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Motivation
Quantum simulation of LGTs
Hamiltonian quantum simulation provides direct access to real-time dynamics.
Long-term goal
3+1D SU(3) gauge theory with dynamical fermions

SU(2) as an intermediate step
Simpler than SU(3), but already non-Abelian

Common simplifications in 1D demonstrations
• Gauge fields are often integrated out; this simplification does not extend 

naturally to 𝑑 ≥ 2
• Explicit-gauge-field studies often use the lowest nontrivial truncation 𝑗!"#
= 1/2

16/Jul/2026 QuantHEP 2026 @ Queen Mary 2

This work: explicit gauge fields and electric-flux sectors beyond 𝒋𝐦𝐚𝐱 = 𝟏/𝟐



Loop-String-Hadron (LSH) formulation
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Theoretical  details: 
https://doi.org/10.22331/q-2023-12-20-1213Local gauge-invariant quantum numbers

• 𝑛': bosonic loop / electric-flux quantum number 
• 𝑛( , 𝑛) ∈ {0, 1}: incoming and outgoing string occupation numbers
• 𝑛( = 𝑛) = 1: local hadron occupation 

Key features
• The local non-Abelian Gauss-law constraints are solved by construction.
• Only a link-local Abelian flux-matching constraint (AGL) remains:

• Natural truncation in the electric basis 
• Gauge-field degrees of freedom remain explicit

Two local expressions for the flux on link 𝑟:
𝑁! 𝑟 : computed from site 𝑟, 𝑁" 𝑟 : computed from site 𝑟 + 1𝑁* 𝑟 = 𝑁+ 𝑟
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Minimal system with an explicit multiqubit gauge-field register
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• 4 staggered lattice sites, 3 gauge links
• Open boundaries
• Boundary flux: left=0, right=1
• Local gauge-invariant basis: | ⟩𝑛#, 𝑛$, 𝑛%
• Accessible bosonic levels: 
• 𝑛% 0 = 0
• 𝑛% 1 , 𝑛% 3 ≤ 1
• 𝑛% 2 ≤ 2

• Two-qubit register for 𝑛% 2
• Access to the 𝑗 = 1 electric-flux sector

0 1 2 3

left boundary
flux = 0

right boundary
flux = 1

𝑛(
𝑛)
𝑛'

= 0 0 0 1
= 1 1 0 0
= 0 1 2 1

Schematic illustration of the initial LSH basis state

link-0 link-1 link-2

Key ingredients: 
dynamical fermions, explicit gauge fields, a genuine multiqubit bosonic register



Hamiltonian 𝐻 = 𝐻! + 𝐻" + 𝐻#
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𝐻& = 𝜇1
'()

!*+

−1 ' 𝑛#(𝑟) + 𝑛$ 𝑟

𝐻, =1
'()

!*-
𝑁! 𝑟
2

𝑁! 𝑟
2 + 1

Mass term

𝐻.: gauge-matter hopping

Electric term

Interaction term

Staggered fermion mass
Alternating sign on even and odd sites
Diagonal in the computational basis

SU(2) electric Casimir energy on each link
𝑗 𝑟 = 𝑁! 𝑟 /2
Diagonal in the computational basis and 
directly measurable

Fermions hop between neighboring sites.
The relevant quantum numbers change coherently.
The AGL constraints are preserved.

The Hamiltonian remains local in the LSH variables: the mass and electric terms are local, 
and the interaction term couples only neighboring sites.



Electric flux and measured observable
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Observables for 𝑟 = 0, 1, 2
𝑁 = 0,1,2 correspond to 𝑗 = 0, +- , 1, respectively.
Sensitive to electric-flux redistribution and string-
breaking dynamics

Two local descriptions of the same link flux:

Electric energy observable:
ℎ, 𝑟 = 𝑗 𝑗 + 1

=
𝑁* 𝑟
2

𝑁* 𝑟
2

+ 1

Because ℎ, 𝑟 is diagonal in the computational basis, 
it is evaluated directly from the measured (𝑛( , 𝑛) , 𝑛') bitstrings.

