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Free Wilson fermions in 241D

Spatial discretization with Wilson term (PBC):

H=3" —72( n) (7 + 1) W (n+7) + he) +W(n)(m +2r)W(n)

neN Jj

» N, x N, physical lattice of spinors W(n)
> (2- Ny) x N, lattice of fermionic modes ®(n)

B B (D(2I7X, ”y)
V(n) =V(ng, ny) = <c|>(2nX +1, ”y))
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Setup

» 2 x 2 physical lattice of spinors W(n)

> 4 x 2 lattice of fermionic modes ®(n)

» Jordan Wigner transformation ‘_®‘_®

» 0O-charge sector:
1 L) X
Q= Z Z < va ny (mXa ny) - 2)

mx=0 n,=

Ho=H+Xo@* )g =100
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Variational quantum eigensolver (VQE)

Quantum computer

State Preparation Execute Circuit

(1#(9)) = v(?) o) g

Measurement
(Ho)g

Classical computer

Updated g Classical Optimizer
(Update 5)
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VQE circuit
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VQE results for varying layer

> |hax = 20000

> |Wy) =1]01010101)
Var(H)
Four layers are sufficient

for ground state
reconstruction

> o'h:
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Adaptive Derivative-Assembled Pseudo-Trotter ansatz VQE
(ADAPT-VQE)

2) Initialize

[w(r=0)) = vg)

1) Operator Pool Done [Winal) = {\U("))

P ={Ajli € {1,... Npooi}}

\ 4
3) Measure Gradients

\ 4

8579‘,”) = <\U(">‘ [H,iA] }W(")> 4) Converged?

R

6) VQE: Optimize all parameters

EntD) — min <w(n+1)(&tn+1))‘ H w(n+1)(§(n+1))> 4_[ Fn) _ {9‘(")79”“ =0} <

1
Adapted from Grimsley et al. [Gri+19]

Select operator with
largest gradient (A("+1)

\ 4
5) Grow Ansatz

W(n+1)(§tn+1))> — it AT

)
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ADAPT-VQE: Pictorially - First iteration
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ADAPT-VQE: Pictorially - Second iteration

Al A2 A3
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ADAPT-VQE: Pictorially - Second iteration
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ADAPT-VQE (naive greedy pool)

qo = [0)
q = 0)
q2 = [0)
g3 = [0)
qs = |0)
g5 = [0)
g6 = |0)
g7 = |0)

e

tWo)

» Include penalty term in optimization, use Hg
» Fixed part |Wo) =(01010101)
» pO) — {(x(f)x(i—l) + Y(f)Y(f—l))7 z(i)}
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ADAPT-VQE (naive greedy pool)

104

—10 A

—15 A

/
AV AV A

A
\NI\/
FAD FAY
X
NI\
/

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state

¢ ADAPT-VQE
-4 -3 -2 -1 0 1 2 3 4
m+2r

> |Wy) =1]01010101)
> Pool P
Optimization failed
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ADAPT-VQE (naive greedy pool)

a ADAPT-VQE exits in the
\ / first iteration
5 \ / =|0)
NN TR AT THA = |0)
° AT DR R R R TR o
w PO
=1(0)
Vo)
1o =10) —
—— ED: Higher excited states \O> .
—— ED: First excited state
_154 —— ED: Ground state
4 ADAPTVQE =10) —
N N ~ o) —{x]
m+2r
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Limitations of ADAPT-VQE

» Write operator A= X 4+1iY where XT=X,—-YT =Y € R
» Real wave function: 60 eR
» Real mapped Hamiltonian: HT =H e R
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ADAPT-VQE (best greedy pool)

» Include penalty term in optimization, use Hg

281
> Fixed part [Wo) = & > |k)
2 =0

» p2) — {(x(i)x(ifl) + Y(i)Y(ifl))’ (x(i)y(ifl) — Y(i)x(ifl))’x(f),y(f), z(f)}
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ADAPT-VQE (best greedy pool)

v
5
n

2l
Y
=

| 2

» Jnax = 20000

> Oph = Var(H)

