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Free Wilson fermions in 2+1D

Spatial discretization with Wilson term (PBC):

H =
∑
n∈Λ

−1

2

∑
j

(
Ψ(n)

(
iγj + r

)
Ψ
(
n + ĵ

)
+ h.c.

)
+Ψ(n)(m + 2r)Ψ(n)


▶ Nx × Ny physical lattice of spinors Ψ(n)

▶ (2 · Nx)× Ny lattice of fermionic modes Φ(n)

Ψ(n) = Ψ(nx , ny ) =:

(
Φ(2nx , ny )

Φ(2nx + 1, ny )

)
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Setup

▶ 2× 2 physical lattice of spinors Ψ(n)

▶ 4× 2 lattice of fermionic modes Φ(n)

▶ Jordan Wigner transformation

▶ 0-charge sector:

Q =
3∑

mx=0

1∑
ny=0

(
Φ†(mx , ny )Φ(mx , ny )−

1

2

)
HQ = H + λQQ

2 λQ = 100

x

y

0 1 2 3
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Variational quantum eigensolver (VQE)

State Preparation∣∣∣ψ(θ⃗)〉 = U
(
θ⃗
)∣∣∣ψ0

〉 Measurement
⟨HQ⟩θ⃗

Classical Optimizer(
Update θ⃗

)

Quantum computer

Classical computer

Execute Circuit

fc
(
θ⃗
)
= ⟨HQ⟩θ⃗Updated θ⃗

8 / 30



VQE circuit

Fixed part |Ψ0⟩:
q0 = |0⟩

|Ψ0⟩

q1 = |0⟩ X

q2 = |0⟩

q3 = |0⟩ X

q4 = |0⟩

q5 = |0⟩ X

q6 = |0⟩

q7 = |0⟩ X

One layer (from Schuster et al. [Sch+24]):

q0

RXX+YY(θ3)

RZ(θ14)

q1

RXX+YY(θ6)

RZ(θ13)

q2

RXX+YY(θ2)

RZ(θ12)

q3

RXX+YY(θ5)

RZ(θ11)

q4

RXX+YY(θ1)

RZ(θ10)

q5

RXX+YY(θ4)

RZ(θ9)

q6

RXX+YY(θ0)

RZ(θ8)

q7 RZ(θ7)
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VQE results for varying layer counts

▶ Imax = 20000

▶ |Ψ0⟩ = |01010101⟩
▶ σh =

√
Var(H)

Four layers are sufficient
for ground state
reconstruction
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Adaptive Derivative-Assembled Pseudo-Trotter ansatz VQE
(ADAPT-VQE)

2) Initialize∣∣Ψ(n=0)
〉
= |Ψ0⟩

3) Measure Gradients

∂E (n)

∂θi
=
〈
Ψ(n)

∣∣ [H, iAi ]
∣∣Ψ(n)

〉
4) Converged?

Done |Ψfinal⟩ =
∣∣Ψ(n)

〉
Yes

Select operator with
largest gradient

(
A(n+1)

)
No

5) Grow Ansatz∣∣∣Ψ(n+1)
(
θ⃗(n+1)

)〉
= eiθn+1A(n+1)

∣∣∣Ψ(n)
(
θ⃗(n)
)〉

θ⃗(n+1) =
{
θ⃗(n), θn+1 = 0

}6) VQE: Optimize all parameters

E (n+1) = min
θ⃗(n+1)

〈
Ψ(n+1)

(
θ⃗(n+1)

)∣∣∣H ∣∣∣Ψ(n+1)
(
θ⃗(n+1)

)〉

n → n + 1

1) Operator Pool

P = {Ai |i ∈ {1, . . .NPool}}

−2

2

−2

2

2

4

θ2
θ1

E

Adapted from Grimsley et al. [Gri+19]
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ADAPT-VQE: Pictorially - First iteration
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ADAPT-VQE: Pictorially - Second iteration
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ADAPT-VQE (naive greedy pool)

q0 = |0⟩

|Ψ0⟩

q1 = |0⟩ X

q2 = |0⟩

q3 = |0⟩ X

q4 = |0⟩

q5 = |0⟩ X

q6 = |0⟩

q7 = |0⟩ X

▶ Include penalty term in optimization, use HQ

▶ Fixed part |Ψ0⟩ = |01010101⟩
▶ P(0) =

{(
X(i)X(i−1) + Y(i)Y(i−1)

)
,Z(i)

}
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ADAPT-VQE (naive greedy pool)
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Limitations of ADAPT-VQE

