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January 29, 2016 
 
Dear Yang         
 
Congratulations! The Admissions Committee of the Physics and Astronomy Department has 
reviewed your application materials, and we are pleased to inform you, your application to the 
graduate program has been approved by the Department. Admission has been recommended to 
Graduate Studies, and you will receive official notification from them. Please take time to review 
the Graduate Studies General Policies and standards.  
 
We would like to offer you a Graduate Teaching Assistantship (GTA) on behalf of the 
Department of Physics and Astronomy. This appointment will be for 20 hours a week, a 50% 
appointment. Tuition is waived for GTAs with appointments of 40% or more, but you must pay a 
portion of the required campus fees, which is approximately $280 per semester. 
 
This offer of support is for the 2016-17 academic year. We anticipate this level of support for up 
to four Semesters total, not including Summer Sessions. The offer is subject to availability of 
funding, and it is contingent upon your continued eligibility to hold a GTA position.  The amount 
of the stipend will be at least $9,100 per Semester. Eligibility requirements include but are not 
limited to being in good academic standing and making satisfactory progress toward a graduate 
degree, as determined by the Office of Graduate Studies as well as the department in which you 
are enrolled. For a list of policies specific to GTAs and Graduate Research Assistants (GRAs) 
please refer to the Graduate Studies guidelines. The continuation of support will also be based on 
adequate performance of duties assigned.   
 
In addition to the GTA position, the Admissions Committee has selected you as a nominee for 
two very prestigious scholarship opportunities: the Dorothy Clark Lettice Scholarship and the 
John H. Nelson Scholarship. The nominations have already been submitted on your behalf, so 
there is no additional action required from you. As these are just nominations, we cannot 
guarantee you will be granted the awards, but please know that your nomination alone speaks to 
the high quality of your application and current academic standing.  
 
The University of Kansas also makes this offer contingent upon appropriate proficiency in 
English.  All international students will be expected to obtain passing scores on all speak tests as 
required by KU to be a graduate student, and higher scores for GTA. For more information and 
specific requirements for admission and GTA status, please see the University’s English 
Proficiency Requirements.  In the event KU’s English proficiency standards are not met, the 
offer of admission will be rescinded. We strongly recommend international students contact the 
Office of International Student Services (ISS) immediately to start the process of obtaining the 
necessary Visa documentation. 
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There was a Skype call with Ian

YM: I noticed you have written many papers together with Tao Han

IL: Yes, that is my Ph.D. supervisor at Madison
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YM: I noticed you have written many papers together with Tao Han

IL: Yes, that is my Ph.D. supervisor at Madison

YM: So this is your “academic father?”

IL: Exactly! 
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There was a Skype call with Ian

YM: I noticed you have written many papers together with Tao Han

IL: Yes, that is my Ph.D. supervisor at Madison

YM: So this is your “academic father?”

IL: Exactly! 

YM: How is this guy?

IL: Good!!!! 
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Three days after the Spring Festival
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Three days after the Spring Festival

Sorry, Ian!


my academic brother


I am going to Pittsburgh
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EW radiations at high energies
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Electroweak Splitting Functions and High Energy

Showering

Junmou Chen, Tao Han and Brock Tweedie

Pittsburgh Particle physics, Astrophysics, and Cosmology Center,
Department of Physics and Astronomy, University of Pittsburgh,
3941 O’Hara St., Pittsburgh, PA 15260, USA

E-mail: juc44@pitt.edu, than@pitt.edu, bat42@pitt.edu

Abstract: We derive the electroweak (EW) collinear splitting functions for the Standard

Model, including the massive fermions, gauge bosons and the Higgs boson. We first present

the splitting functions in the limit of unbroken SU(2)L → U(1)Y and discuss their general

features in the collinear and soft-collinear regimes. These are the leading contributions at

a splitting scale (kT ) far above the EW scale (v). We then systematically incorporate EW

symmetry breaking (EWSB), which leads to the emergence of additional “ultra-collinear”

splitting phenomena and naive violations of the Goldstone-boson Equivalence Theorem.

We suggest a particularly convenient choice of non-covariant gauge (dubbed “Goldstone

Equivalence Gauge”) that disentangles the effects of Goldstone bosons and gauge fields in

the presence of EWSB, and allows trivial book-keeping of leading power corrections in v/kT .

We implement a comprehensive, practical EW showering scheme based on these splitting

functions using a Sudakov evolution formalism. Novel features in the implementation in-

clude a complete accounting of ultra-collinear effects, matching between shower and decay,

kinematic back-reaction corrections in multi-stage showers, and mixed-state evolution of

neutral bosons (γ/Z/h) using density-matrices. We employ the EW showering formalism

to study a number of important physical processes at O(1–10 TeV) energies. They include

(a) electroweak partons in the initial state as the basis for vector-boson-fusion; (b) the

emergence of “weak jets” such as those initiated by transverse gauge bosons, with indi-

vidual splitting probabilities as large as O(35%); (c) EW showers initiated by top quarks,

including Higgs bosons in the final state; (d) the occurrence of O(1) interference effects

within EW showers involving the neutral bosons; and (e) EW corrections to new physics

processes, as illustrated by production of a heavy vector boson (W →) and the subsequent

showering of its decay products.

Keywords: Electroweak gauge bosons, the Higgs boson, Parton Showers, Hadron colliders
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Figure 1: Schematic processes involving a collinear splitting A → B + C in either the

final state (left) or initial state (right).

Equivalence Gauge, the corresponding Feynman rules and illustrative examples of practical

calculations, more details on the density-matrix formalism for coherent Sudakov evolution,

and a short description of our virtuality-ordered showering program used for obtaining

numerical FSR results.

2 Showering Preliminaries and Novel Features with EWSB

We first summarize the general formalism for the splitting functions and evolution equations

with massive particles that forms the basis for the rest of the presentation. We then lay

out some other novel features due to EWSB.

2.1 Splitting formalism

Consider a generic hard process nominally containing a particle A in the final state, slightly

off-shell and subsequently splitting to B and C, as depicted in Fig. 1 (left figure). In the

limit where the daughters B and C are both approximately collinear to the parent particle

A, the cross section can be expressed in a factorized form [2]

dσX,BC " dσX,A × dPA→B+C , (2.1)

where dP is the differential splitting function (or probability distribution) for A→ B +C.

A given splitting can also act as the “hard” process for later splittings, building up jets.

The factorization of collinear splittings applies similarly for initial-state particles, leading

to the picture of parton distribution functions (PDFs) for an initial state parton B or C,

as in Fig. 1 (right figure),

dσAB′→CX " dPA→B+C × dσBB′→X . (2.2)

We will discuss this situation in the next subsection. While our main focus here is on the

leading-log resummation of these splitting effects in a parton shower/evolution framework,

at a leading approximation Eqs. (2.1) and (2.2) can also be taken as-is, with a unique

splitting in the event and no virtual/resummation effects, in order to quickly capture the

tree-level collinear behavior of high energy processes. In our further analyses, we will refer

to such a treatment as a “fixed-order EW shower” or “fixed-order EW FSR (ISR).”

– 6 –
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Towards future muon colliders 

 

High energy leptonic collisions and electroweak parton
distribution functions

Tao Han ,* Yang Ma ,† and Keping Xie ‡

PITT PACC, Department of Physics and Astronomy, University of Pittsburgh,
3941 O’Hara Street, Pittsburgh, Pennsylvania 15260, USA

(Received 28 August 2020; revised 16 November 2020; accepted 26 January 2021; published 18 February 2021)

In high-energy leptonic collisions well above the electroweak scale, the collinear splitting mechanism of
the electroweak gauge bosons becomes the dominant phenomena via the initial state radiation and the final
state showering. We point out that at future high-energy lepton colliders, such as a multi-TeV muon
collider, the electroweak parton distribution functions (EW PDFs) should be adopted as the proper
description for partonic collisions of the initial states. The leptons and electroweak gauge bosons are the
EW partons, that evolve according to the unbroken Standard Model (SM) gauge group and that effectively
resum potentially large collinear logarithms. We present a formalism for the EW PDFs at the leading-log
(LL) accuracy. We calculate semi-inclusive cross sections for some important SM processes at a future
multi-TeV muon collider. We conclude that it is appropriate to adopt the EW PDF formalism for future
high-energy lepton colliders.

DOI: 10.1103/PhysRevD.103.L031301

I. INTRODUCTION

With the discovery of the Higgs boson at the CERNLarge
Hadron Collider (LHC), the particle spectrum of the
Standard Model (SM) is complete. The next target at the
energy frontier will be to study the Higgs properties and to
search for the next scale beyond the SM [1]. The physics
potential for TeV-scale eþe− linear colliders, such as the
International Linear Collider [2] and the CERN Compact
Linear Collider (CLIC) [3], has been studied to great details.
More recently, due to the breakthrough in the cooling
technology for a muon beam [4], there has been renewed
interest in constructing a μþμ− collider reaching a center-
of-momentum energy (c.m. energy)

ffiffiffi
s

p
∼Oð10 TeVÞ.

Advancement of the wake-field electron acceleration tech-
nology [5] has also been encouraging to have stimulated our
ambition for reaching multi-TeV threshold in leptonic
collisions.
Lepton colliders provide a clean experimental environ-

ment for precision measurements of physical observables
and for discovery of new particles. Near a mass threshold,
the eþe− annihilation may produce a new particle singly in

the s-channel, or a particle/anti-particle in pair. As the
beam energy increases, the initial state radiation (ISR)
becomes substantial. It not only degrades the colliding
energies of the leptons, but also generates new reactions of
the radiation fields. The most familiar phenomenon is
the collinear photon radiation off the high energy
charged particles given by the Weizsäicker-Williams spec-
trum [6,7]

Pγ;lðxÞ ≈
α
2π

Pγ;lðxÞ ln
E2

m2
l
; ð1Þ

where the splitting functions are Pγ=lðxÞ¼ð1þð1−xÞ2Þ=x
for l → γ and Pl=lðxÞ ¼ ð1þ x2Þ=ð1 − xÞ for l → l, with
an energy xE off the charged lepton beam of energy E. This
is the leading order effective photon approximation (EPA).
In Fig. 1, we show some representative production cross

sections versus the μþμ− c.m. energy
ffiffiffi
s

p
for

μþμ− → WþW−; ZZ; tt̄; ZH and tt̄H: ð2Þ

The dashed (falling) curves are for the direct μþμ−

annihilation, and the solid curves (slightly above the
dashed) include the ISR effects [8]. We see the typical
fall of the annihilation cross sections as 1=s. The ISR
reduces the c.m. energy at the collision and thus increases
the cross section. At

ffiffiffi
s

p
¼ 10 TeV (30 TeV), the cross

section for μþμ− → tt̄ production can be enhanced by 40%
(60%) due to the ISR effects. Owing to the collinear
enhancement, the two-photon (γγ) fusion processes grow

*than@pitt.edu
†mayangluon@pitt.edu
‡xiekeping@pitt.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 103, L031301 (2021)
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2470-0010=2021=103(3)=L031301(6) L031301-1 Published by the American Physical Society

states in Eq. (4) for l ¼ μ with a scale Q ¼ 3 TeV and
5 TeV. For completeness, we have also included the quarks
q ¼

Pt
i¼dðqi þ q̄iÞ and gluons from the higher-order

splittings. We give the averaged momentum fractions
hxfii ¼

R
xfiðxÞdx carried by various parton species in

Table I. The two scale choices lead to less than 20%
difference for the EW PDFs. As expected, the fermionic
states sharply peak at x ≈ 1, while the bosonic states peak at
x ≈ 0, reflecting the infrared behavior. It is noted that there
is an enhanced rate at small x for the fermions, deviating
from the leading order behavior ∼1=ð1 − xÞ. This is from
the soft γ%=Z%=W% splitting at higher orders. Owing to the
large flux of photons at low scales, the neutral EW PDFs
are largest. Unlike all the other EW PDFs that scale
logarithmically with Q, the longitudinal gauge bosons
ðWL; ZLÞ do not scale with Q at the leading order

[15,16,26]—an explicit example for Bjorken-scaling
restoration.

III. CROSS SECTIONS FOR SEMI-INCLUSIVE
PROCESSES IN μ+ μ− COLLISIONS

We write the production cross section of an exclusive
final state F and the unspecified remnants X in terms of the
parton luminosity dLij=dτ and the corresponding partonic
subprocess cross section σ̂

σðlþl− → F þ XÞ ¼
Z

1

τ0

dτ
X

ij

dLij

dτ
σ̂ðij → FÞ;

dLij

dτ
¼ 1

1þ δij

Z
1

τ

dξ
ξ

!
fiðξ; Q2Þfj

"
τ
ξ
; Q2

#
þ ði ↔ jÞ

$
;

ð6Þ

where τ ¼ ŝ=s with
ffiffiffi
s

p
ð

ffiffiffi
ŝ

p
Þ the collider (parton) c.m.

energy. The production threshold is τ0 ¼ m2
F=s.

In presenting our results for production of SM particles
at a high-energy lepton collider, for definitiveness, we
consider a future μþμ− collider with multi-TeV energies. It
is informative to first examine the parton luminosities as
shown in Fig. 2(b) for

ffiffiffi
s

p
¼ 30 TeV versus

ffiffiffi
τ

p
, with a

variety of partonic initial states. The upper horizontal axis
labels the accessible

ffiffiffi
ŝ

p
. Although we properly evolve the

EW PDFs according to the unbroken SM gauge groups, we
convert the states back for the sake of common intuition,
shown in the figure for μþμ−; νμν̄μ; γγ=ZZ=γZ;WTWT and
WLWL. We see that the fermionic luminosities peak near
the machine c.m. energy τ ≈ 1, while the gauge boson
luminosities, generically called vector boson fusion (VBF)
dominate at lower partonic energy

ffiffiffi
ŝ

p
. As noted earlier, the

neutral gauge boson luminosities are the largest, followed
by WT and WL.
We emphasize the “inclusiveness” of the production

processes. For example, for an exclusive final state of tt̄
production, one needs to sum over all the observationally
indistinguishable partonic contributions in the initial state
μþμ−; γγ; γZ; ZZ;WþW− → tt̄. Contributions from the
quark and gluon initial states are sub-leading as seen in
the parton luminosities in Fig. 2(b), and we do not include
them in the cross section calculations throughout this paper.
Since the collinear remnants are not observationally
resolved, one cannot separate the μþμ−=νμν̄μ annihilations
from the VBF. For this reason, we call such processes, i.e.,
μþμ− → tt̄ “semi-inclusive.” This is analogous to the tt̄
production at hadron colliders from the partonic sub-
processes qq̄; gg → tt̄.
In Fig. 3(a), we show the semi-inclusive production cross

sections at a μþμ− collider versus the collider c.m. energyffiffiffi
s

p
from 1 TeV to 30 TeV. We choose the factorization

TABLE I. Momentum fractions (%) carried by various parton
species. The sea leptons include lsea ¼ μ̄þ

P
i≠μðli þ l̄iÞ and

ν ¼
P

iðνi þ ν̄iÞ. The quark components include all the 6 flavors.

Q μ γ; Z; γZ W& ν lsea q g

MZ 97.9 2.06 0 0 0.028 0.035 0.0062
3 TeV 91.5 3.61 1.10 3.59 0.069 0.13 0.019
5 TeV 89.9 3.82 1.24 4.82 0.077 0.16 0.022

(a)

(b)

FIG. 2. Distributions for (a) EW PDFs fiðxÞ and, (b) parton
luminosities dLij=dτ versus

ffiffiffi
τ

p
for

ffiffiffi
s

p
¼ 30 TeV with a fac-

torization scale Q ¼
ffiffiffi
ŝ

p
=2 (solid) and

ffiffiffi
ŝ

p
(dashed).

HIGH ENERGY LEPTONIC COLLISIONS AND ELECTROWEAK … PHYS. REV. D 103, L031301 (2021)

L031301-3
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Abstract: High-energy lepton colliders with a centre-of-mass energy in the multi-TeV
range are currently considered among the most challenging and far-reaching future acceler-
ator projects. Studies performed so far have mostly focused on the reach for new phenomena
in lepton-antilepton annihilation channels. In this work we observe that starting from col-
lider energies of a few TeV, electroweak (EW) vector boson fusion/scattering (VBF) at
lepton colliders becomes the dominant production mode for all Standard Model processes
relevant to studying the EW sector. In many cases we find that this also holds for new
physics. We quantify the size and the growth of VBF cross sections with collider energy for
a number of SM and new physics processes. By considering luminosity scenarios achievable
at a muon collider, we conclude that such a machine would effectively be a “high-luminosity
weak boson collider,” and subsequently offer a wide range of opportunities to precisely
measure EW and Higgs couplings as well as discover new particles.

Keywords: Lepton Colliders, Muon Collider, Vector Boson Fusion, Standard Model, Stan-
dard Model Effective Field Theory, Beyond the Standard Model
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Figure 2. (a) As a function of fractional scattering scale
p

⌧ = MV V 0/
p

s, the (dimensionless)
parton luminosities � for W

+
T

W
�
T

(red), W
±
T

W
⌥
0 (green), W

+
0 W

�
0 (blue) in both pp (hatched

shading) and µ
+
µ

� (solid shading) collisions. (b) The same but for W
+
�

W
�
�0 (solid shading) and

Z�Z�0 (hatched shading) in µ
+
µ

� collisions with (�, �
0
) = (T, T ) (red), (0, T ) + (T, 0) (green), and

(0, 0) (blue). Band thickness corresponds to the µf dependency as quantified in the text.

