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[Jab, Jcd] = ωacJdb → ωadJcb → ωbcJda + ωbdJca

<latexit sha1_base64="OlPPouxWAvMEryKW7pLW/50O59M=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSKIaElEqhuh6EZcRbAPSEO4mUzaoZMHMxOhhPyDG3/FjQtF3Lpx5984fSBaPTBw7jn3cuceP2VUSNP81Epz8wuLS+Xlysrq2vqGvrnVEknGMWnihCW844MgjMakKalkpJNyApHPSNsfXI789h3hgibxrRymxI2gF9OQYpBK8vQD59rLwS8ObQ+7592AMAlejv3C9uDouwRV+p5eNWvmGMZfYk1JFU1he/pHN0hwFpFYYgZCOJaZSjcHLilmpKh0M0FSwAPoEUfRGCIi3Hx8U2HsKSUwwoSrF0tjrP6cyCESYhj5qjMC2Rez3kj8z3MyGZ65OY3TTJIYTxaFGTNkYowCMgLKCZZsqAhgTtVfDdwHDliqGCsqBGv25L+kdVyz6rX6zUm1cTGNo4x20C7aRxY6RQ10hWzURBjdo0f0jF60B+1Je9XeJq0lbTqzjX5Be/8C+7aeQg==</latexit>

[Jab, Pc] = ωcbPa → ωcaPb
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[Jab, Bc] = ωcbBa → ωcaBb
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[Ba, Pb] = ωabH
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[Ba, H] = Pa

Aristotelian algebra
——————————————————————————————————— 

Non-Lorentzian Symmetry



(source: gr-qc/0611154) 

General Relativity

Geometry from Symmetry

(source: whatsreal.it) 
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→
∫

ωABCD(dεAB + εA
N ↑ εNB) ↑ eC ↑ eD

http://whatsreal.it


OutlineGravity as a gauge theory

In 3+1 dimensions the best that can be done is to introduce a cosmological constant and 
define a gauge theory for the Lorentz group

The procedure of gauging a symmetry can be extended to the non-Lorentzian case

The (2+1)-dimensional case
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S =
1

32ωG!

∫
→F ↑ F ↓

In arbitrary dimensions one can always write a Lorentz invariant theory as

In the AdS case, black hole solutions (BTZ) and infinite dimensional conformal symmetry as 
asymptotic symmetry [Bañados, Teitelboim, Zanelli (1992)], [Brown-Henneaux (1986)]

Einstein gravity can be recovered when solving the Torsionless constraint
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Aµ = eAµPA +
1

2
ωAB
µ JAB
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Fµω = TA
µωPA +

1

2
RAB

µω JAB

<latexit sha1_base64="C+HlwbE5o875jzo6Z7wq7DPDzZA="></latexit>

S =
1

16ωG

∫
dDx det(e)

(
RABeµAe

ω
B → 2!

)
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TA = deA + ωAB → eB
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RAB = dωAB + ωA
C → ωCB
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TA = 0 → ωAB = ωAB(e, εe)
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A
Gal/Carr
µ = ωµH + e

a
µPa +

1

2
ε
ab
µ Jab + ε

a
µBa
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A
Ar
µ = ωµH + e

a
µPa +

1

2
ε
ab
µ Jab

Gauge theories

Non-Lorentzian Gravity

Chern-Simons theories [Papageorgiou, Schroers (2010)], [Hartong (2015)], [Bergshoeff, Rosseel 
(2016)], [Hartong, Lei, Obers (2016)], [Gomis, Kleinschmidt, Palmkvist, Salgado-Rebolledo (2021)], 
[Concha, Ravera, Rodríguez (2021)]

MM-like theories  [Campoleoni, Henneaux, Pekar, Perez, Salgado-Rebolledo (2021)], 
[Concha, Rodriguez, Rubio (2022)] [Ecker, Grumiller, Salgado-Rebolledo (2025)]
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A = {0, a}
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Arel
µ = eAµPA +

1

2
ωAB
µ JAB



Recent applications
GALILEI 

Non-AdS extensions of Holography [Taylor (2008)], [Son (2008)], [Guica, Skenderis, Taylor, van 
Rees (2011)], [Bagchi, Fareghbal (2012)], [Hartong, Kiristis, Obers (2015)]
Non-relativistic string theory  [Danielsson, Guijosa, Kruczensk(2000)], [Gomis, Ooguri (2001)], 
[Bagchi (2013)], [Bergshoeff,Gomis, Yan (2018)], [Hallmark, Hartong, Menculini, Obers, Oling (2019)]
Newton-Cartan gravity [Cartan (1923)], [Kuchar (1980)], [Andringa, Bergshoeff, Panda, de Roo 
(2011)], [Christensen, Hartong, Obers, Rollier (2014)]
Hydrodynamics  [Geracie Prabhu, Roberts (2015)], [Hartong, Armas, Have, Nielsen, Obers (2019)]
Condensed matter [Greiter, Witten, Wilczek (1989)], [Carter, Khalatnikov (1994)], [Son, Wingate 
(2006)]
Fractional quantum Hall effect [Bradlyn, Read (2012)], [Son (2013)], [Gromov, Abanov (2014)]

CARROLL
Flat Holography [Donnay, Fiorucci, Herfray, Ruzziconi (2022)], [Bagchi, Dhivakar, Dutta (2023)]
Black hole physics [Donnay, Marteau (2019)], [Oling, Pedraza (2024)]
Cosmology [de Boer, Hartong, Obers, Sybesma, Vandoren (2021)]
Hydrodynamics [Fridel, Jai-akson (2022)], [Ciambelli, Marteau, Petkou, Petropoulos, Siampos 
(2018)]
Fractons [Figueroa-O’Farrill, Peréz, Prohazka (2023)]
Flat band systems [Bagchi, Banerjee, Basu, Islam, Mondal (2022)]

