiltonian lattice formulations 

CS 1 and MCS 2 theory: mainly for analytical studies 

MCS theory: targeting numerical simulations 3

1 Jacobson, Sulejmanpasic (2023) & (2024); 2 Xu, Chen (2025)
3 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Magnetic field term: similar to QED (without monopoles)

Electric field term: modified by Chern-Simons term

How to formulate 2+1D topological terms on the lattice?

Maxwell-Chern-Simons (MCS) Theory 2+1D Maxwell Hamiltonian + CS Extension 3

Recent Hamiltonian lattice formulations 

CS 1 and MCS 2 theory: mainly for analytical studies 

MCS theory: targeting numerical simulations 3

1 Jacobson, Sulejmanpasic (2023) & (2024); 2 Xu, Chen (2025)
3 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Can we correctly reproduce all topological properties?
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Can we correctly reproduce all topological properties?

Photon Mass & Quantized Coupling Ground-State Degeneracy
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Continuum limit of dispersion relation

Correctly reproduces photon mass in continuum: 1 

Can we correctly reproduce all topological properties?

Photon Mass & Quantized Coupling Ground-State Degeneracy

1 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)



Lena Funcke (University of Bonn) Topological Terms: A Hamiltonian Perspective 14 July 2026 21

Continuum limit of dispersion relation

Correctly reproduces photon mass in continuum: 1 

Quantization of Chern-Simons level

Constraint from large gauge transformations: 

Correctly reproduces quantization property: 1

Can we correctly reproduce all topological properties?

Photon Mass & Quantized Coupling Ground-State Degeneracy

1 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Continuum limit of dispersion relation

Correctly reproduces photon mass in continuum: 1 

Quantization of Chern-Simons level

Constraint from large gauge transformations: 

Correctly reproduces quantization property: 1

Can we correctly reproduce all topological properties?

Photon Mass & Quantized Coupling Ground-State Degeneracy

Degeneracy for torus 

Torus: periodic boundary conditions → non-trivial topology 

Correctly reproduce 𝑘-fold degeneracy of ground state 1

1 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Continuum limit of dispersion relation

Correctly reproduces photon mass in continuum: 1 

Quantization of Chern-Simons level

Constraint from large gauge transformations: 

Correctly reproduces quantization property: 1

Can we correctly reproduce all topological properties?

Photon Mass & Quantized Coupling Ground-State Degeneracy

Degeneracy for torus 

Torus: periodic boundary conditions → non-trivial topology 

Correctly reproduce 𝑘-fold degeneracy of ground state 1

→ good cross-check / benchmark for numerical methods!

1 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Does truncation destroy topological properties?

Ground-State Degeneracy

Degeneracy for torus 

Torus: periodic boundary conditions → non-trivial topology 

Correctly reproduce 𝑘-fold degeneracy of ground state 1

→ good cross-check / benchmark for numerical methods!

1 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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First step: constant modes 1

Study truncation effects in constant-mode sector

Does truncation destroy topological properties?

Exact Diagonalization Ground-State Degeneracy

Degeneracy for torus 

Torus: periodic boundary conditions → non-trivial topology 

Correctly reproduce 𝑘-fold degeneracy of ground state 2

→ good cross-check / benchmark for numerical methods!

1 Bulgarelli, Diamantini, Dichter, LF, Hartung, Jansen, Ortega, Singh, Spera (2026)
2 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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First step: constant modes 1

Study truncation effects in constant-mode sector

Does truncation destroy topological properties?

Exact Diagonalization Ground-State Degeneracy

Degeneracy for torus 

Torus: periodic boundary conditions → non-trivial topology 

Correctly reproduce 𝑘-fold degeneracy of ground state 2

→ good cross-check / benchmark for numerical methods!

1 Bulgarelli, Diamantini, Dichter, LF, Hartung, Jansen, Ortega, Singh, Spera (2026)
2 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Outlook: how to simulate topological terms in 3+1D?
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Relevance

• The strong CP problem

Outlook: how to simulate topological terms in 3+1D?

Non-Abelian Gauge Theories
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Outlook: how to simulate topological terms in 3+1D?

Non-Abelian Gauge Theories

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025)
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Outlook: how to simulate topological terms in 3+1D?

