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Standard Model
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• EM, weak, strong forces formulated as gauge theories

https://www.skyatnightmagazine.com/space-science/expansion-universe

https://www.energy.gov/science/doe-explainsthe-standard-model-particle-physics



Nuclear and Particle Physics
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Why Hamiltonian Lattice Gauge Theory? 
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• QCD is nonperturbative at hadronic scale: need nonperturbative input for 
precision comparison with experimental data

• Euclidean lattice QCD is very successful: hadron mass and structure, muon g-2, 
transport coefficients such as heavy quark diffusion

• But faces sign problems for real-time and finite baryon density: QCD critical 
point, real-time non-equilibrium dynamics

• Hamiltonian lattice gauge theory attracts a lot of interest due to advancement of 
computing tools



Contents
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• Review of Hamiltonian lattice gauge theory (LGT): Kogut-Susskind (KS) 
Hamiltonian in the electric basis


• Efficient setup for lattice QED using a different Hamiltonian


• Convert Gauss law in KS into error correction codes



Kogut-Susskind Hamiltonian (A0 = 0)

6 Bauer, Davoudi, Klco, Savage, 2404.06298

Gauss law, originate from 
secondary first-class constraint 
or integrating  in path-integralA0



Electric Basis and Gauss Law
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• Work in the subspace of gauge invariant states

• Electric basis on links: irrep and weight

Impose Gauss law: construct singlets at each 
vertex, which is given by a linear combination 

|R, m⟩
Electric energy is diagonal (Ea

i )2 |R, m⟩ = C1 |R, m⟩

Total Hilbert space ⨂
links

|R, m⟩

∑
m1,m2,m3,m4

cm1m2m3m4
|R1, m1⟩ ⊗ |R2, m2⟩ ⊗ |R3, m3⟩ ⊗ |R4, m4⟩

Plaquette

Byrnes, Yamamoto, quant-ph/0510027

Klco, Stryker, Savage, 1908.06935; Rahman, 
Lewis, Mendicelli, Powell, 2103.08661; Zache, 
González-Cuadra, Zoller, 2304.02527; Hayata, 
Hidaka, 2305.05950; Müller, XY, 2307.00045

• On quantum computer, need to work out controlled gates
• Express plaquette operator in 6j symbols



Lattice QED in Coulomb Gauge

88



Scalar field theory

Motivation: Efficient Simulation for  Theoryϕ4
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• Quantum Fourier transform to efficiently convert between  and  local spacesA Π

<latexit sha1_base64="lP8S8jshaWIs64Rmq5c5uFmRzLg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9Hwduo3n7ixQqsHHKU8TGhfiVgwik5qdjSKhNtuueJX/RnIMglyUoEc9W75q9PTLEu4Qiapte3ATzEcU4OCST4pdTLLU8qGtM/bjirqloTj2bkTcuKUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZn+TnrCcIZy5AhlRrhbCRtQQxm6hEouhGDx5WXyeFYNLqsX9+eV2k0eRxGO4BhOIYArqMEd1KEBDIbwDK/w5qXei/fufcxbC14+cwh/4H3+AIkrj7c=</latexit>⌦ <latexit sha1_base64="lP8S8jshaWIs64Rmq5c5uFmRzLg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9Hwduo3n7ixQqsHHKU8TGhfiVgwik5qdjSKhNtuueJX/RnIMglyUoEc9W75q9PTLEu4Qiapte3ATzEcU4OCST4pdTLLU8qGtM/bjirqloTj2bkTcuKUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZn+TnrCcIZy5AhlRrhbCRtQQxm6hEouhGDx5WXyeFYNLqsX9+eV2k0eRxGO4BhOIYArqMEd1KEBDIbwDK/w5qXei/fufcxbC14+cwh/4H3+AIkrj7c=</latexit>⌦ <latexit sha1_base64="lP8S8jshaWIs64Rmq5c5uFmRzLg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cIxgSSJcxOZpMhszPLTK8QQj7CiwdFvPo93vwbJ8keNLGgoajqprsrSqWw6PvfXmFldW19o7hZ2tre2d0r7x88Wp0ZxhtMS21aEbVcCsUbKFDyVmo4TSLJm9Hwduo3n7ixQqsHHKU8TGhfiVgwik5qdjSKhNtuueJX/RnIMglyUoEc9W75q9PTLEu4Qiapte3ATzEcU4OCST4pdTLLU8qGtM/bjirqloTj2bkTcuKUHom1caWQzNTfE2OaWDtKIteZUBzYRW8q/ue1M4yvw7FQaYZcsfmiOJMENZn+TnrCcIZy5AhlRrhbCRtQQxm6hEouhGDx5WXyeFYNLqsX9+eV2k0eRxGO4BhOIYArqMEd1KEBDIbwDK/w5qXei/fufcxbC14+cwh/4H3+AIkrj7c=</latexit>⌦ . . .