ARISTOTELIAN
Lifshitz field theory [Kachru, Liu, Mulligan (2018)]
Bimetric theory for the fractional quantum Hall effect [Gromov, Son (2017)]
Hydrodynamics [Armas, Jain (2021)], [Pinzani-Fokeeva, Yarom (2022)]
Field theories for fractons [Pretko (2016)], [Seiberg, Shao (2020)], [Bidussi, Hartong, Have, Musaeus, 
Prohazka (2021)], [Grosvenor, Hoyos, Peña-Benítez, Surówka (2021)], [Angus, Kim, Park (2021)]



Carroll Gravity

Carroll (AdS) algebra

Carroll connection and curvature
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[Jab, Bc] = 2ωc[bBa]

[Pa, Bb] = ωabH
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[Jab, Jcd] = 4ω[a[cJd]b]
[Jab, Pc] = 2ωc[bPa]
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A
Carroll = ωH + e

a
Pa + ε

a
Ba +

1

2
ε
ab
Jab
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Ra = dωa + ωa
b → ωb

T = dε + ea → ωa
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T a = dea + ωa
b → eb

Rab = dωab + ωa
c → ωcb
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F
Carroll = dA+A →A = T H + T

a
Pa +R

a
Ba +

1

2
R

ab
Jab

<latexit sha1_base64="75zgsb4nQnH3CElQSEe45kfqXRs="></latexit>

[Pa, H] = →!Ba

[Pa, Pb] = →!Jab
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→! ea ↑ eb
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→! ω ↑ ea
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→ 1

16ωGM!

∫
↑F ↓ F ↔

Magnetic Carroll gravity action [Bergshoeff, Gomis, Rollier, Rosseel, ter Veldhuis (2017)]
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→ 1

16ωGM

∫
dtdDx!

(
2 εµeωaR

a
µω + eµae

ω
bR

ab
µω↑2”

)
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! = det (ωµ, eµ
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eµ
aeµb = ωab , εµε

µ = 1 , εµeµ
a = 0 ,

εµe
µ
a = 0 , eµ

aeωa + εµε
ω = ωωµ



Carroll Gravity

Magnetic and Electric Carroll limits of GR [Henneaux, Salgado-Rebolledo (2021)]
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S =

∫
dt dDx

(
ωij ġij →NH→ →N i

Hi

)
↑

∫
dt dDx

(
ωij ġij →NHM,E →N i

Hi

)
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HM = →

↑
g

16ωGM
(R→ 2!) HE =

16ωGMc2
↑
g

(
ωijωij →

1

D → 1
ω2

)
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H→ = HM +HE Hi = → 2↑jωi
j

Magnetic action is equivalent to the action found when gauging the Carroll algebra after 
solving the torsion constraints
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ωµ
a = → εµε

ωeε aϑ[ωεε] → eω aϑ[µεω] + Sabeµ b

ωµ
ab = 2 eε[aϑ[µeε]

b] → eµ ce
ε aeω bϑ[εeω]

c
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T = dω + ea → εa = 0
↑

T a = dea + εa
b → eb = 0
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ωij =

→
g

16ωGM

(
Sij ↑ gijS

)

Using the identification [Campoleoni, Henneaux, Pekar, Perez, Salgado-Rebolledo (2022)]

In relation to fractons one could consider more general actions. For example
<latexit sha1_base64="bnpdCey0ggur8iijKV6qlNL0Hvw="></latexit>

S =

∫ (
TA ω TA +

1

2
RAB ωRAB

) <latexit sha1_base64="FIKlNpqRU2ui3+2jrdPH97uSAYI="></latexit>

→
∫ (

T ω T + T a ω Ta +Ra ωRa +
1

2
Rab ωRab

)
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ωµ =

(
1

N
,→N i

N

)
, eµa =

(
0, eia

)
,

ωµ = (N, 0) , eaµ =
(
eaiN

i, eai
)

gij = εabe
a
i e

b
j



Quantum error correction [Haah (2011)], [Vijay, Haah, Fu (2016)], [Shirley, Slagle, Chen (2018)]

Fractons

Higher-rank gauge theory [Pretko (2016)]

Duality with Carroll symmetry [Figueroa-O’Farrill, 
Peréz, Prohazka (2023)], [Marsot, Zhang, Chrenodub, 
Horvathy (2022)]

Fracton-elasticity duality [Pretko, Radzihovski (2017)]

FQHE [Du, Mehta, Nguyen, Son (2024)]

(source: 1806.04687) 

(source: 2001.01722) 

(source: 2001.01722) 



OutlineFracton gauge theory

Scalar charge theory
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F0ab = ω0Aab → ωaωbA0

Fab,c = ωaAbc → ωbAac
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ωA0 = ε0ϑU(1)

ωAab = εaεbϑU(1)

Analogy with electrodynamics
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F0a = ω0Aa → ωaA0 Fab = ωaAb → ωbAa εAµ = ωµϑU(1)

Adding sources generalizes the continuity equation accordingly
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ωµJ
µ = ω0ε+ ωaJ

a = 0 →↑ ω0ε+ ωaωbJ
ab = 0

Simplest case: conservation of charge and dipole moment
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Q =
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dDxω Da =
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dDxxaω
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SSC =
1

2

∫
dD+1x

(
F0abF0ab →

1

2
FabcF

abc

)
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SMaxwell = →1

4
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dD+1 FµωF

µω =
1

2

∫
dD+1

(
F0aF0a →

1

2
FabF

ab

)
, Fµω = ωµAω → ωωAµ
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OutlineFracton gauge theory from elasticity

Elasticity Lagrangian in 2+1 dimensions

Action for the Goldstone boson associated to the breaking of translational symmetry