As a function of fractional scattering scale
p

⌧ = MV V 0/
p

s, where
p

s is the total
collider energy and MV V 0 is the V V

0-system invariant mass, we plot in figure 2(a) the parton
luminosities for W

+
T

W
�

T
(red), W

±

T
W

⌥

0 (green), W
+
0 W

�

0 (blue) in both pp (hatched shading)
and µ

+
µ
� (solid shading) collisions. Due to our choice to set the collinear factorization scale

µf to half the partonic c.m. energy (see below equation 3.2 for details), the curves possess
a (logarithmic) dependence on the collider energy. To take this ambiguity/dependency
into account, we plot the envelopes for each parton luminosity spanned by varying

p
s =

14 TeV � 200 TeV (3 TeV � 30 TeV) for the proton (muon) case. The precise ranges of
p

s and
p

⌧ that we consider help ensure that the partonic fraction of energy is neither too
small nor too big, and hence that the EWA remains reliable [39]. We report that this
“uncertainty” has little impact on our qualitative and quantitative assessments.

In figure 2(a), we find that for each helicity polarization configuration, the W�W�0

luminosity in µ
+
µ
� collisions unambiguously exceeds the analogous luminosity in pp colli-

sions over the
p

⌧ considered. At
p

⌧ = 0.2 (0.5) [0.8], we find that the W�W�0 luminosities
at a muon collider are roughly 10

2
� 10

3
(10

4
� 10

6
) [10

8
� 10

9
] times those of a proton

collider. Hence, for a fixed collider energy p
sµ =

p
sp, the likelihood of WW scattering in

µ
+
µ
� collisions is much higher than for pp collisions. We attribute this to several factors:

First is that the emerging EW PDFs in proton beams are a subdominant phenomenon in
perturbation theory whereas in muon beams they arise at lowest order. Relatedly, as muons
are point particles, they carry more energy than typical partons in a proton beam with the
same beam energy. This enables EW PDFs in µ

+
µ
� collisions to access smaller momentum

fractions ⇠, thereby accessing larger PDF enhancements at smaller ⇠.
To further explore this hierarchy, we compare in figure 2(b) the µ

+
µ
� collider lumi-

nosities for W
+
�

W
�

�0 (solid shading) and Z�Z�0 (hatched shading) pairs, for (�, �
0
) = (T, T )

– 11 –
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The partonic picture of multi-TeV muC3

FIG. 2. Distributions for (a) EW PDFs fi(x) and, (b) par-
ton luminosities dLij/dω versus

→
ω for

→
s = 30 TeV with a

factorization scale Q =
→
ŝ/2 (solid) and

→
ŝ (dashed).

partonic sub-process cross section ω̂

ω(ε+ε→ → F +X) =
∫ 1
ω0
dϑ

∑
ij

dLij

dω ω̂(ij → F ), (6)

dLij

dω = 1
1+εij

∫ 1
ω

dϑ
ϑ

[
fi(ϖ, Q2)fj

(
ω
ϑ , Q

2
)
+ (i ↑ j)

]
,

where ϑ = ŝ/s with
↓
s (

↓
ŝ) the collider (parton)

c.m. energy. The production threshold is ϑ0 = m
2
F /s.

In presenting our results for production of SM parti-
cles at a high-energy lepton collider, for definitiveness,
we consider a future µ

+
µ
→ collider with multi-TeV en-

ergies. It is informative to first examine the parton lu-
minosities as shown in Fig. 2(b) for

↓
s = 30 TeV versus

↓
ϑ , with a variety of partonic initial states. The up-

per horizontal axis labels the accessible
↓
ŝ. Although

we properly evolve the EW PDFs according to the un-
broken SM gauge groups, we convert the states back for
the sake of common intuition, shown in the figure for
µ
+
µ
→
, ϱµϱ̄µ, ςς/ZZ/ςZ, WTWT and WLWL. We see

that the fermionic luminosities peak near the machine
c.m. energy ϑ ↔ 1, while the gauge boson luminosities,
generically called vector boson fusion (VBF) dominate at
lower partonic energy

↓
ŝ. As noted earlier, the neutral

gauge boson luminosities are the largest, followed by WT

and WL.
We emphasize the “inclusiveness” of the production

processes. For example, for an exclusive final state of
tt̄ production, one needs to sum over all the observa-
tionally indistinguishable partonic contributions in the

initial state µ
+
µ
→
, ςς, ςZ,ZZ,W

+
W

→
→ tt̄. Contribu-

tions from the quark and gluon initial states are sub-
leading as seen in the parton luminosities in Fig. 2(b),
and we do not include them in the cross section calcula-
tions throughout this letter. Since the collinear remnants
are not observationally resolved, one cannot separate the
µ
+
µ
→
/ϱµϱ̄µ annihilations from the VBF. For this reason,

we call such processes, i.e., µ+
µ
→
→ tt̄ “semi-inclusive”.

This is analogous to the tt̄ production at hadron colliders
from the partonic sub-processes qq̄, gg → tt̄.
In Fig. 3(a), we show the semi-inclusive production

cross sections at a µ
+
µ
→ collider versus the collider

c.m. energy
↓
s from 1 TeV to 30 TeV. We choose the fac-

torization scale Q =
↓
ŝ/2 in calculating the EW PDFs.1

The solid curves are the total cross sections for the semi-
inclusive processes for

µ
+
µ
→
→ W

+
W

→
, H, ZH, tt̄, HH and tt̄H, (7)

combining the contributions from both fermionic initial
states and the VBF. We indicate the VBF contributions
by the dashed curves,2 and the fermionic contributions
by the dotted curves, respectively, below the solid curves.
It is important to note that, although there is no logarith-
mic evolution for the WL PDF, the partonic sub-process
cross sections are much enhanced for WLWL, ZLZL →

tt̄, tt̄H and H,ZH,HH, due to the Goldstone-boson in-
teractions. The VBF processes take over the annihilation
channels at higher energies

↓
s ↔ 2.3, 3.5, 6.5 TeV for

W
+
W

→
, tt̄ and tt̄H, respectively. To appreciate the in-

dividual contributions from the underlying partonic sub-
processes, we decompose them for the process µ+

µ
→
→ tt̄

versus the c.m. energy, as shown in Fig. 3(b) for µ
+
µ
→,

ςς/ςZ/ZZ, WTWL, WLWL as well as WTWT . As ex-
pected, the QED contribution remains to be the leading
channel. Not well appreciated, the WTWL/WLWL con-
tributions become as significant.
We now examine the kinematic distributions for

the final state tt̄ system, for the individual contribu-
tions µ

+
µ
→
, ς/Z,WTWL,WLWL and WTWT . Shown in

Fig. 4(a) are the normalized invariant mass distributions
mtt̄. We see that, for the µ

+
µ
→ annihilation, the distri-

bution is sharply peaked at the collider c.m. energy, with
a tail due to the radiative return. For the VBF, they are
peaked after the 2mt threshold. We show in Fig. 4(b)
the normalized rapidity distributions of the system ytt̄.
Again, events from the µ

+
µ
→ annihilation are sharply

central, while those from VBF are spread out, reflecting
the boost due to the momentum imbalance between the
two incoming partons.

1To validate the EW PDF approximation, we have imposed an
angular cuto! for the W/Z initiated processes in the c.m. frame
cos ω < 1 → m

2
/ŝ, where m is the relevant particle mass involved

in the process. We have included a tighter cut cos ω < 0.99 and↑
ŝ > 500 GeV for the W

+
W

→
, ZH final states.

2Many of the VBF processes have been calculated recently in
Ref. [27] at the tree-level. We have good agreements with theirs
where ever they overlap.
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where ϑ = ŝ/s with
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s (

↓
ŝ) the collider (parton)

c.m. energy. The production threshold is ϑ0 = m
2
F /s.

In presenting our results for production of SM parti-
cles at a high-energy lepton collider, for definitiveness,
we consider a future µ

+
µ
→ collider with multi-TeV en-

ergies. It is informative to first examine the parton lu-
minosities as shown in Fig. 2(b) for

↓
s = 30 TeV versus

↓
ϑ , with a variety of partonic initial states. The up-

per horizontal axis labels the accessible
↓
ŝ. Although

we properly evolve the EW PDFs according to the un-
broken SM gauge groups, we convert the states back for
the sake of common intuition, shown in the figure for
µ
+
µ
→
, ϱµϱ̄µ, ςς/ZZ/ςZ, WTWT and WLWL. We see

that the fermionic luminosities peak near the machine
c.m. energy ϑ ↔ 1, while the gauge boson luminosities,
generically called vector boson fusion (VBF) dominate at
lower partonic energy

↓
ŝ. As noted earlier, the neutral

gauge boson luminosities are the largest, followed by WT

and WL.
We emphasize the “inclusiveness” of the production

processes. For example, for an exclusive final state of
tt̄ production, one needs to sum over all the observa-
tionally indistinguishable partonic contributions in the

initial state µ
+
µ
→
, ςς, ςZ,ZZ,W

+
W

→
→ tt̄. Contribu-

tions from the quark and gluon initial states are sub-
leading as seen in the parton luminosities in Fig. 2(b),
and we do not include them in the cross section calcula-
tions throughout this letter. Since the collinear remnants
are not observationally resolved, one cannot separate the
µ
+
µ
→
/ϱµϱ̄µ annihilations from the VBF. For this reason,

we call such processes, i.e., µ+
µ
→
→ tt̄ “semi-inclusive”.

This is analogous to the tt̄ production at hadron colliders
from the partonic sub-processes qq̄, gg → tt̄.
In Fig. 3(a), we show the semi-inclusive production

cross sections at a µ
+
µ
→ collider versus the collider

c.m. energy
↓
s from 1 TeV to 30 TeV. We choose the fac-

torization scale Q =
↓
ŝ/2 in calculating the EW PDFs.1

The solid curves are the total cross sections for the semi-
inclusive processes for

µ
+
µ
→
→ W

+
W

→
, H, ZH, tt̄, HH and tt̄H, (7)

combining the contributions from both fermionic initial
states and the VBF. We indicate the VBF contributions
by the dashed curves,2 and the fermionic contributions
by the dotted curves, respectively, below the solid curves.
It is important to note that, although there is no logarith-
mic evolution for the WL PDF, the partonic sub-process
cross sections are much enhanced for WLWL, ZLZL →

tt̄, tt̄H and H,ZH,HH, due to the Goldstone-boson in-
teractions. The VBF processes take over the annihilation
channels at higher energies

↓
s ↔ 2.3, 3.5, 6.5 TeV for

W
+
W

→
, tt̄ and tt̄H, respectively. To appreciate the in-

dividual contributions from the underlying partonic sub-
processes, we decompose them for the process µ+

µ
→
→ tt̄

versus the c.m. energy, as shown in Fig. 3(b) for µ
+
µ
→,

ςς/ςZ/ZZ, WTWL, WLWL as well as WTWT . As ex-
pected, the QED contribution remains to be the leading
channel. Not well appreciated, the WTWL/WLWL con-
tributions become as significant.
We now examine the kinematic distributions for

the final state tt̄ system, for the individual contribu-
tions µ

+
µ
→
, ς/Z,WTWL,WLWL and WTWT . Shown in

Fig. 4(a) are the normalized invariant mass distributions
mtt̄. We see that, for the µ

+
µ
→ annihilation, the distri-

bution is sharply peaked at the collider c.m. energy, with
a tail due to the radiative return. For the VBF, they are
peaked after the 2mt threshold. We show in Fig. 4(b)
the normalized rapidity distributions of the system ytt̄.
Again, events from the µ

+
µ
→ annihilation are sharply

central, while those from VBF are spread out, reflecting
the boost due to the momentum imbalance between the
two incoming partons.

1To validate the EW PDF approximation, we have imposed an
angular cuto! for the W/Z initiated processes in the c.m. frame
cos ω < 1 → m

2
/ŝ, where m is the relevant particle mass involved

in the process. We have included a tighter cut cos ω < 0.99 and↑
ŝ > 500 GeV for the W

+
W

→
, ZH final states.

2Many of the VBF processes have been calculated recently in
Ref. [27] at the tree-level. We have good agreements with theirs
where ever they overlap.
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FIG. 2. Distributions for (a) EW PDFs fi(x) and, (b) par-
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ŝ/2 (solid) and

→
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→
→ tt̄ “semi-inclusive”.
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cross sections at a µ
+
µ
→ collider versus the collider

c.m. energy
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s from 1 TeV to 30 TeV. We choose the fac-

torization scale Q =
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ŝ/2 in calculating the EW PDFs.1

The solid curves are the total cross sections for the semi-
inclusive processes for

µ
+
µ
→
→ W

+
W

→
, H, ZH, tt̄, HH and tt̄H, (7)

combining the contributions from both fermionic initial
states and the VBF. We indicate the VBF contributions
by the dashed curves,2 and the fermionic contributions
by the dotted curves, respectively, below the solid curves.
It is important to note that, although there is no logarith-
mic evolution for the WL PDF, the partonic sub-process
cross sections are much enhanced for WLWL, ZLZL →

tt̄, tt̄H and H,ZH,HH, due to the Goldstone-boson in-
teractions. The VBF processes take over the annihilation
channels at higher energies
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s ↔ 2.3, 3.5, 6.5 TeV for
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+
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, tt̄ and tt̄H, respectively. To appreciate the in-

dividual contributions from the underlying partonic sub-
processes, we decompose them for the process µ+

µ
→
→ tt̄

versus the c.m. energy, as shown in Fig. 3(b) for µ
+
µ
→,

ςς/ςZ/ZZ, WTWL, WLWL as well as WTWT . As ex-
pected, the QED contribution remains to be the leading
channel. Not well appreciated, the WTWL/WLWL con-
tributions become as significant.
We now examine the kinematic distributions for

the final state tt̄ system, for the individual contribu-
tions µ

+
µ
→
, ς/Z,WTWL,WLWL and WTWT . Shown in

Fig. 4(a) are the normalized invariant mass distributions
mtt̄. We see that, for the µ

+
µ
→ annihilation, the distri-

bution is sharply peaked at the collider c.m. energy, with
a tail due to the radiative return. For the VBF, they are
peaked after the 2mt threshold. We show in Fig. 4(b)
the normalized rapidity distributions of the system ytt̄.
Again, events from the µ

+
µ
→ annihilation are sharply

central, while those from VBF are spread out, reflecting
the boost due to the momentum imbalance between the
two incoming partons.

1To validate the EW PDF approximation, we have imposed an
angular cuto! for the W/Z initiated processes in the c.m. frame
cos ω < 1 → m
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/ŝ, where m is the relevant particle mass involved

in the process. We have included a tighter cut cos ω < 0.99 and↑
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Ref. [27] at the tree-level. We have good agreements with theirs
where ever they overlap.

3

FIG. 2. Distributions for (a) EW PDFs fi(x) and, (b) par-
ton luminosities dLij/dω versus

→
ω for

→
s = 30 TeV with a

factorization scale Q =
→
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pected, the QED contribution remains to be the leading
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tributions become as significant.
We now examine the kinematic distributions for
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tions µ
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→
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FIG. 3. Production cross section for semi-inclusive processes
at a µ

+
µ
→ collider versus the c.m. energy. The solid curves are

for (a) the total cross sections and the dashed (dotted) curves
from VBF (µ+

µ
→ annihilation) with EW PDF, and (b) for tt̄

production decomposed to the underlying contributions from
µ
+
µ
→
, ω/Z/ωZ,WTWL, WLWL and WTWT .

We summarize our results utilizing the EW PDFs in
Table II for a few characteristic processes for a muon col-
lider with a few representative energies 3, 6, 10, 14 and 30
TeV. For the sake of illustration, we once again separate
the partonic sub-processes by the fermionic annihilation
and by VBF.

IV. Discussions and Conclusion
• The naive EPA is inadequate at high scales. The QED
evolution of ln

(
Q

2
/m

2
ω

)
in the ω-PDF should capture the

dominant e!ect at an appropriate physical scale Q
2. Al-

though the Z contribution is typically small until reach-
ing a very high scale, the mixed state ωZ(BW

3) needs to
be taken into account that often interferes destructively.
• The EW PDF approach allows for calculating individ-
ual contributions from the polarized initial state partons,
with correlations to the corresponding sub-process ma-
trix elements. This is an important feature when polar-
ization is needed for exploring a certain type of under-
lying dynamics. This option would be unavailable with
the fixed order (FO) diagrammatic calculations [27–29].
In addition, the FO calculations may face a tremendous
challenge for numerical stability dealing with the large

...

... ...

FIG. 4. Normalized di!erential distributions for the final state
tt̄ system (a) the invariant mass mtt̄ and (b) the rapidity ytt̄.

collinear logs ln
(
Q

2
/m

2
ω

)
.

• Although no logarithmic growth for the longitudinally
polarized gauge boson PDFs, the large Yukawa coupling
to the top quark and the scalar self-interaction of the
Goldstone bosons make the sub-processes substantially
enhanced, as seen for the VBF production of tt̄, tt̄H, ZH

and HH.
• For the PDFs of fermions with a bare SU(2) charge, due
to the incomplete cancellation of the infrared divergence,
they are not exactly factorizable. This is known as the
violation of the Bloch-Nordsieck theorem [15, 20]. This
does not pose a problem to the beam (valence) lepton
because it is a numerically small higher-order correction.
This could lead to an unphysical solution to the dynam-
ically generated neutrinos. We impose an infrared cuto!
as a regulator ε

max = 1 →MZ/Q, which assures the re-
summation to a double-log accuracy [16].
• We have not taken into account the e!ects of the final-
state radiations (FSR). This could become one of the
dominant features at very high energies, properly de-
scribed by the “fragmentation functions” [15, 30]. We
leave this topic for future explorations.
• We did not quantify the potentially large corrections
near the threshold Q

2
↑ 4m2. On the one hand, our for-

malism aims to address the physics far above the thresh-
old Q

2
↓ M

2
Z . On the other hand, the infrared behavior

of the gauge boson radiation tends to populate the events
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The partonic picture of multi-TeV muC3

FIG. 2. Distributions for (a) EW PDFs fi(x) and, (b) par-
ton luminosities dLij/dω versus

→
ω for

→
s = 30 TeV with a

factorization scale Q =
→
ŝ/2 (solid) and

→
ŝ (dashed).

partonic sub-process cross section ω̂

ω(ε+ε→ → F +X) =
∫ 1
ω0
dϑ

∑
ij

dLij

dω ω̂(ij → F ), (6)

dLij

dω = 1
1+εij

∫ 1
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dϑ
ϑ
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fi(ϖ, Q2)fj

(
ω
ϑ , Q
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)
+ (i ↑ j)

]
,

where ϑ = ŝ/s with
↓
s (

↓
ŝ) the collider (parton)

c.m. energy. The production threshold is ϑ0 = m
2
F /s.