> fc—E=X\g <C?2>
Reliable reconstruction of
energy eigenstates for
m+2r < —1 and
1<m+2r

10

-10

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state

¢ ADAPT-VQE

Tesse
b e o ADAPT-VQE
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900000000000000000000

-4

-3 -2 -1 0 1 2 3 4
m+2r

21/30



A 0O NN =

. Overview

. Setup

. Variational quantum eigensolver
. ADAPT-VQE

» Naive ansatz
» Best greedy ansatz
» Symmetry-informed ansatz

22/30



Using discrete symmetries for the operator pool construction

» P and T broken

» C unbroken: [H,C] =0
» Pool {Ai[[A;,C] =0}
» Action of C:

C |\|J (9,,, c. 701)) = Ceie”Ain . eielAil |w0>
— eienAi" . ei01A,-1 C |\|;0>
ClVo) =ag Vo) = ClW(,,...,01)) =ag|V(On,...,01))
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Going beyond a greedy ansatz: " C invariant” ansatz

[Ai.Cl =0
Use parts of H like Farrell et al. [Far4-24] Combine O; to C invariant and complex
in 1+1D: operators:
O1(n) = W(n)W(n) = Ol(n) S O1(n) Ai(n) = Ox(n, 1) + Of(n, 1)
0a(n,j) = W(n)ivYW(n+j) S 03(n,J) Az(n) =i [Ol(n), O2(n,2) + 03(!772)}
04(n.j) = U(n)W(n+j) S 0l(n, ) As(n) =i [ol(n), Oa(n, 1) + Of(n, 1)}
Aa(n) = i [ol(n), 0a(n,2) + ol(n,z)}

CWo) = acgq Vo) and POG) = {A;(n)}
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ADAPT-VQE (C invariant ansatz 1)

» Initial state:
C|Wo) = +1[Wo)

> W) = [01010101)

» Pool P

> |hax = 20000

Correct reconstruction of
first excited state for
—-l<m+2r<li

10 1

w

—15+4

—— ED: Energy eigenstates
e ADAPT-VQE
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-1 0 1 2 3
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—0.50
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-1.00
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ADAPT-VQE (C invariant ansatz 2)

» |nitial state:

C|Wo) = —1[Wy)
> |Wo) = |01010110)
» Pool P

» Imax = 20000

Correct reconstruction of
ground state for
O<m+2r<?2

10 1

w

—15+4
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e ADAPT-VQE
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ADAPT-VQE (C invariant ansatz 3)

» |nitial state:

C|Wo) = —1[Wy)
> |Wo) = |10010101)
» Pool P

» Imax = 20000

Correct reconstruction of
ground state for
—2<m+2r<0
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ADAPT-VQE combined results

-0.25
-0.00 T

r—0.25

10 A
5 -
0 -
w

_5 4
_10 4

—~15 —— ED: Energy eigenstates

e ADAPT-VQE
-4 -3 -2 -1 0 1 2
m+2r

—-0.50

-0.75

-1.00
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ADAPT-VQE combined results

10 A \ /
5 -
0 4
w
_5 4
-10 / = . \
// —— ED: Higher excited states "\
L —— ED: First excited state 3
—— ED: Ground state
154 e ADAPT-VQE: Ground state
L e ADAPT-VQE: First excited state >
[ I I I 1
-4 -3 -2 -1 0 1 2 3 4
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Summary and Outlook

Summary:
» ADAPT-VQE is not universal

» Symmetries can mitigate problem of
excited states

» Reconstruction of ground and first
excited state

Outlook:

> Add gauge fields

P Incorporate more symmetries
P Larger lattices

» Scalable ADAPT-VQE
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Overview: Why (24-1)-dimensional fermionic systems?

Particle physics
» Confinement in QCD in 3+1D

Flux tube from Cardoso et al. [CCB10]
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Overview: Why variational quantum algorithms?

