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Ernst Ising (1900-1998)Wilhelm Lenz (1988-1957)

Conclusion: for all T >0 the system is disordered: No phase transition 
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Ising model in 1D 



Is there a pase transition in 2D ? 



Rudolf Peierls
 1907 - 1995

Energy cost to create a domain wall of length L

1936

Variation of entropy for creating the domain walls

Change of the free energy



H. A. Kramers
  1911-1983

Duality between hight T and low T



Kramers-Wannier duality

High-T expansion Low-T expansion

In dual lattice

𝑁$	 # sites

𝑁%	 # bonds



K-W duality

Self dual point 
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	At the critical point 

2	𝑐𝑜𝑠ℎ(𝐾 = 	𝑒(% = 1 + 2	

Extra factor 2 Disorder phase is not degenerate 

Order phase is doubly degenerate

Stat Mech signature of a non-invertible symmetry



Lars Onsager
1903 - 1976



Exact solution à la Baxter // integrability 



Star triangle relation (Yang-Baxter eq) 

1
𝑘
=

C N Yang
1922-2025

R J Baxter
1940-2025



Parametrization of the Boltzmann weights 

𝑒±(% = 𝑐𝑛 𝑖𝑢 ∓ 𝑖𝑠𝑛 𝑖𝑢

𝑒±(+ = 𝑖	𝑘,-(𝑑𝑛 𝑖𝑢 ± 1)/𝑠𝑛 𝑖𝑢

In the critical case 

𝑘 < 1 𝑇 < 	𝑇!
𝑘 = 1 𝑇 = 	𝑇!
𝑘 > 1 𝑇 > 𝑇!



Row-to-row transfer matrix and the Hamiltonian

𝑇 = 	E
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𝑇~	𝑒,	2	3 𝐻 = −	N
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Ising model in a tranverse field 



Ising model in a tranverse field 

𝐻 = −N
7/-

#

𝑍7𝑍75- + 𝑔	𝑋7 , 𝑍7 = 𝑍75#	

Symmetries: 

spin flipΖ(	 𝜂 =E
7/-

#

𝑋7	 𝐻, 𝜂 = 0	 𝜂( = 1	

Translation
by one-site
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#,-

𝑡7
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𝑡7 =
1
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Permutation operator

𝑋 = 𝑋75#	



Phase diagram 

Limit 𝑔 → ∞

Limit 𝑔 → 0

| ⟩𝐺𝑆 → | ⟩+, +,⋯ ,+ , | ⟩+ =
| ⟩0 + | ⟩1

2
	 𝑋	| ⟩± = ±	| ⟩±

| ⟩𝐺𝑆> → | ⟩0,0,⋯ , 0

| ⟩𝐺𝑆- → | ⟩1,1,⋯ , 1 	

𝑍	| ⟩0 = | ⟩0 	

𝑍	| ⟩1 = −| ⟩1 	

𝑔	
0	 ∞	1	

ordered phase disordered phase

Ζ(	 broken Ζ(	 unbroken 

critical phase



Kramers-Wannier transformation

𝑋7 → 𝑍7𝑍75-
𝑍7𝑍75- → 𝑋75-	

𝐻(𝑔) = −N
7/-

#

𝑍7𝑍75- + 𝑔	𝑋7 →N
7/-

#

𝑋75- + 𝑔𝑍7𝑍75- = 𝑔	𝐻(1/𝑔)

𝐻 𝑔 	is invariant at  𝑔 = 1

Criticality :    order                       disorder



Kramers-Wannier transformation

𝑋7 → 𝑍7𝑍75-
𝑍7𝑍75- → 𝑋75-	

𝐻(𝑔) = −N
7/-

#

𝑍7𝑍75- + 𝑔	𝑋7 → −N
7/-

#

𝑋75- + 𝑔𝑍7𝑍75- = 𝑔	𝐻(1/𝑔)

𝐻 𝑔 	is invariant at  𝑔 = 1

𝑋7 → 𝑍7𝑍75-
𝑍7𝑍75- → 𝑋7	

Criticality :    order                       disorder



Is the KW transformation an invertible symmetry ?

𝑈	𝑋7	𝑈,- = 𝑍7	𝑍75-	Suppose  ∃	𝑈	𝑠. 𝑡.	

𝑈	𝜂	𝑈,- = 𝑈	E
7/-

#

𝑋7	𝑈,- =E
7/-

#

𝑍7	𝑍75- = 1	 𝜂 = 1	

order                       disorderRefinement 
of the connection: 

𝐷 ∶ 	ℋ5 	↔ 	ℋ5	

𝐷 ∶ 	ℋ, 	→ 0	



The KW transformation as a non-invertible symmetry ?