In presenting our results for production of SM parti-
cles at a high-energy lepton collider, for definitiveness,
we consider a future µ

+
µ
→ collider with multi-TeV en-

ergies. It is informative to first examine the parton lu-
minosities as shown in Fig. 2(b) for

↓
s = 30 TeV versus

↓
ϑ , with a variety of partonic initial states. The up-

per horizontal axis labels the accessible
↓
ŝ. Although

we properly evolve the EW PDFs according to the un-
broken SM gauge groups, we convert the states back for
the sake of common intuition, shown in the figure for
µ
+
µ
→
, ϱµϱ̄µ, ςς/ZZ/ςZ, WTWT and WLWL. We see

that the fermionic luminosities peak near the machine
c.m. energy ϑ ↔ 1, while the gauge boson luminosities,
generically called vector boson fusion (VBF) dominate at
lower partonic energy

↓
ŝ. As noted earlier, the neutral

gauge boson luminosities are the largest, followed by WT

and WL.
We emphasize the “inclusiveness” of the production

processes. For example, for an exclusive final state of
tt̄ production, one needs to sum over all the observa-
tionally indistinguishable partonic contributions in the

initial state µ
+
µ
→
, ςς, ςZ,ZZ,W

+
W

→
→ tt̄. Contribu-

tions from the quark and gluon initial states are sub-
leading as seen in the parton luminosities in Fig. 2(b),
and we do not include them in the cross section calcula-
tions throughout this letter. Since the collinear remnants
are not observationally resolved, one cannot separate the
µ
+
µ
→
/ϱµϱ̄µ annihilations from the VBF. For this reason,

we call such processes, i.e., µ+
µ
→
→ tt̄ “semi-inclusive”.

This is analogous to the tt̄ production at hadron colliders
from the partonic sub-processes qq̄, gg → tt̄.
In Fig. 3(a), we show the semi-inclusive production

cross sections at a µ
+
µ
→ collider versus the collider

c.m. energy
↓
s from 1 TeV to 30 TeV. We choose the fac-

torization scale Q =
↓
ŝ/2 in calculating the EW PDFs.1

The solid curves are the total cross sections for the semi-
inclusive processes for

µ
+
µ
→
→ W

+
W

→
, H, ZH, tt̄, HH and tt̄H, (7)

combining the contributions from both fermionic initial
states and the VBF. We indicate the VBF contributions
by the dashed curves,2 and the fermionic contributions
by the dotted curves, respectively, below the solid curves.
It is important to note that, although there is no logarith-
mic evolution for the WL PDF, the partonic sub-process
cross sections are much enhanced for WLWL, ZLZL →

tt̄, tt̄H and H,ZH,HH, due to the Goldstone-boson in-
teractions. The VBF processes take over the annihilation
channels at higher energies

↓
s ↔ 2.3, 3.5, 6.5 TeV for

W
+
W

→
, tt̄ and tt̄H, respectively. To appreciate the in-

dividual contributions from the underlying partonic sub-
processes, we decompose them for the process µ+

µ
→
→ tt̄

versus the c.m. energy, as shown in Fig. 3(b) for µ
+
µ
→,

ςς/ςZ/ZZ, WTWL, WLWL as well as WTWT . As ex-
pected, the QED contribution remains to be the leading
channel. Not well appreciated, the WTWL/WLWL con-
tributions become as significant.
We now examine the kinematic distributions for

the final state tt̄ system, for the individual contribu-
tions µ

+
µ
→
, ς/Z,WTWL,WLWL and WTWT . Shown in

Fig. 4(a) are the normalized invariant mass distributions
mtt̄. We see that, for the µ

+
µ
→ annihilation, the distri-

bution is sharply peaked at the collider c.m. energy, with
a tail due to the radiative return. For the VBF, they are
peaked after the 2mt threshold. We show in Fig. 4(b)
the normalized rapidity distributions of the system ytt̄.
Again, events from the µ

+
µ
→ annihilation are sharply

central, while those from VBF are spread out, reflecting
the boost due to the momentum imbalance between the
two incoming partons.

1To validate the EW PDF approximation, we have imposed an
angular cuto! for the W/Z initiated processes in the c.m. frame
cos ω < 1 → m

2
/ŝ, where m is the relevant particle mass involved

in the process. We have included a tighter cut cos ω < 0.99 and↑
ŝ > 500 GeV for the W

+
W

→
, ZH final states.

2Many of the VBF processes have been calculated recently in
Ref. [27] at the tree-level. We have good agreements with theirs
where ever they overlap.
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production decomposed to the underlying contributions from
µ
+
µ
→
, ω/Z/ωZ,WTWL, WLWL and WTWT .

We summarize our results utilizing the EW PDFs in
Table II for a few characteristic processes for a muon col-
lider with a few representative energies 3, 6, 10, 14 and 30
TeV. For the sake of illustration, we once again separate
the partonic sub-processes by the fermionic annihilation
and by VBF.

IV. Discussions and Conclusion
• The naive EPA is inadequate at high scales. The QED
evolution of ln
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)
in the ω-PDF should capture the

dominant e!ect at an appropriate physical scale Q
2. Al-

though the Z contribution is typically small until reach-
ing a very high scale, the mixed state ωZ(BW

3) needs to
be taken into account that often interferes destructively.
• The EW PDF approach allows for calculating individ-
ual contributions from the polarized initial state partons,
with correlations to the corresponding sub-process ma-
trix elements. This is an important feature when polar-
ization is needed for exploring a certain type of under-
lying dynamics. This option would be unavailable with
the fixed order (FO) diagrammatic calculations [27–29].
In addition, the FO calculations may face a tremendous
challenge for numerical stability dealing with the large
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• Although no logarithmic growth for the longitudinally
polarized gauge boson PDFs, the large Yukawa coupling
to the top quark and the scalar self-interaction of the
Goldstone bosons make the sub-processes substantially
enhanced, as seen for the VBF production of tt̄, tt̄H, ZH

and HH.
• For the PDFs of fermions with a bare SU(2) charge, due
to the incomplete cancellation of the infrared divergence,
they are not exactly factorizable. This is known as the
violation of the Bloch-Nordsieck theorem [15, 20]. This
does not pose a problem to the beam (valence) lepton
because it is a numerically small higher-order correction.
This could lead to an unphysical solution to the dynam-
ically generated neutrinos. We impose an infrared cuto!
as a regulator ε

max = 1 →MZ/Q, which assures the re-
summation to a double-log accuracy [16].
• We have not taken into account the e!ects of the final-
state radiations (FSR). This could become one of the
dominant features at very high energies, properly de-
scribed by the “fragmentation functions” [15, 30]. We
leave this topic for future explorations.
• We did not quantify the potentially large corrections
near the threshold Q

2
↑ 4m2. On the one hand, our for-

malism aims to address the physics far above the thresh-
old Q

2
↓ M

2
Z . On the other hand, the infrared behavior

of the gauge boson radiation tends to populate the events
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Abstract: In high-energy leptonic collisions, such as at a multi-TeV muon collider, the
collinear splittings of the electroweak (EW) gauge bosons and leptons are the dominant
phenomena, and the scattering processes should thus be formulated in terms of the EW
parton distribution functions (EW PDFs). We complete this formalism in the Standard
Model to include the QCD sector and evaluate the quark and gluon PDFs inside a lepton
at the double-log accuracy. The splittings of the photon and subsequently the quarks and
gluons control the quark/gluon PDFs below the EW scale. The massive gauge bosons lead
to substantial contributions at high scales. The jet production cross section can reach
the order of a few nb (50 pb) in e+e− (µ+µ−) collisions, at the TeV c.m. energies with a
moderate acceptance cut, that governs the overall event shape up to about pjT ∼ 60GeV.
To complete the picture, we also provide an estimation of the total cross section for the
photon-induced hadronic production at low partonic energies, which can reach the level of
one hundred or a few tens of nb in high-energy electron or muon collisions.
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Figure 1. PDFs in a high-energy lepton for (a) an electron and (b) a muon below the EW scale at
Q = 30 (50) GeV; and for (c) an electron and (d) an muon above the EW scale at Q = 3 (5) TeV.

(EPA) [58, 59]

fγ/ℓ,EPA(xγ , Q
2) = α

2π
1 + (1 − xγ)2

xγ
log Q2

m2
ℓ

, (2.16)

with a suitably chosen scale Q associated with the physical process.3 All the sea fermions,
including leptons and quarks, are generated through γ → ℓ+ℓ−, qq̄, while gluon comes
from q → qg splitting. In the low-x limit, the generated PDFs behave as 1/x plus logp x
corrections.

Including higher orders, the valence PDF receives threshold corrections of the form
1/(1−x) and logp(1−x). The precise determination of the PDFs in the x → 1 limit requires
all orders of resummation. It can be only achieved for the valence non-singlet PDF under
the fixed coupling assumption when x asymptotically approaches 1, as demonstrated in
appendix A.1. Determination of the PDFs at other nontrivial x value (0 < x < 1) or with
a running coupling requires fully solving the DGLAP equations numerically. We outline
the techniques we develop and take the non-singlet PDF of valence lepton as an example
for demonstration in appendix A, while leave the comprehensive details of singlet, photon
and gluon PDFs for a future work [57]. A smooth transition to the x → 1 asymptotic form
requires a consistent matching [61]. In our practical treatment, we take the valence lepton

3For consistency of the evolution and simplicity, we have only kept the leading-log term for the photon
splitting. The non-log term corrections [20, 60] may be sizable and become relatively more relevant for a
muon collider.
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Figure 3. Cross sections for the annihilation processes versus the collider c.m. energy for an e+e−

collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in eq. (3.3).
The downward dashed (dotted for τ+τ−) curves indicate the corresponding Bhabha scattering and
ℓ+ℓ− annihilation processes with (without) ISR.

the 2 → 2 t-channel processes still fall as σ ∼ α2/(s θ2min). Going beyond the fixed-order
calculations, the potentially large collinear logarithms (log θ2) need to be resummed, lead-
ing to the appropriate description of the parton distribution functions (PDFs), as presented
in the previous section. As such, there will be substantial contributions coming from par-
tonic scattering processes initiated by those in eq. (2.23), far below the collider c.m. energy.
Throughout this work, the partonic cross sections are calculated at the leading order with
the general purpose event generator MadGraph5 v2.6.7 [66]. The annihilation processes
with the initial-state radiation (ISR) are calculated with Whizard v2.8.5 [67].

We first present some leading order production cross sections of typical electroweak
processes in figure 3 versus the collider c.m. energy for both an e+e− collider (left panels)
and a µ+µ− collider (right panels), including the effects of ISR [68]. In figure 3, the dashed
(falling) curves represent the Bhabha scattering and annihilation processes

ℓ+ℓ− → ℓ+ℓ−, τ+τ−, qq̄ and W+W−. (3.1)

The cross sections scale as 1/s, with the characteristic kinematics of the final-state pair
invariant mass close to the collider energy mij ≈

√
s. At high energies, the ISR effects

reduce the effective partonic collision energy ŝ and thus increase the cross sections ∼ 1/ŝ.
For illustration, we compare the result without ISR for ℓ+ℓ− → τ+τ− by the dotted curves
in the panels. Typically, the effective reduction is about a factor of 20%−80% (10%−40%)
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Figure 5. Cross sections for di-jet (or W+W−) production (j = q, g) versus the collider c.m. energy
for an e+e− collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in
eq. (3.3).

channels include
γγ → qq̄, γg → qq̄, γq → gq,

qq → qq (gg), gq → gq and gg → gg (qq̄),
(3.7)

where q includes d, u, s, c, b and the possible anti-quarks as well. The PDFs and the corre-
sponding partonic luminosities are already shown in figures 1 and 2 with the full DGLAP
evolution at a double-log accuracy. We present the cross sections for di-jet production from
initial states of photons, quarks, and gluons versus the collider c.m. energy √

s = 3−15TeV
at an e+e− collider (left panels) and a µ+µ− collider (right panels) in figure 5, subject to
the acceptance cuts in eq. (3.3) shown by the upper and lower panels. The patonic QCD
jet cross sections are calculated at the leading order with MadGraph5 v2.6.7 [66] and
cross-checked with MCFM v9.1 [78] and Sherpa v2.2.10 [79].

The standard factorization scale is chosen to be Q =
√
ŝ/2, while varying the scale to

Q =
√
ŝ gives a 6∼15% (30∼40%) enhancement of the cross sections for an e+e− (µ+µ−)

collider, which characterizes the scale uncertainty. The rather large difference resulting
from the scale choice is owing to the large αs log

(
Q2) resummation. It is important to note

that, even originated from the photon splitting to quarks and then subsequently to gluons,
the gluon and quark initiated processes exceed the photon fusion in the di-jet production
rates by two (one) orders of magnitude for the electron (muon) collider. This is the result
of large QCD resummation and the g/q multiplicity. Depending on the acceptance cuts,
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ŝ gives a 6∼15% (30∼40%) enhancement of the cross sections for an e+e− (µ+µ−)
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(
Q2) resummation. It is important to note

that, even originated from the photon splitting to quarks and then subsequently to gluons,
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rates by two (one) orders of magnitude for the electron (muon) collider. This is the result
of large QCD resummation and the g/q multiplicity. Depending on the acceptance cuts,
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for an electron (muon) collider. The radiative returns to the Z resonant production also
enhance the light-particle cross sections significantly. The ISR effects for light-particle
production (τ+τ−, qq̄) are thus larger than the massive one (W+W−), because of the
lower threshold, i.e., ŝ > m2

ij versus ŝ > (2MW )2.
In considering the QED fusion processes, the initial state partons present an infrared

enhancement at low mij and the two-parton cross section scales as

σ ∼ α2

m2
ij

(
α

2π log Q2

m2
ℓ

)2
. (3.2)

To separate the hadronic activities with the low-momentum transfer from the hard pro-
cesses of our current interests, we impose the following basic acceptance cuts on the outgo-
ing particles in the transverse momentum (pjT ), the di-jet invariant mass and the pseudo-
rapidity (ηj) in the lab frame

pjT >

(

4 +
√
s

3 TeV

)

GeV, mij > 20GeV, |ηj | < 3.13 (2.44). (3.3)

The energy-dependent cut on the final state pjT is to uniformly control the collinear logs of
the form (αs/π) log

(
pjT /

√
s
)
, numerically motivated by a CLIC study [69]. The pseudo-

rapidity cut corresponds to an angle with respect to the beam in the lab frame θj ∼ 5◦ (10◦),
in accordance with the detector coverage. For an equal footing comparison, the same
acceptance cuts have been applied to the Bhabha scattering and annihilation processes in
figure 3 as well.

In figure 3, the solid lines show the Compton scattering and the fusion processes

γℓ → γℓ; γγ → ℓ+ℓ−, qq̄ (u, d, c, s, b), and W+W−, (3.4)

by exploiting the EPA in eq. (2.16). The upper panels and lower panels are with a different
rapidity (angle) cut as in eq. (3.3). The cross section for the Compton scattering (γℓ) also
falls as α2/(s θ2), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pT (ormij) as in eq. (3.2).
The angular dependence is much weaker than 1/θ2 and becomes roughly like η2 due to the
boost factor. We see that the fermion pair production can be larger than that of the WW

channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from γγ fusion
in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.
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in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.

– 11 –



26

The SM exception at muC

J
H
E
P
0
2
(
2
0
2
2
)
1
5
4

Figure 3. Cross sections for the annihilation processes versus the collider c.m. energy for an e+e−

collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in eq. (3.3).
The downward dashed (dotted for τ+τ−) curves indicate the corresponding Bhabha scattering and
ℓ+ℓ− annihilation processes with (without) ISR.

the 2 → 2 t-channel processes still fall as σ ∼ α2/(s θ2min). Going beyond the fixed-order
calculations, the potentially large collinear logarithms (log θ2) need to be resummed, lead-
ing to the appropriate description of the parton distribution functions (PDFs), as presented
in the previous section. As such, there will be substantial contributions coming from par-
tonic scattering processes initiated by those in eq. (2.23), far below the collider c.m. energy.
Throughout this work, the partonic cross sections are calculated at the leading order with
the general purpose event generator MadGraph5 v2.6.7 [66]. The annihilation processes
with the initial-state radiation (ISR) are calculated with Whizard v2.8.5 [67].

