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Scheme construction and efficiency verification
[Malezi¢ & JO quant-ph/2601.18756; Malezi¢ Qiskit (2026)]
[Malezié & JO PoS LATTICE (2025)]

Chain length L =6

Order
—n=2
—n=4
—n=6
—n=_8

10° 10°
Computational cost, gN;

110°

11072

1074

@ ¥ m @ % o o

Verlet PhysRev 159 (1967)

Forest & Ruth Physica D 43 (1990)
— = Malezi¢ & JO quant-ph/2601.18756
Yoshida PhysLetA 150 (1990)

=== Blanes & Moan CAMath 142 (2002)
— = Malezi¢ & JO quant-ph/2601.18756
Morales + QuantInfComp 25 (2025)

4/33



Scheme construction and efficiency verification
[Malezi¢ & JO quant-ph/2601.18756; Malezi¢ Qiskit (2026)]
[Malezié & JO PoS LATTICE (2025)]

Computational cost ¢N; = 500 Chain length L =6
I EY R RN} s
- * i ] |

U7 e i \ 11077 o Verlet PhysRev 159 (1967)
g f i r : t : t f f i ° Forest & Ruth Physica D 43 (1990)
g 104? * 0 | 107" % —-= Malezic & JO quant-ph/2601.18756
E h E ® g * * "* x K A K K *E (5} Yoshida PhysLetA 150 (1990)
g 107 : i od Onder 107° @ ——- Blanes & Moan CAMarh 142 (2002)
& 76: e : ®© n—2 11 n—2 X % — = Malezi¢ & JO quant-ph/2601.18756
>Q<‘ 10 ?' E ® n=4 § — n=4 q107® (&) Morales + QuantInfComp 25 (2025)
= 77: . i e n=61|—n=6

10 g i .n=8§ —n=_3 11071

53 4 5 6 7 8§ 0101112 T
Chain length, L Computational cost, gN;

4/33



General error bounds [Childs+ PRX 11 (2021); Heyl, Hauke + SciAdv 5 (2019)]
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Bound application [Schubert & Mend! GitHub (2023), PRB 108 (2023)]
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Error accumulation [Chen PRA 111 (2025); Poster: Marko Malezi¢]
» Total timet = Nh
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Worst case errors [Burgarth+ PRR 6 (2024)]

» Usual Trotter error valid for smooth bounded operators only!
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» Usual Trotter error valid for smooth bounded operators only!

» E.g. Coulomb potential error(h) = O (h411> for every scheme.

» Finite modes (discrete space) act as regulator.
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Lower error bounds [Hahn+ PRA 111 (2025)]
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Lower error bounds [Hahn+ PRA 111 (2025)]
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Decompositions into 2 operators [JO JPhysA 56 (2023); McLachlan JSciComp 16 (1995)]
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Time-dependent Hamiltonian [ikeda+ Quantum 7 (2023); Suzuki ProcJapAcB 69 (1993)]
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Generalised Trotter formula for H(t) = 22121 Ag(t)

[Suzuki ProcJapAcB 69 (1993); Hatano & Suzuki math-ph/0506007]
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Asymmetric Trotterization
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Asymmetric Trotterization

H=Hy+cH, kK1

» Remove dominant error [Omelyan+ CPC 146 (2002)]:
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» Interaction picture [Low & Wiebe quant-ph/1805.00675; Rajput, Roggero + Quantum 6 (2022);
Ciavarella & Bauer PRL 133 (2024); Bosse + NatCommun 16 (2025)].
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Choose your own adventure!

Processed methods
Multi-product formulae
Randomised methods
Symplectic integrators
Polynomial expansions
Quantum circuit optimisation

TDVP for tensor networks
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Processed methods
[Butcher ConfNumDiffEq (1969); Blanes+ Ap/NumMat 204 (2024); Morales + QuantinfComp 25 (2025)]
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» Kernel S cheap, processor P rarely needed
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» Kernel S cheap, processor P rarely needed
» Can help with efficient long-time evolution

» Useless if intermediate measurements are required
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Multi-product formulae
[Blanes + CelMechDynAst 75 (1999); Chin CelMechDynAst 106 (2008); Low + quant-ph/1907.11679]

» Linear combinations of order ng product formula S,
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Multi-product formulae
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» Linear combinations of order ng product formula S,
» Effective order n = ng+2(m — 1)
» Unitary to order s = max (2ng + 1,n + 3)

SO () =3 a; S, (k—)

Quantum computing post-processing:

[Carrera Vazquez+ Quantum 7 (2023); Childs & Wiebe QantinfComp 12 (2012); Park + quant-ph/2602.01713]
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Randomised methods
[Campbell PRL 123 (2019); Granet & Dreyer Quantinf 10 (2024); Kiss, Roggero + Quantum 7 (2023); Kiumi &
Koczor QuantSciTech 10 (2025); Hayata & Kikuchi quant-ph/2604.02854; Wang, Sun + quant-ph/2607.11856]

[Murota, Rinaldi+ quant-ph/2606.29741]

(a) Suzuki-Trotter ) » Sample few gates randomly,
oo repeat many times
®) Terar +06e)
(C) PTER T > T Quasi-probabiltic
- P decomposition I:I
SR EE /I
SRS I = | Cp2 +e
e »N -

Circuit complexity
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Symplectic integrators [Omelyan+ CPC 151 (2003)]

» Numerically solve equations of motion
T=0p
p=-V(z)

21/33



Symplectic integrators [Omelyan+ CPC 151 (2003)]
» Numerically solve equations of motion
T =p
p=-V'(z)
» Preserve phase space = error of H = %pz + V(z) bounded.

21/33



Symplectic integrators [Omelyan+ CPC 151 (2003)]
» Numerically solve equations of motion
T =p
p=-V'(z)

» Preserve phase space = error of H = %pz + V(z) bounded.

095 T T
Runge-Kutta Euler
Symplectic Euler

0.9

21/33



Symplectic integrators [Omelyan+ CPC 151 (2003)]

» Numerically solve equations of motion

x

p

p
—V'(z)

» Preserve phase space = error of H = %pz + V(z) bounded.

0.95

0.9

" Runge-Kutta Euler

Symplectic Euler

1 = X + alhpo
p1=po — bihV' (1)
T9 = 1 + ashp;
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Comparison to Runge-Kutta

H=T(p)+V(x),

& =T(p)
p=-V'(z)
Explicit Runge-Kutta ‘ Symplectic ‘ Implicit Runge-Kutta

Tptl = Tp + hT,(p'n,) Tp+l = Tp + hT/(pn) Tp+l = Tp + hT/(pn+1)
Pyt = pn — BV (1) | Pos1 = P — AV (@041) | Pusr = po — BV (011)
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Special case of Trotterization [Omelyan+ CPC 151 (2003)]
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Special case of Trotterization [Omelyan+ CPC 151 (2003)]
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Polynomial expansions
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Taylor vs. Chebyshev expansion [Jo Pos LATTICE (2023)]
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Taylor vs. Chebyshev expansion [Jo Pos LATTICE (2023)]
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Quantum circuit optimisation

[Le+ Quantum 9 (2025); Mansuroglu + QuantSciTech 8 (2023); Tepaske + SciPostPhys 14 (2023)]
[Mc Keever & Lubasch PRR 5 (2023)]

Ansatz: brickwall circuit
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Quantum circuit optimisation
[Le+ Quantum 9 (2025); Mansuroglu + QuantSciTech 8 (2023); Tepaske + SciPostPhys 14 (2023)]
[Mc Keever & Lubasch PRR 5 (2023)]

100
. . . - T
Ansatz: brickwall circuit o | (9 bl of o o L
8 42 A
5
g 107° »
g ‘;_,'5"' exact 5=100
- PP Trotter | =+=+ S=200
1070 Lot - - - Trotter Il +=xsx S=300
10° 7
— - H H H H — Lo-1 | (b) brickwall of two layers /’
s
5
— = 8
&
g
B
Lot | (©) brickwall of three layers i
— — 5 —— Trotter IV /
5
N
! 1 1 1 8
é T T é> g
number of layers (L) TR
time (2.

28/33



Choose your own adventure!

Processed methods
Multi-product formulae
Randomised methods
Symplectic integrators
Polynomial expansions
Quantum circuit optimisation

TDVP for tensor networks

O N o 0o B~ w o=

Integration on manifolds

20/33



Time-dependent variational principle (TDVP)
[Haegeman + PRL 107 (2011), PRB 94 (2016); Paeckel + AnnalsPhys 411 (2019)]

» Tensor network state 1(X) parametrised by X of limited dimension D
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Time-dependent variational principle (TDVP)
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» Trotterization “time-evolving block decimation (TEBD)" increases D
with every step

= Information is lost when truncating back to D

» TDVP directly evolves X via projection
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Numerical integration on manifolds
[Crouch & Grossman JNonLinSci 3 (1993); Munthe-Kaas Ap/NumMat 29 (1999)]

‘ Runge-Kutta ‘ Crouch-Grossman

ODE 2= f(t,z) Y =H(t) -
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Numerical integration on manifolds
[Crouch & Grossman JNonLinSci 3 (1993); Munthe-Kaas Ap/NumMat 29 (1999)]