ϕmax

−ϕmax
ϕ(x1) ϕ(x2) ϕ(x3)

Jordan, Lee, Preskill, 1112.4833
<latexit sha1_base64="DCwBVEZvoSAJxmvaljUcT452AjQ="></latexit>

[�(x),⇧(y)] = ia�d�xy

Jordan, Krovi, Lee, 
Preskill, 1703.00454

Credit: Klco, Roggero, Savage

Trotterized Hamiltonian pieces  and  are diagonal in each space, 
also efficient to construct Pauli gates

Hϕ HΠ

<latexit sha1_base64="YI8zIy2CmLqGsvODWz24OaFfWTM="></latexit>

H = a
d
X
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Motivation: Proved Bounds of Resources for ϕ4
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• Easy to prove resources at given volume, field digitization  and truncation δϕ ϕmax

• Key to prove resources for describing all states up to  with accuracy E ϵ

Desired QFT is only low-energy EFT of the LGT
ϕmax

−ϕmax
ϕ(x1)

δϕ

Number of qubits per site

Jordan, Lee, Preskill, 1112.4833

Use Chebyshev’s inequality



Dirac Quantization of QED in Coulomb Gauge
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• Motivation: straightforward circuit construction, rigorous resource estimate

• Choosing a gauge turns first-class constraints to second-class
Π0 = 0, ∂iΠi = J0

<latexit sha1_base64="zRO6lFzCW90j0cGIUR75hIhuuL8="></latexit>

H(x) =
1

2
⇧2

?i(x) +
1

2
["ijk@jAk(x)]

2
� J i(x)Ai(x)�

1

2
J0(x)A0(x)�  ̄(x)(i�i@i �m) (x)

In Coulomb gauge:

Dirac quantization:
<latexit sha1_base64="R3x9qJgCXt5sRBy1h5yI2iKj4Z0="></latexit>

[Ai(x), Aj(y)] = 0 , [⇧?i(x),⇧?j(y)] = 0 ,

[Ai(x),⇧?j(y)] = i

✓
�ij �

@i@j
r2

◆
�(3)(x� y)

Choose dynamical variable to be Πj

<latexit sha1_base64="xXRL1hj54qGKiCzxJh4XGjbpLvk="></latexit>

⇧?i(x) =

✓
�ij �

@i@j
r2

◆
⇧j(x)

<latexit sha1_base64="eZfcyerACy/XWuF5CfBj8QW441w="></latexit>

[⇧?i(x)]
2 ! ⇧i(x)

✓
�ij �

@i@j
r2

◆
⇧j(x)

<latexit sha1_base64="es9laLpiGeRozlzHOx3rpoyFVTQ="></latexit>

[Ai(x),⇧j(y)] = i�ij�
(3)(x� y) Like scalar field theory now



Discretized Green’s Function for Transversality
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<latexit sha1_base64="qWHe1PrrMICCeERNwxfJJiiOcds="></latexit>

Ĥ⇧ =
1

2

X

x̂,i

⇧̂2
i (x̂) +

1

2

X

x̂,ŷ,i,j

⇧̂i(x̂)⇧̂j(ŷ)@
(L+)
x̂i

@
(L+)
ŷj

G(x̂, ŷ)

ĤA = �1

2

X

x̂,i

Âi(x̂)
⇥
r(L)

x̂

⇤2
Âi(x̂) +

1

2

X

x̂,i,j

Âi(x̂)@
(L+)
x̂i

@
(L�)
x̂j

Âj(x̂)

Green’s function of discrete Laplacian, analytically known

<latexit sha1_base64="EN76lSw70InGDj7IEChXobfwhnE="></latexit>

[Âi(x̂), ⇧̂j(ŷ)] = i�ij�x̂ŷ

• Discretization on lattice

• Use the lattice inverse of Laplacian guarantees decoupling of longitudinal fields