We first present some leading order production cross sections of typical electroweak
processes in figure 3 versus the collider c.m. energy for both an e+e− collider (left panels)
and a µ+µ− collider (right panels), including the effects of ISR [68]. In figure 3, the dashed
(falling) curves represent the Bhabha scattering and annihilation processes

ℓ+ℓ− → ℓ+ℓ−, τ+τ−, qq̄ and W+W−. (3.1)

The cross sections scale as 1/s, with the characteristic kinematics of the final-state pair
invariant mass close to the collider energy mij ≈

√
s. At high energies, the ISR effects

reduce the effective partonic collision energy ŝ and thus increase the cross sections ∼ 1/ŝ.
For illustration, we compare the result without ISR for ℓ+ℓ− → τ+τ− by the dotted curves
in the panels. Typically, the effective reduction is about a factor of 20%−80% (10%−40%)
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Figure 5. Cross sections for di-jet (or W+W−) production (j = q, g) versus the collider c.m. energy
for an e+e− collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in
eq. (3.3).

channels include
γγ → qq̄, γg → qq̄, γq → gq,

qq → qq (gg), gq → gq and gg → gg (qq̄),
(3.7)

where q includes d, u, s, c, b and the possible anti-quarks as well. The PDFs and the corre-
sponding partonic luminosities are already shown in figures 1 and 2 with the full DGLAP
evolution at a double-log accuracy. We present the cross sections for di-jet production from
initial states of photons, quarks, and gluons versus the collider c.m. energy √

s = 3−15TeV
at an e+e− collider (left panels) and a µ+µ− collider (right panels) in figure 5, subject to
the acceptance cuts in eq. (3.3) shown by the upper and lower panels. The patonic QCD
jet cross sections are calculated at the leading order with MadGraph5 v2.6.7 [66] and
cross-checked with MCFM v9.1 [78] and Sherpa v2.2.10 [79].

The standard factorization scale is chosen to be Q =
√
ŝ/2, while varying the scale to

Q =
√
ŝ gives a 6∼15% (30∼40%) enhancement of the cross sections for an e+e− (µ+µ−)

collider, which characterizes the scale uncertainty. The rather large difference resulting
from the scale choice is owing to the large αs log

(
Q2) resummation. It is important to note

that, even originated from the photon splitting to quarks and then subsequently to gluons,
the gluon and quark initiated processes exceed the photon fusion in the di-jet production
rates by two (one) orders of magnitude for the electron (muon) collider. This is the result
of large QCD resummation and the g/q multiplicity. Depending on the acceptance cuts,
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Figure 6. Invariant mass (mij , upper panels) and rapidity (yij , lower panels) distributions for
the di-jet (or W+W−) system from various sub-processes for an e+e− collider at √

s = 3TeV (left
panels), and a µ+µ− collider at √

s = 10TeV (right panels), respectively.

the crossover of the gg fusion to the gq scattering happens around 3−4TeV for the electron
collider and 8 − 12TeV for the muon collider. For the same reason, the γg → jj process
grows faster over the energy than the γγ → jj fusion and takes over for the electron collider.
Compared with the photon-initiated processes, the angular dependence of the QCD jet cross
sections is much stronger, due to the large QCD collinear logarithms αs log θ2 effectively
resummed by the DGLAP equations.

There are a number of improvements for the results shown here with respect to the QED
calculations by EPA as in figure 3. First, the higher-order cascade splittings γ → ℓ+ℓ−, qq̄

have been included, which will carry away a part of the momentum fraction from the initial
photon and is roughly 5% for an electron beam, and 3% for a muon beam, estimated from
table 1. Second, in our treatment of the full DGLAP evolution, the running effect of the
QED coupling α(Q) is properly taken into account, with the boundary condition at the
lepton mass set to be α(m2

e) = 1/137 (α(m2
µ) = 1/136) and proper matching cross the mass

thresholds. As expected, both effects tend to reduce the rate for photon-initiated processes
with respect to the naive EPA calculations. As such, the cross section for γγ → qq̄ receives
about 16% (8%) reduction over the EPA results for electron (muon) colliders evaluated
with the fixed value α = 1/132.5. Finally, we note that the other EW VBF contributions
such as γZ,W+W−,W±Z → qq̄′ are sub-leading and contribute less than 1%, due to the
suppression of the EW threshold above MZ or 2MW .
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for an electron (muon) collider. The radiative returns to the Z resonant production also
enhance the light-particle cross sections significantly. The ISR effects for light-particle
production (τ+τ−, qq̄) are thus larger than the massive one (W+W−), because of the
lower threshold, i.e., ŝ > m2

ij versus ŝ > (2MW )2.
In considering the QED fusion processes, the initial state partons present an infrared

enhancement at low mij and the two-parton cross section scales as

σ ∼ α2

m2
ij

(
α

2π log Q2

m2
ℓ

)2
. (3.2)

To separate the hadronic activities with the low-momentum transfer from the hard pro-
cesses of our current interests, we impose the following basic acceptance cuts on the outgo-
ing particles in the transverse momentum (pjT ), the di-jet invariant mass and the pseudo-
rapidity (ηj) in the lab frame

pjT >

(

4 +
√
s

3 TeV

)

GeV, mij > 20GeV, |ηj | < 3.13 (2.44). (3.3)

The energy-dependent cut on the final state pjT is to uniformly control the collinear logs of
the form (αs/π) log

(
pjT /

√
s
)
, numerically motivated by a CLIC study [69]. The pseudo-

rapidity cut corresponds to an angle with respect to the beam in the lab frame θj ∼ 5◦ (10◦),
in accordance with the detector coverage. For an equal footing comparison, the same
acceptance cuts have been applied to the Bhabha scattering and annihilation processes in
figure 3 as well.

In figure 3, the solid lines show the Compton scattering and the fusion processes

γℓ → γℓ; γγ → ℓ+ℓ−, qq̄ (u, d, c, s, b), and W+W−, (3.4)

by exploiting the EPA in eq. (2.16). The upper panels and lower panels are with a different
rapidity (angle) cut as in eq. (3.3). The cross section for the Compton scattering (γℓ) also
falls as α2/(s θ2), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pT (ormij) as in eq. (3.2).
The angular dependence is much weaker than 1/θ2 and becomes roughly like η2 due to the
boost factor. We see that the fermion pair production can be larger than that of the WW

channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from γγ fusion
in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.
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cesses of our current interests, we impose the following basic acceptance cuts on the outgo-
ing particles in the transverse momentum (pjT ), the di-jet invariant mass and the pseudo-
rapidity (ηj) in the lab frame

pjT >

(

4 +
√
s

3 TeV

)

GeV, mij > 20GeV, |ηj | < 3.13 (2.44). (3.3)

The energy-dependent cut on the final state pjT is to uniformly control the collinear logs of
the form (αs/π) log

(
pjT /

√
s
)
, numerically motivated by a CLIC study [69]. The pseudo-

rapidity cut corresponds to an angle with respect to the beam in the lab frame θj ∼ 5◦ (10◦),
in accordance with the detector coverage. For an equal footing comparison, the same
acceptance cuts have been applied to the Bhabha scattering and annihilation processes in
figure 3 as well.

In figure 3, the solid lines show the Compton scattering and the fusion processes

γℓ → γℓ; γγ → ℓ+ℓ−, qq̄ (u, d, c, s, b), and W+W−, (3.4)

by exploiting the EPA in eq. (2.16). The upper panels and lower panels are with a different
rapidity (angle) cut as in eq. (3.3). The cross section for the Compton scattering (γℓ) also
falls as α2/(s θ2), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pT (ormij) as in eq. (3.2).
The angular dependence is much weaker than 1/θ2 and becomes roughly like η2 due to the
boost factor. We see that the fermion pair production can be larger than that of the WW

channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from γγ fusion
in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.
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Figure 3. Cross sections for the annihilation processes versus the collider c.m. energy for an e+e−

collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in eq. (3.3).
The downward dashed (dotted for τ+τ−) curves indicate the corresponding Bhabha scattering and
ℓ+ℓ− annihilation processes with (without) ISR.

the 2 → 2 t-channel processes still fall as σ ∼ α2/(s θ2min). Going beyond the fixed-order
calculations, the potentially large collinear logarithms (log θ2) need to be resummed, lead-
ing to the appropriate description of the parton distribution functions (PDFs), as presented
in the previous section. As such, there will be substantial contributions coming from par-
tonic scattering processes initiated by those in eq. (2.23), far below the collider c.m. energy.
Throughout this work, the partonic cross sections are calculated at the leading order with
the general purpose event generator MadGraph5 v2.6.7 [66]. The annihilation processes
with the initial-state radiation (ISR) are calculated with Whizard v2.8.5 [67].

We first present some leading order production cross sections of typical electroweak
processes in figure 3 versus the collider c.m. energy for both an e+e− collider (left panels)
and a µ+µ− collider (right panels), including the effects of ISR [68]. In figure 3, the dashed
(falling) curves represent the Bhabha scattering and annihilation processes

ℓ+ℓ− → ℓ+ℓ−, τ+τ−, qq̄ and W+W−. (3.1)

The cross sections scale as 1/s, with the characteristic kinematics of the final-state pair
invariant mass close to the collider energy mij ≈

√
s. At high energies, the ISR effects

reduce the effective partonic collision energy ŝ and thus increase the cross sections ∼ 1/ŝ.
For illustration, we compare the result without ISR for ℓ+ℓ− → τ+τ− by the dotted curves
in the panels. Typically, the effective reduction is about a factor of 20%−80% (10%−40%)
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Figure 5. Cross sections for di-jet (or W+W−) production (j = q, g) versus the collider c.m. energy
for an e+e− collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in
eq. (3.3).

channels include
γγ → qq̄, γg → qq̄, γq → gq,

qq → qq (gg), gq → gq and gg → gg (qq̄),
(3.7)

where q includes d, u, s, c, b and the possible anti-quarks as well. The PDFs and the corre-
sponding partonic luminosities are already shown in figures 1 and 2 with the full DGLAP
evolution at a double-log accuracy. We present the cross sections for di-jet production from
initial states of photons, quarks, and gluons versus the collider c.m. energy √

s = 3−15TeV
at an e+e− collider (left panels) and a µ+µ− collider (right panels) in figure 5, subject to
the acceptance cuts in eq. (3.3) shown by the upper and lower panels. The patonic QCD
jet cross sections are calculated at the leading order with MadGraph5 v2.6.7 [66] and
cross-checked with MCFM v9.1 [78] and Sherpa v2.2.10 [79].

The standard factorization scale is chosen to be Q =
√
ŝ/2, while varying the scale to

Q =
√
ŝ gives a 6∼15% (30∼40%) enhancement of the cross sections for an e+e− (µ+µ−)

collider, which characterizes the scale uncertainty. The rather large difference resulting
from the scale choice is owing to the large αs log

(
Q2) resummation. It is important to note

that, even originated from the photon splitting to quarks and then subsequently to gluons,
the gluon and quark initiated processes exceed the photon fusion in the di-jet production
rates by two (one) orders of magnitude for the electron (muon) collider. This is the result
of large QCD resummation and the g/q multiplicity. Depending on the acceptance cuts,
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Figure 5. Cross sections for di-jet (or W+W−) production (j = q, g) versus the collider c.m. energy
for an e+e− collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in
eq. (3.3).
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γγ → qq̄, γg → qq̄, γq → gq,

qq → qq (gg), gq → gq and gg → gg (qq̄),
(3.7)

where q includes d, u, s, c, b and the possible anti-quarks as well. The PDFs and the corre-
sponding partonic luminosities are already shown in figures 1 and 2 with the full DGLAP
evolution at a double-log accuracy. We present the cross sections for di-jet production from
initial states of photons, quarks, and gluons versus the collider c.m. energy √

s = 3−15TeV
at an e+e− collider (left panels) and a µ+µ− collider (right panels) in figure 5, subject to
the acceptance cuts in eq. (3.3) shown by the upper and lower panels. The patonic QCD
jet cross sections are calculated at the leading order with MadGraph5 v2.6.7 [66] and
cross-checked with MCFM v9.1 [78] and Sherpa v2.2.10 [79].

The standard factorization scale is chosen to be Q =
√
ŝ/2, while varying the scale to

Q =
√
ŝ gives a 6∼15% (30∼40%) enhancement of the cross sections for an e+e− (µ+µ−)

collider, which characterizes the scale uncertainty. The rather large difference resulting
from the scale choice is owing to the large αs log

(
Q2) resummation. It is important to note

that, even originated from the photon splitting to quarks and then subsequently to gluons,
the gluon and quark initiated processes exceed the photon fusion in the di-jet production
rates by two (one) orders of magnitude for the electron (muon) collider. This is the result
of large QCD resummation and the g/q multiplicity. Depending on the acceptance cuts,
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Figure 6. Invariant mass (mij , upper panels) and rapidity (yij , lower panels) distributions for
the di-jet (or W+W−) system from various sub-processes for an e+e− collider at √

s = 3TeV (left
panels), and a µ+µ− collider at √

s = 10TeV (right panels), respectively.

the crossover of the gg fusion to the gq scattering happens around 3−4TeV for the electron
collider and 8 − 12TeV for the muon collider. For the same reason, the γg → jj process
grows faster over the energy than the γγ → jj fusion and takes over for the electron collider.
Compared with the photon-initiated processes, the angular dependence of the QCD jet cross
sections is much stronger, due to the large QCD collinear logarithms αs log θ2 effectively
resummed by the DGLAP equations.

There are a number of improvements for the results shown here with respect to the QED
calculations by EPA as in figure 3. First, the higher-order cascade splittings γ → ℓ+ℓ−, qq̄

have been included, which will carry away a part of the momentum fraction from the initial
photon and is roughly 5% for an electron beam, and 3% for a muon beam, estimated from
table 1. Second, in our treatment of the full DGLAP evolution, the running effect of the
QED coupling α(Q) is properly taken into account, with the boundary condition at the
lepton mass set to be α(m2

e) = 1/137 (α(m2
µ) = 1/136) and proper matching cross the mass

thresholds. As expected, both effects tend to reduce the rate for photon-initiated processes
with respect to the naive EPA calculations. As such, the cross section for γγ → qq̄ receives
about 16% (8%) reduction over the EPA results for electron (muon) colliders evaluated
with the fixed value α = 1/132.5. Finally, we note that the other EW VBF contributions
such as γZ,W+W−,W±Z → qq̄′ are sub-leading and contribute less than 1%, due to the
suppression of the EW threshold above MZ or 2MW .
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Figure 7. Inclusive jet (or W ) distributions for transverse momentum (pjT , upper panels), jet
energy (Ej , middle panels) and the normalized pseudo-rapidity (ηj , lower panels) in various sub-
processes for an e+e− collider at √

s = 3TeV (left panels), and a µ+µ− collider at √
s = 10TeV

(right panels), respectively.

4 Summary and conclusions

In high-energy leptonic collisions, such as at a multi-TeV muon collider, the collinear split-
tings of electroweak gauge bosons and leptons are the dominant phenomena, and thus the
scattering processes should be formulated in terms of the EW parton distribution func-
tions (EW PDFs). We complete this formalism in the Standard Model to include the QCD
sector and evaluate the quark and gluon PDFs inside a lepton by solving the fully-coupled
DGLAP equations at the double-log accuracy, as presented in section 2. We see that, dom-
inantly from the photon splitting, there are significant gluon and quark contents in high
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Figure 7. Inclusive jet (or W ) distributions for transverse momentum (pjT , upper panels), jet
energy (Ej , middle panels) and the normalized pseudo-rapidity (ηj , lower panels) in various sub-
processes for an e+e− collider at √

s = 3TeV (left panels), and a µ+µ− collider at √
s = 10TeV

(right panels), respectively.

4 Summary and conclusions

In high-energy leptonic collisions, such as at a multi-TeV muon collider, the collinear split-
tings of electroweak gauge bosons and leptons are the dominant phenomena, and thus the
scattering processes should be formulated in terms of the EW parton distribution func-
tions (EW PDFs). We complete this formalism in the Standard Model to include the QCD
sector and evaluate the quark and gluon PDFs inside a lepton by solving the fully-coupled
DGLAP equations at the double-log accuracy, as presented in section 2. We see that, dom-
inantly from the photon splitting, there are significant gluon and quark contents in high
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for an electron (muon) collider. The radiative returns to the Z resonant production also
enhance the light-particle cross sections significantly. The ISR effects for light-particle
production (τ+τ−, qq̄) are thus larger than the massive one (W+W−), because of the
lower threshold, i.e., ŝ > m2

ij versus ŝ > (2MW )2.
In considering the QED fusion processes, the initial state partons present an infrared

enhancement at low mij and the two-parton cross section scales as

σ ∼ α2

m2
ij

(
α

2π log Q2

m2
ℓ

)2
. (3.2)

To separate the hadronic activities with the low-momentum transfer from the hard pro-
cesses of our current interests, we impose the following basic acceptance cuts on the outgo-
ing particles in the transverse momentum (pjT ), the di-jet invariant mass and the pseudo-
rapidity (ηj) in the lab frame

pjT >

(

4 +
√
s

3 TeV

)

GeV, mij > 20GeV, |ηj | < 3.13 (2.44). (3.3)

The energy-dependent cut on the final state pjT is to uniformly control the collinear logs of
the form (αs/π) log

(
pjT /

√
s
)
, numerically motivated by a CLIC study [69]. The pseudo-

rapidity cut corresponds to an angle with respect to the beam in the lab frame θj ∼ 5◦ (10◦),
in accordance with the detector coverage. For an equal footing comparison, the same
acceptance cuts have been applied to the Bhabha scattering and annihilation processes in
figure 3 as well.