▶ Write operator A = X + iY where X ⊺ = X ,−Y ⊺ = Y ∈ R
▶ Real wave function: C⃗0 ∈ R
▶ Real mapped Hamiltonian: H⊺ = H ∈ R

⇒ ∂E (n)

∂θ
=
〈
Ψ(n)

∣∣∣ [H, iA] ∣∣∣Ψ(n)
〉
= C⃗⊺

0 (−HY + YH)C⃗0

▶ Independent of X
▶ ∂E (n)

∂θi
= 0 for Y = 0
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ADAPT-VQE (best greedy pool)

▶ Include penalty term in optimization, use HQ

▶ Fixed part |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ P(2) =
{(

X(i)X(i−1) + Y(i)Y(i−1)
)
,
(
X(i)Y(i−1) − Y(i)X(i−1)

)
,X(i),Y(i),Z(i)

}
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ADAPT-VQE (best greedy pool)

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(2)

▶ Imax = 20000

▶ σh =
√

Var(H)

▶ fC − E = λQ
〈
Q2
〉

Reliable reconstruction of
energy eigenstates for
m + 2r < −1 and
1 < m + 2r
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Using discrete symmetries for the operator pool construction

▶ P and T broken

▶ C unbroken: [H,C] = 0

▶ Pool {Ai |[Ai ,C] = 0}
▶ Action of C:

C |Ψ(θn, . . . , θ1)⟩ = CeiθnAin . . . eiθ1Ai1 |Ψ0⟩
= eiθnAin . . . eiθ1Ai1C |Ψ0⟩

C |Ψ0⟩ = α0 |Ψ0⟩ ⇒ C |Ψ(θn, . . . , θ1)⟩ = α0 |Ψ(θn, . . . , θ1)⟩
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Going beyond a greedy ansatz: ”C invariant” ansatz

[Ai ,C]
!
= 0

Use parts of H like Farrell et al. [Far+24]
in 1+1D:

O1(n) = Ψ(n)Ψ(n) = O†
1(n)

C→ O1(n)

O2(n, j) = Ψ(n)iγjΨ(n + ĵ)
C→ O†

2(n, j)

O4(n, j) = Ψ(n)Ψ(n + ĵ)
C→ O†

4(n, j)

Combine Oi to C invariant and complex
operators:

A1(n) = O2(n, 1) + O†
2(n, 1)

A2(n) = i
[
O1(n),O2(n, 2) + O†

2(n, 2)
]

A3(n) = i
[
O1(n),O4(n, 1) + O†

4(n, 1)
]

A4(n) = i
[
O1(n),O4(n, 2) + O†

4(n, 2)
]

C |Ψ0⟩
!
= αC ,Ω |Ψ0⟩ and P(3) = {Ai (n)}
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ADAPT-VQE (C invariant ansatz 1)

▶ Initial state:
C |Ψ0⟩ = +1 |Ψ0⟩

▶ |Ψ0⟩ = |01010101⟩
▶ Pool P(3)

▶ Imax = 20000

Correct reconstruction of
first excited state for
−1 < m + 2r < 1
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ADAPT-VQE (C invariant ansatz 2)

▶ Initial state:
C |Ψ0⟩ = −1 |Ψ0⟩

▶ |Ψ0⟩ = |01010110⟩
▶ Pool P(3)

▶ Imax = 20000

Correct reconstruction of
ground state for
0 < m + 2r < 2
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ADAPT-VQE (C invariant ansatz 3)

▶ Initial state:
C |Ψ0⟩ = −1 |Ψ0⟩

▶ |Ψ0⟩ = |10010101⟩
▶ Pool P(3)

▶ Imax = 20000

Correct reconstruction of
ground state for
−2 < m + 2r < 0
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m + 2r
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ADAPT-VQE combined results
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ADAPT-VQE combined results
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Summary and Outlook

Summary:

▶ ADAPT-VQE is not universal

▶ Symmetries can mitigate problem of
excited states

▶ Reconstruction of ground and first
excited state

Outlook:

▶ Add gauge fields

▶ Incorporate more symmetries

▶ Larger lattices

▶ Scalable ADAPT-VQE
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Overview: Why variational quantum algorithms?

▶ Non equilibrium / real time dynamics

▶ Monte Carlo methods
suffer from sign problem

▶ Quantum computing

▶ (Ground-) state preparation

:
▶ Variational quantum eigensolver
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Fig. 1: Sketch...