Aristotelian symmetry

Unbroken generators

Lagrangian for Goldstone bosons



OutlineFracton gauge theory from elasticity

Elasticity Lagrangian in 2+1 dimensions

Hubbard-Stratonovich transformation

Dualization

This type of theories will be considered only in flat space

<latexit sha1_base64="zuZgTxmV0wLmaIquHfb/U7y980g=">AAACGXicbVDLSgMxFM34rPU16rKbYBEqQpkRqW6EohuXFewD2rFkMnfa0MyDJCOUoQu/ww9wq5/gTty68gv8DTPtLLT1QMLJOfdyc48bcyaVZX0ZS8srq2vrhY3i5tb2zq65t9+SUSIoNGnEI9FxiQTOQmgqpjh0YgEkcDm03dF15rcfQEgWhXdqHIMTkEHIfEaJ0lLfLCX3DF/inmLcA5w9TvSdsoo8nvTNslW1psCLxM5JGeVo9M3vnhfRJIBQUU6k7NpWrJyUCMUoh0mxl0iICR2RAXQ1DUkA0kmnS0zwkVY87EdCn1Dhqfq7IyWBlOPA1ZUBUUM572Xiv57UXxmCNzde+RdOysI4URDS2XQ/4VhFOIsJe0wAVXysCaGC6QUwHRJBqNJhFnUy9nwOi6R1WrVr1drtWbl+lWdUQCV0iCrIRueojm5QAzURRY/oGb2gV+PJeDPejY9Z6ZKR9xygPzA+fwD+LZ+D</latexit>

ui = ũi + ui(s)

<latexit sha1_base64="1yNHWF94Wuss7baeLMhnaXlqnc8="></latexit>

S =

∫
d2x dt

[
1

2
C̃→1

ijklE
ijEkl → 1

2
BiBi → ωε→ J ijAij

]

<latexit sha1_base64="7nqwKhxUx/audZ7ivtyqJB+XQRs="></latexit>

Eij = ωikωjωεkω Bi = ωijϑj Bi = ωjkϖ
jAki Eij = ϖtA

ij + ϖiϖjϱ



OutlineFracton gauge fields and Aristotelian geometry

The fracton field theories should naturally couple to Aristotelian geometry
<latexit sha1_base64="yRyMOHV8Q00D6IQGn0ujbwkPlfE="></latexit>

A
Ar = ωH + e

a
Pa +

1

2
ε
ab
Jab

<latexit sha1_base64="k0bK+KcVO56KglVi4qKIjuOUSTM="></latexit>

F
Ar = dωH + T

a
Pa +

1

2
R

ab
Jab

<latexit sha1_base64="cmSHo8N4hB1qRZT3obuGfqS91Nw="></latexit>

T a = dea + ωa
b → eb Rab = dωab + ωa

c → ωcb

<latexit sha1_base64="Mo6iWVM0Iu6Mj3Ybbke6OyNHGoM="></latexit>

→µe
a
ω = ωµe

a
ω + εa

bµe
b
ω ↑ !ε

µωe
a
ε = 0

→µϑω = ωµϑω ↑ !ε
µωϑε = 0

<latexit sha1_base64="zVm3Jv1ho4vVLXnE0EszlBwsJNQ="></latexit>

!ω
µε = ωωεµωε + eωa(εµe

a
ε + ϑa

bµe
b
ε)

Aristotelian field strength encodes torsion and curvature

One can introduce an affine connection through a vielbein postulate

In terms of a spatial metric

<latexit sha1_base64="+/eO8u4DIMaQqNO6e+IvTWcyttc="></latexit>

eaµe
µ
b = ωab , εµe

µ
a = 0 = εµeaµ

εµε
µ = 1, εµε

ω + eaµe
ω
a = ωωµ

<latexit sha1_base64="mO880yPndFb9mbXe6IziDCLq7N4=">AAACKHicbVDLSsNAFJ34rPUVdelmsAiiUBKR6kYounFZwT6gCWEymbRDJ5MwD6GE/oPf4Qe41U9wJ9268TectkG09cDAuefcy517woxRqRxnbC0tr6yurZc2yptb2zu79t5+S6ZaYNLEKUtFJ0SSMMpJU1HFSCcTBCUhI+1wcDvx249ESJryBzXMiJ+gHqcxxUgZKbBPe0HuJdrjegSvoaeQDkxZEK7hWf/HD+yKU3WmgIvELUgFFGgE9pcXpVgnhCvMkJRd18mUnyOhKGZkVPa0JBnCA9QjXUM5Soj08+lNI3hslAjGqTCPKzhVf0/kKJFymISmM0GqL+e9ifivJ81X+iSaW6/iKz+nPNOKcDzbHmsGVQonqcGICoIVGxqCsKDmAIj7SCCsTLZlk4w7n8MiaZ1X3Vq1dn9Rqd8UGZXAITgCJ8AFl6AO7kADNAEGT+AFvII369l6tz6s8ax1ySpmDsAfWJ/fLXinGQ==</latexit>

gµω = ωµωω + hµω

<latexit sha1_base64="kRjsE6WexgVjUfCqI8TnMqWDg5s=">AAACIHicbVDLSsNAFJ34rPEVdelmaLG4qCURqW4KRV24rGAf0IQymUzaoZNJmJkIJXTvd/gBbvUT3IlL/QF/w+kD1NYDA4dz7uHOPX7CqFS2/WEsLa+srq3nNszNre2dXWtvvynjVGDSwDGLRdtHkjDKSUNRxUg7EQRFPiMtf3A19lv3REga8zs1TIgXoR6nIcVIaalr5YtulFbtkhvESpauTxzTdc0iqjo/Stcq2GV7ArhInBkpgBnqXetLZ3EaEa4wQ1J2HDtRXoaEopiRkemmkiQID1CPdDTlKCLSyya3jOCRVgIYxkI/ruBE/Z3IUCTlMPL1ZIRUX857Y/FfT+qv9Ekwt16FF15GeZIqwvF0e5gyqGI4bgsGVBCs2FAThAXVB0DcRwJhpTs1dTPOfA+LpHladirlyu1ZoXY56ygHDkEeHAMHnIMauAF10AAYPIAn8AxejEfj1Xgz3qejS8YscwD+wPj8BnoMoJU=</latexit>

