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Generalized symmetries

@ Global symmetries are useful for characterizing QFTs

@ The notion has been generalized to

o Higher-form symmetries
o Higher-group symmetries
o Non-invertible/categorical symmetries

@ Modern formulation in terms of topological operators/defects

[Gaiotto-Kapustin-Seiberg-Willett '14]
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Symmetries in holography

@ Symmetry structure of a QFT is encoded in its topological sector
o Symmetry Topological Field Theory (SymTFT) piwen 19, Gaiotto-Kulp 20,

Apruzzi-Bonetti-Garcia Etxebarria-Hosseini-Schafer-Nameki '21, Freed-Moore-Teleman '22]

o A d-dim QFT can be resolved into a (d + 1)-dim bulk TQFT
sandwiched by a gapped boundary and a gapless boundary
o lIsolate symmetry data from complicated dynamics

e AdS/CFT correspondence is a playground to examine these ideas

o QFT on the conformal boundary dual to some string/M-theory
background
e Boundary global symmetry dual to bulk gauge symmetry
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Symmetries in holography (cont'd)

@ Tremendous success in modeling the holographic duals of symmetry
generators and charged operators as D-branes
[Apruzzi-Bah-Bonetti-Schafer-Nameki '22, Garcia Etxebarria 22, Heckman-Hiibner-Torres-Zhang '22, .. .]

e Symmetry generators lie on the boundary
o Charged operators end on the boundary

/\

/

@ Works well for finite symmetries, both invertible and non-invertible

o Captures field theory results using brane dynamics [gahEL Waddieton 23]
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From finite to continuous

@ The categorical language inherent in the SymTFT construction fails
when the symmetry is not finite

@ Several proposals to extend to continuous symmetries [srennan-sun 22,
Antinucci-Benini '24, Bonetti-Del Zotto-Minasian '24 '25, Antinucci-Benini-Rizi '24, Arbalestrier-Argurio-Tizzano '25,
Jia-Luo-Tian-Wang-Zhang '25, Apruzzi-Dondi-Garcia Etxebarria-Lam-Schafer-Nameki '25]

@ A precise mathematical description is still lacking

@ More subtle regularization issues, especially if gravity is turned on

[Bah-Jefferson-Roumpedakis-Waddleton '24, Calvo-Mignosa-Rodriguez-Gomez '25]

@ String theory and holography may give us hints on how to tackle
these problems!
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@ Wilson lines in holography
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Low-energy gauged supergravity

@ Study O-form continuous G symmetries in a d-dim QFT
e G is a compact connected, and possibly non-Abelian, Lie group

@ Some AdSgy1 x X solution in Type |IB string theory or M-theory

1
SeﬂTD/ |:_§T[JFI/\*FJ+CS(/+1(A)
AdSg41
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Low-energy gauged supergravity

@ Study O-form continuous G symmetries in a d-dim QFT
e G is a compact connected, and possibly non-Abelian, Lie group

@ Some AdSgy1 x X solution in Type |IB string theory or M-theory
L F A LF
Setf D TyF' ANxF7 + CSd_H(A)
AdSgiy L 2

o Al = (A7, A%) is a collective notation
o A’ from isometries of X, with i = 1,...,dim G
e A“ from homological cycles of X, with o = 1,. .., ngett;
o E.g. reduce G4 or Gs in IIB/M-theory over 3-cycles/2-cycles

@ For now, focus on low-energy theory; top-down perspective later
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Wilson lines

o Key players: charged operators and symmetry generators
@ The former are bulk Wilson lines ending on the boundary

o Formal expression (R is an irrep of G = Gigo x U(1)"Betti):

Wgr(M*1) :TrRPexp(i / A)
Ml
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Wilson lines

o Key players: charged operators and symmetry generators
@ The former are bulk Wilson lines ending on the boundary

o Formal expression (R is an irrep of G = Gigo x U(1)"Betti):

Wgr(M*1) =TrRPexp<i / A)
Ml

@ Use the following quantum mechanical model (see, e [Tong-Wong '14])