» Non equilibrium / real time dynamics

time
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space

Confinement sketch from Kormos et al. [Kor+16]
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> Variational quantum eigensolver

Quantum computer

State Preparation Execute Circuit Measurement

7 #(@)) = v@)lw) o ]
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Updated q Classical Optimizer &(0) =(0)z
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Overview: Why variational quantum algorithms?

» Non equilibrium / real time dynamics
> Monte Carlo methods
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» (Ground-) state preparation:
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Overview: This

work

» First application of ADAPT-VQE

to 2+1D

Case study: Free Wilson fermions

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state

$ ADAPTVQE
o
S*teeeee o ADAPT-VQE
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oo % 0
¢ 0e "% * e e Lot R ®e
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Overview: This work
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Overview: This work
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Case study: Free Wilson fermions

» Exploiting discrete symmetries -10
» Limitations of ADAPT-VQE

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state
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Quantum computing (Gate based)

Classical computing
» Bits either 0 or 1
» Circuits of logic gates
Quantum computing
» Qubits [¢p) = «|0) + 3 |1)
» Quantum circuits of quantum gates

o [}

e —,




Unitary gates

Name Circuit representation | Matrix representation
. o 1\
X g —{x}— x('):(l 0)
o1 (1 1\
Hadamard q;—@— H(’):\@<1 _1)
| 100 o\
CNOT Z; :; CNOT() = 8 (1) 8 2
0010
qi — —
O-rotation Ro(?)

Qi+ —

(eeiH) gy O G
Ro (9) exp( 120 )



Free fermions in 2+1D

Continuum:
LFree (\IJ,W, 3M\|l,x“) = W(i*y”@u —m) \U]X

Hiree = /Hfree d’x = / {—I'nyjajlll + mW\U} d?x



Mapping fermionic modes to qubits

() —(D)—()—(—2)

O(me.ny) = O(j(ms.n,)) O OO OMOROMOMO
S 11 ) L s s
IORORONONONONONG

ot = S(XEiY)

» Jordan Wigner transformation



Mapping fermionic modes to qubits

» Jordan Wigner transformation

D= Y G (00) (o)

d(my, ny) =: ®(j(mx, ny)) i0y-sin—1=0 —
j—1 ::"01'“’IN—1>
— ¢, — Z(n) O’+ () 1 ] ]
’ (,,1:[0 > ) = > Coinalios--rin-1)

igyeesiy—1=0

1 _
o _—72(X:|:l|) W€{07'._’N—1}I J‘w> ’



Exact diagonalization
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w
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VQE minimization
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W =37
—4 4
> m=-28 s |
> Niayers = 4 . . . . .
> fnax = 20000 10°1
> |Wo) = [01010101) < 107
o 5 104
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1078 -
0 1000 2000 3000 4000 5000

Iteration /



VQE

v

varying lnax

Nlayers =4
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—— ED: First excited state
—— ED: Ground state

$  VQE: Imax = 5000
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VQE varying Nyers

—— ED: First excited state
—— ED: Ground state
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VQE varying seeds
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ADAPT-VQE (not so naive greedy pool)
qo = [0) —{H}—
q =10) —{H}—
a2 =10) —{H]—

> Include penalty term in optimization, use Hg
@ = 10) —{H]—

¥o o) = 15 k)
(1~0 > Fixed part |Vy) = —= k
V28

» p(1) — {(x(i)y(ifl) + Y(i)x(ifl)),x(f)’y(f)’ z(f)}




ADAPT-VQE (not so

281
> W) = \/—12—8 kXZJO k)
> Pool P(1)
> /nax = 20000
» o, = +/Var(H)
> fc—E=Xo(Q%

Energy level reconstruction

with suboptimal reliability

naive greedy pool)

10
5
0
w N\\\
_s | Wl
-10
—— ED: Higher excited states
—— ED: First excited state
~15 —— ED: Ground state
¢ ADAPT-VQE
100 . ®%e0%e0000®e® opee °
107t
x g
S 102 . ° . e ADAPT-VQE
€e0®® o o W e .« s® o
10-3 % . . . L) o ® YY)
.
50 eee
$ e ADAPT-VQE
“ o 90000060000008000000000000 000000400000000000000¢
-4 -3 -2 -1 0 1 2 3 4

m+2r



ADAPT-VQE (not so naive greedy pool) circuit (m = —2.735)

