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o Introduction to NL symmetries (Galilean, Carrollian, Aristotelian)
o Carroll gravity actions

o Gauge theory for fractons

o Relation with Carroll symmetry/gravity

o 2-form extension

o Future directions
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The kinematical groups are classified; they include, besides space-time transtations and spatial GL ASS

rotations, “‘inertial transformations™ connecting different inertial frames of reference. When parity and
time-reversal are required to be automorphisms of the groups, and when a weak hypothesis on causality
is made, the only possible groups are found to consist of the de Sitter groups and their rotation-invariant
Para-Poincaré contrgcuo]r;: ffjhe tshchezlmeS thhe lc):optracgions ;cgnﬁting these groups enablgs one to disail‘ss th;:ir physical
" ) ) meaning. Beside the de Sitter, Poincaré, and Galilei groups, two types of groups are found to present
time; 0 ¢ ¢ (Anti-)de Sit some interest. The *’static group™ applies to the sta%ic n?odels, W?tphe inﬁn%telypmassive particlel.gs. The LEWIS CARROLL
other type, halfway between the de Sitter and the Galilei groups, contains two nonrelativistic cosmological
groups describing a nonrelativistic curved space-time.

Carroll

Red Queen Effect

"Now, here, you see, it takes all the running you can do
just to keep in the same place. If you want to get

somewhere else, you must run at least twice as fast!“
- Red Queen from Through the Looking Glass
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Non-Lorentzian Symmetry

SO(3) — Rotations in 3D _ " , 1
o Poincaré group ' = ——— (z —vi)
1% . ' Vi Lorentz boosts
Ry(¢) = [0 cos(®) —sin(¢) 1
[o sin(4) cos(¢)] R,() t' = 2 (t— aé_g)
[cos(e) 0 sin(e)] <O 2
Ry®=| 0 1 0
—sin(8) 0 cos(0) R,(6) . .
cos(y) —sin(y) 0 7) o Galilei group T =T —vl  Galilei boosts
R, (Y) = Slnéll)) COSéljJ) (1) LQ/RX(d)) t, _ ¢
x =x
‘ o Carroll group ¢ — ¢ _ oy Carroll boosts
Translations
/ o Aristotelian group No boosts
o Aristotelian algebra Galilei
Jab, Jed] = Oacdap — 0adJeb — Ovedda + Ovddea B,,H] = P,
[Jab7 Pc] — 6cha — 5(:an Carroll

[Jaba Bc] — 5cha — 5ca,Bb [BG? Pb] — 5abH



Geometry from Symmetry

A<O A0 A>0
s anti de Sitter Minkowski de Sitter
SO(3,2)/S0O(3,1) ISO(3,1)/S0O(3,1) SO(4,1)/S0(3,1)
o hyperbolic Euclidean spherical
SO(4,1)/SO(4) ISO(4) /SO(4) SO(5)/SO(4)

General Relativity

(source: gr-qc/0611154) /d4aj A\/ ‘g‘ R ~ /EABC’D (deB _l_ CUAN N\ CUNB) A\ GC A\ €D
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Gravity as a gauge theory

o The (2+1)-dimensional case

1
| 0 AM_GﬁPA+§Wﬂ JAB
S = d>z\/—g R~J AAdA —A3> 1
167rGJ VT < naaT 3 Fl, =TAPs+ §Rf}fJAB
T4 = de? + w?B A R RAB = dwAB + wAC A wCP

o In the AdS case, black hole solutions (BTZ) and infinite dimensional conformal symmetry as
asymptotic symmetry [Banados, Teitelboim, Zanelli (1992)], [Brown-Henneaux (1986)]

o In 3+1 dimensions the best that can be done is to introduce a cosmological constant and
define a gauge theory for the Lorentz group

1
FANF
321G A / < )
o In arbitrary dimensions one can always write a Lorentz invariant theory as

1 D AB v
% /d zdet(e) (R*Pelyel; — 2A)

o Einstein gravity can be recovered when solving the Torsionless constraint

T4A=0 = w?P =w"B(e, de)

g —

g

o The procedure of gauging a symmetry can be extended to the non-Lorentzian case



Non-Lorentzian Gravity

o Gauge theories

1

AT = et Pa + §w/j‘ JAB A=1{0,a}
1

AT = 1, H + €, Po + Swp Jap + W) Ba

o Chern-Simons theories [Papageorgiou, Schroers (2010)], [Hartong (2015)], [Bergshoeff, Rosseel
(2016)], [Hartong, Lei, Obers (2016)], [Gomis, Kleinschmidt, Palmkvist, Salgado-Rebolledo (2021)],
[Concha, Ravera, Rodriguez (2021)]

