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Suzuki-Trotter decompositions,
aka splitting methods or (Lie) product formulae
[Suzuki CommunMathPhys 51 (1976); Trotter ProcAMS 4 (1959)]

i
d

dt
|ψ(t)⟩ = H |ψ(t)⟩

⇒ |ψ(t)⟩ = e− iHt |ψ(0)⟩ ≡ U(− i t) |ψ(0)⟩

H =
Λ∑
i

Ai , [Ai,Aj] ̸= 0

U(h) ≡ eHh

U(h) = eA1h eA2h · · · eAΛh +O
(
h2
)

Never use!

U(h) = eA1h/2 eA2h/2 · · · eAΛh/2 eAΛh/2 · · · eA2h/2 eA1h/2 +O
(
h3
)

...
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Error estimation and efficiency [Omelyan+ CPC 146 (2002), CPC 151 (2003)]

e(A+B)h+O1 h+O3 h
3+O5 h

5+··· = eAa1h eBb1h · · · eBbqh eAaq+1h

O1 = (ν − 1)A+ (σ − 1)B, ν =
∑

i ai, σ =
∑

i bi

O3 = α[A, [A,B]] + β[B, [A,B]]

O5 = γ1[A, [A, [A, [A,B]]]] + γ2[A, [A, [B, [A,B]]]]

+ γ3[B, [A, [A, [A,B]]]] + γ4[B, [B, [B, [A,B]]]]

+ γ5[B, [B, [A, [A,B]]]] + γ6[A, [B, [B, [A,B]]]]

Eff2 =
1

q2
√
|α|2 + |β|2

Eff4 =
1

q4
√∑6

j=1 |γj|2
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Scheme construction and efficiency verification
[Maležič & JO quant-ph/2601.18756; Maležič Qiskit (2026)]

[Maležič & JO PoS LATTICE (2025)]
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General error bounds [Childs+ PRX 11 (2021); Heyl, Hauke + SciAdv 5 (2019)]

Theorem (Generally applicable error bounds [Schubert & Mendl PRB 108 (2023)])

Let Sn(h) = eAKh · · · eA1h be a product formula of order n.
Then for every s ∈ {1, . . . ,K} the error is bounded:

∥∥Sn(h)− eHh
∥∥
2
≤ |h|n+1

(n+ 1)!

(
s∑

j=2

∑
pj+···+ps=n

pj ̸=0

(
n

pj, . . . , ps

)∥∥∥adps
As

· · · adpj
Aj
Bj

∥∥∥
2

+
K∑

j=s+1

∑
ps+1+···+pj=n

pj ̸=0

(
n

ps+1, . . . , pj

)∥∥∥adps+1

As+1
· · · adpj

Aj
Bj

∥∥∥
2

)
,

adp
C D := [C, · · · [C︸ ︷︷ ︸

p-times

,D] · · · ] and Bj :=

j−1∑
ℓ=1

Aℓ, j = 2, . . . , K .
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Bound application [Schubert & Mendl GitHub (2023), PRB 108 (2023)]
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Error accumulation [Chen PRA 111 (2025); Poster: Marko Maležič]

▶ Total time t = Nh

⇒ error(t) ≤ Nerror(h) = O
(
Nhn+1

)
= O (thn)

▶ Error splits: ‘parallel’ δ∥ = O (thn) + ‘orthogonal’ δ⊥ = O (hn) parts.
▶ Typically smallest ‘parallel’ error for uniform Trotter coefficients.
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Worst case errors [Burgarth + PRR 6 (2024)]

▶ Usual Trotter error valid for smooth bounded operators only!

▶ E.g. Coulomb potential error(h) = O
(
h

1
4

)
for every scheme.

