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Outline

1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

2. Kibble-Zurek mechanism and power-law

3. Stochastic projected Gross-Pitaevskii equation
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 Incompressible kinetic energy spectra
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5. Numerical results – Migdal’s area rule in SQT
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

 Hamiltonian of the dilute Bose gas

Y. Castin and R. Dum, Phys. Rev. A 57, 3008 (1998).

Y. Kawaguchi and M. Ueda, Phys. Rep. 520, 253 (2012).

U(1) symmetry-breaking!

Vortices can exist!

Number density of air (27°C)

Number density of BEC 

Temperature of BEC
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

 Schrӧdinger equation: 

 Madelung transformation:

E. Madelung, Z. Phys. 40, 322 (1927), D. Bohm, Phys. Rev. 85, 166 (1952), T. Takabayasi, Prog. Theor. Phys. 8, 143 (1952).
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

 Gross-Pitaevskii equation:

T. Tanogami, Phys. Rev. E 103, 023106 (2021).

R. P. Feynman, Prog. Low Temp. Phys. 
1, 17 (1955)
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

R. P. Feynman, Prog. Low Temp. Phys. 1, 17 (1955).

Gif from Gaspard Kemlin’s homepage 

https://gkemlin.pages.math.cnrs.fr/assets/images

/case1.gif
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

R. P. Feynman, Prog. Low Temp. Phys. 1, 17 (1955).
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

J. Koplik and H. Levine, Phys. Rev. Lett. 71, 1375 (1993).
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

 Inertial range (IR)

 Details of energy injection and dissipation can both be neglected

 Eddies are assumed to follow universal statistical properties

  Kolmogorov scaling from the dimensional analysis

 (Assumption 1) Kinetic energy dissipation rate      per unit mass is independent of the wavevector 

 (Assumption 2) (Incompressible) Kinetic energy is independent of the viscosity

C. F. Barenghi, L. Skrbek, and K. R. Sreenivasan, Quantum Turbulence, 1st ed. 
(Cambridge University Press, Cambridge, 2024).

in the IR



arXiv:2506.21670, Seong-Ho Shinn 12

1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

 Kolmogorov scaling is also observed in quantum turbulence

M. Kobayashi and M. Tsubota, Phys. Rev. Lett. 94, 065302 (2005).
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

V. L. Ginzburg and L. P. Pitaevskii, ZhETF 34, 1240 (1958) [Sov. Phys. JETP 7, 858 (1958)].
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1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling

No other way (other than manual dissipation or 
stirring the system) to study quantum turbulence?
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2. Kibble-Zurek mechanism and power-law

A. Del Campo and W. H. Zurek, Int. J. Mod. Phys. A 29, 1430018 (2014).
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2. Kibble-Zurek mechanism and power-law

 Experiments on quasi-2D dilute Rb Bose gas

L. Chomaz, L. Corman, T. Bienaimé, R. Desbuquois, C. Weitenberg, S. Nascimbène, 
J. Beugnon, and J. Dalibard, Nat. Comm. 6, 6162 (2015).
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2. Kibble-Zurek mechanism and power-law
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3. Stochastic projected Gross-Pitaevskii equation

Gif from Gaspard Kemlin’s homepage 

https://gkemlin.pages.math.cnrs.fr/assets/images

/case4.gif
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3. Stochastic projected Gross-Pitaevskii equation

 Equations we use: stochastic projected Gross-Pitaevskii equation (SPGPE)

P. B. Blakie, A. S. Bradley, M. J. Davis, R. J. Ballagh, and C. W. Gardiner, Adv. Phys. 57, 363 (2008).
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3. Stochastic projected Gross-Pitaevskii equation


MP4 converted with https://ezgif.com/gif-to-mp4




MP4 converted with https://ezgif.com/gif-to-mp4
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4. Numerical results – spontaneous quantum turbulence (SQT)
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4. Numerical results – spontaneous quantum turbulence (SQT)
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4. Numerical results – spontaneous quantum turbulence (SQT)

(a) (b)
α (η) 1.662 ± 0.022 1.661 ± 0.019
β 2.999 ± 0.018 3.007 ± 0.016

Due to the 2D system

G. Krstulovic and M. Brachet, 
PRL 105, 129401 (2010)
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4. Numerical results – spontaneous quantum turbulence (SQT)
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4. Numerical results – spontaneous quantum turbulence (SQT)
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4. Numerical results – spontaneous quantum turbulence (SQT)

- More details can be seen 
in arXiv:2506.21670

- Or in Q&A session
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 Studies on statistics of topological defects during continuous phase transition
 F. J. Gómez-Ruiz, J. J. Mayo, and A. del Campo, Full Counting Statistics of Topological Defects After 

Crossing a Phase Transition, Phys. Rev. Lett. 124, 240602 (2020).
 J. J. Mayo, Z. Fan, G.-W. Chern, and A. del Campo, Distribution of kinks in an Ising ferromagnet after 

annealing and the generalized Kibble-Zurek mechanism, Phys. Rev. Research 3, 033150 (2021).
 A. del Campo, F. J. Gómez-Ruiz, Z.-H. Li, C.-Y. Xia, H.-B. Zeng, and H.-Q. Zhang, Universal statistics 

of vortices in a newborn holographic superconductor: beyond the Kibble-Zurek mechanism, JHEP 
2021, 61 (2021).