µ = 0, . . . , D → 1

a = 1, . . . , D → 1



OutlineFracton gauge fields and Aristotelian geometry

Consider again the fracton gauge theory

Can be rewritten as

Curved space generalization

<latexit sha1_base64="/yjqGxTzfvS8DUcIRO4zKDwKWRU=">AAACGXicbVC7TsMwFHV4lvIKMHaxqJBYqBKECgtSgYWxSPQhNVHkOE5j1XEi20Gqog58Bx/ACp/AhliZ+AJ+A6fNAC1HsnR8zr2+vsdPGZXKsr6MpeWV1bX1ykZ1c2t7Z9fc2+/KJBOYdHDCEtH3kSSMctJRVDHSTwVBsc9Izx/dFH7vgQhJE36vxilxYzTkNKQYKS15Zu3Kyy0nziaXJ06KhKKIefoKnTSinlm3GtYUcJHYJamDEm3P/HaCBGcx4QozJOXAtlLl5sWzmJFJ1ckkSREeoSEZaMpRTKSbT5eYwCOtBDBMhD5cwan6uyNHsZTj2NeVMVKRnPcK8V9P6q9EJJgbr8ILN6c8zRTheDY9zBhUCSxiggEVBCs21gRhQfUCEEdIIKx0mFWdjD2fwyLpnjbsZqN5d1ZvXZcZVUANHIJjYINz0AK3oA06AINH8AxewKvxZLwZ78bHrHTJKHsOwB8Ynz/sEaCw</latexit>

A0µ = →ωµε

Curvature spoils gauge invariance

<latexit sha1_base64="hVqCu56HhCNCn1ZHVX5OnRib2o4="></latexit>

S = →1

4

∫
dDx

√
|g|FµωεF

µωε

<latexit sha1_base64="VMosFb9BwZcagu15C2YlxPH/MsM="></latexit>

S = →1

4

∫
dDxFµωεF

µωε



OutlineFracton gauge fields and Aristotelian geometry

One can propose the modified action [Peña-Benitez, Salgado-Rebolledo (2023)]

Where gauge invariance requires

Other approaches require different constraints on the geometry [Slagle, Pretko (2016)], 
[Bidussi, Hartong, Have, Musaeus, Prohazka (2021)]

Gauge invariant actions can be formulated by introducing extra fields in the theory [Bidussi, 
Hartong, Have, Musaeus, Prohazka (2021)], [Peña-Benitez (2021)], [Jain, Jensen (2021)], [Peña-
Benitez, Salgado-Rebolledo (2023)], [Bergshoeff, Giorgi, Rosseel, Salgado-Rebolledo (2025)]

In 2+1 dimensions there is a Chern-Simons formulation [Hartong, Palumbo, Pekar,  Pérez, 
Prohazka (2024)]

Fracton gauge fields can be coupled to a linearized gravity [Tsaloukidis, Fernandez-Melgarejo, 
Molina-Vilaplana, Surówka (2023)]



OutlineFrom Carroll algebra

Carroll algebra

Add a U(1) charge and obtain the dipole preserving algebra by the following redefinition
<latexit sha1_base64="SEmd6Vc4HReKU2bK5be3KpoGcOQ=">AAACKnicbVDLSgNBEJyN7/iKevQyGAQPEnZFosegHjwqGBXcsPTO9iZDZh+Z6VVC8Cf8Dj/Aq36CN/Eq+BtOYg4aLWgoqrrp7gpzJQ257ptTmpqemZ2bXygvLi2vrFbW1i9NVmiBTZGpTF+HYFDJFJskSeF1rhGSUOFV2D0e+le3qI3M0gvq59hKoJ3KWAogKwWV3XNfYUxatjsEWmd3/NTv9QqI+FEA3P+hnwQQVKpuzR2B/yXemFTZGGdB5dOPMlEkmJJQYMyN5+bUGoAmKRTel/3CYA6iC228sTSFBE1rMPrqnm9bJeJxpm2lxEfqz4kBJMb0k9B2JkAdM+kNxX89Y0/pYDSxnuLD1kCmeUGYiu/tcaE4ZXyYG4+kRkGqbwkILe0DXHRAgyCbbtkm403m8Jdc7tW8eq1+vl9tHI0zmmebbIvtMI8dsAY7ZWesyQR7YE/smb04j86r8+a8f7eWnPHMBvsF5+MLql2n0w==</latexit>

Q → H Ba ↑ Da

Use tools from Carroll gravity

<latexit sha1_base64="oJzvOrcmHw+BE7REGlBtBtNh/pA="></latexit>

[Jab, Bc] = 2ωc[bBa]

[Pa, Bb] = ωabH

<latexit sha1_base64="/jtbEmazYzNHXCf6FMbF7gDmbfM="></latexit>

[Jab, Dc] = 2ωc[bDa]

[Pa, Db] = ωabQ

<latexit sha1_base64="1h92VJrLHrFi4nJybggJBQbKRG4="></latexit>

[Jab, Jcd] = 4ω[a[cJd]b]
[Jab, Pc] = 2ωc[bPa]

<latexit sha1_base64="1h92VJrLHrFi4nJybggJBQbKRG4="></latexit>

[Jab, Jcd] = 4ω[a[cJd]b]
[Jab, Pc] = 2ωc[bPa]

<latexit sha1_base64="vifttbfCZD6PmyQHFCI6PS3Xwxg="></latexit>

A
Carroll = ωH + e

a
Pa + ε

a
Ba +

1

2
ε
ab
Jab

<latexit sha1_base64="4GUPfZYiv+vk0xfT7xwk0LHQ+Bs="></latexit>

→ A = aQ+ e
a
Pa +A

a
Da +

1

2
ω
ab
Jab + εH

Dipole preserving algebra or fracton algebra

<latexit sha1_base64="6+hbbJtHrN4ux0ynz8qweEeVYaU="></latexit>

Q =

∫
dDxω Da =

∫
dDxxaω

Compatible with the fracton charges

Extension to higher moment charges: multipole algebra [Gromov (2018)]



