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Introduction
Subsystem symmetries

Theories with non-conventional symmetries require further extension of the symmetry properties.
We are interested in conservation equations of the form

gy = 0;0;...0.J

with the time and spatial components of the current in some representation of the rotation group.



Introduction

Subsystem symmetries

Theories with non-conventional symmetries require further extension of the symmetry properties.
We are interested in conservation equations of the form

_ j.. .k
0oty = didj. .0 JY
with the time and spatial components of the current in some representation of the rotation group.

Examples are Subsystem Symmetries, whose conserved charge is integrated over a closed
subspace
Q= J ]o
>

In [Seiberg, Shao ’18, ’20 - Gorantla, Lam, Seiberg, Shao ’20, ’21, ’22 - Rudelius, Seiberg, Shao ‘20], models with

such U(1) global symmetry has discontinuous field configuration; and Lorentz symmetry is
broken. Such theories are not yet systematically understood.



Introduction
Example: XY-Plaguette

1 2
In (2+1)d the XY-plaquette model with Lagrangian % = 70 (a0¢) - (ax()ygb)
H

O~ Q+2xw(x)+ 22w (y) , Wi(xi) e Z discontinuous functions.

[Seiberg, Shao ’18 - Gorantla, Lam, Seiberg, Shao '21]



Introduction
Example: XY-Plaguette

| 2
In (2+1)d the XY-plaquette model with Lagrangian & = 70 (ao¢) 5 (axay(p)
H
¢ ~ ¢+ 2xwi(x) + 2zw’(y) , w'(x') € Z discontinuous functions.
Symmetries:

» Subgroup Z, of the space rotation group;
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Example: XY-Plaguette

1 >
In (2+1)d the XY-plaguette model with Lagrangian & = 70 (a0¢) - (ax()ygb)
H

O~ Q+2xw(x)+ 22w (y) , Wi(xi) e Z discontinuous functions.
Symmetries:

» Subgroup Z, of the space rotation group;

Q.(x") = fF dx'J,
1
U(1) momentum dipole symmetry, J, = uyoo € 1,, J° =—0d¢p € 1,, ré-

H Qxi(X i) e/

i
A1

shifting the field as @(z,x,y) = ¢, x,y) + c*(x) + ¢’ (y) ;



Introduction
Example: XY-Plaguette

1 >
In (2+1)d the XY-plaguette model with Lagrangian & = 70 (ao¢) - (ax()ygb)
H

O~ Q+2xw(x)+ 22w (y) , Wi(xi) e Z discontinuous functions.

Symmetries:

» Subgroup Z, of the space rotation group;

Q.(x") = fF dx'J,
1
U(1) momentum dipole symmetry, J, = uyoo € 1,, J° =—0d¢p € 1,, ré-

H Qxi(X i) e/

i
A1

shifting the field as @(z,x,y) = ¢, x,y) + c*(x) + ¢’ (y) ;

. U(1) winding dipole symmetry, J* =0'¢¢ , J=0yp Q;y(xi) = #dxjfgy



Introduction
Example: XY-Plaguette

| 2
In (2+1)d the XY-plaquette model with Lagrangian & = 70 (ao¢) 5 (axay(p)
H
¢ ~ ¢+ 2xwi(x) + 2zw’(y) , w'(x') € Z discontinuous functions.

Symmetries: Z, rotations, U(1) X U(1) dipole symmetry with mixed anomaly [Burnell, Devakul,
Gorantla, Lam, Shao ‘ 21 - Gorantla, Lam, Seiberg, Shao '21]

The model has a duality exchanging - ¢ < ¢,
B (/’th //t) < </’t/4ﬂ-2 ) 47[2”0) ’
- momentum modes < winding modes,

reminiscent of T-duality of a compact boson in (1+1)d.



Introduction

Motivation

Can we capture theories with subsystem symmetries within the framework of SymTFT?
* Problem: Lorentz-invariance is broken, we cannot define a topological theory in the bulk.

e Solution: use a partially topological theory, i.e. topological only in the bulk and time directions.



