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Quarks
Gluons

?

QCD Various approaches

Hadrons are the most direct manifestations of QCD in the low energy regime.

We study hadrons using QCD sum rules.

Hadrons
Nuclei
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We investigate hadrons in medium.

What aspects of hadrons?

In-medium modification: Changes in mass and width broadening in hot or dense 
environments.

Probes for QCD behavior under extreme conditions (Early Universe, Neutron Stars, 
Heavy-ion Collisions).

The medium introduces an additional four-momentum, which increases the number of possible 
Lorentz scalars. As a result, the correlation function admits additional tensor structures.

Quantities equivalent in vacuum split into distinct longitudinal (L) and transverse (T) 
modes in medium.
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Accessible through dilepton decays

Mainly sensitive gluonic properties of the medium

Its compact size suppresses long-range hadronic effects

Provides a relatively simple picture of in-medium modification

We investigate  J/ψ  in medium

A useful probe of in-medium QCD dynamics
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QCD Sum Rules

jμ(x) = c̄(x)γμc(x) Πμν(q) = i∫ d4xeiq⋅x⟨T{jμ(x)j†
ν (0)}⟩

⟨0 | j |h⟩ ≠ 0

For the J/ψ

A                 couples to some hadroncurrent
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QCD Sum Rules

with jμ(x) = c̄(x)γμc(x)Πμν(q) = i∫ d4xeiq⋅x⟨T{jμ(x)j†
ν (0)}⟩

ρ(s) =
1
π

Im Π(s) = ∑
n

|⟨0 |J |n⟩ |2 δ(s − m2
n) .

f δ(s − m2
J/ψ) + θ(s − s0)

1
π

Im Πpert(s)

pole + continuum ansatz
Borel transform suppresses the continuum
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QCD Sum Rules

with jμ(x) = c̄(x)γμc(x)Πμν(q) = i∫ d4xeiq⋅x⟨T{jμ(x)j†
ν (0)}⟩

Π(Q2) = ∑
n

Cn(Q2) ⟨𝒪n⟩ at Q2 = − q2 ≫ 0
(to avoid physical spectrum)

 • Wilson coefficients
 • short-distance
 • perturbative

 • long-distance
 • nonperturbative

 • local operators / condensates
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In trivial vacuum

c |0⟩ = 0

In                    QCD vacuum

c |0⟩ ≠ 0

⟨c̄c⟩ ≠ 0 X Xc c

nontrivial
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background field method

Aa
μ = Āa

μ + aa
μ , Āa

μ : long-distance, nonperturbative background,

aa
μ : short-distance fluctuation

Fock-Schwinger gauge

xμAμ(x) = 0
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background field method

S(x,0)
=

G
X

S(1)(x,0)
+

G
X

S(2)(x,0)

G
X

+ …



14

S(0)

S(0)

S(0)

S(0)

S(0)
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15

S(0)

S(0)

S(0)

S(0)

S(0)

S(0)

S(2)

S(0)

S(1)

S(1)

S(3)

S(0)

perturbative term

CG2⟨G2⟩ CG3⟨G3⟩
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Πμν(q) = i∫ d4xeiq⋅x⟨T{jμ(x)j†
ν (0)}⟩

QCD Sum Rules

1
π

Im Π(s) = f δ(s − m2
J/ψ) + θ(s − s0)

1
π

Im Πpert(s)ΠOPE(Q2) = ∑
n

Cn(Q2) ⟨𝒪n⟩

ΠOPE(q2) =
1
π ∫ ds

Im Π(s)
s − q2 − iϵ
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Πμν(q) = i∫ d4xeiq⋅x⟨T{jμ(x)j†
ν (0)}⟩

QCD Sum Rules

1
π

Im Π(s) = f δ(s − m2
J/ψ) + θ(s − s0)

1
π

Im Πpert(s)ΠOPE(Q2) = ∑
n

Cn(Q2) ⟨𝒪n⟩

ΠOPE(q2) =
1
π ∫ ds

Im Π(s)
s − q2 − iϵ

quark gluon parameter hadronic quantity
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QCD Sum Rules