Non-Abelian Gauge Theories

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025)
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

Non-Abelian Gauge Theories

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
3 Bonanno, Bonati, D‘Elia (2026)
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
3 Bonanno, Bonati, D‘Elia (2026)

Non-Abelian Gauge Theories Roadmap: ED, TN, QC
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
3 Bonanno, Bonati, D‘Elia (2026); 4 Kan, LF et al. (2021)

Non-Abelian Gauge Theories

Goal

Simulate 3+1D (non-)Abelian lattice 𝜃-term: 4

  

𝐻𝜃 = −
𝑖𝑔2𝜃

8𝜋2𝑎
෍

𝑛,𝑖,𝑗,𝑘,𝑏

𝜀𝑖𝑗𝑘Tr 𝐸𝑛,𝑖
𝑏 𝜆𝑏 𝑈𝑛,𝑗𝑘 − 𝑈𝑛,𝑗𝑘

†

Roadmap: ED, TN, QC
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
3 Bonanno, Bonati, D‘Elia (2026); 4 Kan, LF et al. (2021); 5 Cataldi, Rosanowski, Silvi, LF (in prep)

Non-Abelian Gauge Theories

Goal

Simulate 3+1D (non-)Abelian lattice 𝜃-term: 4

  

𝐻𝜃 = −
𝑖𝑔2𝜃

8𝜋2𝑎
෍

𝑛,𝑖,𝑗,𝑘,𝑏

𝜀𝑖𝑗𝑘Tr 𝐸𝑛,𝑖
𝑏 𝜆𝑏 𝑈𝑛,𝑗𝑘 − 𝑈𝑛,𝑗𝑘

†

Exact diagonalization

U(1) on a cube, 4 SU(2) on a cube, 5 no study of SU(3)

Roadmap: ED, TN, QC
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
3 Bonanno, Bonati, D‘Elia (2026); 4 Kan, LF et al. (2021); 5 Cataldi, Rosanowski, Silvi, LF (in prep);
6 ongoing work with Cataldi, Jansen, Montangero, Rosanowski, Silvi

Non-Abelian Gauge Theories

Goal

Simulate 3+1D (non-)Abelian lattice 𝜃-term: 4

  

𝐻𝜃 = −
𝑖𝑔2𝜃

8𝜋2𝑎
෍

𝑛,𝑖,𝑗,𝑘,𝑏

𝜀𝑖𝑗𝑘Tr 𝐸𝑛,𝑖
𝑏 𝜆𝑏 𝑈𝑛,𝑗𝑘 − 𝑈𝑛,𝑗𝑘

†

Exact diagonalization

U(1) on a cube, 4 SU(2) on a cube, 5 no study of SU(3)

Tensor networks

U(1) for up to 83 volumes with tree tensor networks 6

Roadmap: ED, TN, QC
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
3 Bonanno, Bonati, D‘Elia (2026); 4 Kan, LF et al. (2021); 5 Cataldi, Rosanowski, Silvi, LF (in prep);
6 ongoing work with Cataldi, Jansen, Montangero, Rosanowski, Silvi; 
7 ongoing work with Blatt, Hartung, Jansen, John, Meth, Ringbauer, Rosanowski, Zache

Non-Abelian Gauge Theories

Goal

Simulate 3+1D (non-)Abelian lattice 𝜃-term: 4

  

𝐻𝜃 = −
𝑖𝑔2𝜃

8𝜋2𝑎
෍

𝑛,𝑖,𝑗,𝑘,𝑏

𝜀𝑖𝑗𝑘Tr 𝐸𝑛,𝑖
𝑏 𝜆𝑏 𝑈𝑛,𝑗𝑘 − 𝑈𝑛,𝑗𝑘

†

Exact diagonalization

U(1) on a cube, 4 SU(2) on a cube, 5 no study of SU(3)

Tensor networks

U(1) for up to 83 volumes with tree tensor networks 6

Quantum computing

U(1) on a cube with trapped-ion qudits 7

Roadmap: ED, TN, QC
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Relevance

• The strong CP problem

Open theoretical debate

• Recent claims of 𝜃-independence in QCD 1

• Immediate theoretical objections 2

Hamiltonian lattice simulations

• Direct lattice verification of 𝜃-dependence 

in 3+1D non-Abelian gauge theories

• Complementary to MCMC simulations of imaginary 𝜃 3

Outlook: how to simulate topological terms in 3+1D?