In figure 3, the solid lines show the Compton scattering and the fusion processes

γℓ → γℓ; γγ → ℓ+ℓ−, qq̄ (u, d, c, s, b), and W+W−, (3.4)

by exploiting the EPA in eq. (2.16). The upper panels and lower panels are with a different
rapidity (angle) cut as in eq. (3.3). The cross section for the Compton scattering (γℓ) also
falls as α2/(s θ2), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pT (ormij) as in eq. (3.2).
The angular dependence is much weaker than 1/θ2 and becomes roughly like η2 due to the
boost factor. We see that the fermion pair production can be larger than that of the WW

channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from γγ fusion
in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.
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the form (αs/π) log

(
pjT /

√
s
)
, numerically motivated by a CLIC study [69]. The pseudo-

rapidity cut corresponds to an angle with respect to the beam in the lab frame θj ∼ 5◦ (10◦),
in accordance with the detector coverage. For an equal footing comparison, the same
acceptance cuts have been applied to the Bhabha scattering and annihilation processes in
figure 3 as well.

In figure 3, the solid lines show the Compton scattering and the fusion processes

γℓ → γℓ; γγ → ℓ+ℓ−, qq̄ (u, d, c, s, b), and W+W−, (3.4)

by exploiting the EPA in eq. (2.16). The upper panels and lower panels are with a different
rapidity (angle) cut as in eq. (3.3). The cross section for the Compton scattering (γℓ) also
falls as α2/(s θ2), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pT (ormij) as in eq. (3.2).
The angular dependence is much weaker than 1/θ2 and becomes roughly like η2 due to the
boost factor. We see that the fermion pair production can be larger than that of the WW

channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from γγ fusion
in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.
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Figure 5. Cross sections for di-jet (or W+W−) production (j = q, g) versus the collider c.m. energy
for an e+e− collider (left panels) and a µ+µ− collider (right panels) with basic acceptance cuts in
eq. (3.3).

channels include
γγ → qq̄, γg → qq̄, γq → gq,

qq → qq (gg), gq → gq and gg → gg (qq̄),
(3.7)

where q includes d, u, s, c, b and the possible anti-quarks as well. The PDFs and the corre-
sponding partonic luminosities are already shown in figures 1 and 2 with the full DGLAP
evolution at a double-log accuracy. We present the cross sections for di-jet production from
initial states of photons, quarks, and gluons versus the collider c.m. energy √

s = 3−15TeV
at an e+e− collider (left panels) and a µ+µ− collider (right panels) in figure 5, subject to
the acceptance cuts in eq. (3.3) shown by the upper and lower panels. The patonic QCD
jet cross sections are calculated at the leading order with MadGraph5 v2.6.7 [66] and
cross-checked with MCFM v9.1 [78] and Sherpa v2.2.10 [79].

The standard factorization scale is chosen to be Q =
√
ŝ/2, while varying the scale to

Q =
√
ŝ gives a 6∼15% (30∼40%) enhancement of the cross sections for an e+e− (µ+µ−)

collider, which characterizes the scale uncertainty. The rather large difference resulting
from the scale choice is owing to the large αs log

(
Q2) resummation. It is important to note

that, even originated from the photon splitting to quarks and then subsequently to gluons,
the gluon and quark initiated processes exceed the photon fusion in the di-jet production
rates by two (one) orders of magnitude for the electron (muon) collider. This is the result
of large QCD resummation and the g/q multiplicity. Depending on the acceptance cuts,
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Figure 7. Inclusive jet (or W ) distributions for transverse momentum (pjT , upper panels), jet
energy (Ej , middle panels) and the normalized pseudo-rapidity (ηj , lower panels) in various sub-
processes for an e+e− collider at √

s = 3TeV (left panels), and a µ+µ− collider at √
s = 10TeV

(right panels), respectively.

4 Summary and conclusions

In high-energy leptonic collisions, such as at a multi-TeV muon collider, the collinear split-
tings of electroweak gauge bosons and leptons are the dominant phenomena, and thus the
scattering processes should be formulated in terms of the EW parton distribution func-
tions (EW PDFs). We complete this formalism in the Standard Model to include the QCD
sector and evaluate the quark and gluon PDFs inside a lepton by solving the fully-coupled
DGLAP equations at the double-log accuracy, as presented in section 2. We see that, dom-
inantly from the photon splitting, there are significant gluon and quark contents in high
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Figure 7. Inclusive jet (or W ) distributions for transverse momentum (pjT , upper panels), jet
energy (Ej , middle panels) and the normalized pseudo-rapidity (ηj , lower panels) in various sub-
processes for an e+e− collider at √

s = 3TeV (left panels), and a µ+µ− collider at √
s = 10TeV

(right panels), respectively.
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tings of electroweak gauge bosons and leptons are the dominant phenomena, and thus the
scattering processes should be formulated in terms of the EW parton distribution func-
tions (EW PDFs). We complete this formalism in the Standard Model to include the QCD
sector and evaluate the quark and gluon PDFs inside a lepton by solving the fully-coupled
DGLAP equations at the double-log accuracy, as presented in section 2. We see that, dom-
inantly from the photon splitting, there are significant gluon and quark contents in high
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FIG. 2: Process cross-sections at a muon collider with
→
s ranging from 1 to 10 TeV. On the right-hand axis, the

expected 10 TeV instantaneous luminosity [1] is used to translate these cross-sections into rates in the detector.
Background-like processes are shown in light grey, while processes of interest are in solid lines of various colors.

Cross section values are from various references [9–12] and the µµ final state cross sections were calculated directly
using MadGraph5 aMC@NLO [13].

4

FIG. 3. Production cross section for semi-inclusive processes
at a µ

+
µ
→ collider versus the c.m. energy. The solid curves are

for (a) the total cross sections and the dashed (dotted) curves
from VBF (µ+

µ
→ annihilation) with EW PDF, and (b) for tt̄

production decomposed to the underlying contributions from
µ
+
µ
→
, ω/Z/ωZ,WTWL, WLWL and WTWT .

We summarize our results utilizing the EW PDFs in
Table II for a few characteristic processes for a muon col-
lider with a few representative energies 3, 6, 10, 14 and 30
TeV. For the sake of illustration, we once again separate
the partonic sub-processes by the fermionic annihilation
and by VBF.

IV. Discussions and Conclusion
• The naive EPA is inadequate at high scales. The QED
evolution of ln

(
Q

2
/m

2
ω

)
in the ω-PDF should capture the

dominant e!ect at an appropriate physical scale Q
2. Al-

though the Z contribution is typically small until reach-
ing a very high scale, the mixed state ωZ(BW

3) needs to
be taken into account that often interferes destructively.
• The EW PDF approach allows for calculating individ-
ual contributions from the polarized initial state partons,
with correlations to the corresponding sub-process ma-
trix elements. This is an important feature when polar-
ization is needed for exploring a certain type of under-
lying dynamics. This option would be unavailable with
the fixed order (FO) diagrammatic calculations [27–29].
In addition, the FO calculations may face a tremendous
challenge for numerical stability dealing with the large

...

... ...

FIG. 4. Normalized di!erential distributions for the final state
tt̄ system (a) the invariant mass mtt̄ and (b) the rapidity ytt̄.

collinear logs ln
(
Q

2
/m

2
ω

)
.

• Although no logarithmic growth for the longitudinally
polarized gauge boson PDFs, the large Yukawa coupling
to the top quark and the scalar self-interaction of the
Goldstone bosons make the sub-processes substantially
enhanced, as seen for the VBF production of tt̄, tt̄H, ZH

and HH.
• For the PDFs of fermions with a bare SU(2) charge, due
to the incomplete cancellation of the infrared divergence,
they are not exactly factorizable. This is known as the
violation of the Bloch-Nordsieck theorem [15, 20]. This
does not pose a problem to the beam (valence) lepton
because it is a numerically small higher-order correction.
This could lead to an unphysical solution to the dynam-
ically generated neutrinos. We impose an infrared cuto!
as a regulator ε

max = 1 →MZ/Q, which assures the re-
summation to a double-log accuracy [16].
• We have not taken into account the e!ects of the final-
state radiations (FSR). This could become one of the
dominant features at very high energies, properly de-
scribed by the “fragmentation functions” [15, 30]. We
leave this topic for future explorations.
• We did not quantify the potentially large corrections
near the threshold Q

2
↑ 4m2. On the one hand, our for-

malism aims to address the physics far above the thresh-
old Q

2
↓ M

2
Z . On the other hand, the infrared behavior

of the gauge boson radiation tends to populate the events
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for an electron (muon) collider. The radiative returns to the Z resonant production also
enhance the light-particle cross sections significantly. The ISR effects for light-particle
production (τ+τ−, qq̄) are thus larger than the massive one (W+W−), because of the
lower threshold, i.e., ŝ > m2

ij versus ŝ > (2MW )2.
In considering the QED fusion processes, the initial state partons present an infrared

enhancement at low mij and the two-parton cross section scales as

σ ∼ α2

m2
ij

(
α

2π log Q2

m2
ℓ

)2
. (3.2)

To separate the hadronic activities with the low-momentum transfer from the hard pro-
cesses of our current interests, we impose the following basic acceptance cuts on the outgo-
ing particles in the transverse momentum (pjT ), the di-jet invariant mass and the pseudo-
rapidity (ηj) in the lab frame

pjT >

(

4 +
√
s

3 TeV

)

GeV, mij > 20GeV, |ηj | < 3.13 (2.44). (3.3)

The energy-dependent cut on the final state pjT is to uniformly control the collinear logs of
the form (αs/π) log

(
pjT /

√
s
)
, numerically motivated by a CLIC study [69]. The pseudo-

rapidity cut corresponds to an angle with respect to the beam in the lab frame θj ∼ 5◦ (10◦),
in accordance with the detector coverage. For an equal footing comparison, the same
acceptance cuts have been applied to the Bhabha scattering and annihilation processes in
figure 3 as well.

In figure 3, the solid lines show the Compton scattering and the fusion processes

γℓ → γℓ; γγ → ℓ+ℓ−, qq̄ (u, d, c, s, b), and W+W−, (3.4)

by exploiting the EPA in eq. (2.16). The upper panels and lower panels are with a different
rapidity (angle) cut as in eq. (3.3). The cross section for the Compton scattering (γℓ) also
falls as α2/(s θ2), as evidenced from the figures. The cross sections for the other fusion
processes increase with energy logarithmically and decreases with pT (ormij) as in eq. (3.2).
The angular dependence is much weaker than 1/θ2 and becomes roughly like η2 due to the
boost factor. We see that the fermion pair production can be larger than that of the WW

channel, which is known to be one of the leading channels for high-energy leptonic collisions.
For the sake of illustration, we have only included the leading contributions from γγ fusion
in figure 3. We remind the reader that for the W+W− production at these energies, the
sub-leading channel γZ → W+W− contributes to about 20% (40%), and ZZ,W+W− →
W+W− about 10% (30%) concerning the γγ contribution at an e+e− (µ+µ−) collider. They
are neglected in our comparison for simplicity, which does not change the conclusion [57].

3.2 Jet production
Before predicting the jet production rate, it is important to remind the reader that at the
low-momentum transfer, the majority of the events come from the hadronic production
of the photon-induced processes, constituting the substantial backgrounds at the detector.

– 11 –

J
H
E
P
0
2
(
2
0
2
2
)
1
5
4

for an electron (muon) collider. The radiative returns to the Z resonant production also
enhance the light-particle cross sections significantly. The ISR effects for light-particle
production (τ+τ−, qq̄) are thus larger than the massive one (W+W−), because of the
lower threshold, i.e., ŝ > m2
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where q = p
→
→ p is the incoming momentum of the o!-shell photon. Expanding up to linear

order in q, the most general form is
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4ϑϖ is the electric charge, ϖ is the fine-structure constant, mf is the fermion

mass, Qf is the fermion’s electric charge in units of e, and ε
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, ω
ω ]. The functions

F1(q2), F2(q2), and F3(q2) are the Dirac, Pauli, and electric dipole form factors, respectively.
While these form factors depend on the momentum transfer q

2, their values in the static
limit q2 ↓ 0 correspond to physical observables. In particular, the Dirac form factor F1(q2)
is normalized to F1(0) = 1 by charge conservation, while F2(q2) and F3(q2) are related to
the fermion’s anomalous magnetic moment af and the electric dipole moment (EDM) df :

af = F2(0), df =
eQf

2mf

F3(0). (3)

The anomalous magnetic moment of a lepton ϱ is defined as aε = (gε → 2)/2, where gε is
the gyromagnetic ratio relating the lepton’s spin to its magnetic moment. This quantity is
commonly referred to as the “g → 2”, as it characterizes the quantum mechanical deviation
of gε from the classical Dirac value of gε = 2. In the SM, such deviations arise from higher-
order radiative corrections, with the leading contribution being the universal “Schwinger
term” [80]
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is CP-conserving, d(Z)
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violates the CP symmetry. Consequently, they probe

distinct facets of New Physics: a
(Z)

f
is sensitive to the CP-even sector of the underlying

theory, such as new heavy particles in the loops that respect the SM symmetries. In contrast,
a non-vanishing d

(Z)

f
would provide an unambiguous signal of new sources of CP violation

beyond the SM, which are essential to explaining the matter-antimatter asymmetry of the
universe. (Yang) Shall we quote some BSM models that can give rise to a
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To properly quantify the impact of BSM physics on the ω dipole moments, it is convenient
to write

aω = a
(Z), SM

ω
+!a

(Z)

ω
,

dω = d
(Z), SM

ω
+!d

(Z)

ω
.

(7)

The SM contribution to the ω dipole (weak) magnetic dipole moments a(Z), SM

ω read [132, 133]
(Yang) Do we add a sentence to comment on the imaginary part of a

Z,SM

ω
?

a
SM

ω
= 117 721 (5)→ 10→8

,

a
Z,SM

ω
= ↑(2.10 + 0.61 i)→ 10→6

.
(8)

(G.L.)The imaginary part of a
(Z),SM
ω is generated by virtual particles lighter than

the Z boson going on the mass shell. A contribution of this kind is present

anytime that the invariant mass of a pair of virtual particles is smaller than the

Z boson mass. I am not sure if we want to comment extensively on this. As

an aside: this is true also for d
(Z),SM
ω : what we report in Eq.9 then has to be

a bound either on the absolute value or on the real part of a
(Z),SM
ω . We should

check which one of the two. On the other side, the SM predictions of the ω (weak) EDM
are very tiny [134–136]

d
SM

ω
= ↑7.3→ 10→38

e cm,

d
Z,SM

ω
< 8→ 10→34

e cm.
(9)

Since these are negligible, we will use d
(Z)

ω in place of !d
(Z)

ω throughout the remainder of
this paper.

The impact of potential BSM physics on the lepton dipole moments can be parameterized
in a model-independent framework using dimension-6 SMEFT operators. The relevant terms
in the e”ective Lagrangian are [137, 138]

L ↓
CεB

#2
ε̄Lϑ

µϑ
eRϖBµϑ +

CεW

#2
ε̄Lϑ

µϑ
eR ωIϖW

I

µϑ
+ h.c., (10)

where Bµϑ and W
I

µϑ
denote the field-strength tensors of the U(1)Y and SU(2)L gauge groups,

ϖ is the SU(2)L Higgs doublet, εL denotes the left-handed lepton SU(2)L doublet, and eR

is the corresponding right-handed charged-lepton singlet. The matrices ω
I are the Pauli

matrices, and ϑ
µϑ = i

2
[ϱµ

, ϱ
ϑ ] is the antisymmetric tensor that encodes the dipole structure.

After spontaneous symmetry breaking, the Higgs field acquires a vacuum expectation value
(VEV), ↔$↗ = (0, v/

↘
2)T with v = 246 GeV. This triggers the matching between the gauge-

invariant SMEFT operators and the anomalous dipole form factors. From Eq. (10), the
e”ective Lagrangian in the broken phase is given by

L ↓
v +H
↘
2#2

(
Cεϖ ε̄ϑ

µϑ
PR εFµϑ + CεZ ε̄ϑ

µϑ
PR εZµϑ

)
+ h.c., (11)

where ε is the spinor for the lepton, PR = (1 + ϱ
5)/2 is the right-hand projection operator,

and we have defined the Wilson coe%cients in the (ϱ, Z) basis as

Cεϖ ≃ cWCεB ↑ sWCεW ,

CεZ ≃ ↑cWCεW ↑ sWCεB .
(12)
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Cεϖ ≃ cWCεB ↑ sWCεW ,

CεZ ≃ ↑cWCεW ↑ sWCεB .
(12)
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To properly quantify the impact of BSM physics on the ω dipole moments, it is convenient
to write

aω = a
(Z), SM

ω
+!a

(Z)

ω
,

dω = d
(Z), SM

ω
+!d

(Z)

ω
.

(7)

The SM contribution to the ω dipole (weak) magnetic dipole moments a(Z), SM

ω read [132, 133]
(Yang) Do we add a sentence to comment on the imaginary part of a

Z,SM

ω
?

a
SM

ω
= 117 721 (5)→ 10→8

,

a
Z,SM

ω
= ↑(2.10 + 0.61 i)→ 10→6

.
(8)

(G.L.)The imaginary part of a
(Z),SM
ω is generated by virtual particles lighter than

the Z boson going on the mass shell. A contribution of this kind is present

anytime that the invariant mass of a pair of virtual particles is smaller than the

Z boson mass. I am not sure if we want to comment extensively on this. As

an aside: this is true also for d
(Z),SM
ω : what we report in Eq.9 then has to be

a bound either on the absolute value or on the real part of a
(Z),SM
ω . We should

check which one of the two. On the other side, the SM predictions of the ω (weak) EDM
are very tiny [134–136]

d
SM

ω
= ↑7.3→ 10→38

e cm,

d
Z,SM

ω
< 8→ 10→34

e cm.
(9)

Since these are negligible, we will use d
(Z)

ω in place of !d
(Z)

ω throughout the remainder of
this paper.