ΠOPE(q2) =
1
π ∫ ds

Im Π(s)
s − q2 − iϵ

+ Pn(q2)

Borel transform
ℳOPE(M2) = lim

n, Q2 → ∞
Q2/n = M2

(Q2)n+1

n! (−
d

dQ2 )
n

Π(Q2)

ℳ(M2) =
1
π ∫ ds e−s/M2 Im Π(s)

1. It                  the polynomial part

2. It                      higher-state contributions through an exponential weight

removes

suppresses
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QCD Sum Rules

ΠOPE(q2) =
1
π ∫ ds

Im Π(s)
s − q2 − iϵ

+ Pn(q2)

Borel transform
ℳOPE(M2) = lim

n, Q2 → ∞
Q2/n = M2

(Q2)n+1

n! (−
d

dQ2 )
n

Π(Q2)

ℳ(M2) =
1
π ∫ ds e−s/M2 Im Π(s)

ℳOPE(M2) = f0 e−m2
J/ψ /M2 + ∫

∞

s0

ds e−s/M2 ρpert(s)

with  1
π

Im Π(s) = f δ(s − m2
J/ψ) + θ(s − s0)

1
π

Im Πpert(s)



20

QCD Sum Rules

ℳOPE(M2) = f0 e−m2
J/ψ /M2 + ∫

∞

s0

ds e−s/M2 ρpert(s)

mJ/ψ(M2; s0) =
− ∂

∂(1/M2)
ℳ(M2; s0)

ℳ(M2; s0)

where ℳ(M2; s0) = ℳOPE(M2) − ∫
∞

s0

ds e−s/M2 ρpert(s)
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QCD Sum Rules

M2

mJ/ψ

ℳOPE(M2) = f0 e−m2
J/ψ /M2 + ∫

∞

s0

ds e−s/M2 ρpert(s)

∼
⟨Od⟩
Md

 • Large M2 :  better OPE convergence, weaker pole dominance

 • Small M2 :  stronger pole dominance, poorer OPE convergence

A reliable region: the Borel window

mJ/ψ,vac

QSR

1 2 3 4 5 6 7

3.05

3.10

3.15
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QCD Sum Rules

M2

mJ/ψ mexp − mQSR

mexp
≃ 1.7 %

mJ/ψ,vac

QSR

B.W.

1 2 3 4 5 6 7

3.05

3.10

3.15
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Finite- ⃗q dependence of heavy quarkonium near Tc

 • At sufficiently low temperature, the vacuum dispersion relation can still be used
as a good approximation

 • The medium introduces an additional four-momentum, increasing the number of
possible Lorentz scalars uμ = (1,0)

q2 → q2, u ⋅ q ⟨ αs

π
Ga

μαGa α
ν ⟩ =

1
4

gμνG0 + (uμuν −
1
4

gμν) G2ex)

scalar nonscalar
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Finite- ⃗q dependence of heavy quarkonium near Tc

⟨ αs

π
Ga

μαGa α
ν ⟩ =

1
4

gμνG0 + (uμuν −
1
4

gμν) G2ex)

scalar nonscalar

G0 = ⟨ αs

π
Ga

μνGa μν⟩
G2 =

4
3 [uμuν ⟨ αs

π
Ga

μαGa α
ν ⟩ −

1
4

G0]
tensor structure
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Finite- ⃗q dependence of heavy quarkonium near Tc

ΠJ(q) = i∫ d4x eiq⋅x⟨T{jJ(x)jJ(0)}⟩

jP = ih̄γ5h, jS = h̄h, jV
μ = h̄γμh, jA

μ = ( qμqν

q2
− gμν) h̄γ5γνh

Π̃P,S(ω2, q2) =
1
q2

ΠP,S

Π̃V,A
L (ω2, q2) =

1
q2

ΠV,A
00

Π̃V,A
T (ω2, q2) = −

1
2 ( 1

q2
ΠV,A μ

μ + Π̃V,A
L )
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Finite- ⃗q dependence of heavy quarkonium near Tc