/<A/\dA—I—§A/\A/\A>

o MM-like theories [Campoleoni, Henneaux, Pekar, Perez, Salgado-Rebolledo (2021)],
[Concha, Rodriguez, Rubio (2022)] [Ecker, Grumiller, Salgado-Rebolledo (2025)]

/(F/\F)



Recent applications

GALILEI
o Non-AdS extensions of Holography [Taylor (2008)], [Son (2008)], [Guica, Skenderis, Taylor, van

Rees (2011)], [Bagchi, Fareghbal (2012)], [Hartong, Kiristis, Obers (2015)]
o Non-relativistic string theory [Danielsson, Guijosa, Kruczensk(2000)], [Gomis, Ooguri (2001)],
[Bagchi (2013)], [Bergshoeff,Gomis, Yan (2018)], [Hallmark, Hartong, Menculini, Obers, Oling (2019)]
o Newton-Cartan gravity [Cartan (1923)], [Kuchar (1980)], [Andringa, Bergshoeff, Panda, de Roo
(2011)], [Christensen, Hartong, Obers, Rollier (2014)]
o Hydrodynamics [Geracie Prabhu, Roberts (2015)], [Hartong, Armas, Have, Nielsen, Obers (2019)]
o Condensed matter [Greiter, Witten, Wilczek (1989)], [Carter, Khalatnikov (1994)], [Son, Wingate

(2006)]
o Fractional quantum Hall effect [Bradlyn, Read (2012)], [Son (2013)], [Gromov, Abanov (2014)]

CARROLL

o Flat Holography [Donnay, Fiorucci, Herfray, Ruzziconi (2022)], [Bagchi, Dhivakar, Dutta (2023)]

o Black hole physics [Donnay, Marteau (2019)], [Oling, Pedraza (2024 )]

o Cosmology [de Boer, Hartong, Obers, Sybesma, Vandoren (2021)]

o Hydrodynamics [Fridel, Jai-akson (2022)], [Ciambelli, Marteau, Petkou, Petropoulos, Siampos
(2018)]

o Fractons [Figueroa-O’Farrill, Peréz, Prohazka (2023)]

o Flat band systems [Bagchi, Banerjee, Basu, Islam, Mondal (2022)]

ARISTOTELIAN

o Lifshitz field theory [Kachru, Liu, Mulligan (2018)]

o Bimetric theory for the fractional quantum Hall effect [Gromov, Son (2017)]

o Hydrodynamics [Armas, Jain (2021)], [Pinzani-Fokeeva, Yarom (2022)]

o Field theories for fractons [Pretko (2016)], [Seiberg, Shao (2020)], [Bidussi, Hartong, Have, Musaeus,
Prohazka (2021)], [Grosvenor, Hoyos, Pena-Benitez, Surowka (2021)], [Angus, Kim, Park (2021)]



Carroll Gravity

o Carroll (AdS) algebra

[Jaba JCd] — 45[&[ Jd]b] [Jab7 BC] — zéc[bBa] [Paa H] — _ABCL
| Japy Pe] = 2015 Py \P,, By = 0 H P, P = —AJdw

o Carroll connection and curvature

1
AC’arroll — 7 H + €aPa 4+ waBa + §Wab<]ab

1
Fearroll — JA+ ANA=TH+ TP, + R*B,, + 5R@’Uab

R* = dw® + w% AW —A 7 A e T = de® + w®, A e’
T =dr +e% A w, R = dw™ + w . Aw® — A\ e

o Magnetic Carroll gravity action [Bergshoeff, Gomis, Rollier, Rosseel, ter Veldhuis (2017)]

1
T A/(F/\F} ) 7TG /dthZEQ 27‘“6 R“ + et e” Rab—QA)
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Carroll Gravity

o Magnetic and Electric Carroll limits of GR [Henneaux, Salgado-Rebolledo (2021)]