Runge-Kutta Crouch-Grossman

ODE i = f(t,2) b= H(tw) -
step | z(t 4+ h) = 2(t) + h S0, bik; | w(t + h) = "Xz biki . P(t)
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Numerical integration on manifolds
[Crouch & Grossman JNonLinSci 3 (1993); Munthe-Kaas Ap/NumMat 29 (1999)]

Runge-Kutta Crouch-Grossman
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Numerical integration on manifolds
[Crouch & Grossman JNonLinSci 3 (1993); Munthe-Kaas Ap/NumMat 29 (1999)]

Runge-Kutta Munthe-Kaas
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How to choose... [JO JPhysA 56 (2023)]

Use Blanes&Moan, Use Verlet
order n =4 (43) somewhat | Do you care about order n =2 (24)
performance? (Quick and easy
but always good) to0 code)

(Not always optimal,

Do you need high precision Is the hamiltonian H bounded
(relative error < 10~%)7 and can it be applied instead of "7

no

Use Taylor expansion Use non-unitary
scheme (33), order n = 4
or higher (sec. 3.2.14)
(As cheap as it gets,

Use Blanes&Moan,
order n = 6 (45)

or higher (sec. 3.2.14)
(High pre
made affordable)

(Only the exact solution
is more precise)

sion
yet precise)

Can you split the hamiltonian H into
exactly two operators H = A+ B (see eq. (2))?

one of the operato Use Suzuki
dominant (e.g. A < B)? order n = 4 (35)
(1t's well established
for a reason)

Use Omelyan’s small A Use Blanes&Moan,
order n =4 (43)
(1t’s always good,
but here it’s optimal

scheme (32), order n
(Make most out of
your prior knowledge)

)
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Three simple tricks for better Trotterization

error

100 g=

1071
1072
1073
1074

107

1076

Verl'et PhysRev 159
Forest & Ruth Physica D 43
Suzuki‘PhysLetA 146
Blanes & Moan“CAMath 142

1967
1990
1990
2002

Non- Un|tary [JO JPhysA 56 (2023)] i
\ =17 e

Taylor, k&

=

10
cost

0. Don't use Forest & Ruth.

1. Use 2-operator methods
for A operators.

2. Use complex coefficients.

3. Consider alternatives.
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Heisenberg model and error estimation
[Childs+ PRX 11 (2021); Heyl, Hauke + SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]

L
_ T T y_y z __zZ z
H = E :(Ui Oit1 +Uiai+1+0i0i+1+hiai) ;

i1

eth = U(t) _ U(h)t/h
=S+ 0 (1),

S(h) = i Hiethgi HYehgiHieihgi Hyevhgi Hyethgi Hierh | o Hidghoi HYdgh o HEdyh

el s,

= \/LN\/Z ‘U(t) CU— S(h)t/h-v‘2
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Proof of validity of A-operator decomposition |

For every i € {1,...,q} (setting dy = 0)

¢it+dioy=a; —di—1 +diq
= Qg ,
di—FCi:bi—Ci—FCi
= bi)

i.e. decomposition works trivially for A = 2.
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Proof of validity of A-operator decomposition |l

Use the Baker—Campbell-Hausdorff formula:

A
H eAk‘cih — eC’lcih+Cg(cih)2+03(cih)3+...
k=1
1
H oArdih | (Didiht-Da(dih)*+Ds(dih)* 4
k=A
A
where C7 = Dy = > Ay and the remaining operators Cj, D; are some

k=1
linear combinations of [th order commutators

[AkN[Akm Tt [Akz—lvAkl] T H
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Proof of validity of A-operator decomposition Il

C), Dy are independent of ¢ and for every A > 2 all the C; (D;) are

mutually non-commuting and linearly independent in general. Thus, the

right hand side is completely independent of A.
For A = 2:

A
n+1
eh kgl Ak+0(h ) — eclclh+02(Clh)2+"'eDld1h+D2(dlh)2+'"

.. eCreghtCaleh)* - Didgh-+Da(dgh)*+--
Since the ¢;, d; fulfil this condition for every C;, D; (they solve the
corresponding system of polynomial equations), they automatically fulfil it

for every A.
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Derivation time-dependent Hamiltonian evolution

Effective Hamiltonian Hew(t) = >, Ax(t) + T, Trotterize:

S, (t h) — a1 Th (H eC1Ak ) <H edlAk ) el Th,

A 1
(H edq1Ak(t)h> oda—1Th geqTh (H oCaAk t)h) ( equk(t)h> odaTh
k=A k=1 k=A
—_= eT o ..