Introduction

Motivation

Can we capture theories with subsystem symmetries within the framework of SymTFT?
* Problem: Lorentz-invariance is broken, we cannot define a topological theory in the bulk.

e Solution: use a partially topological theory, i.e. topological only in the bulk and time directions.
[Cao, Jia ‘23]

A natural model realising that is a Foliated BF theory. Foliated along (x') means that fields have
components on a plane orthogonal to (xi):

for a field B™ foliated along (x), the component ngx) =0;

it can be realised by writing terms as (B(x) A dx) in the action.
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Introduction
Motivation - Foliated theory

Foliated BF theory: for a (3+1)d Sym(Partially)TFT, such a theory has action [Spieler ‘23]

Sto| = LJ cAdb+ COANdBO Adx+ COAD A dx
270 )y

+CONABYAdy + CY A b Ady

e (1,x,y) € M = three-torus,andr€ I = [0, L]

¢ bisa?2-form; c, B(xi), C™) are 1-forms. All fields in R.
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Introduction
Motivation - Foliated theory

Foliated BF theory:

l
S¢~| = —
fol 2 Jsz

c Adb+ Z CH) A dB) A dy

x'=x,y
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Introduction

Motivation - Exotic/Foliated duality
Foliated BF theory:

l - - .
Se~| = — cAdb+ CY) A dBY) A dx’
fol O Jsz Z

x'=x,y

By integrating out components C,fxi) ,b.i, b, ,and field redefinitionsas A, = c,, Ar = Blfx) — B,fy)

rxts Yrt o

“Dual” to the exotic field theory (exotic = manifest Z, space rotation ) [Spieler *23]

o 4 i ) . .
$=— [M da (d,,Axy _ axayA,,) rA <6xdyAt _ thxy) +A, (0,4, —9,A)
X
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Introduction

Motivation

Using this gapped exotic/foliated duality, we construct the Sym(Partially)TFT for continuous
subsystem symmetries.
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Introduction

Motivation

Using this gapped exotic/foliated duality, we construct the Sym(Partially)TFT for continuous
subsystem symmetries.

We add a topological boundary and a scale invariant boundary. After interval compactification,
we realise the first instances of gapless exotic/foliated theories [Apruzzi, Bedogna, SM ‘25], together
with the work [Ohmori, Shimamura ‘25].

Within the framework, we construct [Bedogna, SM *26] non-invertible symmetries and generalise
the exotic model.
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Recap

. Subsystem symmetry: :J Jo , spatial 2 subspace;
2

1 )
XY-plaquette model: § = Jd3x — (0045)2 + M (dxayqb) , D~ P+ 2aw (x) + 27w (y) ;
H

l j i -
Foliated theory in (3+1)d: Sfo| = 2—[ c ANdb + Z C“)AdBY) A dx';
) T Jpxi i
— ’y
dual

e EXxotic theory in (3+1)d:

o 4 i ) . .
$=— {M A (arAxy _ axayA,,> LA (axayAt _ thxy) +A, (0,4, — 0,A)
X
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SYMTFT for Subsystem Sym

Foliated
[Argurio, Collinucci, Galati, Hulik, Paznokas '24 - Apruzzi, Bedogna, SM ‘25]

1
S, = —J (b +dB® + dBY) A %, (b + dBW + dBW) A dt
M

4 :

+g (BY — BYY A %, (BY — BM) A dx A dy

l
S¢A| = — A db
/ M fol 27 ~|'M><IC /

Z C) A dB®) A dy
Z d*) <dB(xi) + b) A dyx’ x'=xy

I
=X,y

+¢ db

S_iR
0_271- My

r=10 r=L
Top Scale Inv
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SYMTFT for Subsystem Sym

Foliated
[Argurio, Collinucci, Galati, Hulik, Paznokas '24 - Apruzzi, Bedogna, SM ‘25]

4 :

1
S, = —J (b +dB® + dBY) A %, (b + dBW + dBW) A dt
M

+g (BY — BYY A %, (BY — BM) A dx A dy

i
Se | = _J ¢ A db /
/ ; ol 2r MxI b.c. :