The impact of potential BSM physics on the lepton dipole moments can be parameterized
in a model-independent framework using dimension-6 SMEFT operators. The relevant terms
in the e”ective Lagrangian are [137, 138]

L ↓
CεB

#2
ε̄Lϑ

µϑ
eRϖBµϑ +

CεW

#2
ε̄Lϑ

µϑ
eR ωIϖW

I

µϑ
+ h.c., (10)

where Bµϑ and W
I

µϑ
denote the field-strength tensors of the U(1)Y and SU(2)L gauge groups,

ϖ is the SU(2)L Higgs doublet, εL denotes the left-handed lepton SU(2)L doublet, and eR

is the corresponding right-handed charged-lepton singlet. The matrices ω
I are the Pauli

matrices, and ϑ
µϑ = i

2
[ϱµ

, ϱ
ϑ ] is the antisymmetric tensor that encodes the dipole structure.

After spontaneous symmetry breaking, the Higgs field acquires a vacuum expectation value
(VEV), ↔$↗ = (0, v/

↘
2)T with v = 246 GeV. This triggers the matching between the gauge-

invariant SMEFT operators and the anomalous dipole form factors. From Eq. (10), the
e”ective Lagrangian in the broken phase is given by
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v +H
↘
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(
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µϑ
PR εFµϑ + CεZ ε̄ϑ

µϑ
PR εZµϑ

)
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where ε is the spinor for the lepton, PR = (1 + ϱ
5)/2 is the right-hand projection operator,
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where q = p
→
→ p is the incoming momentum of the o!-shell photon. Expanding up to linear

order in q, the most general form is

”µ(q2) = →ieQf

[
ω
µ
F1(q

2) +
ε
µω
qω

2mf

(
iF2(q

2) + F3(q
2)ω5

)
]
, (2)

where e =
↑
4ϑϖ is the electric charge, ϖ is the fine-structure constant, mf is the fermion

mass, Qf is the fermion’s electric charge in units of e, and ε
µω = i

2
[ωµ

, ω
ω ]. The functions

F1(q2), F2(q2), and F3(q2) are the Dirac, Pauli, and electric dipole form factors, respectively.
While these form factors depend on the momentum transfer q

2, their values in the static
limit q2 ↓ 0 correspond to physical observables. In particular, the Dirac form factor F1(q2)
is normalized to F1(0) = 1 by charge conservation, while F2(q2) and F3(q2) are related to
the fermion’s anomalous magnetic moment af and the electric dipole moment (EDM) df :

af = F2(0), df =
eQf

2mf

F3(0). (3)

The anomalous magnetic moment of a lepton ϱ is defined as aε = (gε → 2)/2, where gε is
the gyromagnetic ratio relating the lepton’s spin to its magnetic moment. This quantity is
commonly referred to as the “g → 2”, as it characterizes the quantum mechanical deviation
of gε from the classical Dirac value of gε = 2. In the SM, such deviations arise from higher-
order radiative corrections, with the leading contribution being the universal “Schwinger
term” [80]

a
QED, 1-loop

ε
=

ϖ

2ϑ
↔ 0.00116. (4)

Similarly, for the electroweak interaction between an o!-shell Z boson with momentum
q and two fermions, the vertex function ”µ

Z
can be written as:

”µ

Z
(q2) = →ieQf

[
ω
µ

cW sW
(gf

V
+ g

f

A
ω
5) +

ε
µω
qω

2mf

(
iF

Z

2
(q2) + F

Z

3
(q2)ω5

)
]
, (5)

where the terms g
f

V
= T

3

f
/2 → s

2

W
Qf and g

f

A
= →T

3

f
/2 denote the SM vector and axial-

vector couplings. Here, T 3

f
represents the third component of the weak isospin, and sW (cW )

denotes the sine (cosine) of the weak mixing angle. The anomalous form factors F
Z

2
(q2)

and F
Z

3
(q2) describe the weak magnetic dipole moment (WMDM) aZ

f
and the weak electric

dipole moment (WEDM) d
Z

f
. At the Z-pole mass q

2
↓ m

2

Z
, these observables are defined

as:

a
Z

f
= F

Z

2
(m2

Z
), d

Z

f
=

eQf

2mf

F
Z

3
(m2

Z
). (6)

While a
(Z)

f
is CP-conserving, d(Z)

f
violates the CP symmetry. Consequently, they probe

distinct facets of New Physics: a
(Z)

f
is sensitive to the CP-even sector of the underlying

theory, such as new heavy particles in the loops that respect the SM symmetries. In contrast,
a non-vanishing d

(Z)

f
would provide an unambiguous signal of new sources of CP violation

beyond the SM, which are essential to explaining the matter-antimatter asymmetry of the
universe. (Yang) Shall we quote some BSM models that can give rise to a

(Z)

f
and

d
(Z)

f
?
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By comparing Eq. (11) with the vertex functions in Eqs. (2) and (5), we identify the BSM
contributions to the ω dipole moments as

!aω =
2
→
2mωv

e”2
Re(Cωε), dω =

→
2v

”2
Im(Cωε),

!a
Z

ω
=

2
→
2mωv

e”2
Re(CωZ), d

Z

ω
=

→
2v

”2
Im(CωZ).

(13)

These relations demonstrate that a(Z)

ω and d
(Z)

ω can be systematically probed by considering
experimental processes sensitive to the operators introduced in Eq. (10). Before delving
into the details of our analysis, however, a comment is in order to be made. Indeed, the
contributions listed in Eq.(13) only constitute the tree-level matching contribution from
the SMEFT onto aω and dω . At the loop level, they receive, among others, a contribution
proportional to CωZ from the orthogonal combination of Zdipole operators[139]. This latter
contribution is on general grounds subdominant with respect to the leading one from Cωε,
but can become important in case the leading contribution is small or vanishes altogether.
(Yang) I am not sure about the above comments on the loops... just copied from

the old draft, shall we remove it?

FIG. 1. Illustration of the EFT validity region in the (
→
s,!aω ) plane. The gray shaded region

indicates the parameter space excluded by the perturbative unitarity bounds: |CωB|s/”2
< 4ω and

|CωW |s/”2
< 4ω

√
2/3.

Within the SMEFT framework, perturbative unitarity imposes a fundamental upper
bound on the energy scales at which scattering amplitudes remain perturbatively calculable.
A detailed analysis of the dipole operators in Eq. (10) yields the following consistency
conditions [137, 138, 140]:

s
|CϑB|

”2
< 4ε , s

|CϑW |

”2
< 4ε

√
2/3 . (14)

In Fig. 1, we illustrate the resulting EFT validity region in the (
→
s, |!aω |) plane for future

electro-positron colliders. The gray shaded area represents the parameter space where the
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FCCee: look for the linear term 
9

The total cross section for the ω
+
ω
→
→ ε

+
ε
→ process can be expanded as the SM contri-

bution plus terms that depend on the Wilson coe!cients Cωε and CωZ

ϑϑ+ϑ→↑ω+ω→ = ϑ
SM

ϑϑ
+ ϑ

Lin

ϑϑ
+ ϑ

Quad

ϑϑ
, (16)

The cross sections in Eq. (16) are(Yang) Note here we have corrected the formulae,

so that the one in our letter shall also be updated. Could GL help to double

check the following equations?

ϑ
SM

ϑϑ
=

ϖ

12ϱ

[
e
4(1 + 2ε)

s
+

2e2g2
Z
g
2

V
s”(1 + 2ε)

”2s2 +M
2

Z
#2

Z

+
g
4

Z
s(g2

V
+ g

2

A
) (g2

V
(1 + 2ε) + g

2

A
(1↑ 4ε))

”2s2 +M
2

Z
#2

Z

]
, (17a)

ϑ
Lin

ϑϑ
=

ϖmωv
↓
2ϱs$2

Re

[
e
3
Cωε +

eg
2

Z
g
2

V
Cωε”s

2

”2s2 +M
2

Z
#2

Z

↑
gZgV CωZs

2(e2”+ g
2

Z
(g2

V
+ g

2

A
))

”2s2 +M
2

Z
#2

Z

]
, (17b)

ϑ
Quad

ϑϑ
=

ϖv
2(1 + 8ε)

12ϱ$4

[
e
2
|C

ωε
|
2 +

g
2

Z
|CωZ |

2
s
2(g2

V
+ g

2

A
)

”2s2 +M
2

Z
#2

Z

↑
2egZgVRe(C↓

ωε
CωZ)”s

2

”2s2 +M
2

Z
#2

Z

]

↑
ϖv

2
ε

ϱ$4

[
e
2
(
Im Cωε

)2
+

g
2

Z

(
Im CωZ

)2
s
2(g2

V
+ g

2

A
)

”2s2 +M
2

Z
#2

Z

↑
2egZgV Im CωεIm CωZ”s

2

”2s2 +M
2

Z
#2

Z

]
. (17c)

(Yang) Do you prefer the above form or the one below, for the quadratic term?

I guess the below one is better, as it separates the real and imaginary parts.

ϑ
SM

ϑϑ
=

ϖ

12ϱ

[
e
4(1 + 2ε)

s
+

2e2g2
Z
g
2

V
s”(1 + 2ε)

”2s2 +M
2

Z
#2

Z

+
g
4

Z
s(g2

V
+ g

2

A
) (g2

V
(1 + 2ε) + g

2

A
(1↑ 4ε))

”2s2 +M
2

Z
#2

Z

]
, (18a)

ϑ
Lin

ϑϑ
=

ϖmωv
↓
2ϱs$2

Re

[
e
3
Cωε +

eg
2

Z
g
2

V
Cωε”s

2

”2s2 +M
2

Z
#2

Z

↑
gZgV CωZs

2(e2”+ g
2

Z
(g2

V
+ g

2

A
))

”2s2 +M
2

Z
#2

Z

]
, (18b)

ϑ
Quad

ϑϑ
=

ϖv
2(1 + 8ε)

12ϱ$4

[
e
2
(
Re Cωε

)2
+

g
2

Z

(
Re CωZ

)2
s
2(g2

V
+ g

2

A
)

”2s2 +M
2

Z
#2

Z

↑
2egZgVRe CωεRe CωZ”s

2

”2s2 +M
2

Z
#2

Z

]

+
ϖv

2(1↑ 4ε)

12ϱ$4

[
e
2
(
Im Cωε

)2
+

g
2

Z

(
Im CωZ

)2
s
2(g2

V
+ g

2

A
)

”2s2 +M
2

Z
#2

Z

↑
2egZgV ImCωε ImCωZ”s

2

”2s2 +M
2

Z
#2

Z

]
. (18c)

(Yang) Updated discussions below, where I added a NR limit discussion re-

garding Eq. (18c). The kinematics of the process are governed by the dimensionless ratio
ε = m

2

ω
/s and the threshold velocity ϖ =

↓
1↑ 4ε , which accounts for the phase space of

the final-state ε leptons. The EW structure is defined by the couplings gV and gA, which are
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where ω → ŝ/s, with
↑
ŝ the partonic center-of-mass energy. The lower integration limit

ω0 = ŝmin/s is determined by the minimum partonic energy required to produce the final
state F or by additional kinematic cuts. The photon parton distribution function (PDF)
fω/ε(x,Q2) represents the probability density of finding a photon with a momentum fraction
x radiated from the incoming lepton beam at a factorization scale Q. At leading order, this
is traditionally described by the Weizsäcker-Williams Approximation (WWA) [154, 155]:

f
WWA

ω/ε
(x,Q2) =

ε

2ϑ

1 + (1↓ x)2

x
ln

(
Q

2

m
2

ε

)
. (22)

ω

ω

ε
→

ε
→

ω

ω

ε
+

ε
→

FIG. 4. Leading-order Feynman diagrams for the ωω ↔ ε
+
ε
→ process. The red nodes indicate the

e!ective vertices where the SM interaction is modified by the anomalous electromagnetic dipole
operator (Oϑω). In the absence of these colored vertices, the diagrams represent the pure SM
interaction.

The LO Feynman diagrams for the ϖϖ ↔ ϱ
+
ϱ
→ subprocess are presented in Fig. 4. The

red nodes represent the e!ective vertices modified by the dimension-6 electromagnetic dipole
operator, Oϑω. Within the SMEFT framework, the partonic cross section can be expanded
in powers of the new physics scale ” as:

ς̂ωω↑ϑ+ϑ→ = ς̂
SM

ωω
+ ς̂

Lin

ωω
+ ς̂

Quad

ωω
+O

(
1

”6

)
, (23)

where the linear term ς̂
Lin

ωω
arises from the interference between the SM amplitude and the

amplitude with a single insertion of Oϑω (scaling as 1/”2), while the quadratic term ς̂
Quad

ωω

(scaling as 1/”4) accounts for both the square of the single-insertion diagrams and the
interference between the SM and the double-insertion diagrams. Higher-order contributions
containing the interference between single-insertion and double-insertion amplitudes and the
square of double-insertion amplitudes are suppressed by at least 1/”6 and are thus omitted.
The explicit analytical expressions for these components are: (Yang) Note the following

formulae is also updated, so is di!erent from that in our letter.

ς̂
SM

ωω
=

e
4

4ϑŝ

[
(1 + 4ϱ̂ ↓ 8ϱ̂ 2) log

(
1 + φ̂

1↓ φ̂

)
↓ φ̂(1 + 4ϱ̂)

]
, (24a)

ς̂
Lin

ωω
=

↑
2e3mϑv

ϑŝ

Re Cϑω
”2

log

(
1 + φ̂

1↓ φ̂

)
, (24b)

ς̂
Quad

ωω
=

e
2
v
2

ϑ

1

”4

[((
ReCϑω

)2
↓
(
ImCϑω

)2
)
ϱ̂ log

(
1 + φ̂

1↓ φ̂

)
+ 2|Cϑω|

2
φ̂

]
. (24c)
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+
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red nodes represent the e!ective vertices modified by the dimension-6 electromagnetic dipole
operator, Oϑω. Within the SMEFT framework, the partonic cross section can be expanded
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arises from the interference between the SM amplitude and the

amplitude with a single insertion of Oϑω (scaling as 1/”2), while the quadratic term ς̂
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(scaling as 1/”4) accounts for both the square of the single-insertion diagrams and the
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1↓ φ̂
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↓ φ̂(1 + 4ϱ̂)
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2e3mϑv

ϑŝ
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)
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ϑ
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amplitude with a single insertion of Oϑω (scaling as 1/”2), while the quadratic term ς̂
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(scaling as 1/”4) accounts for both the square of the single-insertion diagrams and the
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[
(1 + 4ϱ̂ ↓ 8ϱ̂ 2) log

(
1 + φ̂

1↓ φ̂
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)
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ωω
=
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ϑ
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”4
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↓
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ϱ̂ log
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where ω̂ = m
2

ω
/ŝ and ε̂ =

→
1↑ 4ω̂ denotes the velocity of the ω leptons in the partonic

center-of-mass frame.

FIG. 5. Standard Model prediction for the cross section ωSM(e+e→ ↓ e
+
e
→
ε
+
ε
→) as a function

of the center-of-mass energy
→
s using the improved Weizsäcker-Williams approximation. The

shaded band represents the factorization scale uncertainty, obtained by varying the central scale
Q = ET /2 within the range [Q/2, 2Q]. Black markers denote LEP-II experimental measurements
from 1998–2000, and the red marker indicates their weighted average, as reported by the DELPHI
Collaboration [96].

While the standard WWA provides a useful simplification for equivalent photon fluxes in
high-energy processes, it often neglects O(1) constant terms in the phase-space integration.
In our numerical analysis, we employ the “improved Weizsäcker–Williams approximation”
(IWW) [156], which provides a more refined treatment of the photon flux:

f
IWW

ε/ϑ
(x,Q2) =

ϑ

2ϖ

[
2m2

ϑ
x

(
1

Q2
↑

1

Q
2

min

)
+

1 + (1↑ x)2

x
ln

Q
2

Q
2

min

]
, (25)

where Q2

min
= m

2

ϑ
x
2
/(1↑x). The factorization scale Q is set to the average transverse energy

of the final state in the partonic center-of-mass frame,

Q =
ET

2
=

Eω+ sin ϱω+ + Eω→ sin ϱω→

2
. (26)

In Fig. 5 we present the SM prediction for the cross section ςSM(e+e→ ↓ e
+
e
→
ω
+
ω
→) as a

function of the center-of-mass energy
→
s, which is obtained using the IWW approximation.

The factorization scale uncertainty is estimated by varying Q within the range [Q/2, 2Q].
Comparison with DELPHI measurements demonstrates that the experimental uncertainties
are consistent with the theoretical error estimated from this scale variation, validating the
accuracy of the EPA approach. In the following sections, we adopt the central value as
a benchmark for studying the sensitivity to ω dipole moments at future electron-positron
colliders.

Similar to the e+e→ ↓ ω
+
ω
→ case, the linear term for the partonic photon-photon collision

cross section ς̂
Lin

εε
is suppressed by mωv/ŝ due to the helicity mismatch between the BSM

9

The total cross section for the ω
+
ω
→
→ ε

+
ε
→ process can be expanded as the SM contri-

bution plus terms that depend on the Wilson coe!cients Cωε and CωZ

ϑϑ+ϑ→↑ω+ω→ = ϑ
SM
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+ ϑ
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+ ϑ

Quad

ϑϑ
, (16)

The cross sections in Eq. (16) are(Yang) Note here we have corrected the formulae,

so that the one in our letter shall also be updated. Could GL help to double

check the following equations?
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(Yang) Do you prefer the above form or the one below, for the quadratic term?