Confinement sketch from Kormos et al. [Kor+16]
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Overview: This work

▶ First application of ADAPT-VQE
to 2+1D
Case study: Free Wilson fermions

▶ Exploiting discrete symmetries

▶ Limitations of ADAPT-VQE
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Quantum computing (Gate based)

Classical computing

▶ Bits either 0

or 1

▶ Circuits of logic gates

Quantum computing

▶ Qubits |ψ⟩ = α |0⟩+ β |1⟩
▶ Quantum circuits of quantum gates
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Classical computing

▶ Bits either 0 or 1

▶ Circuits of logic gates

Quantum computing

▶ Qubits |ψ⟩ = α |0⟩+ β |1⟩

▶ Quantum circuits of quantum gates
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Quantum computing (Gate based)

Classical computing

▶ Bits either 0 or 1

▶ Circuits of logic gates

Quantum computing

▶ Qubits |ψ⟩ = α |0⟩+ β |1⟩

▶ Quantum circuits of quantum gates
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Quantum computing (Gate based)

Classical computing

▶ Bits either 0 or 1

▶ Circuits of logic gates

Quantum computing

▶ Qubits |ψ⟩ = α |0⟩+ β |1⟩
▶ Quantum circuits of quantum gates

q0 H

q1



Unitary gates
Name Circuit representation Matrix representation

X qi X X(i) =

(
0 1
1 0

)(i)

Hadamard qi H H(i) =
1√
2

(
1 1
1 −1

)(i)

CNOT
qi

qj
CNOT(i ,j) =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


(i ,j)

O-rotation

qi

RO(θ)...

qi+l

R
(i ,...,i+l)
O (θ) = exp

(
−i
θ

2
O(i ,...,i+l)

)

Table



Free fermions in 2+1D

Continuum:

LFree

(
Ψ,Ψ, ∂µΨ, x

µ
)
=
[
Ψ(iγµ∂µ −m)Ψ

]
x

Hfree =

∫
Hfree d

2x =

∫ {
−iΨγj∂jΨ+mΨΨ

}
d2x



Mapping fermionic modes to qubits

▶ Jordan Wigner transformation

Φ(mx , ny ) =: Φ(j(mx , ny ))

= Φj =

(
j−1∏
n=0

Z(n)

)(
σ+
)(j)

σ± =
1

2
(X± iY) x

y

0 1 2 3 4 5 6 7

89101112131415

16 17 18 19 20 21 22 23

2425262728293031



Mapping fermionic modes to qubits

▶ Jordan Wigner transformation

Φ(mx , ny ) =: Φ(j(mx , ny ))

= Φj =

(
j−1∏
n=0

Z(n)

)(
σ+
)(j)

σ± =
1

2
(X± iY)

|ψ⟩ =
1∑

i0,...,iN−1=0

Ci0,...,iN−1

(
Φ†
0

)i0
. . .
(
Φ†
N−1

)iN−1

|ω⟩︸ ︷︷ ︸
=:|i0,...,iN−1⟩

=
1∑

i0,...,iN−1=0

Ci0,...,iN−1
|i0, . . . , iN−1⟩

∀j ∈ {0, . . . ,N − 1} : Φj |ω⟩ = 0,



Exact diagonalization
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VQE minimization

▶ m = −2.8

▶ Nlayers = 4

▶ Imax = 20000

▶ |Ψ0⟩ = |01010101⟩
▶ fc = ⟨HQ⟩

Exponential convergence
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VQE varying Imax

▶ Nlayers = 4

▶ |Ψ0⟩ = |01010101⟩ 16

14

12

10

8

6

4

E

ED: First excited state
ED: Ground state
VQE: Imax = 5000
VQE: Imax = 20000
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VQE varying Nlayers

▶ Imax = 20000

▶ |Ψ0⟩ = |01010101⟩ 16

14

12

10

8

6

4

E

ED: First excited state
ED: Ground state
VQE: Nlayers = 2
VQE: Nlayers = 4
VQE: Nlayers = 8

4 3 2 1 0 1 2 3 4
m + 2r

10 4
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100

H

VQE: Nlayers = 2
VQE: Nlayers = 4
VQE: Nlayers = 8



VQE varying seeds

▶ Nlayers = 4

▶ Imax = 20000

▶ |Ψ0⟩ = |01010101⟩
16
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10

8

6

4

E

ED: First excited state
VQE 1
VQE 2

ED: Ground state
VQE 3
VQE 4
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m + 2r
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VQE 1
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VQE 4



ADAPT-VQE (not so naive greedy pool) minimization

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(1)

▶ Imax = 20000

▶ m = −6

▶ fc = ⟨HQ⟩
Added operators have
varying impacts on the
minimization
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f c
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ADAPT-VQE (not so naive greedy pool) minimization

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(1)