5WL=/ (q,x tdax)
Ml

fant ter valued in g* =
g constant parameter valued in g* = g

x dynamical scalar field valued in G
X~ tdax = x"1(d + A)x valued in g
(—, —) pairing between g* and g
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Wilson lines (cont'd)

SWL:/ (g, x 'dax)
Ml

e Quantization condition: g is a (dominant) analytically integral weight

(cf. [Bah-Bonetti-Chitoto-EL '26])

@ Theorem of the highest weight tells us that the parameter g is in
1-to-1 correspondence with the irrep R labeling the Wilson line

o Determining R amounts to measuring g

o Advantage: g arises geometrically from the internal space X
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Example: G =SO(n+1) for n > 2

0 q1
—q 0

1 -1 ab
SwL = - Gab(X ™ "dax)™ . qap = -q 0
2 Jmt

@ab=1,....,n+1and q1,...,qk€Zwithk:L%1J

o From isometry of S” C X, parametrized by y? with y?y, =1
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Example: G =SO(n+1) for n > 2

0 q1
—q 0

1 -1 ab
SwL = - Gab(X ™ "dax)™ . qap = -q 0
2 Jmt

@ab=1,....,n+1and q1,...,qx € Z with k = L%lj
o From isometry of S” C X, parametrized by y? with y?y, =1

@ Wrap a brane on M* x S"72 where S"~2 C S” by setting, say,
y< = y?2 =0 for some c; and &

Sirane D 27 / PlGi], Gn D #€aby.. by reicry’Dy™ ... DyPr—2F2
N2 x §n—2

o Pullback P[G,] induces dependence on real worldvolume scalars x?,
o Describe rotation of brane while preserving a maximal $"~2 C S”
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Example: G = SO(n+ 1) for n > 2 (cont'd)

o With some algebra, one finds (with M* = ON?)

1 _
Sbrane = § Nw /I\/Il nab(X ldAX)ab

e ldentify g,, = Nwn, to obtain SO(n + 1) Wilson lines

o N some integer flux number
e w winding number around S"2
e n,p encodes choice of y? = y? = 0 defining maximal S"~2 C S”

o In Type IIB on AdSs x S°, these correspond to giant gravitons (uyers oo,

McGreevy-Susskind-Toumbas '00]
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Other examples

o G=U(1)
From isometry of S! C X, or some cycle in H.(X;R)
worldvolume scalar x decouples

SWLquMIAWith qeZ
g o< wrapping number of brane around the cycle
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Other examples

o G=U(1)
From isometry of S! C X, or some cycle in H.(X;R)
worldvolume scalar x decouples
SWLquMIAWith qeZ
g o< wrapping number of brane around the cycle
e G =Spin(n+1)
o Double cover of SO(n+ 1)
o Follows previous discussion except that q1,...,qx € Z or Z + %
o Latter corresponds to spin representations
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Other examples

o G=U(1)
From isometry of S! C X, or some cycle in H.(X;R)
worldvolume scalar x decouples
SWLquMIAWith qeZ
g o< wrapping number of brane around the cycle
e G =Spin(n+1)
o Double cover of SO(n+ 1)
o Follows previous discussion except that q1,...,qx € Z or Z + %
o Latter corresponds to spin representations

e G=SU(n+1)
o From isometry of CP" C X

o Brane wraps some CP"~! ¢ CP"
o Pullback of supergravity flux induces complex worldvolume scalars
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Other examples

o G=U(1)
From isometry of S! C X, or some cycle in H.(X;R)
worldvolume scalar x decouples
SWLquMlAWith qeZ
g o< wrapping number of brane around the cycle
e G =Spin(n+1)
o Double cover of SO(n+ 1)
o Follows previous discussion except that q1,...,qx € Z or Z + %
o Latter corresponds to spin representations

e G=SU(n+1)
o From isometry of CP" C X

o Brane wraps some CP"~! ¢ CP"
o Pullback of supergravity flux induces complex worldvolume scalars

o Compatible with exceptional isomorphisms
o E.g. SO(3) = Spin(3)/Z, =2 SU(2)/Z,
o pt, Upt_ =250 C S?vs. pt = CP° c CP!
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© Charge measurement and regularization
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Gauss' law constraints

o Need symmetry generators to measure the charge g of Wilson lines
o Recall Seff D [pgs,,, [~ 37wF' A*F? + CSqi1(A)]