S:/dthZE (Wijgij—NHJ_—NiHi) — /dthib (Wijgij—NHM7E—NiHi)

H, =Hy + HEe Hi:—QVjﬂ'ij
R B 167Gy [y 1 )
Hy = e (R —2A) Hp = N T - 5T

o Magnetic action is equivalent to the action found when gauging the Carroll algebra after
solving the torsion constraints

T =dr+e*Nw, =0 wua’ = —TMTyepaﬁ[VTp] — e”“@mm + Sabeﬂb
= ab a b a _vb c
T = de® + w? A e® = 0 w, " = 2 e Iuep] - euce’ e’ 0 e,

o Using the identification [Campoleoni, Henneaux, Pekar, Perez, Salgado-Rebolledo (2022)]

1 N .
. .. .. T'LL:<_7_—)7 652(0762)7
] \/g (Szg _gsz) N N

167Gy 7, = (N,0), e = (efN', e}) 9ij = dapef €]

o In relation to fractons one could consider more general actions. For example

1 1
S:/(TA*TA—I—§RAB*RAB> %/(T*T+Ta*Ta-|—Ra*Ra‘|‘§Rab*Rab>



o

o

o

@

o Quantum error correction [Haah (2011)], [Vijay, Haah, Fu (2016)], [Shirley, Slagle, Chen (2018)]
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(source: 1806.04687)

Higher-rank gauge theory [Pretko (2016)]

Duality with Carroll symmetry [Figueroa-O’Farrill,
Peréz, Prohazka (2023)], [Marsot, Zhang, Chrenodub,

Horvathy (2022)]

Fracton-elasticity duality [Pretko, Radzihovski (2017)]

FQHE [Du, Mehta, Nguyen, Son (2024)]

Gauge Modes

Electric Field E;

(source: 2001.01722)
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Phonons

Strain Tensor Ui

(source: 2001.01722)



Fracton gauge theory

o Simplest case: conservation of charge and dipole moment

Qz/dep Da:/dD:Uxap

o Scalar charge theory

1 1
SSC’ — 5 /dD+1w (FOabFOab §Fachabc>
F()ab — aOAab — aaabAO 5140 — 80>\U(1)
Fab,c — 8a/élbc — ab*Aac 5Aab — aaab)\U(l)
o Analogy with electrodynamics
1 1
SMaa;well — _Z /dD+1 F/M/F'LLV — 5 /dD+1 (FOaFOa, — %FabFab> ) FMV — a,uAl/ — aI/AN

Foa = OgAgq — 0, A0 Fop = 04 Ap — OpAq 5A,LL — a,u)‘U(l)

o Adding sources generalizes the continuity equation accordingly
/ d°zA,J" — / dPx(Agp + AapJ )

QMJM =0gp+ 0, J" =0 — 8op+8a8bJ“b:O



Fracton gauge theory from elasticity

o Elasticity Lagrangian in 2+1 dimensions

. .. 1
S = /d%dt% [(Btu")2 — C”keuijukg] U5 = 5(8?3“3’ '|‘8juz’)

o Action for the Goldstone boson associated to the breaking of translational symmetry

x2 Solid
o Aristotelian symmetry 4 o |
‘ * * * ¢ * Intern?ll Interflal
b ° ‘ ) . o trans;illtlons rotation
[L7 Pa] — €q Pb ‘ ; | S
. u\‘ ® @ @ L L J T2
15, T3] = Ei]Tj 1 I *—9—o ‘_>T1 Q
o Unbroken generators | g
. Space translations Space rotation
Ra:Pa,"F&azTi PP“ &
J=L+S5 [—>P1 O
. > 1
o Lagrangian for Goldstone bosons 20 =t
Q p— g_ldg. g(.’,U, u, 0) — emaPae¢i($)Ti69(m)S _ ea;aRaeui(a;)Ti e@(a:)S ¢Z(ZE) i .CCi i ’LLZ(.CU)
1 io i L raibi 1 ~sv2 1 abnsas
L = §A’I,JQt Qt — §K ’ Qaiﬂbj — §I(Qt ) — 5/63 Qaﬂb