▶ Finite modes (discrete space) act as regulator.
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Nt
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100 modes
200 modes
300 modes
400 modes
800 modes

upper bound O(N−1/4
t )

scaling for ∞ modes

O(N −2t )
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Lower error bounds [Hahn+ PRA 111 (2025)]∥∥∥(e− i t
nAe− i t

nB
)n

− e− i t(A+B)
∥∥∥ ≥ t2

2n

(
1− t

2n
∥A∥

)

×
(
∥[A,B]∥ − t

2
∥[A+B,[A,B]]∥

)
− t3

24n2
∥[A,[A,B]]∥− t3

12n2
∥[B,[B,A]]∥
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Decompositions into 2 operators [JO JPhysA 56 (2023); McLachlan JSciComp 16 (1995)]

e(A+B)h+O(hn+1) = eAa1h eBb1h eAa2h · · · eBbqh eAaq+1h

= eAc1h eBc1h eBd1h eAd1h · · · eBdqh eAdqh

⇒ e
h

Λ∑
k=1

Ak+O(hn+1)

=

(
Λ∏

k=1

eAkc1h

)(
1∏

k=Λ

eAkd1h

)
· · ·

(
Λ∏

k=1

eAkcqh

)(
1∏

k=Λ

eAkdqh

)
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Time-dependent Hamiltonian [Ikeda + Quantum 7 (2023); Suzuki ProcJapAcB 69 (1993)]

i
d

dt
|ψ(t)⟩ = H(t) |ψ(t)⟩

⇒ |ψ(t1)⟩ = U(t1,t0) |ψ(t0)⟩

U(t1,t0) ≡ T
{
e− i

∫ t1
t0

dtH(t)
}

= lim
Nt→∞

(
e− iH(t1−h)h · · · e− iH(t0+h)he− iH(t0)h

)
▶ Introduce symbolic time-shift operator:

e− iAk(t)e− i T h := e− i T he− iAk(t+h)

⇒ T
{
e− i

∫ t+h

t
dsH(s)

}
= e− i(H(t)+T )h
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Generalised Trotter formula for H(t) =
∑Λ

k=1Ak(t)
[Suzuki ProcJapAcB 69 (1993); Hatano & Suzuki math-ph/0506007]

T
{
e− i

∫ t+h

t
dsH(s)

}
= e− i(H(t)+T )h

= Sn(t,h) +O
(
hn+1

)

⇒ Sn(t,h) =

q∏
i=1

[(
Λ∏

k=1

eciAk(t+eih)h

)(
1∏

k=Λ

ediAk(t+eih)h

)]
,

ei :=

q∑
j=i

dj +

q∑
j=i+1

cq
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Asymmetric Trotterization

H = H0 + εH1 , ε≪ 1

▶ Remove dominant error [Omelyan + CPC 146 (2002)]:
eahεH1e

1
2
hH0e(1−2a)hεH1e

1
2
hH0eahεH1 = eh(H0+εH1)+h3(αε[H0,[H0,H1]]+βε2[H1,[H0,H1]])+O(h5) ,

α =
1− 6a

24
⇒ set a =

1

6

▶ Interaction picture [Low & Wiebe quant-ph/1805.00675; Rajput, Roggero+ Quantum 6 (2022);
Ciavarella & Bauer PRL 133 (2024); Bosse+ NatCommun 16 (2025)]:

H1 =

Γ∑
γ=1

Hγ
1 ,

e−ihH = e−ihH0
∏
γ

(
eihH0e−ih(H0+εHγ

1 )
)
+O

(
ε2h2

)
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Choose your own adventure!

1. Processed methods

2. Multi-product formulae

3. Randomised methods

4. Symplectic integrators

5. Polynomial expansions

6. Quantum circuit optimisation

7. TDVP for tensor networks

8. Integration on manifolds

14 / 33



Processed methods
[Butcher ConfNumDiffEq (1969); Blanes + AplNumMat 204 (2024); Morales+ QuantInfComp 25 (2025)]

S(h) = P (h) Ŝ(h)P (h)−1

⇒ S(h)N = P (h) Ŝ(h)N P (h)−1

▶ Kernel Ŝ cheap, processor P rarely needed

▶ Can help with efficient long-time evolution

▶ Useless if intermediate measurements are required
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Multi-product formulae
[Blanes+ CelMechDynAst 75 (1999); Chin CelMechDynAst 106 (2008); Low+ quant-ph/1907.11679]