I guess the below one is better, as it separates the real and imaginary parts.
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(Yang) Updated discussions below, where I added a NR limit discussion re-

garding Eq. (18c). The kinematics of the process are governed by the dimensionless ratio
ε = m

2

ω
/s and the threshold velocity ϖ =

↓
1↑ 4ε , which accounts for the phase space of

the final-state ε leptons. The EW structure is defined by the couplings gV and gA, which are
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unitarity bounds are violated, rendering the EFT description invalid. As shown in the figure,
the SMEFT parameterization is valid up to

→
s = 1 TeV for |!aω | < 10→2. This validity

condition is well-satisfied by existing LEP constraints. At the FCC-ee, the projected sen-
sitivities for !aω are several orders of magnitude more stringent due to the much higher
integrated luminosity, placing the results even deeper within the safe EFT regime. Conse-
quently, unitarity violation is not a concern for the FCC-ee analysis. However, such bounds
may become relevant at higher-energy frontiers, such as a multi-TeV muon collider, where
the s-dependence of the dipole-driven amplitudes could eventually challenge the range of
EFT applicability [130, 131].

B. Key processes and the corresponding cross sections

1. e
+
e
→
↑ ω

+
ω
→

The e
+
e
→

↑ ω
+
ω
→ production is one of the leading processes for producing ω leptons

at high-energy electron-positron colliders. Based on the precision measurements at LEP
and SLD, the 95% CL constraints on the ω anomalous magnetic dipole moments have been
phenomenologically derived as follows2 [142]:

↓0.007 < !aω < 0.005, ↓0.0024 < !a
Z

ω
< 0.0025, (15)

which corresponds to a new physics scale of ” ↔ 1 TeV 3. Future electron-positron colliders,
such as the Future Circular Collider (FCC-ee) [143–146] and the Circular Electron-Positron
Collider (CEPC) [147–152], are expected to significantly enhance the sensitivity to these
observables due to their unprecedented high luminosities. (Yang) Full spelling of FCC-

ee/CEPC and the reference may be moved to the introduction. Will do it later.

The leading order (LO) Feynman diagrams for e
+
e
→
↑ ω

+
ω
→ are illustrated in Fig. 2.

The colored nodes indicate BSM dipole vertices: the red node represents the electromagnetic
dipole operator Oωε , while the green node corresponds to the weak dipole operator OωZ . In
the absence of these vertices, the diagrams represent the pure SM prediction.
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FIG. 2. Leading-order Feynman diagrams for the e+e→ ↑ ω
+
ω
→ process. The red and green nodes

represent vertices modified by BSM contributions, specifically the anomalous electromagnetic (Oωε)
and weak (OωZ) dipole moments, respectively. In the absence of these colored vertices, the diagrams
represent the pure SM interaction.

2With additional data from Ref. [141], the constraint is updated to ↓0.007 < !aω < 0.005 in Ref. [115].
3This benchmark estimate assumes Cωε = 1, i.e., an O(1) Wilson coe”cient.
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where ω → ŝ/s, with
↑
ŝ the partonic center-of-mass energy. The lower integration limit

ω0 = ŝmin/s is determined by the minimum partonic energy required to produce the final
state F or by additional kinematic cuts. The photon parton distribution function (PDF)
fω/ε(x,Q2) represents the probability density of finding a photon with a momentum fraction
x radiated from the incoming lepton beam at a factorization scale Q. At leading order, this
is traditionally described by the Weizsäcker-Williams Approximation (WWA) [154, 155]:

f
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ω/ε
(x,Q2) =
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x
ln
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)
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FIG. 4. Leading-order Feynman diagrams for the ωω ↔ ε
+
ε
→ process. The red nodes indicate the

e!ective vertices where the SM interaction is modified by the anomalous electromagnetic dipole
operator (Oϑω). In the absence of these colored vertices, the diagrams represent the pure SM
interaction.

The LO Feynman diagrams for the ϖϖ ↔ ϱ
+
ϱ
→ subprocess are presented in Fig. 4. The

red nodes represent the e!ective vertices modified by the dimension-6 electromagnetic dipole
operator, Oϑω. Within the SMEFT framework, the partonic cross section can be expanded
in powers of the new physics scale ” as:
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SM

ωω
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1
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where the linear term ς̂
Lin

ωω
arises from the interference between the SM amplitude and the

amplitude with a single insertion of Oϑω (scaling as 1/”2), while the quadratic term ς̂
Quad

ωω

(scaling as 1/”4) accounts for both the square of the single-insertion diagrams and the
interference between the SM and the double-insertion diagrams. Higher-order contributions
containing the interference between single-insertion and double-insertion amplitudes and the
square of double-insertion amplitudes are suppressed by at least 1/”6 and are thus omitted.
The explicit analytical expressions for these components are: (Yang) Note the following

formulae is also updated, so is di!erent from that in our letter.
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ŝ the partonic center-of-mass energy. The lower integration limit

ω0 = ŝmin/s is determined by the minimum partonic energy required to produce the final
state F or by additional kinematic cuts. The photon parton distribution function (PDF)
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x radiated from the incoming lepton beam at a factorization scale Q. At leading order, this
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e!ective vertices where the SM interaction is modified by the anomalous electromagnetic dipole
operator (Oϑω). In the absence of these colored vertices, the diagrams represent the pure SM
interaction.

The LO Feynman diagrams for the ϖϖ ↔ ϱ
+
ϱ
→ subprocess are presented in Fig. 4. The

red nodes represent the e!ective vertices modified by the dimension-6 electromagnetic dipole
operator, Oϑω. Within the SMEFT framework, the partonic cross section can be expanded
in powers of the new physics scale ” as:
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where the linear term ς̂
Lin

ωω
arises from the interference between the SM amplitude and the

amplitude with a single insertion of Oϑω (scaling as 1/”2), while the quadratic term ς̂
Quad

ωω

(scaling as 1/”4) accounts for both the square of the single-insertion diagrams and the
interference between the SM and the double-insertion diagrams. Higher-order contributions
containing the interference between single-insertion and double-insertion amplitudes and the
square of double-insertion amplitudes are suppressed by at least 1/”6 and are thus omitted.
The explicit analytical expressions for these components are: (Yang) Note the following

formulae is also updated, so is di!erent from that in our letter.
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The total cross section for the ω
+
ω
→
→ ε

+
ε
→ process can be expanded as the SM contri-

bution plus terms that depend on the Wilson coe!cients Cωε and CωZ

ϑϑ+ϑ→↑ω+ω→ = ϑ
SM

ϑϑ
+ ϑ

Lin
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+ ϑ

Quad

ϑϑ
, (16)

The cross sections in Eq. (16) are(Yang) Note here we have corrected the formulae,

so that the one in our letter shall also be updated. Could GL help to double

check the following equations?
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(Yang) Do you prefer the above form or the one below, for the quadratic term?

I guess the below one is better, as it separates the real and imaginary parts.
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(Yang) Updated discussions below, where I added a NR limit discussion re-

garding Eq. (18c). The kinematics of the process are governed by the dimensionless ratio
ε = m

2

ω
/s and the threshold velocity ϖ =

↓
1↑ 4ε , which accounts for the phase space of

the final-state ε leptons. The EW structure is defined by the couplings gV and gA, which are

8

unitarity bounds are violated, rendering the EFT description invalid. As shown in the figure,
the SMEFT parameterization is valid up to

→
s = 1 TeV for |!aω | < 10→2. This validity

condition is well-satisfied by existing LEP constraints. At the FCC-ee, the projected sen-
sitivities for !aω are several orders of magnitude more stringent due to the much higher
integrated luminosity, placing the results even deeper within the safe EFT regime. Conse-
quently, unitarity violation is not a concern for the FCC-ee analysis. However, such bounds
may become relevant at higher-energy frontiers, such as a multi-TeV muon collider, where
the s-dependence of the dipole-driven amplitudes could eventually challenge the range of
EFT applicability [130, 131].

B. Key processes and the corresponding cross sections

1. e
+
e
→
↑ ω

+
ω
→

The e
+
e
→

↑ ω
+
ω
→ production is one of the leading processes for producing ω leptons

at high-energy electron-positron colliders. Based on the precision measurements at LEP
and SLD, the 95% CL constraints on the ω anomalous magnetic dipole moments have been
phenomenologically derived as follows2 [142]:

↓0.007 < !aω < 0.005, ↓0.0024 < !a
Z

ω
< 0.0025, (15)

which corresponds to a new physics scale of ” ↔ 1 TeV 3. Future electron-positron colliders,
such as the Future Circular Collider (FCC-ee) [143–146] and the Circular Electron-Positron
Collider (CEPC) [147–152], are expected to significantly enhance the sensitivity to these
observables due to their unprecedented high luminosities. (Yang) Full spelling of FCC-

ee/CEPC and the reference may be moved to the introduction. Will do it later.

The leading order (LO) Feynman diagrams for e
+
e
→
↑ ω

+
ω
→ are illustrated in Fig. 2.

The colored nodes indicate BSM dipole vertices: the red node represents the electromagnetic
dipole operator Oωε , while the green node corresponds to the weak dipole operator OωZ . In
the absence of these vertices, the diagrams represent the pure SM prediction.
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FIG. 2. Leading-order Feynman diagrams for the e+e→ ↑ ω
+
ω
→ process. The red and green nodes

represent vertices modified by BSM contributions, specifically the anomalous electromagnetic (Oωε)
and weak (OωZ) dipole moments, respectively. In the absence of these colored vertices, the diagrams
represent the pure SM interaction.

2With additional data from Ref. [141], the constraint is updated to ↓0.007 < !aω < 0.005 in Ref. [115].
3This benchmark estimate assumes Cωε = 1, i.e., an O(1) Wilson coe”cient.
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the vector and axial-vector couplings of the leptons to the Z boson, while gZ = e/(cW sW )
is the overall Z-coupling constant. Notably, the coe!cients of (Re CωV )2 and (Im CωV )2 in
the quadratic contribution Eq. (18c) di”er by a term proportional to ω = m

2

ω
/s. In the

high-energy limit (
→
s ↑ mω ), this di”erence becomes negligible, and the two coe!cients

converge. Conversely, near the ω+ω→ production threshold (s ↭ 4m2

ω
), the contribution from

Im CωV is further suppressed by a factor of ε2 relative to that of Re CωV . This suppression
has a simple physical interpretation: The amplitude proportional to Im CωV corresponds to
a final-state bilinear of axial-current type ūωϑ

µε
qεϖ

5
vω . Near the ω

+
ω
→ production thresh-

old, the corresponding matrix element is proportional to the ω three-momentum |ϱpω | and
therefore vanishes as |ϱpω | ↓ 0. Consequently, the amplitude vanishes linearly at threshold,
and the corresponding cross section is suppressed by |ϱpω |

2
/m

2

ω
↔ ε

2.
The term # = 1 ↗ M

2

Z
/s in denotes the detuning from the Z-boson resonance, which

appears in the propagator alongside the Z-boson width $Z . As shown in Eq. (18b), the
# terms characterize the interference between the photon-mediated and Z-mediated ampli-
tudes within the linear BSM contribution. Since # changes sign when crossing the Z pole
(
→
s = MZ) and varies rapidly in magnitude across the resonance lineshape, scanning the

center-of-mass energy around the Z peak e”ectively modulates the relative weight of the Cωϑ
and CωZ contributions. This energy-dependent modulation provides the necessary sensitivity
to resolve the degeneracy between the two Wilson coe!cients, thereby eliminating the flat
directions that would otherwise persist in a single-energy measurement, as will be shown
later in Sec. III A.
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FIG. 3. Ratio of the linear interference term to the quadratic BSM term ω
Lin

ϖϖ
/ω

Quad

ϖϖ
for the

ε
+
ε
→
↓ ϑ

+
ϑ
→ process as a function of

→
s, shown for di!erent Wilson coe”cient combinations and

scales #.

As observed in Eq. (18), the linear interference term is suppressed by a factor of mωv/s, a
direct consequence of the helicity-flipping nature of the dipole-driven BSM amplitude relative
to the SM baseline. This suppression becomes increasingly severe at higher center-of-mass
energies. It is then instructive to compare the behavior of the linear term, which scales
as mωv/(s%2), with that of the quadratic term, which scales as v2/%4. At su!ciently high
energies, the mωv/s suppression can become comparable to or even exceed the additional
1/%2 suppression of the quadratic term, leading to a transition between the linear-dominant
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FIG. 6. Ratio of the linear interference term to the quadratic BSM term ω̂
Lin
ωω /ω̂

Quad
ωω for the photon-

photon partonic cross section.

amplitude and the SM one. The ratio between the linear and quadratic terms, ω̂Lin

ωω
/ω̂

Quad

ωω
,

is presented in Fig. 6 as a function of
→
ŝ for various values of ! with Cεω = 1. We observe

that for ! = 1 TeV, the linear term already dominates the BSM signal for
→
ŝ < 100

GeV. Furthermore, the 1/x behavior of the photon PDF ensures that the integral of the
cross section is heavily weighted toward the threshold region, where ŝ ↭ 4m2

ε
. At such

low energies, the mε/
→
ŝ factor no longer acts as a suppression for the linear term, as it

does in the high-energy annihilation process e+e→ ↑ ε
+
ε
→. As a result, the BSM signal in

ϑϑ ↑ ε
+
ε
→ is inherently driven by the linear interference term.

The high-luminosity environment of future e
+
e
→ colliders will push the sensitivity to

much higher ! scales. In this regime, both the quadratic dimension-6 contributions and
the linear dimension-8 terms are suppressed by additional factors of 1/!2 relative to the
leading linear term, ensuring the robustness of our dimension-6 truncation. This linear-term
dominance allows ϑϑ ↑ ε

+
ε
→ to fully leverage the large integrated luminosity, providing a

direct and powerful probe of ε anomalous magnetic moments. Such favorable scaling ensures
that the photon-photon collision process remains the most competitive channel for ”aε

measurements as the data volume increases, outperforming e
+
e
→
↑ ε

+
ε
→ where the linear

term is suppressed by mεv/s. In contrast, for measuring the ε EDM, ϑϑ ↑ ε
+
ε
→ su#ers

from a larger SM background in the low-ŝ region, while the SM background for e+e→ ↑ ε
+
ε
→

is suppressed by 1/s. Consequently, the latter process has a distinct advantage in probing
dε at higher-energy lepton colliders.

III. PHENOMENOLOGY AT FUTURE CIRCULAR e
+
e
→ COLLIDERS

Future electron-positron facilities, such as the Future Circular Collider (FCC-ee) [143–
146] and the Circular Electron-Positron Collider (CEPC) [147–152], will provide significantly
higher luminosities than those achieved at LEP. Both FCC-ee and CEPC o#er unique oppor-
tunities for precision testing of the SM and searching for BSM new physics [145, 146, 157–
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FIG. 8. Expected sensitivity reach on the ω dipole Wilson coe!cients at the 95% CL, derived
from the e

+
e
→

→ ω
+
ω
→ process at the FCC-ee Tera-Z phase. The upper panels display con-

straints as contours in the (CωW , CωB) plane, while the lower panels show the corresponding limits
in the (Cωε , CωZ) plane. The columns, from left to right, illustrate sensitivities derived from the full
dimension-6 cross-section, the linear interference terms only, and the quadratic BSM terms only.
Calculations assume purely real Wilson coe!cients within the SMEFT framework. Dashed con-
tours represent individual center-of-mass energy runs, while solid contours denote their combined
sensitivity.

combined bounds. After marginalization, we obtain:

!aω ↑ [↓1.7, 1.6]↔ 10→4
, |dω | < 6.0↔ 10→18 [e · cm],

!a
Z

ω
↑ [↓1.4, 1.3]↔ 10→5

, |d
Z

ω
| < 4.4↔ 10→19 [e · cm].

(31)

Here, the constraints on a
(Z)

ω are derived from the first column of Fig. 8, while those on d
(Z)

ω

follow from the third column. A key observation is the asymmetry in the magnetic dipole
constraints in Eq. (31), which is a direct signature of the linear interference term being odd

in the Wilson coe”cient. In contrast, the electric dipole moments d
(Z)

ω remain symmetric
as they arise solely from quadratic-only contributions. For completeness, we also present
“one-operator-at-a-time” constraints, where we set CωZ = 0 (Cωε = 0) when constraining aω

and dω (aZ
ω
and d

Z

ω
). These numerical 95% CL limits are summarized in Table III and are

consistent with the marginalized constraints in Eq. (31).
Finally, we observe that the combined contour obtained from the linear terms only (the

second column of Fig. 8) closely matches that from the full cross section (the first column),
while both are significantly stronger than the quadratic-only constraints (the third column).
This confirms that the e

+
e
→
→ ω

+
ω
→ process is dominated by linear interference terms, as

anticipated.

20

the Z-pole results in Fig. 8, it is evident that the contours at di!erent high-energy points
are more parallel to one another. This observation highlights the unique power of scanning
the Z-peak lineshape: around the resonance, the relative contributions are more sensitive
to

→
s due to the ” factor in the second term of Eq. (18b), which e!ectively breaks the flat

direction degeneracy.
The limits for the electric dipole moments d

(Z)

ω are extracted from the Quadratic-only
plots (third column). We find that the 2MW run yields stronger bounds on d

Z

ω
but weaker

bounds on dω compared to the 240 GeV stage. This behavior is a direct consequence of the
Z-mass e!ect in the propagator; because the 2MW threshold is closer to the Z peak, the
smaller denominator in Eq. (18c) provides a residual resonant enhancement that amplifies
the ωωZ contribution relative to the ωωε term.
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FIG. 9. Same as Fig. 8 but for e+e→ ↑ ω
+
ω
→ at higher energies of FCC-ee.