Fracton gauge theory from elasticity

o Elasticity Lagrangian in 2+1 dimensions

1 : .
S = /devdt 5 [(0¢u*)? — O™ jug] uzg = %(32’% + 0ju;)
ub = Tt + uz(s)

o Hubbard-Stratonovich transformation

S = /d2£1:dt [éczgiedzja'ke — 571'271'2' —o" (Bzﬁj + ’UJS)) + 70 (1; + ugs))]

o Dualization
EY = ¢*cita,, B' = €, B = ejkajAl“ EY = 0,AY 4 0,09

1 ~ g 1. y
S = / d*z dt [5%;@%“ — 5 B'Bi — p¢ - J”Aij]
Aij — Aij + 67;83'05, o — b+ Orox

o This type of theories will be considered only in flat space



Fracton gauge fields and Aristotelian geometry

o The fracton field theories should naturally couple to Aristotelian geometry
1
A = 7H + e*P, + §w“bJab

o Aristotelian field strength encodes torsion and curvature
Ar a 1 ab
F*" =drH+T Pa+§R Jab
T — d a a b ab ab a cb
=de” +wvy Ne R = dw™ + w®,. AN w

o One can introduce an affine connection through a vielbein postulate

vueg:aue‘;th“bue’;—rpu,/eg:o uw=0,....,D—1

vy, =0, —1I?,,7,=0 a=1,...,D—1

a
U

| S v a UV __ 174
7" =1, T, +e e, =0,

a i _ sa B () = M
€., =0y, Tue, =0=1"e

a a b
[P = 7°0uT, + eq(Ouey, + wppey)

o In terms of a spatial metric 1, = 0Ogp eaﬂeby hu,ﬂ'y =0 Guv = TuTv + by

1
V., =0=V,h,, T+, =T1hd,T, + §h“’\ (Buhap + Ophuy — Orhuy)

p



Fracton gauge fields and Aristotelian geometry

o Consider again the fracton gauge theory

1 1 0;A 0: A
S=—Jdd+1x (Fi'Fq;-——F-- F) Fiji = OiAjk — 0j Aik
2 PO TRk | g = A+ 0,0,

o Can be rewritten as

1
S— L [0p,
o Curved space generalization
1
S = _Z/d% g| Fyu p 0P
F,o»=V,A,—V,A
UV pAAvA v4p )\ 5A“V _ V“VVG TVA/.LI/ _ —@,,qb

o Curvature spoils gauge invariance

§F 0 = [V, V100 = —R 5 0at



Fracton gauge fields and Aristotelian geometry

o One can propose the modified action [Pena-Benitez, Salgado-Rebolledo (2023)]

1
S =— Jdd—i_lx |g| (EFMV)\F'LLVA - RMVpUA,upAVJ)

o Where gauge invariance requires

VR =0

o Other approaches require different constraints on the geometry [Slagle, Pretko (2016)],
[Bidussi, Hartong, Have, Musaeus, Prohazka (2021)]

o In 2+1 dimensions there is a Chern-Simons formulation [Hartong, Palumbo, Pekar, Pérez,
Prohazka (2024)]

o Fracton gauge fields can be coupled to a linearized gravity [ Isaloukidis, Fernandez-Melgarejo,
Molina-Vilaplana, Suréwka (2023)]

o Gauge invariant actions can be formulated by introducing extra fields in the theory [Bidussi,
Hartong, Have, Musaeus, Prohazka (2021)], [Pena-Benitez (2021)], [Jain, Jensen (2021)], [Pena-
Benitez, Salgado-Rebolledo (2023)], [Bergshoeftf, Giorgi, Rosseel, Salgado-Rebolledo (2025)]



From Carroll algebra

o Carroll algebra
Jabs Jed] = 401aicJapp) [Jab, Be] = 26,1 By
[Jab, PC] — Qac[bpa] [Paa Bb] = 0abH

o Add a U(1) charge and obtain the dipole preserving algebra by the following redefinition