[¢[¢}

q1

qz

P EEE

a3

Q4

a5

Ry(611) |
Ryx+xy (03)
[ Ry (0o) |
Ryx-+xv(06) Ryx+xv(f10)
Ryx+xy(61)
[ Ry (67) |
Ryx4xy(62) Ryx1xy (012) Ryx1xy (014)
_| : l— —| Ry (613) |—
Ryx+xy (05)
—E Ry (0s) |
Ry (6o)

Ry (0a)




ADAPT-VQE (not so naive greedy pool) circuit (m = —6)

Optimal gates
on qubits 0-2
Non-optimal

gates on
qubits 3-7

do

g1

q2

[eZ}

g5

de

qr

7

Ry (69)
Ry(62)
Ry (67)
Ryx1xy (fo) Ryx+xy (0s)
[Re(®) |
— Rv(6n2) |
Ryx-+xv(63)

?

Ryx1xy (01)

| Rv(0a) ]

Ryx1xy (05)

Ryx1xy(011)




ADAPT-VQE (best greedy pool) circuit (m = —2.735)

1 281
> Vo) = 7 T 1K)

> Pool P
> Imax = 20000

do Ry (67)
q —El— [ Ry (63) }

Rxy—vx(62)
il

Rxy—yx(05)
o i
Rxy—vx(0a)

gs —E— I Ry (61) I

Rxy—vx(fo)
i

q7

Ry (6s)




> Vo) =

> Pool P

1
28

281

2. |k
k=0

» Imax = 20000

TETTIXT.

{

ADAPT-VQE (best greedy pool) circuit (m = 2)

Rxy—vx(06)

Ry(67)

Rxy—vx(0s)

Rxy—vx(69)

Ry (610)

Rxy—yx(611)

Rxy—vx(03)

1l

Ry(64)

Rxy—vx(05)

Rxy—vx (o)

Ry (61)

Rxy—yx(02)




ADAPT-VQE (best greedy pool) circuit (m = —6)

L 28_1
> Vo) = = kZO k)
» Pool P(?)
> Jnax = 20000

Circuit symmetries follow
physical symmetries

Ry (67)

L

o [

@ —{AH

Rxy_vx(63)

Rxy—vx(05)

Ry (6s)

Ry (66)

[EAASE2A

o —[A}-
o [}

Rxy—vx(6o)

Rxy—yx(62)

Ry (69)




Using discrete symmetries for the operator pool construction

> P and T broken
» C unbroken: [H,C] =0
» Pool {A|[Ai,C] =0}
» Action of C:
C|W (B, ...,00)) = Celffin . el%1A4 |yg)
= e'ffin eI C W)
ClVg) = |Vo) = Cl|V(On...,01)) =a0|V(On,...,01))

» Convention: C|Q) = acq|Q)

00) S (11)  [o1) S jo1)  [10) S —|10)  [11) S |00)



ADAPT-VQE (best greedy pool)

» Imax = 20000
Correct reproduction
of (C) for m+2r < —1
and 1 < m+2r

10 1

—10

—15

ED: Energy eigenstates
ADAPT-VQE

-2

-1 0 1
m+2r

1.00

0.75

0.50

r0.25

r 0.00

r—0.25

—0.50

-0.75

-1.00

()



Cinvariant state construction

» Use {A;} as operator pool ([A;,C] =0)
> Final state: . .
(W (Op,...,01)) = %A el0141 W)

» Action of C:

Clw (9n7 e ,91)> = Cell0rAin oi01AL |Wo)

= el 10144 C W)

> If C ’\UO> = Qp |\|J()> then C |\U (9,7, ‘e ,91)) = ’\U(gn, .. .,91)>



ADAPT-VQE (C invariant ansatz 1)

>
4
>
>
>

>

Initial state:
C[Wo) = +1|Wy)

|Wo) = [01010101)
Pool P()

Imax = 20000

op = +/Var(H)

fC — E = )\Q <Q2>

Improvements in
reconstruction fidelity

10

-5

7.0
6.0

§5.0

4.0

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state
¢ ADAPT-VQE
x10-%
e ADAPT-VQE .
) . . « ®
.
. o o* o |e
° .
. . o . .o .. .. .
. . eoe
.o e o o o .
x10713
90 .0 0 0% g 0, ¢ " ", . .
o ADAPTVQE o% & "o, 0" Le® 0 ee eeve et
.