OutlineFrom Carroll algebra

Curvature
<latexit sha1_base64="sdLAdp+Osb6wriLAyL+jFvr3+Jk="></latexit>

F = dA+A →A = T
a
Pa +

1

2
R

ab
Jab + f Q+ F

a
Da + dωH

<latexit sha1_base64="ZdnW0X4/rNXwDRyCU2daNgOy6VQ="></latexit>

F a = dAa + ωa
b →Ab

f = da+ ea →Aa

<latexit sha1_base64="QJseW5EJzRvfSpKZQTFrI15nifU="></latexit>

T a = dea + ωa
b → eb

Rab = dωab + ωa
c → ωcb

Gauge  transformations

<latexit sha1_base64="6dmX9f2Gt+ZV24QvtG/xDY/YHDg="></latexit>

ωa = dε + eaϑa ωAa = dϑa + ϖa
bϑ

b

Consider flat space 

The gauge fixing condition                   leads to the fracton gauge transformation
<latexit sha1_base64="E+P16NvmXiDE65th/9tOLrD9ilQ=">AAACAXicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1YtQ9OKxgmkLbSiTzaZdutmE3Y1QQk/+AK/6E7yJV3+Jv8C/4bbNQasPBh7vzTAzL0g5U9pxPq3Syura+kZ5s7K1vbO7V90/aKskk4R6JOGJ7AaoKGeCepppTruppBgHnHaC8c3M7zxQqVgi7vUkpX6MQ8EiRlAbycMBXjmDas2pO3PYf4lbkBoUaA2qX/0wIVlMhSYcleq5Tqr9HKVmhNNppZ8pmiIZ45D2DBUYU+Xn82On9olRQjtKpCmh7bn6cyLHWKlJHJjOGPVILXsz8V9PmVNGNFxar6NLP2cizTQVZLE9yritE3sWhx0ySYnmE0OQSGYesMkIJRJtQquYZNzlHP6S9lndbdQbd+e15nWRURmO4BhOwYULaMIttMADAgye4BlerEfr1Xqz3hetJauYOYRfsD6+ASY5lx4=</latexit>

aa = 0 <latexit sha1_base64="BsRqxUR/Ga5fC8L8LmCa7OLpqCI=">AAACK3icbVDJSgNBEO1xjXGLevTSGAQvhhkR9SK4XDxGMAtkYqjpqZjGnoXuGiGEfIXf4Qd41U/wpHgVf8POImj0QcOrV1vXC1IlDbnuqzM1PTM7N59byC8uLa+sFtbWqybJtMCKSFSi6wEYVDLGCklSWE81QhQorAW354N87Q61kUl8Rd0UmxHcxLItBZCVWoVdP0RFwE+voeVHGT/e5X4KmiSoYfwdXIOPBK1C0S25Q/C/xBuTIhuj3Cp8+mEisghjEgqMaXhuSs3eYKZQ2M/7mcEUxC3cYMPSGCI0zd7wrD7ftkrI24m2LyY+VH929CAyphsFtjIC6pjJ3ED8N2fsVzoYTqyn9lGzJ+M0I4zFaHs7U5wSPjCOh1KjINW1BISW9gAuOqBBkLU3b53xJn34S6p7Je+gdHC5Xzw5G3uUY5tsi+0wjx2yE3bByqzCBLtnj+yJPTsPzovz5ryPSqeccc8G+wXn4wuXNKfC</latexit>

ωAa
µ = →εµε

aϑ

<latexit sha1_base64="hQrASfulf8F7AkSyuZRFk4nzkbU="></latexit>

ωA = dε+ [A, ε], ε = ϑQ+ ϖ
a
Pa +

1

2
ϱ
ab
Jab + ς

a
Da + φH

Under U(1) and dipole gauge  transformations

<latexit sha1_base64="lxlty0ZSmSdQmDotHLBpD4XS/MM=">AAACKHicbVDLSgNBEJz1bXxFPXoZDIJ4CLsi0Usg6MWjgjGBbBJ6ZzvJ4MzuZmZWDEv+we/wA7zqJ3gTr178DSePg0YLhimquunuChLBtXHdD2dufmFxaXllNbe2vrG5ld/eudVxqhhWWSxiVQ9Ao+ARVg03AuuJQpCBwFpwdzHya/eoNI+jGzNIsCmhG/EOZ2Cs1M4fYQvKfojCQAvavkxp+NCyn9/vpxD6scQutDIIhmW3nS+4RXcM+pd4U1IgU1y1819+GLNUYmSYAK0bnpuYZgbKcCZwmPNTjQmwO+hiw9IIJOpmNr5pSA+sEtJOrOyLDB2rPzsykFoPZGArJZienvVG4r+etqv0MJwZbzpnzYxHSWowYpPpnVRQE9NRajTkCpkRA0uAKW4PoKwHCpix2eZsMt5sDn/J7XHRKxVL1yeFyvk0oxWyR/bJIfHIKamQS3JFqoSRR/JMXsir8+S8Oe/Ox6R0zpn27JJfcD6/AY4mp1E=</latexit>

ea = ωaµdx
µ εab = 0



OutlineFrom Carroll algebra

Torsion free condition in Carroll gravity leads to a symmetric gauge field 
[Bergshoeff, Gomis, Rollier, Rosseel, ter Veldhuis (2017)]

It can be identified with the symmetric rank-2 tensor in the scalar charge theory

<latexit sha1_base64="kNJ4l05gyNfWqK2N9D9TpvNF6Qg=">AAACPnicbVDLSgMxFM34tr6qLt0Ei+CqzIioy6obl4pWBacOdzK3bTCZjElGKUN/x+/wA9wq+AO6ErcuTWsFrR4IHM45l5t74kxwY33/2RsZHRufmJyaLs3Mzs0vlBeXTo3KNcM6U0Lp8xgMCp5i3XIr8DzTCDIWeBZf7ff8sxvUhqv0xHYybEhopbzJGVgnReVaqCS24BKiUOY01LzVtqC1uqW739r1dQ4JPY4KiLu/An0lKlf8qt8H/UuCAamQAQ6j8muYKJZLTC0TYMxF4Ge2UYC2nAnslsLcYAbsClp44WgKEk2j6F/apWtOSWhTafdSS/vqz4kCpDEdGbukBNs2w15P/Ncz7ittTIbW2+ZOo+BplltM2df2Zi6oVbTXJU24RmZFxxFgmrsDKGuDBmZd4yXXTDDcw19yulENtqpbR5uV2t6goymyQlbJOgnINqmRA3JI6oSRO/JAHsmTd++9eG/e+1d0xBvMLJNf8D4+AfB0sJc=</latexit>