▶ Linear combinations of order n0 product formula Sn0

▶ Effective order n = n0 + 2(m− 1)
▶ Unitary to order s = max (2n0 + 1,n+ 3)

S(s)
n,n0

(h) =
m∑
j=1

aj Sn0

(
h

kj

)kj

aj =
∏
l ̸=j

k2j
k2j − k2l

for n0 = 2

Quantum computing post-processing:
[Carrera Vazquez+ Quantum 7 (2023); Childs & Wiebe QantInfComp 12 (2012); Park+ quant-ph/2602.01713]
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Choose your own adventure!
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Randomised methods
[Campbell PRL 123 (2019); Granet & Dreyer QuantInf 10 (2024); Kiss, Roggero+ Quantum 7 (2023); Kiumi &

Koczor QuantSciTech 10 (2025); Hayata & Kikuchi quant-ph/2604.02854; Wang, Sun + quant-ph/2607.11856]

[Murota, Rinaldi+ quant-ph/2606.29741]

(a)

(b)

(c)

Suzuki-Trotter

...

...

Circuit complexity

TE-PAI

PTER

1

= ...

Quasi-probabiltic
decomposition

1

...

▶ Sample few gates randomly,
repeat many times

▶ Reduces circuit depth
▶ Can eliminate Trotter error

(continuous formulation)
[Granet & Dreyer QuantInf 10 (2024); Murota,

Rinaldi + quant-ph/2606.29741; Hayata &

Kikuchi quant-ph/2604.02854]

▶ Introduces stochastic error
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Symplectic integrators [Omelyan + CPC 151 (2003)]

▶ Numerically solve equations of motion

ẋ = p

ṗ = −V ′(x)

▶ Preserve phase space ⇒ error of H = 1
2p

2 + V (x) bounded.

 0.45

 0.5

 0.55

 0.6

 0.65

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 0  1  2  3  4  5  6

H

t

Runge−Kutta Euler
Symplectic Euler

x1 = x0 + a1hp0

p1 = p0 − b1hV
′(x1)

x2 = x1 + a2hp1
...
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▶ Preserve phase space ⇒ error of H = 1
2p

2 + V (x) bounded.
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Comparison to Runge-Kutta

H = T (p) + V (x) ,

ẋ = T ′(p)

ṗ = −V ′(x)

Explicit Runge-Kutta Symplectic Implicit Runge-Kutta
xn+1 = xn + hT ′(pn) xn+1 = xn + hT ′(pn) xn+1 = xn + hT ′(pn+1)
pn+1 = pn − hV ′(xn) pn+1 = pn − hV ′(xn+1) pn+1 = pn − hV ′(xn+1)
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Special case of Trotterization [Omelyan + CPC 151 (2003)]

(
x(t)
p(t)

)
= et(p

∂
∂x−V ′(x) ∂

∂p)
(
x(0)
p(0)

)

=: et(A+B)

(
x(0)
p(0)

)
⇒ [B,[B,[A,B]]] = 0

O3 = α[A, [A,B]] + β[B, [A,B]]

⇒ O5 = γ1[A, [A, [A, [A,B]]]] + γ2[A, [A, [B, [A,B]]]]

+ γ3[B, [A, [A, [A,B]]]] + γ4[B, [B, [B, [A,B]]]]

+ γ5[B, [B, [A, [A,B]]]] + γ6[A, [B, [B, [A,B]]]]
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Choose your own adventure!

