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Introduction

Gluons	keep	hadrons	together!
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Introduction

Most of the mass of light baryons comes from quark dynamics

Total angular momentum J = L + S. 

.

Flavor states have roughly the same masses.
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Introduction

.  .  . 

.  .  . n-3 {

(3)

(n) Bethe-Salpeter equation.
QCD equivalent of Schrödinger eq.

Baryons from three-body equation

qqq numerically intensive                q-dq two-body equation 

*Eichmann, Hadron Physics with Functional methods, 2025
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Quark-diquark model

▶ Leading three-body contributions negligible – only two-body
interaction kernel remains:

Φ = K̃ (3)Φ → Φ =
3∑︂

i=1

K̃
(2)
i Φ

~

Φ Φ
K(2) ~

ΦΦ~
K(2)

K(2)

Figure: Faddeev approximation of BSE.

▶ Three-body equation → diquarks ”freeze” 1 DoF ↔
(pseudo-/scalar and axial-/vector) diquark BSE with
amplitude Γa, propagator Dab.
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Quark-diquark Bethe-Salpeter equation

Figure: Quark-Diquark BSE.

▶ Solve eigenvalue equation for λ(P2 = −M2) = 1:

Φa;ν1ν2..(p,P) = λ(P) [KG ](P)Φa;ν1ν2..(k,P)
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Rarita-Schwinger – Structure

▶ Higher spins fields from the Rarita-Schwinger formalism.

▶ Example:
(︁
1
2 ,

1
2

)︁
⊗
(︁
1
2 , 0

)︁
⊕
(︁
0, 12

)︁
=[︁(︁

1, 12
)︁
⊕
(︁
1
2 , 1

)︁]︁
⊕
[︁(︁

1
2 , 0

)︁
⊕
(︁
0, 12

)︁]︁ SO(3)→ 3
2 + 1

2 + 1
2

▶ Remove redundant components by imposing some constraints:

(iγ · ∂ −m)Ψµ1..µn(x) = 0 (1)

γµΨµ..µn = 0 (2)

∂µΨµ..µn = 0 (3)

Ψµ..µn , µ..µn symmetric (4)

Ψµ..µn , µ..µn traceless (5)
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Results

▶ Poles in the propagators limit the integration domain. We
extrapolate beyond the threshold.

▶ Extrapolation of eigenvalue curves with linear, quadratic and
cubic fits in least squares or Schlessinger-point-method 1 with
random sampling 2.

▶ The choice of extrapolation method is given by the standard
deviation and curvature. If the choice is ambiguous, the
average is used.

▶ Factor c in front of pseudo-scalar and vector kernel
reproduces beyond-rainbow-ladder effects.

1L. Schlessinger. Physical Review, 1968

2S. Hagel et al. The European Physical Journal A, 2026
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PRELIMINARY
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Deprecated
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Summary and outlook

▶ Improve our diquark ingredients.

▶ Higher-spin baryons in three-quark picture, beyond
rainbow-ladder.

▶ Expand our calculations to the heavy baryon sector.

▶ Implement contour deformations to avoid extrapolations.
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Bonus Slides

1. Quark Propagator

2. Color-flavor matrices

3. Tensor parity

4. Spin projection

5. Rarita-Schwinger

6. Angular momentum operator

7. More
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Dyson-Schwinger equations

DSEs encode the dynamical be-
havior of quarks and gluons.
Rainbow-Ladder is a simplifica-
tion with the effective coupling
α(k2):

g2ZΓD
µν(k) → 4πZ 2

2α(k)
Tµν

k2
,

Γµ → iγµ.

Rainbow approximation

α(k) = πη7
k2

Λ2
e−η2x + UV

α(k) from ansatz by Maris &
Tandya. Parameters set by Pion
mass and decay constant, from
its BSE.

aP. Maris and P. C. Tandy.

Physical Review, 1999
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Tensor decomposition

Figure: Quark-Diquark BSE.

▶ Expand BSA in tensor basis.

▶ Φa;µ1..µn = Φcolor⊗Φflavor⊗
∑︁

k fk(p
2, p ·P, ..){σa;µ1..µn

k (p,P)}.