By combining all operational stages of the FCC-ee, we obtain the “one-operator-at-a-
time” constraints at 95% CL, which are summarized alongside those from individual working
points in Table IV. The asymmetry in the ”a

(Z)

ω bounds highlights the continued influence of
the linear interference terms, even in the high-energy regime. Although statistically less pow-
erful than the Tera-Z phase, the higher-energy measurements remain indispensable. They
provide valuable independent cross-checks across di!erent energy and luminosity regimes,
helping to control energy-dependent systematic uncertainties. Moreover, consistency across
these disparate runs o!ers a robust test of the SMEFT interpretation, ensuring that the
observed limits are not artifacts of detector-specific or modeling-related e!ects at a single
energy point. After marginalization, we obtain:

”aω ↓ [↔9.1, 8.6]↗ 10→5
, |dω | < 2.5↗ 10→18 [e · cm],

”a
Z

ω
↓ [↔1.2, 1.1]↗ 10→5

, |d
Z

ω
| < 4.4↗ 10→19 [e · cm].

(32)
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FIG. 11. 95% CL sensitivity contours in the (CωW , CωB) plane for the photon-photon collision
process at FCC-ee. The left panel shows constraints derived from the full cross section assuming
both CωW and CωB are purely real, while the right panel presents results from only the quadratic
terms assuming both are purely imaginary. Dashed lines represent individual operating stages:
Tera-Z (magenta), 2MW (blue), 240 GeV (red), and 365 GeV (green); the solid purple line denotes
their combined sensitivity. The SM prediction is indicated by the blue star at the origin.

does not benefit from energy enhancement at higher
→
s. Across the FCC-ee energy stages,

Lωω remains comparable, so that the constraints on !aω and dω are primarily driven by
the integrated luminosity. Consequently, the Tera-Z stage, with its ↑ 200 ab→1 luminosity,
yields the strongest limits. The constraints at di”erent working points approximately follow
simple scaling relations:

|!a
A
ω
| ↓ |!a

B
ω
|

(
LB

LA

)1/2

, (34a)

|d
A
ω
| ↓ |d

B
ω
|

(
LB

LA

)1/4

, (34b)

where LA and LB denote the integrated luminosities at two di”erent energy stages. These
scaling laws hold well between neighboring energy points where the photon–photon parton
luminosities are similar, showing deviations of only about 10% from the full numerical cal-
culation. The fourth-root scaling for dω specifically reflects its purely quadratic origin in the
cross-section. Using these relations, we can extrapolate from the 240 GeV run to estimate
the LEP-II sensitivity, obtaining |!aω | < 0.017 and |dω | < 3.5↔10→16

e·cm. These estimates
are remarkably consistent with the results of the DELPHI analysis at LEP-II [96], further
validating our projection methodology.

Finally, we provide a brief comment on the recent constraints obtained at the LHC [99,
100], which are derived in phase-space regions characterized by relatively large m(ε+ε→) and
large transverse momenta pT (ε±), based on an integrated luminosity of L = 140 fb→1. In
this high-energy regime, the interference between the SM and BSM amplitudes is severely
suppressed due to the helicity flipping of the BSM dipole operators relative to the SM
structure. As a result, the BSM contribution is e”ectively dominated by the quadratic term
so that both the constraints on aω and dω follow the same luminosity scaling behavior as in
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FIG. 11. 95% CL sensitivity contours in the (CωW , CωB) plane for the photon-photon collision
process at FCC-ee. The left panel shows constraints derived from the full cross section assuming
both CωW and CωB are purely real, while the right panel presents results from only the quadratic
terms assuming both are purely imaginary. Dashed lines represent individual operating stages:
Tera-Z (magenta), 2MW (blue), 240 GeV (red), and 365 GeV (green); the solid purple line denotes
their combined sensitivity. The SM prediction is indicated by the blue star at the origin.

does not benefit from energy enhancement at higher
→
s. Across the FCC-ee energy stages,

Lωω remains comparable, so that the constraints on !aω and dω are primarily driven by
the integrated luminosity. Consequently, the Tera-Z stage, with its ↑ 200 ab→1 luminosity,
yields the strongest limits. The constraints at di”erent working points approximately follow
simple scaling relations:

|!a
A
ω
| ↓ |!a

B
ω
|

(
LB

LA

)1/2

, (34a)

|d
A
ω
| ↓ |d

B
ω
|

(
LB

LA

)1/4

, (34b)

where LA and LB denote the integrated luminosities at two di”erent energy stages. These
scaling laws hold well between neighboring energy points where the photon–photon parton
luminosities are similar, showing deviations of only about 10% from the full numerical cal-
culation. The fourth-root scaling for dω specifically reflects its purely quadratic origin in the
cross-section. Using these relations, we can extrapolate from the 240 GeV run to estimate
the LEP-II sensitivity, obtaining |!aω | < 0.017 and |dω | < 3.5↔10→16

e·cm. These estimates
are remarkably consistent with the results of the DELPHI analysis at LEP-II [96], further
validating our projection methodology.

Finally, we provide a brief comment on the recent constraints obtained at the LHC [99,
100], which are derived in phase-space regions characterized by relatively large m(ε+ε→) and
large transverse momenta pT (ε±), based on an integrated luminosity of L = 140 fb→1. In
this high-energy regime, the interference between the SM and BSM amplitudes is severely
suppressed due to the helicity flipping of the BSM dipole operators relative to the SM
structure. As a result, the BSM contribution is e”ectively dominated by the quadratic term
so that both the constraints on aω and dω follow the same luminosity scaling behavior as in
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6

FIG. 3. Expected sensitivity reach on the ω dipole Wilson coe!cients at the 95% CL in the (left)
(CωW , CωB) plane and (right) in the (Cωε , CωZ) plane, derived from the µ

+
µ
→
→ ω

+
ω
→ process at a

multi-TeV muon collider for center-of-mass energies
↑
s = 3, 6, 10, and 14 TeV.

↑
s [TeV] 3 6 10 14

|”aω | 2.9↓ 10→4 1.5↓ 10→4 8.8↓ 10→5 6.3↓ 10→5

|”a
Z
ω | 4.7↓ 10→4 2.4↓ 10→4 1.4↓ 10→4 1.0↓ 10→4

|dω | [e · cm] 1.6↓ 10→18 8.1↓ 10→19 4.8↓ 10→19 3.5↓ 10→19

|d
Z
ω | [e · cm] 2.7↓ 10→18 1.3↓ 10→18 8.0↓ 10→19 5.7↓ 10→19

TABLE I. Constraints on the ω electric/magnetic dipole moment via µ
+
µ
→
→ ω

+
ω
→ at high-energy

muon colliders. The constraints on ”a
(Z)
ω are derived assuming purely real CωV while those for d(Z)

ω

are obtained assuming purely imaginary CωV

ω/Z

µ
+

µ
→

ε
+

H

ε
→

ω/Z

µ
+

µ
→

ε
+

H

ε
→

Z

Z

µ
+

µ
→

ω
+

ω
→

H

FIG. 4. Same as Fig. 2 but for µ
+
µ
→

→ ω
+
ω
→
H. The orange nodes denote vertices sensitive

to both the anomalous electromagnetic (Oωε) and weak (OωZ) dipole moments, while the green
node represents a vertex modified exclusively by OωZ . The first diagram exists only in the BSM
scenario; for the second and third diagrams, the removal of the colored vertices recovers the pure
SM contribution.
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TABLE II. Energy scaling behavior
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FIG. 5. Same as Fig. 4 but for µ+
µ
→
→ ε

+
ε
→
Z.

2. Electroweak boson associated ε
+
ε
→

pair production

The terms of O(!→4) in the overall cross section for the process µ+
µ
→
→ ω

+
ω
→
h that can

grow with the energy are

dεQuad
ωωH

dx1dx2
↑

1

192ϑ3

s

!4
(1↓ x1 ↓ x2 + 2x1x2)

[
|Cωε|

2
e
2
↓2egZgVRe(C

↑
ωZ
Cωε)+|CωZ |

2
g
2
Z
(g2

A
+g

2
V
)
]
, (5)

where H2 = m
2
h
/s, z2 = m

2
Z
/s and we have neglected ω mass corrections. The superscript

s denotes the fact that these are the only contributions growing with the CM energy. As far
as the reducible background process and µ

+
µ
→
→ ω

+
ω
→
Z is concerned, in the s ↔ m

2
Z
↔ m

2
ω

limit, and hence neglecting O(m2
Z
/s) corrections, we find

dε
s

ωωZ

dx1dx2
=

g
2
A

12ϑ3

s

!4
(1↓x1↓x2+2x1x2)

[
C

2
ε
e
2
↓ 2 e g gV

CZCε

cw
+

C
2
Z
g
2(g2

A
+ g

2
V
)

c2
w

]
. (6)
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FIG. 6. Same as Fig. 4 but for µ+
µ
→
→ W

±
ε
↓
ϑω , where the blue nodes represent vertices modified

exclusively by the OωW operator. The leftmost diagram represents a purely BSM contribution; for
the remaining diagrams, the removal of the colored vertex modifications recovers the corresponding
SM interactions.
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backgrounds. Despite the high statistics, the substantial SM background lim-

its the sensitivity, making it the least sensitive probe among the µC processes

considered.

Fig. 15 shows the 95% CL bounds in the (CωW , , CωB) plane at FCC-ee and at

a multi-TeV muon collider, assuming real Wilson coe!cients. A clear pattern

is shown: while the FCC-ee provides strong constraints on a
Z

ω
due to the high-

luminosity Z lineshape scan, the µC becomes the more powerful probe for both

dipole moments at energies above → 10 TeV. Most notably, the 14 TeV µC im-

proves the constraint on the EDM dω by over two orders of magnitude compared

to the FCC-ee, leveraging its unparalleled reach at the energy frontier.

A. Direct production via muon anti-muon annihilation

1. ω
+
ω
→

pair production

ωµ+µ→↑ω+ω→ = ω
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ωω
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FIG. 2. Leading-order Feynman diagrams for the µ+
µ
→
↔ ω

+
ω
→ process. The red and green nodes

represent vertices modified by BSM contributions, specifically the anomalous electromagnetic (Oωϑ)
and weak (OωZ) dipole moments, respectively. In the absence of these colored vertices, the diagrams
represent the pure SM interaction.
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where H2 = m
2
h
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Z
/s and we have neglected ω mass corrections. The superscript

s denotes the fact that these are the only contributions growing with the CM energy. As far
as the reducible background process and µ
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FIG. 6. Same as Fig. 4 but for µ+
µ
→
→ W
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ε
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ϑω , where the blue nodes represent vertices modified
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ω/Z

µ
+

µ
→

ε
+

G0

ε
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ω/Z

µ
+
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G
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ϑ
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FIG. 7. Feynman diagrams illustrating the application of the Goldstone Boson Equivalence The-
orem (GBET) for the processes µ

+
µ
→

→ ω
+
ω
→
Z and µ

+
µ
→

→ W
±
ω
↑
εω at high energies. In

this limit, the longitudinal components of the final-state electroweak gauge bosons (Z, W±) are
replaced by their corresponding Goldstone bosons (G0, G±). The orange nodes denote vertices
sensitive to both the anomalous electromagnetic (Oωε) and weak (OωZ) dipole moments.

↑
s [TeV] 3 6 10 14

|!aω | 1.5↓ 10→4 3.6↓ 10→5 1.3↓ 10→5 6.7↓ 10→6

|!a
Z
ω | 2.3↓ 10→4 5.8↓ 10→5 2.1↓ 10→5 1.1↓ 10→5

|dω | [e · cm] 7.9↓ 10→19 2.0↓ 10→19 7.1↓ 10→20 3.6↓ 10→20

|d
Z
ω | [e · cm] 1.3↓ 10→18 3.3↓ 10→19 1.2↓ 10→19 6.0↓ 10→20

TABLE III. Same as Table I but for µ+
µ
→
→ ω

+
ω
→
H at high-energy muon colliders.

B. Vector boson scattering processes

1. VBS → ω
+
ω
→

2. H → ω
+
ω
→
ϑ

C. The global picture at future muon colliders

IV. SUMMARY
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↑
s [TeV] 3 6 10 14

|!aω | 2.6↓ 10→4 6.6↓ 10→5 2.4↓ 10→5 1.2↓ 10→5

|!a
Z
ω | 4.2↓ 10→4 1.1↓ 10→4 3.8↓ 10→5 2.0↓ 10→5

|dω | [e · cm] 1.4↓ 10→18 3.6↓ 10→19 1.3↓ 10→19 6.7↓ 10→20

|d
Z
ω | [e · cm] 2.4↓ 10→18 6.0↓ 10→19 2.2↓ 10→19 1.1↓ 10→19

TABLE IV. Same as Table I but for µ+
µ
→
→ ω

+
ω
→
Z at high-energy muon colliders.
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FIG. 16. Projected 95% CL bounds on !a
(Z)
ω (left) and d

(Z)
ω (right) at a multi-TeV muon collider,

derived from di”erent processes as functions of
→
s. The bounds on !a

(Z)
ω are obtained assuming

purely real CωV , while those for d
(Z)
ω assume purely imaginary CωV . The dashed black line represents

the combined sensitivity from all stages of the FCC-ee [16] for comparison, and the gray shaded
region indicates the parameter space excluded by perturbative unitarity violation.
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FIG. 8. Expected 95% CL sensitivity reach on the ω dipole Wilson coe!cients from EW boson-
associated ω

+
ω
→ production processes at a multi-TeV muon collider for center-of-mass energies

→
s = 3, 6, 10, and 14 TeV. The upper panels display constraints in the (CωW , CωB) plane, while

the lower panels show the corresponding limits in the (Cωε , CωZ) plane. From left to right, the
columns illustrate sensitivities derived from the µ

+
µ
→
↑ ω

+
ω
→
H, µ+

µ
→
↑ ω

+
ω
→
Z, and µ

+
µ
→
↑

W
±
ω
↑
εω channels, respectively. In each plot, the solid contours represent the associated production

sensitivity, while the dashed contours show the µ
+
µ
→
↑ ω

+
ω
→ benchmark for comparison.

→
s [TeV] 3 6 10 14

|”aω | 4.1↓ 10→4 1.1↓ 10→4 4.1↓ 10→5 2.1↓ 10→5

|”a
Z
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|d
Z
ω | [e · cm] 1.8↓ 10→18 4.7↓ 10→19 1.7↓ 10→19 9.0↓ 10→20

TABLE V. Same as Table I but for µ+
µ
→
↑ W

±
ω
↑
εω at high-energy muon colliders.
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Wallonie Bruxelles (CÉCI) funded by the Fond de la Recherche Scientifique de Belgique
(F.R.S.-FNRS) under convention 2.5020.11 and by the Walloon Region. G. Levati grate-
fully acknowledges financial support by the Swiss National Science Foundation (Project No.
TMCG-2 213690). Z.Q. Wang acknowledges support from the China Scholarship Council
(CSC)- UCLouvain Co-funding PhD Fellowship (Grant No. 202206040017). P. Paradisi re-
ceived funding by the European Union’s Horizon 2020 research and innovation programme
under the Marie Sklodowska-Curie grant agreements n. 860881 - HIDDeN, n. 101086085 -



50

MuC: preliminary results
9

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
-0.06

-0.04

-0.02

0.00

0.02

0.04

0.06

-0.10 -0.05 0.00 0.05 0.10
-0.10

-0.05

0.00

0.05

0.10

-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
-0.06

-0.04

-0.02

0.00

0.02

0.04

0.06

-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15
-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

FIG. 8. Expected 95% CL sensitivity reach on the ω dipole Wilson coe!cients from EW boson-
associated ω

+
ω
→ production processes at a multi-TeV muon collider for center-of-mass energies

→
s = 3, 6, 10, and 14 TeV. The upper panels display constraints in the (CωW , CωB) plane, while

the lower panels show the corresponding limits in the (Cωε , CωZ) plane. From left to right, the
columns illustrate sensitivities derived from the µ

+
µ
→
↑ ω

+
ω
→
H, µ+

µ
→
↑ ω

+
ω
→
Z, and µ

+
µ
→
↑

W
±
ω
↑
εω channels, respectively. In each plot, the solid contours represent the associated production

sensitivity, while the dashed contours show the µ
+
µ
→
↑ ω

+
ω
→ benchmark for comparison.

→
s [TeV] 3 6 10 14

|”aω | 4.1↓ 10→4 1.1↓ 10→4 4.1↓ 10→5 2.1↓ 10→5

|”a
Z
ω | 3.1↓ 10→4 8.3↓ 10→5 3.1↓ 10→5 1.6↓ 10→5

|dω | [e · cm] 2.3↓ 10→18 6.1↓ 10→19 2.3↓ 10→19 1.2↓ 10→19

|d
Z
ω | [e · cm] 1.8↓ 10→18 4.7↓ 10→19 1.7↓ 10→19 9.0↓ 10→20

TABLE V. Same as Table I but for µ+
µ
→
↑ W

±
ω
↑
εω at high-energy muon colliders.

have been provided by the supercomputing facilities of the Université catholique de Lou-
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FIG. 15. Global sensitivity reach at the 95% CL for the ω leptonic Wilson coe!cients across
di”erent future collider programs. The upper row shows constraints in the gauge-invariant SMEFT
basis (CωW , CωB), while the lower row displays the reach in the physical basis (Cωε , CωZ). The left
column illustrates the total sensitivity derived from the full dimension-6 cross-sections, whereas
the right column isolates the results from quadratic BSM terms to provide a benchmark for CP-
violating dipole moments. Dashed contours represent the individual projected operating stages
of the FCC-ee, and solid contours denote a multi-TeV muon collider at center-of-mass energies of
→
s = 3, 6, 10, and 14 TeV.

[16] D. Buttazzo, G. Levati, Y. Ma, F. Maltoni, P. Paradisi, and Z. Wang, “Probing ω lepton
dipole moments at future e+e→ colliders,”. in preparation.
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