1 Ai, Garbrecht, Tamarit (2024); 2 Benabou, Hook, Manzari, Murayama, Safdi (2025);
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Exact diagonalization

U(1) on a cube, 4 SU(2) on a cube, 5 no study of SU(3)

Tensor networks

U(1) for up to 83 volumes with tree tensor networks 6

Quantum computing

U(1) on a cube with trapped-ion qudits 7
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Outlook: (preliminary) ED results for 3+1D SU(2) 𝜃-term
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Outlook: (preliminary) ED results for 3+1D SU(2) 𝜃-term

Cataldi, Rosanowski, Silvi, LF (in prep)
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Outlook: (preliminary) ED results for 3+1D SU(2) 𝜃-term

Cataldi, Rosanowski, Silvi, LF (in prep)
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Outlook: (preliminary) ED results for 3+1D SU(2) 𝜃-term

Cataldi, Rosanowski, Silvi, LF (in prep)

→ Preparatory study for TN and QC simulations
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Outlook: (preliminary) ED results for 3+1D SU(2) 𝜃-term

Cataldi, Rosanowski, Silvi, LF (in prep)

→ Preparatory study for TN and QC simulations

→ Dressed-site Hilbert space dimension for SU(3) would be ∼ 10 × larger
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Summary: Hamiltonian simulations of topological terms 
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Summary: Hamiltonian simulations of topological terms 

2+1D Chern-Simons Terms 3+1D 𝜽-Terms 
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Relevance

• Quantum Hall effect, topological mass generation, …

Summary: Hamiltonian simulations of topological terms 

2+1D Chern-Simons Terms 3+1D 𝜽-Terms 
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Relevance

• Quantum Hall effect, topological mass generation, …

Recent developments

• Hamiltonian lattice formulation for MCS theory

• First ED results to study constant-mode sector

Summary: Hamiltonian simulations of topological terms 

2+1D Chern-Simons Terms 3+1D 𝜽-Terms 
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Relevance

• Quantum Hall effect, topological mass generation, …

Recent developments

• Hamiltonian lattice formulation for MCS theory

• First ED results to study constant-mode sector

Future outlook

• Study truncation effects in full theory

• Tensor network and quantum simulations

Summary: Hamiltonian simulations of topological terms 

2+1D Chern-Simons Terms 3+1D 𝜽-Terms 
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Relevance

• Quantum Hall effect, topological mass generation, …

Recent developments

• Hamiltonian lattice formulation for MCS theory

• First ED results to study constant-mode sector

Future outlook

• Study truncation effects in full theory

• Tensor network and quantum simulations

Summary: Hamiltonian simulations of topological terms 

2+1D Chern-Simons Terms 3+1D 𝜽-Terms 

Relevance

The strong CP problem, Grand Unified Theories, …
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Relevance

• Quantum Hall effect, topological mass generation, …

Recent developments

• Hamiltonian lattice formulation for MCS theory

• First ED results to study constant-mode sector

Future outlook

• Study truncation effects in full theory
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2+1D Chern-Simons Terms 3+1D 𝜽-Terms 

Relevance

The strong CP problem, Grand Unified Theories, …

Recent developments

• First ED results for U(1) 𝜃-term

• First (preliminary) ED results for SU(2) 𝜃-term

Future outlook

• Qudit-based quantum simulations of U(1) 𝜃-term

• Tree tensor network simulations for larger volumes
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Thanks to my group and our collaborators!

Thanks to you for listening! 

Questions? 
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Backup: simulating 3+1D SU(2) and SU(3) with TN

Magnifico et al., (2025)



Lena Funcke (University of Bonn) Topological Terms: A Hamiltonian Perspective 14 July 2026 53

Backup: (preliminary) ED results for 3+1D U(1) 𝜃-term

Cataldi, Rosanowski, Silvi, LF (in prep)
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Constant-mode Hamiltonian

Equivalent to particle on a periodic lattice in magnetic background field

Truncation of constant-mode gauge field 

Discrete 𝑎𝑖 → discrete torus:

Reduces to (an atypical) Hofstadter problem!

Backup: Hamiltonian of constant-mode sector

Landau problem on a torus
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First step: constant modes 1

Study truncation effects in constant-mode sector

Backup: Does truncation destroy topological properties?

Exact Diagonalization Ground-State Degeneracy

Degeneracy for torus 

Torus: periodic boundary conditions → non-trivial topology 

Correctly reproduce 𝑘-fold degeneracy of ground state 2

→ good cross-check / benchmark for numerical methods!

1 Bulgarelli, Diamantini, Dichter, LF, Hartung, Jansen, Ortega, Singh, Spera (2026)
2 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Backup: How to formulate MCS theory on the lattice?