▶ σa,µ1..µn

i (p,P) = (γ5)⏞⏟⏟⏞
parity

τ a,ν1..νni (p,P)⏞ ⏟⏟ ⏞
dynamic

Λ+(P)⏞ ⏟⏟ ⏞
energy

Pν1..νn;µ1..µn(P)⏞ ⏟⏟ ⏞
spin

.
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Tensor decomposition – Momenta

▶ σa,µ1..µn

i (p,P) = (γ5)⏞⏟⏟⏞
parity

τ a,ν1..νni (p,P)⏞ ⏟⏟ ⏞
dynamic

Λ+(P)⏞ ⏟⏟ ⏞
energy

Pν1..νn;µ1..µn(P)⏞ ⏟⏟ ⏞
spin

.

▶ Search orthonormal basis!

▶ Construct general basis from Dirac tensors {1, /r , /P, /p/P} with
set of {γµT , r

µ, dµ} for every index.

▶ Momentum products rµrν ..rω → ℓµν..ω are replaced by
eigenstates of the orbital angular momentum operator L2.

▶ Operators constrain basis to at most 10 elements for any spin.
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Tensor decomposition – Parity

▶ The parity transformation is Λµν = diag(−1,−1,−1, 1).

▶ Contracting the Bethe-Salpeter amplitude Φa;µ..ν with the
Rarita-Schwinger spinor uµ..ν gives the baryon spinor Φαβγ .

uµ1..µn(p, s) =
∑︂
M,s′

⟨︄
n,M;

1

2
, s ′

⃓⃓⃓⃓
⃓n, 12 , n+1

2
, s

⟩︄
ϵµ1..µn

M (p)u(p, s ′).

▶ Parity behavior of uµ1..µn translates to parity behavior of the
baryon spinor and gives conditions for the basis,

γ4Φ0;ρ1..ρn(Λp,ΛP)Λρ1ν1 ..Λρnνnγ4
!
= (−1)n Φ0;ν1..νn(p,P),

γ4ΛµδΦδ;ρ1..ρn(Λp,ΛP)Λρ1ν1 ..Λρnνnγ4
!
= (−1)n+1 Φµ;ν1..νn(p,P).

▶ Append γ5 matrices to have scalar and axialvector
components transform the same.
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Tensor decomposition – Angular momentum

▶ Defining Lµ1..µℓ(ℓ) = ℓµ1..µℓ 1 and /L
µ1..µℓ−1(ℓ) = γµℓℓµ1..µℓ ;

orthogonal spin n + 1
2 scalar and and axial basis:

τ 0;ν..νn
1 = b1L

ν1..νn(n)

τ 0;ν..νn
2 = b2/L

ν1..νn(n + 1)

τµ;ν1..νn

3 = b3δ
µν1Lν2..νn(n − 1)

τµ;ν1..νn

4 = b4

[︃
δµν1/L

ν2..νn(n)− 2

3
γµTL

ν1..νn(n)

]︃
τµ;ν1..νn

5 = b5d
µLν1..νn(n)

τµ;ν1..νn

6 = b6d
µLν1..νn(n + 1)

τµ;ν1..νn

7 = b7γ
µ
TL

ν1..νn(n)

τµ;ν1..νn

8 = b8γ
µ
TL

ν1..νn(n + 1)

τµ;ν1..νn

9 = b9

[︃
Lµν1..νn(n + 1)− 1

3
γµT /L

ν1..νn(n + 1)

]︃
τµ;ν1..νn

10 = b10/L
µν1..νn(n + 2).
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Color and flavor

▶ Φa;µ1..µn = Φcolor⊗Φflavor ⊗
∑︁

k fk(p
2, p·P, ..){σa;µ1..µn

k (p,P)}

▶ Include scalar 0+, axialvector 1+, pseudoscalar 0−, and vector
1− diquarks..

▶ With isospin symmetry u = d , extract color-flavor factors
from su(3)c and su(2)f . Matrix components correspond to
diquarks in the kernel. Example with just sc. and av.:

[Φcolor ⊗ Φflavor] ↔
(︃
SS SA
AS AA

)︃

N :
1

2

(︃
−1

√
3√

3 1

)︃
, ∆ :

(︃
0 0
0 −1

)︃
.
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Spin projection operators

▶ Label relativistic states by eigenvalues of Poincaré invariants
PµPµ and W = W µW µ.

▶ General projection operator3

P(j) =
∏︂
j ′ ̸=j

W + j ′(j ′ + 1)p2

−j(j + 1)p2 + j ′(j ′ + 1)p2

▶ W for each irreducible sector → hard to generalize.