AGL: 𝑁! 𝑟 = 𝑁" 𝑟
Boundary condition
left: 𝑁" −1 = 0
right: 𝑁! 3 = 1



Block-level circuit diagram for one Trotter step
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• 13 qubits in total, including one ancilla

• First-order Trotterization with ∆𝑡 = 1.25

• Benchmark: corresponding noiseless 
Trotterized circuit

• 226 two-qubit (ZZPhase) gates per Trotter step

• Depth reduction through optimized term 
ordering and ladder-operator cancellation

• Compilation with pytket and execution on 
Quantinuum H2-2

• Repeated one-step block for multiple Trotter 
steps



Error mitigation by post-selection
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The ideal circuit exactly preserves the 
AGL constraints.
-> Violations of the AGL constraints can 
therefore be used for error detection.

Post-selection conditions:
• AGL conditions for 0 ≤ 𝑟 ≤ 2
• Left boundary 𝑁" −1 = 0
• | ⟩𝑎𝑛𝑐. = 0

Adapting number of shots: 100--540

0.98 for a random distribution

Discard rate with post-selection

AGL condition



Error mitigation by depolarizing-model rescaling
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Depolarizing noise model:
The quantum state is gradually randomized 
toward the maximally mixed state.

𝑝 = 1.0 −
𝑂 !"#$% − 𝑜&'
𝑂 #()*+ − 𝑜&'

𝑂 !"#$% = 1 − 𝑝 𝑂 #()*+ + 𝑜&'𝑝

𝑂 ,#& =
𝑂 '*- − 𝑜&'
1 − 𝑝

+ 𝑜&'

𝑜!" ≡ Tr[𝑂]/2# is 
determined by the 
observables

𝑝 should be estimated from an 
independent test circuit
Once p is estimated, the error-mitigated 
expectation value can be obtained by rescaling:

𝑝 = 0: Ideal state
𝑝 = 1: Maximally mixed state

O
bs

er
va

bl
es

Expected value of the observable as a function of 𝑝

: 2 qubits
: 3 qubits
: 4 qubits



Estimation of the depolarizing noise probability
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H2-2Adapting number of shots: 150--540

1.0 for a random distribution

In this work, we introduce an effective 
depolarizing parameter 𝑝# for each 
observable 𝑂#.
We evaluated several test circuits using the 
emulator and selected the circuit initialized 
to the zero state as the test circuit.

𝑝# = 1.0 −
𝑂# 89:;< − 𝑜=>,#
𝑂# :@ABC − 𝑜=>,#

=
𝑂# 89:;<
𝑜=>,#

The effective depolarizing parameter 𝑝 can be 
estimated directly from the measured test-circuit expectation value.

𝑂$ %&'() = 0



Hardware results: link-0, link-1
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H2-2 (Hardware) Adapting number of shots: 100--540

• ∆𝑡 = 1.25, the number of Trotter steps: 0 to 6
• Even before mitigation, these results are close to the noiseless Trotterized-circuit baseline.



Hardware results: link-2
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• Link-2 is the most challenging observable.
• Raw results for link-2 show visible 

deviations from the noiseless results, but
remain far from the uniform-random limit 
of 2.0.

• Noise indicators suggest that meaningful 
results may still be obtained for deeper 
circuits. 

• Both mitigation methods substantially
improve agreement



Summary
• We performed a quantum simulation of a 1+1D SU(2) lattice gauge theory 

based on the LSH formulation on Quantinuum’s trapped-ion quantum 
computer H2-2, retaining explicit gauge-field degrees of freedom and going 
beyond the conventional 𝑗!"# = 1/2 truncation.

• We executed the first-order Trotterized circuits with fixed ∆𝑡 = 1.25 up to 6 
Trotter steps; the results and noise indicators suggest that meaningful results 
may still be obtainable with deeper circuits.