1. Processed methods

2. Multi-product formulae

3. Randomised methods

4. Symplectic integrators

5. Polynomial expansions

6. Quantum circuit optimisation

7. TDVP for tensor networks

8. Integration on manifolds
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Polynomial expansions

eHh =
k∑

i=0

(Hh)i

i!
+O

(
hk+1

)

⇒ eHh |ψ⟩ = |ψ⟩+ (hH (|ψ⟩+ · · ·

+
h

n− 1
H

(
|ψ⟩+ h

n
H |ψ⟩

)
· · · ))

+O
(
hk+1

)
(Horner)

k∑
i=0

(Hh)i

i!
=

k∏
i=1

(
1 + akiHh

)
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Taylor vs. Chebyshev expansion [JO PoS LATTICE (2023)]

eHh = lim
k→∞

k∑
i=0

µiTi

(
H

Γ

)
,

µ0 = I0(Γh) , µi = 2Ii(Γh) ,

T0(H) = 1 ,

T1(H) = H ,

Ti+1(H) = 2H · Ti(H)− Ti−1(H)
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Taylor (n = 304,
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Taylor (n = 304,
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n/h
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Choose your own adventure!

1. Processed methods

2. Multi-product formulae

3. Randomised methods

4. Symplectic integrators

5. Polynomial expansions

6. Quantum circuit optimisation

7. TDVP for tensor networks

8. Integration on manifolds
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Quantum circuit optimisation
[Le+ Quantum 9 (2025); Mansuroglu + QuantSciTech 8 (2023); Tepaske+ SciPostPhys 14 (2023)]

[Mc Keever & Lubasch PRR 5 (2023)]

Ansatz: brickwall circuit
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Time-dependent variational principle (TDVP)
[Haegeman+ PRL 107 (2011), PRB 94 (2016); Paeckel+ AnnalsPhys 411 (2019)]

▶ Tensor network state ψ(X) parametrised by X of limited dimension D

▶ Trotterization “time-evolving block decimation (TEBD)” increases D
with every step

⇒ Information is lost when truncating back to D
▶ TDVP directly evolves X via projection
⇒ No additional truncation required

− iH |ψ(X)⟩ = d

dt
|ψ(X)⟩

= |∇Xψ(X)⟩ · Ẋ
⇒
〈
∇X̄ψ(X̄)

∣∣∇Xψ(X)
〉
· Ẋ = − i

〈
∇X̄ψ(X̄)

∣∣H ∣∣ψ(X)
〉
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⇒
〈
∇X̄ψ(X̄)

∣∣∇Xψ(X)
〉
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Choose your own adventure!

1. Processed methods

2. Multi-product formulae

3. Randomised methods

4. Symplectic integrators

5. Polynomial expansions

6. Quantum circuit optimisation

7. TDVP for tensor networks

8. Integration on manifolds
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Numerical integration on manifolds
[Crouch & Grossman JNonLinSci 3 (1993); Munthe-Kaas AplNumMat 29 (1999)]

Runge-Kutta Crouch-Grossman

ODE ż = f(t,z) ψ̇ = H(t,ψ) · ψ

step z(t+ h) = z(t) + h
∑s

i=1 biki

ui = h
∑s

j=1 aijkj

ki = f (t+ cih, z(t) + ui)

k̃i :=
∑n−1

l=1
Bl

l! ad
l
ui
ki
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Numerical integration on manifolds
[Crouch & Grossman JNonLinSci 3 (1993); Munthe-Kaas AplNumMat 29 (1999)]

Runge-Kutta Munthe-Kaas

ODE ż = f(t,z) ψ̇ = H(t,ψ) · ψ
step z(t+ h) = z(t) + h
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Three simple tricks for better Trotterization
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Taylor, k = 17
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0. Don’t use Forest & Ruth.
1. Use 2-operator methods

for Λ operators.
2. Use complex coefficients.
3. Consider alternatives.
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Heisenberg model and error estimation
[Childs+ PRX 11 (2021); Heyl, Hauke + SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]

H =
L∑
i=1

(
σxi σ

x
i+1 + σyi σ

y
i+1 + σzi σ

z
i+1 + hiσ

z
i

)
,

eiHt ≡ U(t) = U(h)t/h

= S(h)t/h +O (hn) ,

S(h) = eiH
x
1 c1heiH

y
1 c1heiH

z
1 c1heiH

x
2 c1heiH

y
2 c1heiH

z
2 c1h · · · eiHz

1dqheiH
y
1 dqheiH

x
1 dqh ,

error =
1√
N

∣∣∣∣∣∣U(t)− S(h)t/h
∣∣∣∣∣∣

F

=
1√
N

√∑
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∣∣U(t) · v − S(h)t/h · v
∣∣2
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Proof of validity of Λ-operator decomposition I