<latexit sha1_base64="xEwI6yz0lMxJrCiTwd9vISqFnoc="></latexit>hX

i

@
(L�)
x̂i

Âi(x̂), Ĥ
i
= 0 , 8x̂

<latexit sha1_base64="2HDt6avRZ2/3SklNFZur4BgzNVg="></latexit>

Â// i(x̂) =
X

ŷ,j

@(L+)
x̂i

G(x̂, ŷ)@(L�)
ŷj

Aj(y) gives vanishing ĤA

Longitudinal field is never generated
Similarly for Π̂//

<latexit sha1_base64="KYgzt1UBeqVh17JbFAlfvNo/xWk="></latexit>

@(L+)
x̂i

f(x̂) ⌘ f(x̂+ î)� f(x̂) ,

@(L�)
x̂i

f(x̂) ⌘ f(x̂)� f(x̂� î)

<latexit sha1_base64="kNu9/gdOxGSzGS/B5s86owPhweg="></latexit>⇥
r(L)

x̂

⇤2 ⌘
X

i

@(L+)
x̂i

@(L�)
x̂i

=
X

i

@(L�)
x̂i

@(L+)
x̂i



Efficient Simulation for LQED in Coulomb Gauge
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• Quantum Fourier transform to efficiently convert between  and  local spacesA Π
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<latexit sha1_base64="EN76lSw70InGDj7IEChXobfwhnE="></latexit>

[Âi(x̂), ⇧̂j(ŷ)] = i�ij�x̂ŷ
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A1(x1)
<latexit sha1_base64="L9XYjINqhFSZ1vevbJVr8GVpjtM=">AAAB/XicbVA7T8MwGHR4lvIKj43FokIqS5VUvMYCC2OR6ENqo8hxnNaqY0e2gyhVxV9hYQAhVv4HG/8Gp80ALSdZPt19n3y+IGFUacf5thYWl5ZXVgtrxfWNza1te2e3qUQqMWlgwYRsB0gRRjlpaKoZaSeSoDhgpBUMrjO/dU+kooLf6WFCvBj1OI0oRtpIvr1/6VfL3UCwUA1jc8EH3z327ZJTcSaA88TNSQnkqPv2VzcUOI0J15ghpTquk2hvhKSmmJFxsZsqkiA8QD3SMZSjmChvNEk/hkdGCWEkpDlcw4n6e2OEYpWFM5Mx0n0162Xif14n1dGFN6I8STXhePpQlDKoBcyqgCGVBGs2NARhSU1WiPtIIqxNYUVTgjv75XnSrFbcs8rp7UmpdpXXUQAH4BCUgQvOQQ3cgDpoAAwewTN4BW/Wk/VivVsf09EFK9/ZA39gff4AFOmUWw==</latexit>

A2(x1)
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A3(x1)
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nA = dlog2(2Ãmax/�Ã+ 1)eQubit# per site per direction

Single- and two-qubit gate costs
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<latexit sha1_base64="yzZZmYBi4PbQT0Vkaol1i1CU3eU="></latexit>

⇡

�Ã
= ⇧̃max =

s
6Ê0V̂

✏
XY, 2507.01089

<latexit sha1_base64="DptCYrZtScT98U39BXpc0LOen68="></latexit>

Â(x̂) = �1

2
�Ã

nA�1X

j=0

2j�z
j (x̂)

Use Chebyshev’s inequality,  take care of coupling w/ fermion and Dirac fermion sea

Ãmax

−Ãmax



Quantum Error Correction Codes from  
Gauss Law in Truncated SU(2) 

Example 1
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Gauss Law Error Correction Code in Truncated SU(2)

• Consider   and map onto qubitsjmax = 1/2

j1

j2

j3
jmax = 1/2

q1

q2

q3

XY, 2511.13721

• Gauss law able to detect and correct any single-bit flip error (classical code)

Stabilizer Z1Z2Z3

Every vertex checks the  parityZZZ

××
×

CorrectableDetectable

For -plaquette w/ OBC:N
<latexit sha1_base64="BATW83g0/NRE0DoUw4AUQa4IDkI=">AAAB83icbVDLSsNAFL2pr1pfVZduBosgWEqi9bEsunFVKtgHpKFMppN26GQSZiZCCf0NNy4UcevPuPNvnLZZaOuBC4dz7uXee/yYM6Vt+9vKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/dHd1G8/UalYJB71OKZeiAeCBYxgbaSue1E/c8qoXkZVr1cs2RV7BrRMnIyUIEOjV/zq9iOShFRowrFSrmPH2kux1IxwOil0E0VjTEZ4QF1DBQ6p8tLZzRN0YpQ+CiJpSmg0U39PpDhUahz6pjPEeqgWvan4n+cmOrjxUibiRFNB5ouChCMdoWkAqM8kJZqPDcFEMnMrIkMsMdEmpoIJwVl8eZm0zivOVeXyoVqq3WZx5OEIjuEUHLiGGtxDA5pAIIZneIU3K7FerHfrY96as7KZQ/gD6/MH6oaPqw==</latexit>