@ Gauss' law constraint:

G/:T/JD*FJ—FG,CSéO

o DxFl =dxF' — fi! A N xFK
o Generates bulk gauge transformations
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Gauss' law constraints

o Need symmetry generators to measure the charge g of Wilson lines
Recall Sefr O [pgs,., [~ 37F' A*F? + CSap1(A)]

@ Gauss' law constraint:

G/:T/JD*FJ—FG,CSéO

o DxFl =dxF' — fi! A N xFK
o Generates bulk gauge transformations

o Dirichlet b.c. A = 0 realizes global symmetry in the dual CFT
G/|boundary = Tiyd ¥ F/ =0
o Naive symmetry generator: Ug(M?~1) = exp (i [} )41 71y * F7)

o 0' valued in g, and 75 * F/ valued in g*
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Need for regularization

o Ward identity in QFT takes the form

(0" (x) p(x1) - Zq, x —xi){p(x1)...)

@ Inserting the defect U = exp (19 fMd—l *_/) in correlator yields powers
of delta functions which are not well-behaved

Enoch Leung (MPI MiS) Continuous Symmetries in Holography Murcia workshop 13 /28



Need for regularization

o Ward identity in QFT takes the form

(0" (x) p(x1) - Zq, x —xi){p(x1)...)

@ Inserting the defect U = exp (19 fMd—l *_/) in correlator yields powers
of delta functions which are not well-behaved
(] Regularize by thICkenlng [Bah-Jefferson-Roumpedakis-Waddleton '24]

Uus =0 | [ a*ixay (i), +hot.) | i ) =€)
e—

fe(y)

A

v
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Charge measurement

o Observe a; = 0f/(y)dy can be viewed as a flat connection
@ More generally, Ueg = exp (i f[_e xMd-1 31 A *j) with da; =0
o Dragging defect Ueg past local operator ¢ produces a phase

F(x,y) = exp (i [ a1)¢(x,y)

—€

¢
°

¢
—e

[ S8
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Hanging branes in holography

@ What objects in the supergravity bulk can mimic this behavior?

o Consider hanging brane with effective action

! J
Shanging = / aaAn'Ty*xF
,YIXMd—l

o ~! an arc with endpoints on conformal boundary

o a; flat worldvolume U(1) gauge field with Dirichlet b.c.

o n' encodes wrapping number of internal submanifold in X

o Identify ' = an’

o a= f’yl a; encodes “magnitude,” n' encodes “direction” of § € g

o Operator labeled by g = exp(f) € G where exp: g — G

Enoch Leung (MPI MiS) Continuous Symmetries in Holography Murcia workshop 15/28



Hanany-Witten transition

@ Hanging geometry as brane and anti-brane recombining in bulk

[Calvo-Mignosa-Rodriguez-Gomez '25]
@ Dynamically stable (cf. [sah-Bonetti-Chitoto-EL "26])

o (Partial) charge measurement <+ Hanany-Witten transition

OAdSysy 9AdSus

Wilson line U

hanging brane
At x M1
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Hanany-Witten transition

@ Hanging geometry as brane and anti-brane recombining in bulk
[Calvo-Mignosa-Rodriguez-Gomez '25]

@ Dynamically stable (cf. [sah-Bonetti-Chitoto-EL "26])
o (Partial) charge measurement <+ Hanany-Witten transition