 F. Balducci, M. Beau, J. Yang, A. Gambassi, and A. del Campo, Large Deviations beyond the Kibble-
Zurek Mechanism, Phys. Rev. Lett. 131, 230401 (2023).

 M. Thudiyangal and A. del Campo, Universal vortex statistics and stochastic geometry of Bose-
Einstein condensation, Phys. Rev. Research 6, 033152 (2024).

 C.-Y. Xia, H.-B. Zeng, A. Grabarits, and A. del Campo, Kibble-Zurek mechanism and beyond in a 
holographic superfluid disk, Nat Commun 17, 3668 (2026).

 S. Patra, A. Roy, S.-H. Shinn, A. del Campo, and M. Thudiyangal, Kibble-Zurek scaling and spatial 
statistics in quenched binary Bose superfluids, Commun Phys (Published on May 9, 2026)

5. Numerical results – Migdal’s area rule in SQT
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 Migdal’s area rule in classical turbulence

5. Numerical results – Migdal’s area rule in SQT

K. P. Iyer, K. R. Sreenivasan, and P. K. Yeung, Phys. Rev. X 9, 041006 (2019).



arXiv:2506.21670, Seong-Ho Shinn 31

5. Numerical results – Migdal’s area rule in SQT

arXiv:2508.11047,
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5. Numerical results – Migdal’s area rule in SQT

arXiv:2508.11047,
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5. Numerical results – Migdal’s area rule in SQT

arXiv:2508.11047,

Vortex pair model
- W. H. Zurek, J. Phys: Condens. Matter 25, 404209 (2013).
- S.-Z. Lin, X. Wang, Y. Kamiya, G.-W. Chern, F. Fan, D. Fan, B. Casas, Y. Liu, 
  V. Kiryukhin, W. H. Zurek, C. D. Batista, and S.-W. Cheong, Nature Phys 10, 970 (2014).
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5. Numerical results – Migdal’s area rule in SQT

arXiv:2508.11047,
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6. Summary

 Continuous phase transition triggered by a finite-time quench may induce 

spontaneous quantum turbulence (SQT), characterized by the existence of 

the Kolmogorov scaling

 Kolmogorov scaling admits a universal collapse (dictated by the KZM) for 

different values of the quench time

 Migdal’s area rule (shape invariance) also holds in SQT, and the circulation 

within the arbitrary area A also admits a universal collapse



Thank you!
arXiv:2506.21670
arXiv:2508.11047
Email: seongho.shin@uni.lu
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Assumption 1: At low temperature, phonons are due to vortex-antivortex annihilation.

Assumption 2: 

Phonon energy: 
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F. J. Gómez-Ruiz, J. J. Mayo, and A. del Campo, 
Full Counting Statistics of Topological Defects 
After Crossing a Phase Transition, Phys. Rev. Lett. 
124, 240602 (2020).

C.-Y. Xia and H.-B. Zeng, Winding up a finite size holographic superconducting ring beyond 
Kibble-Zurek mechanism, Phys. Rev. D 102, 126005 (2020).


	Spontaneous quantum turbulence via U(1) symmetry-breaking phase transition in a dilute Bose gas
	Slide Number 2
	Slide Number 3
	Outline
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	1. U(1) symmetry-breaking, quantum turbulence, and Kolmogorov scaling
	2. Kibble-Zurek mechanism and power-law
	2. Kibble-Zurek mechanism and power-law
	2. Kibble-Zurek mechanism and power-law
	2. Kibble-Zurek mechanism and power-law
	3. Stochastic projected Gross-Pitaevskii equation
	3. Stochastic projected Gross-Pitaevskii equation
	3. Stochastic projected Gross-Pitaevskii equation
	4. Numerical results – spontaneous quantum turbulence (SQT)
	4. Numerical results – spontaneous quantum turbulence (SQT)
	4. Numerical results – spontaneous quantum turbulence (SQT)
	4. Numerical results – spontaneous quantum turbulence (SQT)
	4. Numerical results – spontaneous quantum turbulence (SQT)
	4. Numerical results – spontaneous quantum turbulence (SQT)
	4. Numerical results – spontaneous quantum turbulence (SQT)
	5. Numerical results – Migdal’s area rule in SQT
	5. Numerical results – Migdal’s area rule in SQT
	5. Numerical results – Migdal’s area rule in SQT
	5. Numerical results – Migdal’s area rule in SQT
	5. Numerical results – Migdal’s area rule in SQT
	5. Numerical results – Migdal’s area rule in SQT
	6. Summary�
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39