[3N + 1, N, 4]



1

2

3

4

5

6 7 8

Make the Code a Quantum Code
• To correct phase error: use repetition For , U(1), see Spagnoli, Roggero, Wiebe, 2405.19293Z2

<latexit sha1_base64="oFGe78WKrWWCNdF1v32ALFr4mKA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBsJTE+nkrevFUKthaSGPZbLft0s0m7G6UEvo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/iTGnb/rYyC4tLyyvZ1dza+sbmVn57p6HCWBJaJyEPZdPHinImaF0zzWkzkhQHPqf3/uB67N8/UqlYKO70MKJegHuCdRnB2kgPrntZPSoXUbWIyp7Xzhfskj0BmidOSgqQotbOf7U6IYkDKjThWCnXsSPtJVhqRjgd5VqxohEmA9yjrqECB1R5yeTqETowSgd1Q2lKaDRRf08kOFBqGPimM8C6r2a9sfif58a6e+ElTESxpoJMF3VjjnSIxhGgDpOUaD40BBPJzK2I9LHERJugciYEZ/bledI4LjlnpdPbk0LlKo0jC3uwD4fgwDlU4AZqUAcCEp7hFd6sJ+vFerc+pq0ZK53ZhT+wPn8AXbSQfg==</latexit>

[[9N + 3, N, 3]]

For -plaquette w/ OBC:N

XY, 2511.13721

Add  stabilizersXX

• Able to detect and correct any single-qubit error (flip and phase)

• Logical operators correspond to excitations of singlet states
<latexit sha1_base64="mVNdv9tOR3keSHb9pRxmKk8PjTY=">AAACH3icbZDNSsNAFIUn/tb6F3XpZrAIdVMS0epGKLpxWcG2gTaEyXTSDp1MwsxEKKFv4sZXceNCEXHXt3GSpqCtFwY+zrmXO/f4MaNSWdbUWFldW9/YLG2Vt3d29/bNg8O2jBKBSQtHLBKOjyRhlJOWoooRJxYEhT4jHX90l/mdJyIkjfijGsfEDdGA04BipLTkmfVepO1sOnUmVX4Gb6DjpSpHDWIO/hxYDp5ZsWpWXnAZ7AIqoKimZ373+hFOQsIVZkjKrm3Fyk2RUBQzMin3EklihEdoQLoaOQqJdNP8vgk81UofBpHQjyuYq78nUhRKOQ593RkiNZSLXib+53UTFVy7KeVxogjHs0VBwqCKYBYW7FNBsGJjDQgLqv8K8RAJhJWOtKxDsBdPXob2ec2u1y4fLiqN2yKOEjgGJ6AKbHAFGuAeNEELYPAMXsE7+DBejDfj0/iata4YxcwR+FPG9Af17KEJ</latexit>

X(n) = Xt(n)Xr(n)Xb(n)Xl(n)
<latexit sha1_base64="8PK5sE4quK4lWoI5/xCCZHx0zSk=">AAACGXicbZDLSsNAFIYnXmu9RV26GSxq3ZREvG2EohuXFeyFtiFMppN26GQSZiZCCX0NN76KGxeKuNSVb+MkDaitBwY+/v8czpzfixiVyrK+jLn5hcWl5cJKcXVtfWPT3NpuyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXqd+854ISUN+p0YRcQLU59SnGCktuabVDbWdTiftcZkfwYNL2HYTlXEKhz+UoWuWrIqVFZwFO4cSyKvmmh/dXojjgHCFGZKyY1uRchIkFMWMjIvdWJII4SHqk45GjgIinSS7bAz3tdKDfij04wpm6u+JBAVSjgJPdwZIDeS0l4r/eZ1Y+RdOQnkUK8LxZJEfM6hCmMYEe1QQrNhIA8KC6r9CPEACYaXDLOoQ7OmTZ6FxXLHPKqe3J6XqVR5HAeyCPVAGNjgHVXADaqAOMHgAT+AFvBqPxrPxZrxPWueMfGYH/Cnj8xsHWZ5q</latexit>