ADAPT-VQE (C invariant ansatz 1) circuit

» Initial state:
C|Wo) = +1[Wo)

> |Wy) =1]01010101)

> Pool P(3)

> |hax = 20000

> U,[n](ﬁ) — lfA;(n)
Two gates sufficient for all
parameter values

qo0

g1

q2

a3

qa

g5

g6

q7

s8]k 4

U (00)

uten |




ADAPT-VQE (C invariant ansatz 2)

10

o

-5

> W) = [01010110)
> C ’\U()) =-1 |W0> -15

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state

¢ ADAPT-VQE

» Pool P
> /.. = 20000 i

212
2.10
2.08
2.06

o

2.04

w 2

10

w2

-2 -1 0 1 2

m+2r




ADAPT-VQE (C invariant ansatz 2) circuit

vVvyYvyVvyy

[Wo) = [01010110)
C|Wg) = —1|Vg)
Pool P(3)

Imax = 20000
U[[”](e) — eié?A,-(n)

qo

o R

q2

»—x————

qa

& —{xH
oo [

qr

UM (00)

uP(en)

B




ADAPT-VQE (C invariant ansatz 3)

10

> |Wy) = [10010101)
> C "UO) — —]. |WO> -15

—— ED: Higher excited states
—— ED: First excited state
—— ED: Ground state

¢ ADAPTVQE
3
> Pool PG x10
2.16 . d o« °
214 . . o ° ‘. °
| 2 /max = 20000 212 ° ° .
210 | ° . S Poe |°
&2 . .o .o
2080 | . « ° o *
2.06 . . P
o8 . . . ©
2.041 o ADAPT-VQE LR °
2.02 >
%1013
w . ®e o la .
DO  gee teameetatay Seeetets teet ot e T harvoe
Y2 .
-4 -3 -2 -1 0 1 2 3 4

m+2r



ADAPT-VQE (C invariant ansatz 3) circuit

vVvyVvyVvVvyy

|Wo) = [10010101)
C|Wo) = —1|W)
Pool P()

Imax = 20000
U/[n](‘g) — o10A(n)

o ]

q1
q2

& {7

Ul 60) ||

qa

R

96

R

uHey)

- U0,)




The cost (CNOT depth/count after transpilation for ibm_marrakesh)

> VQE:
> Niayers = 4 is baseline
» ADAPT-VQE:
1. Not so naive greedy
2. Best greedy
3. Cinvariant ag = +1
4. Cinvariant ag = —1
5. Cinvariant ag = —1

0000000000000 000000000000000000000000000000%00000
$0000000000000000000000000000000000000000000000000

40
£ 30
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£ 20
%
X Xosp se XX XXX %
10 X [VENEVY_.S
X000
.................>.<.x.....W......m\...........
0
100
80
2 5ol $8883838338388388388838838338388383333038338388383¢
g
40
X
201
2+ 3 AAAINARARE P AL AT A oo
0

B T T T T

m+2r

X ADAPT-VQE 1
e ADAPT-VQE 2
e ADAPT-VQE 3
« ADAPT-VQE 4
e ADAPT-VQE 5

— VQE: Nlayers =2
—— VQE: Nigyers =4
—— VQE: Nipyers =8



Gate Decomposition!

q1 — —

R(~

NH
E)
&

q2 — —

q3 —
qs —

R_(6)

Uty [ =

)

5

qs — —

Ri(~

W
E)
D

)

d6 — —

qr — —

!Compression adapted from Algaba et al. [Alg+24]