▶ Imax = 20000

▶ m = −2.735
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R(4, 3)
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R(1, 0)
YX + XY

R(7)
Y

R(5, 4)
YX + XY

R(2, 1)
YX + XY

R(3)
Y

R(5)
Y

R(1)
Y

R(2, 1)
YX + XY

R(0)
Y

R(4, 3)
YX + XY

R(4)
Y

R(4, 3)
YX + XY



ADAPT-VQE (not so naive greedy pool)

q0 = |0⟩ H

|Ψ0⟩

q1 = |0⟩ H

q2 = |0⟩ H

q3 = |0⟩ H

q4 = |0⟩ H

q5 = |0⟩ H

q6 = |0⟩ H

q7 = |0⟩ H

▶ Include penalty term in optimization, use HQ

▶ Fixed part |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ P(1) =
{(

X(i)Y(i−1) + Y(i)X(i−1)
)
,X(i),Y(i),Z(i)

}



ADAPT-VQE (not so naive greedy pool)

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(1)

▶ Imax = 20000

▶ σh =
√

Var(H)

▶ fC − E = λQ
〈
Q2
〉

Energy level reconstruction
with suboptimal reliability
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ED: Higher excited states
ED: First excited state
ED: Ground state
ADAPT-VQE
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ADAPT-VQE (not so naive greedy pool) circuit (m = −2.735)

q0 H

RYX+XY(θ3)

RY(θ11)

q1 H

RYX+XY(θ6)

RY(θ9)

RYX+XY(θ10)

q2 H

RYX+XY(θ1)

q3 H

RYX+XY(θ2)

RY(θ7)

RYX+XY(θ12) RYX+XY(θ14)

q4 H

RYX+XY(θ5)

RY(θ13)

q5 H RY(θ8)

q6 H RY(θ0)

q7 H RY(θ4)



ADAPT-VQE (not so naive greedy pool) circuit (m = −6)

Optimal gates
on qubits 0-2

Non-optimal
gates on
qubits 3-7

q0 H RY(θ9)

q1 H RY(θ2)

q2 H RY(θ7)

q3 H

RYX+XY(θ0) RYX+XY(θ8)

q4 H RY(θ6)

q5 H

RYX+XY(θ3)

RY(θ12)

q6 H

RYX+XY(θ1) RYX+XY(θ5)

RY(θ10)

RYX+XY(θ11)

q7 H RY(θ4)



ADAPT-VQE (best greedy pool) circuit (m = −2.735)

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(2)

▶ Imax = 20000

q0 H RY(θ7)

q1 H

RXY−YX(θ2)

RY(θ3)

q2 H

RXY−YX(θ5)

q3 H

q4 H

RXY−YX(θ4)

q5 H

RXY−YX(θ0)

RY(θ1)

q6 H

q7 H RY(θ6)



ADAPT-VQE (best greedy pool) circuit (m = 2)

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(2)

▶ Imax = 20000

q0 H

RXY−YX(θ6) RXY−YX(θ8)

q1 H RY(θ7)

q2 H

RXY−YX(θ9) RXY−YX(θ11)

q3 H RY(θ10)

q4 H

RXY−YX(θ3) RXY−YX(θ5)

q5 H RY(θ4)

q6 H

RXY−YX(θ0)

RY(θ1)

RXY−YX(θ2)

q7 H



ADAPT-VQE (best greedy pool) circuit (m = −6)

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(2)

▶ Imax = 20000

Circuit symmetries follow
physical symmetries

q0 H RY(θ7)

q1 H

RXY−YX(θ3) RXY−YX(θ5)

q2 H RY(θ4)

q3 H RY(θ8)

q4 H RY(θ6)

q5 H

RXY−YX(θ0)

RY(θ1)

RXY−YX(θ2)

q6 H

q7 H RY(θ9)



Using discrete symmetries for the operator pool construction

▶ P and T broken

▶ C unbroken: [H,C] = 0

▶ Pool {Ai |[Ai ,C] = 0}
▶ Action of C:

C |Ψ(θn, . . . , θ1)⟩ = CeiθnAin . . . eiθ1Ai1 |Ψ0⟩
= eiθnAin . . . eiθ1Ai1C |Ψ0⟩

C |Ψ0⟩ = α0 |Ψ0⟩ ⇒ C |Ψ(θn, . . . , θ1)⟩ = α0 |Ψ(θn, . . . , θ1)⟩

▶ Convention: C |Ω⟩ = αC ,Ω |Ω⟩

|00⟩ C→ |11⟩ |01⟩ C→ |01⟩ |10⟩ C→ −|10⟩ |11⟩ C→ |00⟩



ADAPT-VQE (best greedy pool)