For every i ∈ {1, . . . ,q} (setting d0 = 0)

ci + di−1 = ai − di−1 + di−1

= ai ,

di + ci = bi − ci + ci

= bi ,

i.e. decomposition works trivially for Λ = 2.
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Proof of validity of Λ-operator decomposition II

Use the Baker–Campbell–Hausdorff formula:(
Λ∏

k=1

eAkcih

)
= eC1cih+C2(cih)

2
+C3(cih)

3
+···

(
1∏

k=Λ

eAkdih

)
= eD1dih+D2(dih)

2
+D3(dih)

3
+···

where C1 = D1 =
Λ∑

k=1

Ak and the remaining operators Cl, Dl are some

linear combinations of lth order commutators
[Ak1,[Ak2, · · · [Akl−1

,Akl] · · · ]].
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Proof of validity of Λ-operator decomposition III

Cl, Dl are independent of i and for every Λ ≥ 2 all the Cl (Dl) are
mutually non-commuting and linearly independent in general. Thus, the
right hand side is completely independent of Λ.
For Λ = 2:

e
h

Λ∑
k=1

Ak+O(hn+1)
= eC1c1h+C2(c1h)

2
+···eD1d1h+D2(d1h)

2
+···

· · · eC1cqh+C2(cqh)
2
+···eD1dqh+D2(dqh)

2
+···

Since the ci, di fulfil this condition for every Ci, Di (they solve the
corresponding system of polynomial equations), they automatically fulfil it
for every Λ.
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Derivation time-dependent Hamiltonian evolution

Effective Hamiltonian Heff(t) ≡
∑

k Ak(t) + T , Trotterize:

Sn(t,h) = ec1T h

(
Λ∏

k=1

ec1Ak(t)h

)(
1∏

k=Λ

ed1Ak(t)h

)
ed1T h · · ·(

1∏
k=Λ

edq−1Ak(t)h

)
edq−1T h ecqT h

(
Λ∏

k=1

ecqAk(t)h

)(
1∏

k=Λ

edqAk(t)h

)
edqT h

= eT h

(
Λ∏

k=1

ec1Ak(t+(1−c1)h)h

)(
1∏

k=Λ

ed1Ak(t+(1−c1)h)h

)
· · ·(

1∏
k=Λ

edq−1Ak(t+(dq+cq+dq−1)h)h

)(
Λ∏

k=1

ecqAk(t+dqh)h

)(
1∏

k=Λ

edqAk(t+dqh)h

)
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Error accumulation II
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Unif. Non-Unitary [JO JPhysA 56 (2023)]
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c1 = 0.1 + 0.025 i

d1 = 0.1 + 0.025 i

c2 = 0.1− 0.066 i

d2 = 0.1− 0.066 i

c3 = 0.1 + 0.082 i

order = 4 ,

cycles = 5 ,

Eff4 = 6.38
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Convergence regions [JO PoS LATTICE (2023)]
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Benchmarking the Heisenberg model
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Benchmarking the Heisenberg model
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Benchmarking the Heisenberg model
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Benchmarking the Heisenberg model
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Benchmarking the Heisenberg model
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er
ro

r

cost

AΛ

A1

A2

...

c1 d1 d2 c2c2 d2 d1 c1

c1 ≈ 0.10 + 0.02 i

d1 ≈ 0.15 + 0.07 i

c2 ≈ 0.14 + 0.07 i

d2 ≈ 0.11− 0.16 i

order = 4 ,

cycles = 4 ,

Eff4 = 29.9

21 / 23



Benchmarking the Heisenberg model
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Adaptive step size [Blanes+ AplNumMat 146 (2019); Zhao + PRXQ 4 (2023)]
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