Problem State-of-the-Art

Continuum: 2+1D Chern-Simons term

Naïve lattice discretization:

Problem: compact gauge fields → monopoles 

→ Chern-Simons term violates gauge invariance! 1

Lattice formulation of non-compact MCS Hamiltonian 2

However, non-compact gauge field → no simulations 

Lattice formulation of compact CS Hamiltonian 3

Villain approach, monopoles eliminated → gauge invariant 

However, non-commuting geometry → no simulations

Our work: Derived compact MCS lattice Hamiltonian 4

Paves the way for simulations on (quantum) computers

1 Pisarski (1986), Affleck et al. (1989) 2 Lüscher (1989), …
3 Jacobson, Sulejmanpasic (2024)
4 Peng, Diamantini, LF, Hassan, Jansen, Kühn, Luo, Naredi (2024)
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Magnetic field term: similar to QED (without monopoles)

Electric field term: modified by Chern-Simons term

Quadratic Hamiltonian: can be solved analytically!

Backup: Compact MCS lattice Hamiltonian

2+1D Maxwell Lattice Hamiltonian + Extension Compact Gauge Fields

Gauge configurations: can take values in (−∞,+∞)
Compactness: ensured by constraints on Hilbert space

Commutation relations:
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No gap: Linear dispersion relation of gapless photon

Plot of dispersion relation:

Backup: Exact solution of lattice Hamiltonian

Pure Maxwell Theory Maxwell-Chern-Simons Theory

Gap: Chern-Simons term gives mass to photon
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Compact Maxwell Theory

Existence of quantized magnetic fluxes:

If closed surface is contractible, monopole inside

Compact MCS Theory

Monopole configuration: large gauge transformation 

→ changes Chern-Simons action → boundary terms at 

spatial infinity → action violates gauge invariance

Backup: Monopole problem of compact MCS theory

1+1D Lattice Theories Modified Villain Approach

Conventional Villain Approach

Add discrete plaquette variables 𝑛, encode magnetic flux

Interpret 𝑛 as discrete gauge fields for shift symmetry:

Gauge the discrete shifts → study compact gauge theory:

Modified Villain Approach

Eliminate monopoles with Lagrange multiplier

10
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Backup: 2+1D QED with(out) monopoles

Compact variables

For compact     , action contains terms 

Conventional Villain approach

Replace cosine terms by periodic Gaussian potential:

→ discrete gauge fields 𝑛 can take values in (−∞,+∞)
→ compactness ensured by constraints on Hilbert space

Modified Villain approach

Eliminate monopoles with Lagrange multiplier → flat 𝑛

2+1D Compact QED …

… including monopoles / instantons

… with monopoles / instantons removed

Lagrangian Formalism Hamiltonian Formalism
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Gauss’ law

Constraints on physical states in Hilbert space:

Generator for local gauge transformations

Similar as for QED, but modified by Chern-Simons term:

Backup: Constraints on Hilbert space

Local Gauge Transformations Large Gauge Transformations

Two additional constraints

→ compactify gauge field configurations

→ similar as for QED (without monopoles)

Generators for large gauge transformations

Similar as for QED, but modified by Chern-Simons term

→ enforce quantized Chern-Simons coupling

 

12
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Constraints on Hilbert space …

… allow only certain gauge field configurations

Different topological sectors of theory

Transformation

… changes sector

… due to non-zero commutator

Backup: Compactification through constraints

Large Gauge Transformations Invariance of Partition Function

Partition function

Sum over all sectors / values of 𝑚𝑖 with equal weights

→ stays invariant under large gauge transformations

Similarity to Villain approximation:

→ obtain periodic function (i.e., compact gauge field) by 

summing over multiple non-periodic functions

Numerical simulation

Truncation of infinite sum, neglect terms with large 𝑛

13
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Backup: Large gauge transformation constraint #1

2+1D Compact QED … … With Chern-Simons Term

Constraint on Hilbert space

Generator for large gauge transformation

Modified generator for large gauge transformation

14
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Constraint on Hilbert space

Generator for large gauge transformation

Backup: Large gauge transformation constraint #2

2+1D Compact QED … … With Chern-Simons Term

Modified generator for large gauge transformation

15
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Non-zero commutator yields quantization condition!

Constraint from large gauge transformations: 

Correctly reproduces quantization property: 1

Backup: Compatibility of constraints

Commutators Quantization of Chern-Simons Level

Constraints need to commute with Hamiltonian

Constraints need to commute with Gauss’ law

But: constraints do not commute with each other!

1 Pisarski (1986)

16
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Magnetic field term: similar to QED (without monopoles)

Electric field term: modified by Chern-Simons term

Backup: Plaquette visualization of lattice Hamiltonian 

Compact MCS Hamiltonian

Plaquette operator: 

17
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