ΠJ(q) = i∫ d4x eiq⋅x⟨T{jJ(x)jJ(0)}⟩

jP = ih̄γ5h, jS = h̄h, jV
μ = h̄γμh, jA

μ = ( qμqν

q2
− gμν) h̄γ5γνh

ℳJ
OPE(M2, q2) = e−νAJ(ν)[1 + αsaJ(ν) + bJ(ν)ϕb + (cJ(ν) +

q2

m2
h

dJ(ν)) ϕc]
with ν =

4m2
h

M2
, ϕb =

4π2

9(4m2
h)2

G0, ϕc =
4π2

3(4m2
h)2

G2 .
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Finite- ⃗q dependence of heavy quarkonium near Tc

 • We probe an                of the spectral function, not the full spectrum itself

 • Therefore, especially near Tc,  the qualitative            is more meaningful than the exact
numerical mass shift

integral

trend
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Finite- ⃗q dependence of heavy quarkonium near Tc

 • In medium, uμ provides an additional four-vector, allowing extra Lorentz scalars

 • Using Q2 = − ω2 + q2,
the momentum dependence can be separated into:

• trivial part absorbed into Q2

• nontrivial part from explicit q2

 • For spin-1 states, the nontrivial part may depend on polarization:

• longitudinal

• transverse

E2 − q2 = m2

E2 − q2 = m2(q2)
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Finite- ⃗q dependence of heavy quarkonium near Tc

E2 − q2 = m2
g(T, q2) ≃ m2

g(T,0) − α(T)q2 + ⋯

E(v)
E(0)

≃ 1 +
1
2 (1 − α(T))v2 + 𝒪(v4), v =

|q |
E(0)

E(v)
E(0)

≃ 1 +
1
2

v2 + 𝒪(v4)
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Finite- ⃗q dependence of heavy quarkonium near Tc

E(v)
E(0)

≃ 1 +
1
2 (1 − α(T ))v2 + 𝒪(v4), v =

|q |
E(0)
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Finite- ⃗q dependence of heavy quarkonium near Tc

m2
g(T, q2) ≃ m2

g(T,0) − α(T )q2
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Finite- ⃗q dependence of heavy quarkonium near Tc

P-wave is more sensitive
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Finite- ⃗q dependence of heavy quarkonium near Tc

momentum dependence at  ⃗q = 0
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Finite- ⃗q dependence of heavy quarkonium near Tc

1.
q2

m2
h

dJ(ν)ϕc =
q2

m2
h

4π2

3(4m2
h)2

dJ(ν)G2 2. more compact
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Next topic: K1
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K±
1  mesons moving in nuclear matter

K1 is a open strange meson K+
1 (us̄), K−

1 (ūs)

They are degenerate in vacuum,
but not in nuclear matter, where
charge-conjugation symmetry is broken.
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K±
1  mesons moving in nuclear matter

K1 is a open strange meson K+
1 (us̄), K−

1 (ūs)

They are degenerate in vacuum,
but not in nuclear matter, where
charge-conjugation symmetry is broken.

Π∓(Q2, ⃗q2) = Πe(Q2, ⃗q2) ± q0Πo(Q2, ⃗q2)
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K±
1  mesons moving in nuclear matter

|mL − mT | = 44 MeV at  | ⃗q | = 0.5 GeV |mL − mT | = 11 MeV at  | ⃗q | = 0.5 GeV
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K±
1  mesons moving in nuclear matter

K−
1 (sū)

K∗−(sū)
chiral partner

K̄0
1(sd̄)

isospin

K̄∗0(sd̄)
chiral partner

(K∗−, K−
1 , K̄0

1, K̄∗0) similar pattern
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Summary

● Nontrivial finite-q effects appear near Tc through medium-specific OPE structures.

● Polarization splitting occurs in spin-1 quarkonia; P-wave states are more sensitive
than S-wave states, while Υ(1S) is much less affected.

● We performed the same calculation for K1 in nuclear matter and found that
the mass shift of K−

1  is large.
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the mass shift of K−

1  is large.

Thank you