ωa
µ → Aa

µ Sab → Aab

<latexit sha1_base64="NWzfWJvIJ/p+rDCVFOmiebOQtGU="></latexit>

SCarroll =

∫ (
T ω T + T a ω Ta +Ra ωRa +

1

2
Rab ωRab

)
Carroll gravity action can be transformed into an action for fracton gauge fields

<latexit sha1_base64="zssuOJvn2o1dRy3+PUP1VSfAmJc="></latexit>

→
∫ (

f ω f + T a ω Ta + F a ω Fa +
1

2
Rab ωRab

)

However this type of action is not U(1) invariant in the presence of curvature. Thus we set
<latexit sha1_base64="lxlty0ZSmSdQmDotHLBpD4XS/MM=">AAACKHicbVDLSgNBEJz1bXxFPXoZDIJ4CLsi0Usg6MWjgjGBbBJ6ZzvJ4MzuZmZWDEv+we/wA7zqJ3gTr178DSePg0YLhimquunuChLBtXHdD2dufmFxaXllNbe2vrG5ld/eudVxqhhWWSxiVQ9Ao+ARVg03AuuJQpCBwFpwdzHya/eoNI+jGzNIsCmhG/EOZ2Cs1M4fYQvKfojCQAvavkxp+NCyn9/vpxD6scQutDIIhmW3nS+4RXcM+pd4U1IgU1y1819+GLNUYmSYAK0bnpuYZgbKcCZwmPNTjQmwO+hiw9IIJOpmNr5pSA+sEtJOrOyLDB2rPzsykFoPZGArJZienvVG4r+etqv0MJwZbzpnzYxHSWowYpPpnVRQE9NRajTkCpkRA0uAKW4PoKwHCpix2eZsMt5sDn/J7XHRKxVL1yeFyvk0oxWyR/bJIfHIKamQS3JFqoSRR/JMXsir8+S8Oe/Ox6R0zpn27JJfcD6/AY4mp1E=</latexit>

ea = ωaµdx
µ εab = 0



OutlineFracton gauge theory

We find an alternative formulation of Pretko’s action

Coupling to currents leads to the fraction continuity equation

Gauge fixing and imposing a constraint leads to Pretko’s theory

Other applications and future directions:
Extension to string-like fractonsFrom Carroll algebra

<latexit sha1_base64="GGtSElsjdwvdYz0PaGM5nJLhsQk="></latexit>

F a = dAa, f = da+ dxa →Aa, ωAa = dεa, ωa = dϑ + dxaεa

<latexit sha1_base64="bYaSGWhSMtYau4ZkC/9LnFzrib8="></latexit>

S = →1

2

∫
(F a ↑ ↓Fa + f ↑ ↓f) = →1

4

∫
dD+1x (Fµω

aFµω
a + fµωf

µω)

<latexit sha1_base64="v6icng4FAvYWyce7V3KuWKIQ5DY="></latexit>∫
(Aa → ↑Ja + a → ↑j) =

∫
dD+1x (Aµ

aJµ
a + aµjµ)

<latexit sha1_base64="qiK+fA3fCXo3hH9vEisN2PkXUlw="></latexit>

SSC =
1

2

∫
dD+1x

(
F0abF0ab →

1

2
FabcF

abc

)

This action can be found from Cosserat elasticity (keeping     independent) upon 
dualization [Gromov, Surówka (2020)]

<latexit sha1_base64="77NFhXxHN9n5LKu7heNm1ruRhLE=">AAACAnicbVDLSsNAFJ34rPVVdekmWARXJRGpLotuXFawD2hDmUxumrGTSZi5EUrozg9wq5/gTtz6I36Bv+G0zUJbD1w4nHMv997jp4JrdJwva2V1bX1js7RV3t7Z3duvHBy2dZIpBi2WiER1fapBcAkt5CigmyqgsS+g449upn7nEZTmibzHcQpeTIeSh5xRNFK7jxEgHVSqTs2ZwV4mbkGqpEBzUPnuBwnLYpDIBNW65zopejlVyJmASbmfaUgpG9Eh9AyVNAbt5bNrJ/apUQI7TJQpifZM/T2R01jrceybzphipBe9qfivp80pEQQL6zG88nIu0wxBsvn2MBM2JvY0DzvgChiKsSGUKW4esFlEFWVoUiubZNzFHJZJ+7zm1mv1u4tq47rIqESOyQk5Iy65JA1yS5qkRRh5IM/khbxaT9ab9W59zFtXrGLmiPyB9fkDuf+YDA==</latexit>

ω



Extension to 3+1 dimensions

In 3+1 dimensions disclinations and dislocations are line-like defects (strings) [Beekman, 
Nissinen, Wu, Zaanen (2017)], [Pai, Pretko (2018)]

(source: 1703.03157) 

Other applications and future directionsOther applications and future directions:
Extension to string-like fractonsTwo-form extension

<latexit sha1_base64="1xIAUrZ2C4yWHJ/RDHSRig1xgYE="></latexit>

S =

∫
d3x dt

[
1

2
C̃→1

ijkl pqrsE
ijklE pqrs → 1

2
BijBij → ωijεij → J ijklAijkl

]

<latexit sha1_base64="GJSa8oazuYq+Eaok8pZWihtJ1L0="></latexit>

Aabmn → Aabmn + (ωbωmεna ↑ ωmωaεnb

+ ωnωaεbm ↑ ωbωnεma)