Q+— H B, — D,

o Dipole preserving algebra or fracton algebra

[Jab, ch] = 45[a[ch]b] [Jaba Dc] — 25c[bDa]
[Jab, PC] — 25c[bPa] [Pcu Db] — 5abQ

o Compatible with the fracton charges
Q:/dDa:p D“z/dDajx“p
o Extension to higher moment charges: multipole algebra [Gromov (2018)]

o Use tools from Carroll gravity
1
ACarroll — 7 H + 6aPa 4+ waBa + §wabJab

1
— A=aQ +e"P,+ AD, + §wa’bJab +T7H



From Carroll algebra

o Curvature

1
FZCZA—l—A/\A:TaPa—l—§RabJab—|—fQ—|—FaDa—|—dTH

T = de® +w" A F® = dA® + % A A”
R = dw® + w, A w® f=da—+e*NA,

o Gauge transformations

1
0A = de+ [A, €, e =nQ + p*P, + 5HC“’Jab + 8D, +~H

o Under U(1) and dipole gauge transformations
da = dn+ e“f, SA® = dB% 4+ w3

o Consider flat space
e” =0, dz" w® =0

o The gauge fixing condition a, = 0 leads to the fracton gauge transformation 5 AZ _ _ 3“ 0%n



From Carroll algebra

o Torsion free condition in Carroll gravity leads to a symmetric gauge field
[Bergshoeff, Gomis, Rollier, Rosseel, ter Veldhuis (2017)]

b_b
wyt = T e 0Ty + e, + 5%,
o It can be identified with the symmetric rank-2 tensor in the scalar charge theory

wf; o AZ Sap — A

o Carroll gravity action can be transformed into an action for fracton gauge fields

1
Scarroll = / (T*T +T*%T, + R~ R, + §Rab *Rab>

1
— / (f*f+Ta*Ta + FY%x F, + §R“b*Rab
o However this type of action is not U(1) invariant in the presence of curvature. Thus we set

e” =0, dx" w™ =0



From Carroll algebra

o We find an alternative formulation of Pretko’s action

1 1
S = _5/(F“A*Fa+fA*f) = —1/dDHx(FW“F“”aJrfo“")

F® = dA®, f=da+dz® N A,, GA® = dp°, da = dn + dz" B,

o This action can be found from Cosserat elasticity (keeping 0 independent) upon
dualization [Gromov, Suréwka (2020)]

o Coupling to currents leads to the fraction continuity equation

A Axd, +aNxj) = [ dPTrx (A, 2TH, + a*j
T T

_ 40 0
Oop + 0u0pJ® =0 p=7 +0,J"
o Gauge fixing and imposing a constraint leads to Pretko’s theory

Foap = Aab + aaab¢
Fope = a[bfélc]a,

1 1
SSC’ — 5 /dD+1CU (FOabFOab — §Fachabc)



Two-form extension

o In 3+1 dimensions disclinations and dislocations are line-like defects (strings) [Beekman,
Nissinen, Wu, Zaanen (2017)], [Pai, Pretko (2018)]

== P

(c) wedge disclinatio:

(a) edge dislocation ew di l cation

(source: 1703.03157)

o Dualization of the elasticity action leads to a higher-rank gauge theory

S = /d3x dt % [(8tui)2 — Cijkluijukl]

!
S = / P dt [ Citipgrs BN — “ BB — piig; — J”’flAz-jm]

Eabmn — 6m86¢an — a'rn,aa,qbnb + aaanqbbﬂz Aabmn — Aabmn + (abama’n,a - af/naaafnb
- ab8n§b7na - a754’4(Jbbm,n + a'naa()éb'rn — aba’nOéTrLaj)

Bab — ejmn ajAabmn ¢ab — ¢ab + atOQLb

o Generalized continuity and charges
Oop™ + 9;05 J7* = 0 Q' = / dn;p¥ D" = / dnyxl p/l*
S S

o Gauge fields that couple to extended object are Abelian p-forms [Henneaux, Teitelboim (1986)]



Two-form extension

o How to define a two-form extension of our fracton gauge theory?

o Itis possible to extend the dual formulation of a Lie algebra to include p-forms: Free
differential algebra [D’Auria, Fré, Regge (1980)]

dA! + %C{,K AT AK =0

Alr oo Al —

vBI S ~~ g
ag - . . Qr(A) . —
o Jacobi identities are obtained by acting on these equations with the exterior derivative

C'lem CMp +C i CM g +C g CM e =0
C JK OKLM CILK CKJM — CKJL CIKM
vol =0
o One can define the Lie derivatives [Castellani (2013)] ¢; = di + 11d, F=di;+17d

