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Introduction

By reformulating gauge theories to be ran on qubits, variational quantum algorithms can be used to

prepare vacuum states by finding ground states of Hamiltonians. This avoids the sign problem that

comes with path integral formulations.

The Quantum Approximate Optimization Algorithm (QAOA) [1] is one of the leading variational

quantum algorithms. Its design is underpinned by the adiabatic theorem.

Variants of QAOA have been proposed that involve counterdiabatic driving, which is a technique

that speeds up the adiabatic process.

Here we look at using QAOA and its counterdiabatic variants to prepare the ground state of the

Schwinger model to show how counterdiabatic driving can be used to improve the vacuum state

preparation of gauge theories by quantum computers.

The Schwinger model

The Schwinger model is a 1+1 dimensional U(1) gauge theory coupled to a Dirac fermion.

To run on a quantum computer we place the theory on a lattice using staggered fermions and then

map fermions to spin variables using Jordan-Wigner transformations [2] to get

ĤSchwinger = ĤZZ + Ĥ± + ĤZ,
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with lattice spacing a, gauge coupling g and qubit number N .

Counterdiabatic driving

The adiabatic theorem: A quantum system that starts in an eigenstate of a time-dependent

Hamiltonian that is discrete, non-degenerate, and evolving slowly enough, will remain in that

eigenstate throughout the time evolution.

E.g. if we want to find the ground state of the Hamiltonian ĤP , we can consider a different

Hamiltonian ĤM with a known ground state and evolve under:

Ĥad(λ(t)) = (1 − λ(t)) ĤM + λ(t)ĤP ,

where λ(t) ∈ [0, 1] for t ∈ [0, T ]. QAOA is based upon an approximate evolution under Ĥad.

Counterdiabatic driving [3,4] speeds up this evolution process by adding the term λ̇Âλ to Ĥad
which acts to suppress transitions to other eigenstates.

Âλ can be approximated up to order ` as [5]

Â
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The nested commutators in the above generates an operator pool and a single operator ÂDC is

chosen from it to appear in the counterdiabatic algorithms.

QAOA and its counterdiabatic variants

For these algorithms we start with a ĤP and a ĤM with ground state |g〉, and create an ansatz
state by applying a series of unitaries p times to |g〉. p is referred to as the number of layers.

The unitaries that we have in each layer define the algorithms. The possible unitaries are

ÛP (γ) = e−iγĤP , ÛM (β) = e−iβĤM , ÛCD(α) = e−iαÂDC .

where γ, β and α are variational parameters. The algorithms will have up to three sets of variational
parameters γ = γ1...γp, β = β1...βp and α = α1...αp.

The expectation value of ĤP in the ansatz state is then calculated. A classical optimizer is used to

optimize the variational parameters such that they minimize this expectation value. This process

repeated many times and leads to the ansatz state getting closer to the ground state of ĤP .

The algorithms we will look at are QAOA, DC-QAOA [6], CD-inspired [7], CD-mixer [8] and

CD-prob. Their circuit diagrams are shown in figure 1.
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Figure 1. The circuit diagrams for QAOA in (a), DC-QAOA in (b), CD-inspired in (c), CD-mixer in (d) and CD-prob in (e).

Method and results

In the algorithms we set ĤP = ĤSchwinger and looked at two different choices of ĤM :

ĤM,X =
N−1∑
n=0

X̂n, ĤM,XY =
N−1∑
n=0

X̂nX̂n+1 + ŶnŶn+1.

The algorithms were ran on the quantum computing simulator Qiskit Aer and GradientDescent was

used as the classical optimizer with 300 iterations.

We measured the success of the algorithms through approximation ratios, where the final

expectation value is divided by the exact ĤSchwinger ground energy. The algorithms are ran

multiple times so an average is taken of the approximation ratios.

Instead of choosing a single ÂDC , we allow it to change in each layer by running the

counterdiabatic algorithms with each possible ÂDC from the pool and fix the one with the highest

average approximation ratio as the ÂDC for that layer.

The results for ĤM = ĤM,X and ĤM = ĤM,XY are shown in figures 2 and 3 respectively.
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Figure 2. The average approximation ratios of the algorithms with ĤM = ĤM,X for the Schwinger model for layers 1 to 5

and qubit number 4, 6, 8 and 10. The model parameters are a = 5/6, g = 1, m = 0.35 and θ = 0.
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Figure 3. The average approximation ratios of the algorithms with ĤM = ĤM,XY for the Schwinger model for layers 1 to 5

and qubit number 4, 6, 8 and 10. The model parameters are a = 5/6, g = 1, m = 0.35 and θ = 0.

Discussion and conclusion

For ĤM = ĤM,X , QAOA does not perform well but DC-QAOA, CD-inspired and CD-mixer are

able to give significant improvements for above 1 layer.

For ĤM = ĤM,X , QAOA performs well but CD-inspired is able to consistently outperform it while

the other counterdiabatic algorithms do not.

Due to having a simpler ansatz state, the state produced by CD-inspired has a reduced number of

gates and circuit depths than QAOA, making it easier to run on an actual quantum computer.
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