ϑab → ϑab + ωtεab

<latexit sha1_base64="L2hIAUV/zg3/lZDKbV57gU4o1V0="></latexit>

Eabmn = ωmωbεan → ωmωaεnb + ωaωnεbm

→ ωbωnεma → ωtAabmn

Bab = ϑjmn ωjAabmn

<latexit sha1_base64="wL1KLLEhd4TId9q+AeVMIV/1Q2U="></latexit>

S =

∫
d3x dt

1

2

[
(ωtu

i)2 → Cijkluijukl

]
Dualization of the elasticity action leads to a higher-rank gauge theory

Generalized continuity and charges

<latexit sha1_base64="ei5geZ+yPSZyOzEz+G/gSZYOXvA=">AAACBnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae2Q8lkMm1oJhmSjKUM3fsBbvUT3Ilbf8Mv8DdM21lo9UDgcM493JsTJJxp47qfTmFldW19o7hZ2tre2d0r7x+0tEwVoU0iuVSdAGvKmaBNwwynnURRHAectoPR9cxvP1ClmRR3ZpJQP8YDwSJGsLHSfS+UY4GVkuN+ueJW3TnQX+LlpAI5Gv3ylw2TNKbCEI617npuYvwMK8MIp9NSL9U0wWSEB7RrqcAx1X42v3iKTqwSokgq+4RBc/VnIsOx1pM4sJMxNkO97M3Efz1tTxnScGm9iS79jIkkNVSQxfYo5chINOsEhUxRYvjEEkwUsx9AZIgVJsY2V7LNeMs9/CWts6pXq9Zuzyv1q7yjIhzBMZyCBxdQhxtoQBMICHiCZ3hxHp1X5815X4wWnDxzCL/gfHwDO0iaAQ==</latexit>

→

<latexit sha1_base64="nymxCc1YsNGDaBCdrknokZ/NFnQ=">AAACN3icbVDLSsNAFJ34rPUVdelmsAiCUBKRqguh6EZcVbAPaGKYTCbtmMmDmYlQQr/F7/AD3OralTt16x84aYOP1gsDh3POvXfucRNGhTSMF21mdm5+YbG0VF5eWV1b1zc2WyJOOSZNHLOYd1wkCKMRaUoqGekknKDQZaTtBue53r4jXNA4upaDhNgh6kXUpxhJRTn6iZUgLilijgEt3o9vMsqGcB9+0/QHBvBSybeBMpxCw9ErRtUYFZwGZgEqoKiGo79bXozTkEQSMyRE1zQSaWf5cMzIsGylgiQIB6hHugpGKCTCzkYnDuGuYjzox1y9SMIR+7sjQ6EQg9BVzhDJvpjUcvJfTaiv9Ik3sV76x3ZGoySVJMLj7X7KoIxhHiL0KCdYsoECCHOqDoC4jzjCUkVdVsmYkzlMg9ZB1axVa1eHlfpZkVEJbIMdsAdMcATq4AI0QBNgcA8ewRN41h60V+1N+xhbZ7SiZwv8Ke3zC915rFc=</latexit>

ω0ε
il + ωiωkJ

ijkl = 0

Gauge fields that couple to extended object are Abelian p-forms [Henneaux, Teitelboim (1986)]

<latexit sha1_base64="OZNseoMV17hHaqSXXJwMueP7Lbk="></latexit>

Qi =

∫

S
dnjω

ij Dij =

∫

S
dnkx

[iωj]k



How to define a two-form extension of our fracton gauge theory?

Two-form extension

It is possible to extend the dual formulation of a Lie algebra to include p-forms: Free 
differential algebra [D’Auria, Fré, Regge (1980)]

Jacobi identities are obtained by acting on these equations with the exterior derivative

Consider the case 

One can define the Lie derivatives [Castellani (2013)]

They form a the semi direct sum algebra

<latexit sha1_base64="pJ/FDRAZbzv2TEp90JXPjmXxBUM="></latexit>

dAI +
1

2
CI

JK AJAK = 0

dBĨ + C Ĩ
JK̃ AJBK̃

︸ ︷︷ ︸
→BĨ

+
1

(p+ 1)!
C Ĩ

I1···Ip+1 A
I1 · · ·AIp+1

︸ ︷︷ ︸
!Ĩ(A)

= 0

<latexit sha1_base64="bDgGMuiVSWKybD0ZMNm9fzMWPn8="></latexit>

CI
KM CM

LJ + CI
LM CM

JK + CI
JM CM

KL = 0

C Ĩ
JK̃ CK̃

LM̃ → C Ĩ
LK̃ CK̃

JM̃ = CK
JL C Ĩ

KM̃

↑!Ĩ = 0
<latexit sha1_base64="hZ0ra4vSwb3RXAKhibSsnmRM3OM="></latexit>

ωI = diI + iId, ω̃Ĩ = diĨ + iĨd

<latexit sha1_base64="HDIaqa7B7u2HMdlFbow6qvn6Zug="></latexit>

!Ĩ = 0, Ĩ → I, p = 2

<latexit sha1_base64="lryiIfEg5KdlE8uwQY9mt1gbmok="></latexit>

[ωI , ωJ ] = CK
IJ ωK , [ωI , ω̃J ] = CK

IJ ω̃K , [ω̃I , ω̃J ] = 0



<latexit sha1_base64="qAqve/PQEDF2Eafepu6hTzam6cg="></latexit>

[Jωε , Jϑϖ] = 4ωω[ϑJϖ]ε]
[Jab, Jcd] = 4εa[cJd]b]

<latexit sha1_base64="IAoOpO0HzEmFDBRK4BlhrduuMHY="></latexit>

[Jab, Bcω ] = 2ωc[bBa]ω

[Jεϑ , Bcω ] = 2εω[ϑBc|ε]

[Pa, Bbϑ ] = ωabHϑ

<latexit sha1_base64="ZprjO5elICnTV2eFxOVkEP7FENE="></latexit>

[Jωε , Hϑ ] = 2ωϑ[εHω]

[Jab, Pc] = 2εc[bPa]

<latexit sha1_base64="dRQhcv1jM88ujlXLuK7cqBDz/xU="></latexit>

A = eaPa +
1

2
ωabJab B = aaQa +

1

2
AabDab

Stringy Carrollian algebra

<latexit sha1_base64="7NTrkM7Ry52RuftI4UTGd0Tb41E="></latexit>

Hω → Qa Baω ↑ Dab ωωε ↑ εab

<latexit sha1_base64="57u8UdmMTw5WWZhRQ7DLezmhWUw="></latexit>

[Jab, Jcd] = 4ω[a[cJd]b]
[Jab, Pc] = 2εc[bPa]