▶ Highest spin only contained once within RS representation.

3A. Aurilia and H. Umezawa. Physical Review, 1969
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Spin projection operators – Rarita-Schwinger

▶ ⇒ Ansatz with δµν , γµ, pµ from constraints4.

Using Tµν
p = δµν − 1

p2
pµpν and a

(n)
l

= − 1
2l
a
(n)
l−1

(n−2l+2)(n−2l+1)
2n+1−2l

, a
(n)
0 = 1, for even j = n,

Pµ1..µn
ν1..νn

(j, p) =
(︂ 1

n!

)︂2 ∑︂
P̃(µ),P̃(ν)

[︃
a
(n)
0

n∏︂
i=1

T
µiνi
p + a

(n)
1 Tµ1µ2

p Tν1ν2
p

n∏︂
i=3

T
µiνi
p + ...

+ a
(n)
n
2

Tµ1µ2
p Tν1ν2

p × ... × T
µn−1µn
p T

νn−1νn
p

]︂
,

for odd integer j = n

Pµ1..µn
ν1..νn

(j, p) =
(︂ 1

n!

)︂2 ∑︂
P̃(µ),P̃(ν)

[︃
a
(n)
0

n∏︂
i=1

T
µiνi
p + a

(n)
1 Tµ1µ2

p Tν1ν2
p

n∏︂
i=3

T
µiνi
p + ...

+ a
(n)
n−1
2

Tµ1µ2
p Tν1ν2

p × ... × T
µn−2µn−1
p T

νn−2νn−1
p Tµnνn

p

]︂
,

and, for half-integer spin j = n − 1
2
,

P
µ1..µn−1
ν1..νn−1

(j, p) =
n

2n + 1
γ
µ
γ
νP

µµ1..µn−1
νν1..νn−1

(︃
j +

1

2
, p

)︃
.

4C. Fronsdal. On the theory of higher spin fields.
Il Nuovo Cimento, 1958
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Rarita-Schwinger – structure

▶ Four vector V µ ∈
(︁
1
2 ,

1
2

)︁
.

▶ Dirac Bispinor ξδ ∈
(︁
1
2 , 0

)︁
⊕
(︁
0, 12

)︁
.

▶ Construct general tensor
Ψµ1..µn

δ ∈
(︁
1
2 ,

1
2

)︁
⊗ ..⊗

(︁
1
2 ,

1
2

)︁
⊗
(︁(︁

1
2 , 0

)︁
⊕
(︁
0, 12

)︁)︁
.

▶ d(V µ) = 4, d(ψδ) = 4 ⇒ 4(n+1) components. Multiple spin
sectors from decomposition into SO(3).

▶ Irreducible
(︁
n + 1

2 , 0
)︁
⊕
(︁
0, n + 1

2

)︁
representation of spin

n + 1
2 with d = 4n + 4.
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Angular momentum eigenstates

▶ L2 = 2rα ∂
∂rα + (rαrβ − Tαβ

P ) ∂
∂rα

∂
∂rβ

with eigenstates

rα1 × ...× rαℓ + a(1,ℓ) (Tα1α2rα3 × ...× rαℓ + Tα1α3rα2rα4 × ..

+ ...+ Tαℓ−1αℓrα1 × ...× rαℓ−2)

+ a(2,ℓ) (Tα1α2Tα3α4rα5 × ...× rαℓ + ...)

+ ...

▶ The normalized coefficients are

a(k,ℓ) = − 2a(k−1,ℓ)

2k(1−2k+2ℓ) , 1 ≤ k ≤ floor
(︁
ℓ
2

)︁
; a(l ,0) = 1
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On-shell decaying particles?

▶ Our ”resonances” are bound states in that they have no
hadronic decay widths.

▶ But we can actually still calculate decay widths from the
residues of the transition form factors (for example from
N ⇒ ∆). Feeding these back into the BSE shifts the poles
into the complex plane, however, the real parts of the masses
remain basically unchanged5.

▶ Beyond rainbow-ladder effects (meson-baryon dynamics)
should, in principle, also shift our poles into the complex plane
and should have an effect on our masses6. Their exact impact
remains to be analysed.

5V. Mader et al. Physical Review D, 2011

6G. Eichmann et al. Physical Review D, 2016
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