“Api1

dBT + CT . A7 BX 4

o Consider the case Qf =0, _f — 1, p=2

o They form a the semi direct sum algebra

0, 05] =C" 1y lk, 1, 05) = C" 1y lg, [r,05) =0



Two-form extension

o Stringy Carrollian algebra

[Jozﬁa Hﬂ/] — 2777[5Ha] [Jozﬁa J’y5] — 477@[7J5]B] :Jaba Bc'y] — 25c[bBa]’y
[Jabs Pe] = 260 Py | Jabs Jed) = 4041cJa)p) Jap, Bey| = 21y 18Beo
P, Bygl = dan Hp

o ldentification H, < Q, B,o — D Nas — Oab

o Proposal for the stringy dipole preserving symmetry

[Jab7 ch] — 477[a[ch]b]
[Jaba Pc] — 25c[bPa]

:Jabv QC] — 25c[an]
:Jabv Dcd] — 45[a[ch]b]

:Pav DbC] — 5a[ch]

o This algebra satisfies a semi direct sum structure with (7 ~ (P, J,), {5~ (Q4, Dap)

1 1
A=eP, + §wabJab B =a%Q, + §A‘“’Dab

1
o Curvatures F=dA+ANA=TP, + §R“bJab
1
f:dB+AAB-BAA:f“Qa+§F‘“’Dab

Fab _ dAab fa _ daa —|—€b/\Aab



Two-form extension

o Two-form extension [Bergshoeff, Pena-Benitez, Gtodkowski, Salgado-Rebolledo]

1 1 1 1

Fab _ dAab fa _ dCLa _|_6b /\Aab

o Gauge transformations 5 b b
0B® =dp*,  da"=dn"+ey A B

1 1 1
o Currents J (_Bab A *Jab + a® A *ja) _ de$ (_Buuab‘]m/ab + _auyaj,uua)

2 4 2
o Same continuity equation as Pai and Pretko O pO° + 0,04 T4 = 0, 1= (a,a)
, 1
o Currents are related as paab — joab 5 0, ( Jocab _ joach _ Jabca,)
1
jabcd _ _ (Ja,bcd + chab) ’ jabcd _ jcdab

2



Future directions

o Generalization of the coset construction to obtain Cosserat elasticity

) . L — Lap [Labs Led] = 4njaje Lagy 1S5, Skt] = 4nppSy
[ ., ? | S — Lij [Lab, PC] = 25c[bpa] [S@j, Tk] = 25k[jTi]

Internal : Internal

translations : rotation

E O Q — g_ldg g(x, u, 0) — 8xa’Raeu'L(l’)Ti691J (:B)Sz'j

f 1 A 1 g | I ”
YNt . e S S = / dt &>z §Aij QJQ#—§K“’Z’~7 Qaiﬂbj—kilij,kl thtkl—ima%b“ 0,9 O H

P, : L

B A

o Higher-form symmetries
[Hirono, You, Angus, Cho (2022)]

Wq(C) — eiq Joca Wq(C) = eiq,;f Jo Ai
Charge worldline Dipole worldline

o Coupling to curved space (stringy Aristotelian geometry)

o Define string-like actions for line-like fractions that couple to the two-form gauge fields



Summary

o Fracton are quasiparticles with restricted mobility that couple to higher-rank gauge theories

o The isomorphism between the Carroll algebra and the dipole preserving symmetry allows one to
find a fracton gauge theory from an action for Carroll gravity

o The result is equivalent to the action for fractons that is obtained from elasticity in 2+1
dimensions

o In 3+1 dimensions elasticity leads to line-like fractons, which should be related to some sort of
two-form Aristotelian gauge theory

o The Carroll/fracton isomorphism, can be extended to find an algebra for a vector charge and a
dipole tensor that fits this description

o Gauging such symmetry in terms of a one-form and a two-form field allows to find a higher-rank
gauge theory that reproduces the continuity equation associated to line-like fractons

o To be shown: By imposing a suitable constraint ad a gauge fixing condition, the action reduces
exactly to the action by Pretko and Pai

o To be shown: The two-form gauge field action can be reproduced using the coset construction
and dualization techniques



Thank You!