• Both depolarizing-noise rescaling and post-selection substantially improved the 
results, leading to good agreement with noiseless simulations for the most 
challenging observable.
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Backup
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Hamiltonian for the SU(2) LGT
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2. Far term

In the far term, one may avoid the potentially exponential scaling of Z rotations (which are
assumed to be costly in this scenario) by unitarily computing |D(n1, n2, · · · , n�)i from the registers
|n1i |n2i · · · |n�i. One then extracts the computed phase with a number of single-qubit Z rotations
equal to the bit precision desired, and then finishes by uncomputing |D(n1, n2, · · · , n�)i. This
procedure is well known as “phase kickback”, and a detailed application of it is presented in
Sec. III. Depending on the form of the phase functions, a range of classical arithmetic algorithms can
be generalized to quantum algorithms to enable the phase-kickback protocol. Newton’s method,
addition, and multiplication-table algorithms are among the routines used to construct the diagonal
phase functions in the non-Abelian LGT example of the next section. A brief description of these
routines is presented in Appendix A.

III. APPLICATION: SU(2) LATTICE GAUGE THEORY IN 1+1 D

Hamiltonian simulation of the SU(2) LGT has been the focus of theory and algorithmic develop-
ments in recent years, from theoretical studies to cast it in more suitable representations [129–
132, 147–151], to the first tensor-network simulations of its static and dynamical properties [152–
154], to the first quantum-simulation algorithms and experiments to study its spectrum and evo-
lution [43, 62, 63, 69]. In the context of this work, the SU(2) LGT provides an ideal example for
the application of the diagonalization and phase-evaluation methods introduced in the previous
section: it exhibits interactions involving changes in several quantum numbers with non-trivial
(functional) coe�cients.

The technical details of any quantum simulation algorithm for a LGT are foremost decided
by the choice of formulation, digitization of continuous bosonic DOFs, and the implementation of
lattice fermions. Among the formulations of the SU(2) LGT [132] is the Kogut-Susskind formu-
lation [127] and the Schwinger-bosons and LSH forms which are derived from it. Here, we limit
our analysis to an electric eigenbasis given the naturally discrete nature of the eigenvalues in the
electric basis, and their suitability in expressing Gauss’s laws, which are constraints on the local
flux of electric fields.

For the SU(2) LGT in the Kogut-Susskind formulation, the electric basis is also known as the
irrep or angular-momentum basis. The angular-momentum basis has been digitized and studied
in Ref. [69] following algorithms developed for the U(1) LGT in Ref. [54]. Here, we apply the
new algorithmic approach of this work, with added benefits, to two competing formulations: the
Schwinger-boson formulation and its derivative, LSH. Only a 1+1-dimensional theory will be stud-
ied in detail although the algorithms of this work are equally applicable to higher-dimensional
theories, as was demonstrated for the example of a U(1) magnetic Hamiltonian in the previous
section. The ultimate goal of this section is to arrive at a rigorous comparison of resource require-
ments in each formulation, and to evaluate to what degree the symmetries are preserved in each
simulation.

A. The Kogut-Susskind framework

In 1+1 D, the Kogut-Susskind Hamiltonian describing SU(2) gauge fields interacting with one
flavor of staggered fermions is given by [127]

Ĥ = ĤM + ĤE + ĤI . (18)

The simplest contribution is the fermion self-energy,

ĤM = µ
L�1X

r=0

(�1)r ̂†(r) ̂(r), (19)
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where  ̂ =
�
 ̂1

 ̂2

�
is an SU(2) doublet in the fundamental representation and each component of  ̂ is

a one-component field that satisfies fermionic statistics.5 The alternating sign (�1)r corresponds
to the usage of staggered fermions. Next, the electric Hamiltonian ĤE is associated with the
energy stored in the left, ÊL

i
(r), and right, ÊR

i
(r), electric fields defined on the link connecting

site r to r + 1. The index i = 1, 2, 3 corresponds to the three generators of SU(2). On each

link, these satisfy an “Abelian Gauss’s Law” (AGL) condition:6
P

3

i=1

�
ÊL

i
(r)

�
2

⌘
�
ÊL(r)

�
2

=
P

3

i=1

�
ÊR

i
(r)

�
2

⌘
�
ÊR(r)

�
2
. In words, the Casimirs at each end of the link are equal. Finally, the

electric energy is directly expressed in terms of these Casimirs as

ĤE =
L�2X

r=0

�
Ê(r)

�
2
. (20)

The left and right electric fields are the conjugate variables to the gauge-link variable,

[ÊL

i , Û ] = T̂iÛ , (21a)