Symmetry à la Wigner 𝑈	𝐻	𝑈? = 𝐻	 𝑈	𝐻	 = 𝐻	𝑈
𝑈	unitary

Relaxing unitarity/invertibility 𝑉𝐻	 = 𝐻	𝑉 ∄	𝑉#$	

𝑋7 → 𝑍7𝑍75-
𝑍7𝑍75- → 𝑋75-	

𝐷𝑋7 = 𝑍7𝑍75-𝐷
𝐷	𝑍7𝑍75- = 𝑋75-	𝐷	

𝐷	𝐻 = 𝐻	𝐷



𝐷(𝑋7 = 𝐷	𝑍7𝑍75-𝐷 = 𝑋75-𝐷(

𝐷(	𝑍7𝑍75- = 𝐷𝑋75-	𝐷 = 	𝑍75-𝑍75(	𝐷(
𝐷( =

1
2

1 + 𝜂 	𝑇8&9.:

𝐷( = 𝑇8&9.: 𝜂 = 1
𝐷( = 0 𝜂 = −1

The KW transformation as a half-step translation



Berlin’s traffic light

Ampelmannchen step and half-step



Berlin’s traffic light

Ampelmannchen step and half-step



Fractionalization/unfolding of the spin degree of freedom

| ⟩↑ = | ⟩0
| ⟩↓ = | ⟩1



Fractionalization/unfolding of the spin degree of freedom

| ⟩↑ = | ⟩0
| ⟩↓ = | ⟩1

half-step



Fractionalization/unfolding of the spin degree of freedom

| ⟩↑ = | ⟩0
| ⟩↓ = | ⟩1

half-step

half-step



Fractionalization/unfolding of the spin degree of freedom

| ⟩↑ = | ⟩0
| ⟩↓ = | ⟩1

step

half-step

half-step



(



Affleck-Kennedy-Lieb-Tasaki spin 1 chain (AKLT, 1987)

Clebsch-Gordon
-
(
	⨂ -

(
= 0	⨁1 

Spinor basis



𝑠 = 	+1,0, −1	 𝛼, 𝛽 = 1,2	

edge spin 1/2 edge spin 1/2

First Matrix Product State (MPS) 



Spin-spin correlator

Finite spin gap Δ = 𝐸- − 𝐸> > 0

Ideal prototype of Symmetry Protected Topological Phase (SPT):
          
                                              Haldane pase        

Duncan Haldane
             1951



(



Critical Ising Ising CFT 

Fractionalization of the Ising spin? 

| ⟩↑ = | ⟩0
| ⟩↓ = | ⟩1



Exploit the anyonic degrees of freedom of the critical Ising model: 

1 → ↑
𝜓 → ↓
𝜎 → 𝜎 or

In CFT the anyons are in one-to-one correspondence with the primary fields

ℎ𝟏 = 0, ℎA =
1
2
, ℎ1 =

1
16
	

1,𝜓(𝑧), 𝜎(𝑧)	

Conformal weights : 𝑂< 𝑧 ~𝑧,<



Fusion rules 

𝜎	 𝜎	

𝟏 =	↑	

𝜎	 𝜎	

𝜓 =	↓	

Fusion dictionary 

Operator product expansion 

1
16

+
1
16
	

1
16

+
1
16

−
1
2
	



GS of the quantum Ising model for L=2 sites

Even sector

Schroedinger equation 

Ground state 

↑	 ↑	 ↓	 ↓	



Building up the wave function

↑	 ↑	

↓	 ↓	

𝜎	
𝜎	 𝜎	

𝜎	 𝜎	

𝜎	 𝜎	

𝜎	
𝜎	

𝜎	 𝜎	
𝜎	 𝜎	

𝜎	 𝜎	

𝜎	

𝟏	 𝟏	 𝟏	

𝜓	 𝜓	 𝜓	



The wave function as a chiral correlator (conformal block) 

𝜎(𝑧-)	

𝜎(𝑧()	 𝜎(𝑧B)	

𝜎(𝑧C)	

𝑝-	 𝑝- = 0, 1	(𝟏, 𝜓)	𝜎 𝑧- 𝜎 𝑧( 𝜎 𝑧B 𝜎 𝑧C D'	

Belavin, Polyakov, Zamolodchikov 1984

Decoupling of null vectors in the Ising CFT 

3
2 2ℎ& + 1
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𝜕𝑧!'	
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1
𝑧! − 𝑧(

𝜕
𝜕𝑧(

ℱ*! 𝑧#, 𝑧', 𝑧+, 𝑧, = 0	



𝜎	

𝜎	 𝜎	

𝜎	𝑧-	

𝑧(	 𝑧B	

𝑧C	
𝑧" = ±𝑒#$/&, ±	𝑒'#$/&

𝑝-	

𝑣7 = 𝑧7
𝑣97 = 𝑣9 − 𝑣7 



Kramers-Wannier                      half-step                      s-t duality 

𝜎	

𝜎	 𝜎	

𝜎	

𝑝	
s - channel

𝜎	

𝜎	 𝜎	

𝜎	
N
E

𝐹D,E
𝜎 𝜎
𝜎 𝜎 	 t - channel𝑞	

𝜎	

𝜎	 𝜎	

𝜎	

𝑝	
N
E

𝐹D,E
𝜎 𝜎
𝜎 𝜎 	



Fusion matrix vs Hadamard gate

𝐹 𝜎 𝜎
𝜎 𝜎 =

1
√2

1 1
1 −1 =	 H 

For L =2 sites the Kramers-Wannier is the Hadamard gate !!



General Conformal blocks Nayak, Wilczek 1996; 
Ardonne, GS 2010



Many-body Lattice Wavefunctions From Conformal Blocks
S. Montes, J. Rodriguez-Laguna, H.H. Tu, , GS.  2016
S. Montes, J. Rodriguez-Laguna, GS.  2017



General half-step translation 
H-C. Zhang, GS.  2024



General half-step translation 
H-C. Zhang, GS.  2024



Conformal blocks and F-moves



Half-step translation symmetry as KW self-duality













KW duality : lattice vs continuum

Ising model                                      Majorana model 
Jordan-Wigner
transformation 





KW duality : lattice vs continuum