A
h (H eclAk(t+(1—Cl)h)h> (H edlAk(t+(1—Cl)h)h)
k=1 k=A
1 A 1
(H edq_1Ak(t+(dq+cq+dq_1)h)h> (H echk(t+dqh)h> <H equk(t+dqh)h>
k=A
18/23
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Error accumulation |l

1074

Verlet PhysRe

159 (1967

Omelyan+ CP(

Suzuki PhysLet,

Blanes & Moan CAMat
Non-Unitary [JO JE

Jnif. Non-L1 nitary.[JO.JF

~ 151 (2003
A 146 (1990
h 142 (2002
PhysA 56 (2023)]
2hysA 56 (2023)]

¢; = 0.1+ 0.025i
d; = 0.1 +0.0251
¢y = 0.1 — 0.0661i
dy = 0.1 — 0.0661
c3 = 0.1+ 0.082i

order =4,
cycles=5,
Eff; = 6.38
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Convergence regions [JO PoS LATTICE (2023)]

k ’Y(k)
1+=—Hh|+0O
k
i=1
Im(y) )
3 10
------- . 52
2 . V(CiOA)
1
-1
-2
-3

(thrl)

k

1=1

50

100+

o [T (110 = =) + 0 (n+)

o 252

2(304)
» z,152)(100i)
o 2,152(100)

-100

50

~q00L

Re(z)
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Benchmarking the Heisenberg model

error

100

1071

1072

1073

1074

107°

1076

Verlet PhysRev 159 (1967) ——

10

cost

order =

cycles
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Benchmarking the Heisenberg model

error

100

1071

1072

1073

1074

107°

1076

T
Verlet PhysRev 159 (1967) ——
Forest & Ruth Physica D 43 (1990) --oneet

10

cost

1
s = -
2(2 — v/2)
1
/
=—-—2
$ =3 s
order = 4,

cycles = 3,
Eff, = 0.315
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Benchmarking the Heisenberg model

error

100

1071

1072

1073

1074

107°

1076

Forest & Ruth Physica D 43

Verlet PhysRev 159
Suzuki-PhysLetA 146

1967
1990
1990

10
cost

2
order =4,
cycles =5,

Effy =1.10
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Benchmarking the Heisenberg model

error

100

1071

1072

1073

1074

107°

1076

Verlet PhysRev 159 (1967) ——
Forest & Ruth Physica D 43 (1990) --mneet

Suzuki-PhysLetA 146 (1990)
Blanes & Moan CAMath 142 (2002

10
cost

L d e

Cl =~ 0.08 d1 ~ 0.13
Co =~ 0.22 d2 ~ —0.36
cs ~0.32 d3 ~0.11

order =4,
cycles =6,
Eff; =10.2
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Benchmarking the Heisenberg model

100 B

1071

1072

10-3 g

error

1074

Verlet PhysRev 159 (1967
s Forest & Ruth Physica D 43 (1990
107 ¢ Suzuki PhysLetA 146 (1990
Blanes & Moan CAMath 142 (2002

10-6 [ Non-Unitary [JO JPhysA 56 (2023)]

10
cost

Ay

Ay
Ay

Pdy e i d

c1 ~0.10+0.021
dy =~ 0.15+0.071
co ~0.14+0.071
dy ~ 0.11 — 0.161
order =4,
cycles =4,
Eff, =29.9
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Benchmarking the Heisenberg model

100 Pt
101
1072
S 1073 <
@ N
1074 | i
Verlet PhysRev 159 (1967
s Forest & Ruth Physica D 43 (1990 e
107 | Suzuki ‘PhysLetA 146 (1990
Blanes & Moan*CAMath 142 (2002
_6 Non-Unitary [JO JPhysA 56 (2023)] ===
107 ¢ S Taylor, k = 17 -wreeer
10
cost

k i
k—o0 =0 7!
(Amax(H))" _.
(k+1)!
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Adaptive step size [Blanes+ Ap/NumMat 146 (2019); Zhao+ PRXQ 4 (2023)]

ZHAO, BUKOV, HEYL, and MOESSNER PRX QUANTUM 4, 030319 (2023)
(@) (State at t,, ) (State at i) «— (b) Schematic ©) 0.0 F Q

Try large step size l o
éi [ Trotterized time evolution ] —0.1 [
gf Constrained M, F
é [ Measurement of conserved qua.ntities] energy shell —0.2 :_ Step size
o v —— + — r
é No pE—— Yes Adaptive step Time r
E ot henmeed? [ Quench Trotter ADA Trotter ] —-0.3 } | A ) |

— — —— 0 p 96 93
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