OAdSysy 9AdSus

Wilson line U

hanging brane
At x M1

o Zero-width limit?
e Tachyon condensation = non-BPS brane localized on boundary

[Bergman-Garcia-Valdecasas-Mignosa-Rodriguez-Gomez '24, Calvo-Mignosa-Rodriguez-Gomez '25]

o Incompatible with gravity turned on; must have finite width and

tension [Bah-Jefferson-Roumpedakis-Waddleton '24]
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Hanging brane fusion

o BCH formula gives non-commutative fusion

U9®U9/:exp(i(9+9/—|—%[0,9/]+...)l/ T[_]*FJ>
Md—1
e If [#,0'] =0, brane recombination:

Up®Uyg g

e NI
Ugso+0”
Up®Uy ®Uy |' AlAL
U VI-tJ
N
(Usm /

Ugsg ®Ug

N

e If [6,60] # 0, non-trivial rearrangement of internal geometries
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@ Top-down constructions
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AdSs x S° in Type IIB

@ SO(6) isometry <> R-symmetry in 4d ' = 4 SU(N) YM theory
Seff = / [ ! 7Fap A #F? — kCSs5(A)
AdSs 4

— _ N — N2
0T—Tf|ux—|-TEH—m,k—N -1

@ Wilson line: D3-brane wrapping some maximal S3 C S°
o Useful to treat as Hopf fibration S' < §3 — §2 ¢ CP? = §5/S?
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AdSs x S° in Type IIB (cont'd)

@ Symmetry generator: bound state of D5-brane and KK monopole
@ Responsible respectively for 4, and Tegq

o Wrap internal 2-cycle X2 that intersects non-trivially with $2 ¢ CP?

Sps O 27 / a1 A P[Gs]
YIx M3 x 32
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AdSs x S° in Type IIB (cont'd)

@ Symmetry generator: bound state of D5-brane and KK monopole
@ Responsible respectively for 4, and Tegq

o Wrap internal 2-cycle X2 that intersects non-trivially with $2 ¢ CP?

ab
Sps D 27T/ ai N\ P[G5] = %/‘ *Fap
Y M3x 32 2gflux
o Worldvolume gauge field a; identified with
o Chan-Paton gauge field on D5-brane
o Composite gauge field constructed out of two compact scalars ¢, @ on
KK monopole, i.e. a1 = 3(@dy — ¢dp)
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AdSs x S° in Type IIB (cont'd)

@ Passing D3 through D5 leaves behind F1-strings with phase

exp (27rin|:1/ al> = exp (i%qabﬁab)
,Yl

o npp intersection number of D3 and D5 within CP?

o Irrep R of Wilson line can be determined by measuring g, of D3 with
multiple different D5s

@ Can get spin rep. in SU(4) by setting gap half-integral
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AdSs x T in Type IIB

o Dual to 4d N =1 SU(N) x SU(N) gauge theory (iebanov-witten 9]

o Hopf fibration: St «— TH1 — §2 x 52
o Topologically equivalent to §% x S3

e (SU(2)1 xSU(2)2)/Zy x U(1)R isometry + U(1)g baryonic symmetry
o SU(2); from CP] = S2, and SU(2), from CP} = 3
o U(1) from Hopf fiber St
o U(1)g from reducing RR 4-form C, over homological S3
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AdSs x T in Type IIB (cont'd)

o Construct 3-spheres

st sdcpl, St s3cpl
@ SU(2); Wilson line: D3-brane wrapping CP9 x S3

e SU(2)2 Wilson line: D3-brane wrapping (C]P’g x 3
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AdSs x T in Type IIB (cont'd)

o Construct 3-spheres

st sdcpl, St s3cpl
@ SU(2); Wilson line: D3-brane wrapping CP9 x S3
e SU(2)2 Wilson line: D3-brane wrapping (C]P’g x 3

e U(1)g Wilson line: D3-brane wrapping S — ¥3 — PD(J)
o Jis the Kihler form of the base CP] x CP3

e U(1)g Wilson line: D3-brane wrapping homological S3
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AdSs x T in Type IIB (cont'd)

o Construct 3-spheres

st sdcpl, St s3cpl
@ SU(2); Wilson line: D3-brane wrapping CP9 x S3
e SU(2)2 Wilson line: D3-brane wrapping (C]P’g x 3
e U(1)g Wilson line: D3-brane wrapping S! «— ¥3 — PD(J)
o Jis the Kihler form of the base CP] x CP3
e U(1)g Wilson line: D3-brane wrapping homological S3