<latexit sha1_base64="aqNfjDFJ77VVjueC5H3b64wN4R0="></latexit>

F = dA+A →A = T aPa +
1

2
RabJab

<latexit sha1_base64="CliIjSn/ASVTC85Hk/+29q+sOeI="></latexit>

F ab = dAab fa = daa + eb →Aab

<latexit sha1_base64="o3v4unrmbwafCb4qb1G+4gLI5ZY="></latexit>

F = dB +A →B ↑B →A = faQa +
1

2
F abDab

Identification

<latexit sha1_base64="b18+OhlXngDgjK4sWd+mjAqtR90="></latexit>

[Jab, Qc] = 2ωc[bQa]

[Jab, Dcd] = 4ω[a[cDd]b]

[Pa, Dbc] = ωa[bQc]

Curvatures

Two-form extension

This algebra satisfies a semi direct sum structure with 

Proposal for the stringy dipole preserving symmetry

<latexit sha1_base64="RsD8qwGI1ZLjCKdpUAxtrjipMh0="></latexit>

ωI → (Pa, Ja), ω̃I → (Qa, Dab)



Two-form extension [Bergshoeff, Peña-Benitez, Głodkowski, Salgado-Rebolledo]

Gauge transformations

Currents

Same continuity equation as Pai and Pretko 

Currents are related as 

Other applications and future directions
Extension to string-like fractons

Other applications and future directions:
Extension to string-like fractons

<latexit sha1_base64="y8JV91ZzobjvEiZlR/HdqOzwfhk="></latexit>

S = →1

2

∫ (
1

2
F ab ↑ ↓Fab + fa ↑ ↓fa

)
= → 1

12

∫
dD+1x

(
1

2
Fµωε

abFµωε
ab + fµωε

afµωε
a

)

Future direction
Extension to string-like fractons

<latexit sha1_base64="CliIjSn/ASVTC85Hk/+29q+sOeI="></latexit>

F ab = dAab fa = daa + eb →Aab

<latexit sha1_base64="Z4r6X7BGB3OMG+PUM+srCsn4q3Y="></latexit>

ωωε
ωab + ωcωdJ acbd = 0, µ = (ϑ, a)

<latexit sha1_base64="XdlJYfgMlBhsk6UREpHFx2n0pNg="></latexit>

ωωab = jωab +
1

2
εc

(
Jωcab → Jωacb → Jωbca

)

J abcd = →1

2

(
Jabcd + Jcdab

)
, J abcd = J cdab

Two-form extension



Other applications and future directions
Extension to string-like fractons

Other applications and future directions:
Extension to string-like fractons

Higher-form symmetries 
[Hirono, You, Angus, Cho (2022)]

Future directions

Generalization of the coset construction to obtain Cosserat elasticity

Define string-like actions for line-like fractions that couple to the two-form gauge fields

Coupling to curved space (stringy Aristotelian geometry)

<latexit sha1_base64="tWVj9L39RAPrQQPuNbvIR79Ug0Q=">AAACKnicbVDLSsNAFJ3UV42vqEs3g8XiQkoiUl0W3bjooqJ9QBPCZDJpxk4ezEyUEvoTfocf4FY/wV1xK/gbTh8LjR4YOJxzL2fu8VJGhTTNiVZaWl5ZXSuv6xubW9s7xu5eRyQZx6SNE5bwnocEYTQmbUklI72UExR5jHS94dXU7z4QLmgS38lRSpwIDWIaUIykklzjpNq0OR2EEnGePMKmmyNvrNu2Xr0t6PR+7BoVs2bOAP8Sa0EqYIGWa3zZfoKziMQSMyRE3zJT6eSIS4oZUTmZICnCQzQgfUVjFBHh5LOrxvBIKT4MEq5eLOFM/bmRo0iIUeSpyQjJUBS9qfivJ9RXQuIX4mVw4eQ0TjNJYjxPDzIGZQKnvUGfcoIlGymCMKfqAIhDxBGWql1dNWMVe/hLOqc1q16r35xVGpeLjsrgAByCY2CBc9AA16AF2gCDJ/ACXsGb9qy9axPtYz5a0hY7++AXtM9v4RKnZA==</latexit>

L → Lab

S → Lij

<latexit sha1_base64="JRSUCxguGzr3wOreKduubSMo0K4="></latexit>

[Lab, Lcd] = 4ω[a[cLd]b]

[Lab, Pc] = 2εc[bPa]

<latexit sha1_base64="bkeXOMh40WwosbW10kq5f53e5SQ="></latexit>

[Sij , Skl] = 4ω[i[kSl]j]

[Sij , Tk] = 2εk[jTi]

<latexit sha1_base64="yY5UlgqmKKVLxn0t8K8wp5BDTKE="></latexit>

S =

∫
dt d3x

[
1

2
Aij !t

i!t
j → 1

2
Kai,bj !ai!bj +

1

2
Iij,kl !t

ij!t
kl → 1

2
ωaij,bkl !a

ij!b
kl

]

<latexit sha1_base64="QzgdX9enEoJR2mjAwIIBpnTLpAY="></latexit>

! = g→1dg g(x, u, ω) = ex
aRaeu

i(x)Tieω
ij(x)Sij



Fracton are quasiparticles with restricted mobility that couple to higher-rank gauge theories

The isomorphism between the Carroll algebra and the dipole preserving symmetry allows one to 
find a fracton gauge theory from an action for Carroll gravity

The result is equivalent to the action for fractons that is obtained from elasticity in 2+1 
dimensions

In 3+1 dimensions elasticity leads to line-like fractons, which should be related to some sort of 
two-form Aristotelian gauge theory

The Carroll/fracton isomorphism, can be extended to find an algebra for a vector charge and a 
dipole tensor that fits this description

Gauging such symmetry in terms of a one-form and a two-form field allows to find a higher-rank 
gauge theory that reproduces the continuity equation associated to line-like fractons

To be shown: By imposing a suitable constraint ad a gauge fixing condition, the action reduces 
exactly to the action by Pretko and Pai

To be shown: The two-form gauge field action can be reproduced using the coset construction 
and dualization techniques

Summary



Thank You!