▶ |Ψ0⟩ = 1√
28

28−1∑
k=0

|k⟩

▶ Pool P(2)

▶ Imax = 20000

Correct reproduction
of ⟨C⟩ for m + 2r < −1
and 1 < m + 2r
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m + 2r
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C invariant state construction

▶ Use {Ai} as operator pool ([Ai ,C] = 0)

▶ Final state:
|Ψ(θn, . . . , θ1)⟩ = eiθnAin . . . eiθ1Ai1 |Ψ0⟩

▶ Action of C:

C |Ψ(θn, . . . , θ1)⟩ = CeiθnAin . . . eiθ1Ai1 |Ψ0⟩
= eiθnAin . . . eiθ1Ai1C |Ψ0⟩

▶ If C |Ψ0⟩ = α0 |Ψ0⟩ then C |Ψ(θn, . . . , θ1)⟩ = α0 |Ψ(θn, . . . , θ1)⟩



ADAPT-VQE (C invariant ansatz 1)

▶ Initial state:
C |Ψ0⟩ = +1 |Ψ0⟩

▶ |Ψ0⟩ = |01010101⟩
▶ Pool P(3)

▶ Imax = 20000

▶ σh =
√

Var(H)

▶ fC − E = λQ
〈
Q2
〉

Improvements in
reconstruction fidelity
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ADAPT-VQE (C invariant ansatz 1) circuit

▶ Initial state:
C |Ψ0⟩ = +1 |Ψ0⟩

▶ |Ψ0⟩ = |01010101⟩
▶ Pool P(3)

▶ Imax = 20000

▶ U
[n]
i (θ) := eiθAi (n)

Two gates sufficient for all
parameter values

q0

U
[0,1]
4 (θ0)

q1 X

q2

U
[1,1]
4 (θ1)

q3 X

q4

q5 X

q6

q7 X



ADAPT-VQE (C invariant ansatz 2)

▶ |Ψ0⟩ = |01010110⟩
▶ C |Ψ0⟩ = −1 |Ψ0⟩
▶ Pool P(3)

▶ Imax = 20000
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ADAPT-VQE (C invariant ansatz 2) circuit

▶ |Ψ0⟩ = |01010110⟩
▶ C |Ψ0⟩ = −1 |Ψ0⟩
▶ Pool P(3)

▶ Imax = 20000

▶ U
[n]
i (θ) := eiθAi (n)

q0

U
[0,1]
4 (θ1)

U
[0,0]
3 (θ2)

q1 X

q2

q3 X

q4

U
[0,1]
3 (θ0)

q5 X

q6 X

q7



ADAPT-VQE (C invariant ansatz 3)

▶ |Ψ0⟩ = |10010101⟩
▶ C |Ψ0⟩ = −1 |Ψ0⟩
▶ Pool P(3)

▶ Imax = 20000
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ADAPT-VQE (C invariant ansatz 3) circuit

▶ |Ψ0⟩ = |10010101⟩
▶ C |Ψ0⟩ = −1 |Ψ0⟩
▶ Pool P(3)

▶ Imax = 20000

▶ U
[n]
i (θ) := eiθAi (n)

q0 X

U
[0,0]
3 (θ0)

U
[0,1]
4 (θ1)

q1
q2

q3 X

q4

U
[0,1]
3 (θ2)

q5 X

q6

q7 X



The cost (CNOT depth/count after transpilation for ibm marrakesh)

▶ VQE:

▶ Nlayers = 4 is baseline

▶ ADAPT-VQE:

1. Not so naive greedy
2. Best greedy
3. C invariant α0 = +1
4. C invariant α0 = −1

5. C invariant α0 = −1
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Gate Decomposition1

q0

U
[0,1]
4 (θ)

q1
q2
q3
q4
q5
q6

q7

=

q0

R+

(
π
2

)
R+

(
−π

2

)
q1

R+

(
π
2

)
R+

(
−π

2

)
R+

(
π
2

)
R+

(
−π

2

)
q2

R+

(
π
2

)
R+

(
−π

2

)
R+

(
π
2

)
R+

(
−π

2

)
q3

R−(−θ) R−(θ)

q4

R+

(
π
2

)
R+

(
−π

2

)
R+

(
π
2

)
R+

(
−π

2

)
q5

R+

(
π
2

)
R+

(
−π

2

)
R+

(
π
2

)
R+

(
−π

2

)
q6

R+

(
π
2

)
R+

(
−π

2

)
q7

1Compression adapted from Algaba et al. [Alg+24]