@ Symmetry generators: D5-KK bound states wrapping suitable internal
submanifolds in CP} x CP}
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Fusion dynamics

D5 D5 D5 ' D5 D5 D5 D5

Each hanging D5 can be viewed as a D5-D5 pair

o Tachyon condensation on inner D5-D5’ gives non-BPS D4

o D4 reopens into D5'-D5 with correct orientation

Viewed as a stack of two hanging D5s

(Non—AbeIian) relative modes decouple [Bah-EL-Waddleton '23]
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AdS; x S” in M-theory

@ SO(8) isometry +» R-symmetry in 3d N/ =8 SCFT

@ Wilson line: M5-brane wrapping maximal S®> ¢ S’
o Useful to treat as Hopf fibration S* < S5 — CP? ¢ CP* = §7/S!

@ Symmetry generator: bound state of M5-brane and KK monopole
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AdS4 x S in M-theory (cont'd)

@ M5 has a chiral 2-form by but not a 1-form like in D5, how do we get
an effective worldvolume 1-form a; on the defect?

o Take by =~ a; A vol(S?)

Sws O —27 / by A P[Gi] = 27 / a1 A P[Gi]
AlxM2xS3 Y x M2 x CP!

o Internal S3 constructed as S! — $3 — CP! c CP?
o lIA description: D4-brane wrapping CP!; Chan-Paton field a;
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AdS4 x S in M-theory (cont'd)

@ M5 has a chiral 2-form by but not a 1-form like in D5, how do we get
an effective worldvolume 1-form a; on the defect?

o Take by =~ a; A vol(S?)

Sus O —2r / by A P[Gi] = 27 / a1 A P[Gi]
AlxM2xS3 Y x M2 x CP!

o Internal S3 constructed as S < $3 — CP* c CP3?

o lIA description: D4-brane wrapping CP!; Chan-Paton field a;

@ KK monopole in M-theory has a 7d worldvolume, but it also has a
1-form worldvolume field

o Compensate by wrapping an internal 4-manifold CP? such that

CPys C CP%« C CP?
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AdS4 x S in M-theory (cont'd)

0AdS., 0AdS.,

. 4 ,.;/ /(0 -~
' C‘\;( y
Wilson linc| :
hanging brane
H A x Mt H

@ Passing M5y through Mbgy,, leaves behind M2-branes with phase

exp (27Tin|\/|2/ b2> = exp (27rin|:1/ 31)
xSt ok

e nm2 intersection number of M5y and M5y, within Ccp?

o IlA description: D4-D4 Hanany-Witten transition producing Fls
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Generalizations

@ AdSs x SEg in Type IIB

o S°and T1! are regular Sasaki-Einstein 5-manifolds
o Generically, S* < SE5 — B* with Kahler-Einstein base B*

o E.g. B* = dP, del Pezzo surfaces, k = 3,...,8
o D3 Wilson lines & D5-KK symmetry generators

@ AdS; x SE7 in M-theory

o S7 is a regular Sasaki-Einstein 7-manifold
o Generically, S! < SE; — B® with Kihler-Einstein base B®

o E.g. B® = CP? x CP! or CP! x CP! x CP!
o M5 Wilson lines & M5-KK symmetry generators
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Summary & open questions

o Defining continuous symmetry operators in QFTs is surprisingly subtle

Regularization should be taken into account

String theory and holography provide natural candidates

Clear geometric interpretation of charge measurement in terms of
Hanany-Witten transitions in the bulk

Non-Sasaki-Einstein examples?

Ingredients to construct SymTFT for continuous symmetries?

Fate of global symmetries in quantum gravity?
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