[ÊR

i , Û ] = Û T̂i, (21b)

and further satisfy the commutation relations of the SU(2) Lie algebra at each link,

[ÊL

i , ÊL

j ] = �i✏ijkÊ
L

k
, (22a)

[ÊR

i , ÊR

j ] = i✏ijkÊ
R

k
, (22b)

[ÊL

i , ÊR

j ] = 0. (22c)

Here, Ti = 1

2
�i, �i is the ith Pauli matrix, and ✏ijk is the Levi-Civita tensor. The commutation

relations for operators at di↵erent links vanish. The gauge-matter interaction Hamiltonian

ĤI = x
L�2X

r=0

 ̂†(r)Û(r) ̂(r + 1) + H.c., (23)

consists of the hopping of a staggered fermion at site r,  ̂(r), to an adjacent site via interactions
with the gauge link Û(r) originating from site r (and its Hermitian conjugate). Û is therefore
realized as an element of the SU(2) group in the fundamental representation: it is a 2 ⇥ 2 matrix
consisting of bosonic-field-operator elements. L denotes the number of lattice points and x is the
hopping strength. Open boundary conditions (OBCs) are assumed here and throughout this work.
The case of periodic boundary conditions (PBCs) requires minimal modifications to the algorithms
presented.

For convenience, the Hamiltonian in Eq. (18) is written in dimensionless form, in which the
original dimensionfull Hamiltonian is rescaled by 2

asg
2 , with as being the spatial lattice spacing

and g being the gauge coupling. The dimensionless parameters x and µ are related to the original
dimensionfull parameters via x = 1

a2
sg2 and µ = 2m

asg
2 , where m is the fermion mass. The “strong-

coupling vacuum” is associated with the ground state of the theory in the limit x ! 0 (asg ! 1).
The continuum limit is achieved by taking the double-ordered limit limx!1 limL!1 for a fixed
m

g
[155]. The electric Hamiltonian is diagonal in electric or irrep basis. It is, therefore, a more

suitable basis in the strong-coupling limit, and may be less e�cient towards the continuum limit,
that is achieved in the weak-coupling limit. Alternative bases for SU(N) LGTs such as group-
element basis [25] and dual bases [147, 148] are either not fully developed for continuous non-
Abelian groups such as SU(2) and/or are not suitable for representing the electric Hamiltonian.

5 Here and in the following, the site dependence of operators, states, and quantum numbers will be dropped for
brevity, unless its specification is necessary for clarity.

6 Strictly speaking, this is not a ‘Gauss’s law’ as it does not concern the flux of electric field at sites, and rather
enforces the SU(2) group property at the links connecting the sites. For convenience, we choose to call this an
‘AGL’ throughout.

𝐻& = 𝜇1
'()

!*+

−1 ' 𝑛#(𝑟) + 𝑛$ 𝑟

𝐻, =1
'()

!*-
𝑁! 𝑟
2

𝑁! 𝑟
2

+ 1

Mass

Electric
Interaction

2 sub-terms per link
Each sub-term can be diagonalized by using SVD.
𝐻.
F 𝑟 → 𝑈G 𝑈𝐻.

F 𝑟 𝑈G 𝑈

40

Label HLSH(j)

I
translation

j 1 2

x0 (r, i) ⇠ 2r (r + 1, o) ⇠ 2r + 3
x (r, o) ⇠ 2r + 1 (r + 1, i) ⇠ 2r + 2
y0 (r + 1, i) ⇠ 2r + 2 (r, o) ⇠ 2r + 1
y (r + 1, o) ⇠ 2r + 3 (r, i) ⇠ 2r
p (r, `) (r + 1, `)
q (r + 1, `) (r, `)

TABLE VII: Label associations between registers of a generalized LSH subterm, Eq. (81), and
the two subterms of Eqs. (79).

W = Xx0(�+
q )ny(�+

p )1�nx . The full diagonalizing unitary for the generalized subterm in Eq. (81)
therefore works out to be

U LSH

SVD ⌘ Hy0
�
|0i h0|y0 + |1i h1|y0 Xx0(�

�
q )ny(��

p )1�nx
�
. (82)

When applied to the hopping subterms, one ultimately obtains

U LSH

SVD HLSH(j)

I
U LSH

SVD

†
= x |1i h1|x0 Zy0Zx

�
1 � |1i h1|y |⇤i h⇤|p

��
1 � |0i h0|x |⇤i h⇤|p

�
D

LSH(p, nx, ny).

