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Hadron Physics

Hadron spectrum dictated by QCD dynamics - quark and gluon bound states

Hadrons are the observable particles of QCD

Important to understand their properties:

Radius; spin-, momentum-, charge distributions

Interaction with external currents
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Factorization and matrix elementPDFs/TMDs

Hadronic part is non-perturbative. Can we use functional methods?

Start first with a scalar toy model (massive Wick-Cutkosky)

Highlighted part is the hadronic part. Process independent (calculate once use forever) 

Hard interaction scale provides separation between hard scattering and hadronic part

Perturbative theory treatment from high scales to factorization scale. 
Anything else in the hadronic matrix element
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We can use non-perturbative functional methods to build a matrix element

 Starting point is the impulse approximation.

The propagators are given by their
Dyson-Schwinger Equation

The meson amplitudes are given by
their Bethe-Salpeter Equation

The four-point function is given by
its Scattering equation

Getting the matrix element

Desired distributions obtained by tracing
and integrating over 

(Mezrag; 2015)

(Mezrag, Chang, Moutarde, Roberts, Rodríguez-Quintero, Sabatié, Schmidt; 2015)
(Diehl, Gousset; 1998) (Tiburzi, Miller; 2003)
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Dyson-Schwinger Equations

Exact, full, non-perturbative quantum equations of motion (in principle)
Relate the di�erent n-point functions in an infinte tower of equations
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Dyson-Schwinger Equations

Exact, full, non-perturbative quantum equations of motion (in principle)
Relate the di�erent n-point functions in an infinte tower of equations

In practice: tower of equations must be truncated

Truncation choice depends on object of study
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(Homogeneous)

Four-point function calculated from the scattering equation (inhomogeneous BSE)

Bethe-Salpeter Equation
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(Homogeneous)

Four-point function calculated from the scattering equation (inhomogeneous BSE)

Just equate the residues on both sides: BSE. Gives the pole positions directly.

The Bethe-Salpeter Wavefunctions (BSWF) are the residues of the four-point function

The Bethe-Salpeter Wavefunctions (BSWF) describe the state.

Bethe-Salpeter Equation
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We can use Lorentz invariants to define light-front quantities
Starting with the disconnected diagram: valence contributions

With the requirement that the external legs
have a fixed LF longitudinal momentum fraction:

We can now use the functional methods results 
for PDF calculation 

Requires analytic continuation of amplitudes: Schlessinger Point Method

We can check correctness by the sum rules: Vector WTI

Functional methods: Euclidean metric. Need contour deformations.

From functional methods to the light-front

(Eichmann, EF, Stadler; 2021)
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Minkowski/LF
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Minkowski/LF

Wick Rotation
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Euclidean
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Minkowski
Euclidean

Avoiding cuts in   
selects the correct residues 
in Minkowski space 

Correspondance between
Minkowski and Euclidean 

10



Minkowski
Real Axis
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Euclidean

Avoiding cuts in   
selects the correct residues 
in Minkowski space 

Correspondance between
Minkowski and Euclidean 



Minkowski
Real Axis
Deformed
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Euclidean

Avoiding cuts in   
selects the correct residues 
in Minkowski space 

Correspondance between
Minkowski and Euclidean 



Results for valence PDF
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Add four-point function calculated from scattering equation

This is the non-valence part:
Diagram becomes two-loop: harder computationally; non trivial analytic structure

How does the LF projection work now? Work in progress...

Scalar model? Done!

QCD? In progress!

Adding the four-point function

Need to calculate the
4 point function:
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Basically, we make explicit that the quark can transfer plus-momentum to gluon

Sum rule is satisfied

Final checks, integrating full four-point function

Looks good so far... PRELIMINARY AREA
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And for QCD?



What is the Four-point function?

Describes scattering of quark-antiquark pairs 

All possible quark-antiquark interactions: full QCD dynamics

Encodes meson spectrum: Hadron physics

Contains all quark physics: perturbative & non-perturbative
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DSEs and truncations

Need truncation for quark DSE: Maris-Tandy model

Quark-gluon vertex and gluon are replaced by e�ective charge

Meson BSE and scattering function must use the same kernel:

This assures symmetries are preserved: especially AV-WTI

(Maris, Roberts; 1997)
(Maris, Tandy; 1999)

(Maris, Tandy; 2000)
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Collection of "dominant" dressings

Collection of some dressing functions 

Challenge now is finding a useful (interesting) basis

16



Extracting PDFs/TMDs reliably still open question
We have are developing a new method from functional methods input

Generalizable to all kinds of theories: QCD, EW, ...
Very good results for the valence contributions

Good progress on beyond valence: in reach

Conclusion
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