Z(n) = Zt(n)Zt0(n)Zt00(n)



Easily Generalized to 2+1D and 3+1D
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XY, 2511.13721

For OBC:
<latexit sha1_base64="zC0jawy0mFAranW54F8cslH2SFw=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoWIeZ1tey6MaVVLAPmA4lk2ba0ExmSDLiUPoXbvwVNy4Ucas7/8b0IWj1wCWHc+7l5h4/ZlQq2/40MnPzC4tL2eXcyura+oa5uVWXUSIwqeGIRaLpI0kY5aSmqGKkGQuCQp+Rht+/GPmNWyIkjfiNSmPihajLaUAxUlpqm5brlgtleNW+05XCA1ga88mbHjr7xW+vCMue1zbztmWPAf8SZ0ryYIpq2/xodSKchIQrzJCUrmPHyhsgoShmZJhrJZLECPdRl7iachQS6Q3Gdw3hnlY6MIiELq7gWP05MUChlGno684QqZ6c9Ubif56bqODMG1AeJ4pwPFkUJAyqCI5Cgh0qCFYs1QRhQfVfIe4hgbDSUeZ0CM7syX9JvWQ5J9bx9VG+cj6NIwt2wC4oAAecggq4BFVQAxjcg0fwDF6MB+PJeDXeJq0ZYzqzDX7BeP8CgKGajA==</latexit>

[[3(3NxNy + 2Nx + 2Ny � 1), NxNy, 3]]

Stabilizers:  and XX Z⊗9

• 2+1D: honeycomb lattice



Quantum Error Correction Codes from  
Gauss Law in Truncated SU(2) 

Example 2
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Carbon Code from SU(2) Gauss Law
• Add an extra qubit at each vertex

j1

j2

j3
jmax = 1/2

q1

q2

q3
q4

Stabilized by  and Z1Z2Z3Z4 X1X2X3X4

• Make it a quantum error correction code: encode data qubits by another code

Concatenate with [[6,2,2]] code and get [[12,2,4]] carbon code
<latexit sha1_base64="rIAl60sUa+HEtMwuapKwcEo94Hg=">AAACPnicbZA7T8MwEMed8irlFWBksagQTFWShsdYwcJYJPqQ2qpyXKe16jjBdpCq0E/GwmdgY2RhACFWRpykA7ScdLq/fncn+/5exKhUlvViFJaWV1bXiuuljc2t7R1zd68pw1hg0sAhC0XbQ5IwyklDUcVIOxIEBR4jLW98lfZb90RIGvJbNYlIL0BDTn2KkdKobzYe4F3f1pnYx9O8ZNVJtZMjJ0fVVFdzVM2Rm2o3R26KugLxISN9s2xVrCzgorBnogxmUe+bz91BiOOAcIUZkrJjW5HqJUgoihmZlrqxJBHCYzQkHS05CojsJdn5U3ikyQD6odDJFczo740EBVJOAk9PBkiN5Hwvhf/1OrHyL3oJ5VGsCMf5Q37MoAph6iUcUEGwYhMtEBZU/xXiERIIK+14SZtgz5+8KJpOxT6rnN645drlzI4iOACH4ATY4BzUwDWogwbA4BG8gnfwYTwZb8an8ZWPFozZzj74E8b3D5mdqqo=</latexit>

|q1q10q100q2q20q200q3q30q300q4q40q400i

Locally a [[4,2,2]] code

10 stabilizers:



Carbon Code from SU(2) Gauss Law
• Logical gates

• Hamiltonian in terms of logical gates

<latexit sha1_base64="UFcMGDS5H+Lx/OdlRddrVO6gBBE="></latexit>

HE =
3g2

16

X

n

⇥
3� Z1(n)� Z2(n)� Z1(n)Z2(n)

⇤

<latexit sha1_base64="5HOfEoSHOfrOk0kz+082UsHOV/k="></latexit>

⇤(n) ! M2(n� 1)M1(n)M2(n+ 1)M1(n+ 2)X2(n)X1(n+ 1)
<latexit sha1_base64="C53nKjTtcdjFvEcuU/f59QI7MuU="></latexit>

M i(n) =
1 + Zi(n)

2
+

1� Zi(n)

2
p
2
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Summary

• Efficient quantum computing for lattice QED in Coulomb gauge, 
proved rigorous bounds for resources to describe all states up to a 
given energy and accuracy


• Constructed two quantum error correction codes for minimally 
truncated Kogut-Susskind SU(2) LGT from Gauss law constraints