(83)

Lemma III.9. Using a (2⌘ + 4)-qubit register plus 1 ancilla qubit, e�itH
LSH

I (r) can be Trotterized
using at most 16 ⇥ 2⌘ + 16⌘2 + 16⌘ + 52 CNOT gates (and a number of single-qubit Z rotations).

Proof. This cost consists of the (near-term) cost of U LSH

SVD
, plus the cost of implementing a diago-

nalized subterm. The U LSH

SVD
circuit, shown in Fig. 10, consists of one CNOT, two C2(�+) gates,

and a Hadamard gate. A single C2(�+) gate can be achieved by performing the logical AND
of the two control qubits into a blank ancilla qubit, then using that ancilla qubit as the single
control to a C(�±) gate, followed by uncomputing the AND. The AND gates can be done with
3 CNOT gates each using the construction of Ref. [161] (Sec. VI-B), while the C(�±) gate can
be done with 2⌘(⌘ + 1) CNOT gates as explained previously (see Table III). Thus, the cost of a
single C2(�+) gate is 3 + 2⌘(⌘ + 1) + 3 = 2⌘2 + 2⌘ + 6 CNOT gates and one ancilla qubit. The
total CNOT-gate cost of a single U LSH

SVD
execution is then 1 + 2 ⇥ (2⌘2 + 2⌘ + 6) = 4⌘2 + 4⌘ + 13,

as reported in Table VIII. As was the case with the Schwinger-boson formulation, the dominant
CNOT cost is associated not with U LSH

SVD
but with implementing the diagonalized subterms, which

will be discussed next.
The diagonalized subterms to be simulated are as given in Eq. (83):

x |1i h1|x0 Zy0Zx

�
1 � |1i h1|y |⇤i h⇤|p

��
1 � |0i h0|x |⇤i h⇤|p

�
D

LSH(p, nx, ny).

The factors depending on {x0, y, p, x} can be treated as a single diagonal function of ⌘ + 3 qubits
to be decomposed to Pauli matrices. The only remaining qubit involved, y0, can serve as the
target for all parity evaluations of the terms in the (⌘ + 3)-bit Pauli decomposition, and for the
associated single-qubit RZ gates. According to the Hamiltonian-cycle method described for the
Schwinger-boson hopping propagators, implementing this diagonal Pauli decomposition will cost
2⌘+3 CNOT gates. This cost of a diagonalized LSH hopping subterm is recorded in Table VIII.

The cumulative CNOT cost associated with a complete hopping term is obtained as four times
the cost of a single U LSH

SVD
circuit, plus the individual costs of both diagonalized subterms. This

works out to 16 ⇥ 2⌘ + 16⌘2 + 16⌘ + 52, also reported in Table VIII.

The Pauli decomposition of D
LSH can be truncated via both the small-angle and input-

truncations methods described in the case of the Schwinger-boson propagators. The qualitative
conclusion regarding the significant loss of accuracy by even minimal truncation remains the same

39

LSH mass propagator subroutine CNOT count

RZ gate 0

Full e�itH
LSH

M (r) circuit 0

LSH electric propagator subroutine CNOT count

Simulate e�itn`/2 0

Simulate e�itn
2

`/4 (Lemma 2 of Ref. [54]) 1

2
(⌘ + 2)(⌘ � 1)

Simulate e�it(n`+3/2)no(1�ni)/2 8⌘ + 2

Full e�itH
LSH

E (r) circuit 1

2
⌘2 + 17

2
⌘ + 1

TABLE VI: Summary of the costs associated with the near-term simulation of the diagonal
operators in the LSH Hamiltonian, as explained in the text.

the truncation to ⌘-bit registers for each bosonic oscillator mode, the two subterms in the qubit
space is:

HLSH(1)

I
(r) = x �+

2r
Z2r+1�

�
2r+2

�†(r)1�n2r+1�†(r + 1)n2r+3D
LSH(n`(r), n2r+1, n2r+3) + H.c., (79a)

HLSH(2)

I
(r) = x ��

2r+1
Z2r+2�

+

2r+3
�†(r)n2r�†(r + 1)1�n2r+2D

LSH(n`(r + 1), n2r+2, n2r) + H.c.
(79b)

The action of the LSH ladder operators, � and �†, on the corresponding LSH basis was introduced
in Sec. III A 2, with the finite-cuto↵ modification introduced above, while the diagonal function
D

LSH is defined as

D
LSH(p, n, n0) ⌘

r
p + 1 + n

p + 1 + n0 , (80)

for n, n0 = 0, 1 being fermionic quantum numbers.
The expressions in Eqs. (79) have been put into the form of (shifting operators) ⇥ (diagonal

operators) to match the example Hamiltonians studied in Sec. II A so that the SVD diagonalization

methods are readily applied. In the language of Sec. IIA, each term HLSH(j)

I
involves two spin

raising and lowering operators (acting on the ni(o) quantum numbers at two adjacent sites), two
conditional bosonic raising or lowering operators (acting on n` quantum numbers at the same
adjacent sites), and a non-trivial diagonal function (of one bosonic and two fermionic occupation
numbers). The general structure of the LSH hopping subterms is encapsulated by

HLSH(j)

I
= x ��

y0Zx�
+

x0(�
†
q)

ny(�†
p)

1�nxD
LSH(p, nx, ny) + H.c.

= x Zx

�
1 � |1i h1|y |⇤i h⇤|p

��
1 � |0i h0|x |⇤i h⇤|p

�
D

LSH(p, nx, ny)�
+

y0�
�
x0(�

�
q )ny(��

p )1�nx + H.c.

(81)

with the labels {x, x0, y, y0
} introduced for fermionic registers, and {p, q} for bosonic registers.

The precise mapping to modes for each subterm is displayed in Table VII. Note that n`(r) and
n`(r + 1) are e↵ectively equal under the action of the Hamiltonian terms in Eqs. (79) because of
the AGL, hence the replacement |⇤i h⇤|q ! |⇤i h⇤|p in the second line of Eq. (81).

Now recalling the discussion of Sec. II A, the combination

x Zx

�
1 � |1i h1|y |⇤i h⇤|p

��
1 � |0i h0|x |⇤i h⇤|p

�
D

LSH(p, nx, ny)�
�
x0(�

�
q )ny(��

p )1�nx

squares to zero, allowing it to be identified with the ‘A’ operator of Sec. II A. There is also no need
to introduce an ancilla because the y0 qubit can function as the control to the SVD-transformation
gates (V , W , or their adjoints). A solution to the SVD transformations is V = Ix0IpIq and

Diagonal part
Suppose 𝑥 = 1

phase factor control factors

= 0 , if (𝑛! == 1 && 𝑛" == Λ) = 0 , if (𝑛# == 0 && 𝑛" == Λ)

Diagonal part
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Label HLSH(j)

I
translation

j 1 2

x0 (r, i) ⇠ 2r (r + 1, o) ⇠ 2r + 3
x (r, o) ⇠ 2r + 1 (r + 1, i) ⇠ 2r + 2
y0 (r + 1, i) ⇠ 2r + 2 (r, o) ⇠ 2r + 1
y (r + 1, o) ⇠ 2r + 3 (r, i) ⇠ 2r
p (r, `) (r + 1, `)
q (r + 1, `) (r, `)

TABLE VII: Label associations between registers of a generalized LSH subterm, Eq. (81), and
the two subterms of Eqs. (79).

W = Xx0(�+
q )ny(�+

p )1�nx . The full diagonalizing unitary for the generalized subterm in Eq. (81)
therefore works out to be

U LSH

SVD ⌘ Hy0
�
|0i h0|y0 + |1i h1|y0 Xx0(�

�
q )ny(��

p )1�nx
�
. (82)

When applied to the hopping subterms, one ultimately obtains

U LSH

SVD HLSH(j)

I
U LSH

SVD

†
= x |1i h1|x0 Zy0Zx
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1 � |1i h1|y |⇤i h⇤|p

��
1 � |0i h0|x |⇤i h⇤|p

�
D

LSH(p, nx, ny).

(83)

Lemma III.9. Using a (2⌘ + 4)-qubit register plus 1 ancilla qubit, e�itH
LSH

I (r) can be Trotterized
using at most 16 ⇥ 2⌘ + 16⌘2 + 16⌘ + 52 CNOT gates (and a number of single-qubit Z rotations).

Proof. This cost consists of the (near-term) cost of U LSH

SVD
, plus the cost of implementing a diago-

nalized subterm. The U LSH

SVD
circuit, shown in Fig. 10, consists of one CNOT, two C2(�+) gates,

and a Hadamard gate. A single C2(�+) gate can be achieved by performing the logical AND
of the two control qubits into a blank ancilla qubit, then using that ancilla qubit as the single
control to a C(�±) gate, followed by uncomputing the AND. The AND gates can be done with
3 CNOT gates each using the construction of Ref. [161] (Sec. VI-B), while the C(�±) gate can
be done with 2⌘(⌘ + 1) CNOT gates as explained previously (see Table III). Thus, the cost of a
single C2(�+) gate is 3 + 2⌘(⌘ + 1) + 3 = 2⌘2 + 2⌘ + 6 CNOT gates and one ancilla qubit. The
total CNOT-gate cost of a single U LSH

SVD
execution is then 1 + 2 ⇥ (2⌘2 + 2⌘ + 6) = 4⌘2 + 4⌘ + 13,

as reported in Table VIII. As was the case with the Schwinger-boson formulation, the dominant
CNOT cost is associated not with U LSH

SVD
but with implementing the diagonalized subterms, which

will be discussed next.
The diagonalized subterms to be simulated are as given in Eq. (83):

x |1i h1|x0 Zy0Zx

�
1 � |1i h1|y |⇤i h⇤|p

��
1 � |0i h0|x |⇤i h⇤|p

�
D

LSH(p, nx, ny).

The factors depending on {x0, y, p, x} can be treated as a single diagonal function of ⌘ + 3 qubits
to be decomposed to Pauli matrices. The only remaining qubit involved, y0, can serve as the
target for all parity evaluations of the terms in the (⌘ + 3)-bit Pauli decomposition, and for the
associated single-qubit RZ gates. According to the Hamiltonian-cycle method described for the
Schwinger-boson hopping propagators, implementing this diagonal Pauli decomposition will cost
2⌘+3 CNOT gates. This cost of a diagonalized LSH hopping subterm is recorded in Table VIII.

The cumulative CNOT cost associated with a complete hopping term is obtained as four times
the cost of a single U LSH

SVD
circuit, plus the individual costs of both diagonalized subterms. This

works out to 16 ⇥ 2⌘ + 16⌘2 + 16⌘ + 52, also reported in Table VIII.

The Pauli decomposition of D
LSH can be truncated via both the small-angle and input-

truncations methods described in the case of the Schwinger-boson propagators. The qualitative
conclusion regarding the significant loss of accuracy by even minimal truncation remains the same
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It will be trotterized for digitized time evolution.
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Emulator results

Method 1: Global noise probability Method 2: Local probability (zero-state init.) Method 3: Local probability (Inverse pair)

In any approach, the noise probability scales with the number of Trotter steps. 
However, the estimated values are different from each other.
Since there is no significant difference among the observables in Method 3, 
we use the probability obtained for the link-0 in place of that for the link-2.
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Emulator results

Despite the discrepancy at link-0, I think Method 2 (zero initial state) would be the best.
I will explain the reason on the next page.
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Method 1 generally performs well, but it exhibits the largest 
discrepancy and also has the largest uncertainty in its 
estimated probability.

Although the discrepancy in Method 3 is relatively 
small, its statistical significance is high. 
This indicates that the deviation in Method 3 cannot 
be explained solely by statistical fluctuations. 

Therefore, I conclude that Method 2 is the most reliable approach.
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The Trotter error at t=1.0 is approximately 8–10% with 1-step circuits, and 0–3% with 2-step circuits.
So it is a trade-off between the Trotter error and the circuit noise.
According to emulator results, 1-step circuits give better results.
Therefore, all data points shown here are calculated by using the 1-step circuit.