Z CO) A dBX) A d

S0

IR : ; - i i
=2— Z CI)(X)<dB(x)+b>/\dx’ A=Y c=i*2(b+ZdB(x)/\dt> ,
7[ My yi— i
x'=x,y X
+¢ db CAdxi= ...
b.C.:
c=R(d¢—ZCD(xi)dxi) : 5 e

C(xi) Adxi = — qu)(xi) A dxt TOp Scale Inv



SYMTFT for Subsystem Sym

Foliated
i
Se~| = — c A\db
fol ) Jsz
+ Z CO) A dB™) A dx
xizx,y
r =20 r = L

Top Scale Inv

" r

Mille-feuille
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SYMTFT for Subsystem Sym

Exotic
s,=—| dx[g(d) -
L A b t
i, i i
S—Ezﬁdx¢<@AW—@%AJ /////////
i A A +A,, (0,A,— 0,A,)
b= Px (94, - 0,0,4,) o (0,4, — 0,4, ~_i
4 M, At — _Axy ’
g
A, = IA,
b.c.
At:_Rat¢’ 7”:() r=L " r

Ay =—00,0 Top Scale Inv
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SYMTFT for Subsystem Sym
Gapless Exotic/Foliated duality

After interval compactification:
Foliated frame Exotic frame

XY-plaquette model

1 . . |
_ 2 (x") (x") I
S——zﬂJ'zR [¢db+ ch (dB +b>/\dx]

2
S = LJ‘a’3)<:R2 (dogb)z | X
1 47 I
+ (b + dB™ + dBY) A %, (b + dB™ + dBY) A di
R* 1
+ég (BY — BY) A % (BY — BY) Adx Ady R* = py . e,




SYMTFT for Subsystem Sym
Gapless Exotic/Foliated duality

After interval compactification:
Foliated frame Exotic frame

XY-plaquette model

1 . . |
_ 2 (x") (x") I
S_—zﬂJzR [¢db+ ch (dB +b>/\dx]

| o) 2 2
S = 4—Jd3xR2 G (6x8ygb>
T
% (b + dBY + dBY) A %, (b + dBY + dBY)) A dt
R2
+%g (BY — BY) A % (BY — BY) Adx Ady R* = py . e,

\ m’c ®Y  dY) and using b.c.
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SYMTFT for Subsystem Sym
Gapless Exotic/Foliated duality

After interval compactification:
Foliated frame Exotic frame

By integrating out ¢: db = 0 = b = da XY-plaguette model

1 l- l- -

S = —J iR> 2 O™y (B(X) +a) A dx’
27 i L fs oo 2 R
X S=—1d°xR <60¢> |
) A7 g
+=d (a+BY +BY) A x,d (a+ B +BY) Adt

+ég (BY — BY) A % (BY — BY) Adx Ady R*=py, —=—




SYMTFT for Subsystem Sym

Spectrum of gauge-invariant operators

Sb=dy,, 6c=dig— Y Adx’,
Gauge transformations: | | x |
SB™) = d)((xl) — 71 SCY) = 41 ’

<dB(x)+b> Advi=0. db=0.
Eom: | | | |
dCOANdxi =0, Z dCY) A dxi 4+ dc = 0

(Partially) topological lines, at fixed (x, y)

V. (x, »ly] = exp (i(xO C) —> exp ( SI; Adt+ A dr)
y y

Y

Uys(x, y)ly] = exp (lﬁ() BY — B(Y)) —> exp ( i A dt +A dr

Y

SA, =04, S6A =04,
SA, =0, O6A =04,

/

(>

5A =0, a A,
5A =0, a A,
fixed (x,y,7)
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SYMTFT for Subsystem Sym

Spectrum of gauge-invariant operators

« (Partially) topological strips, on surface swiped by a y,(x’) from x; to x,

[ N\ [ S ) |
173 (x{ ,xé) [6'] = exp {iﬁj ((Jg b + dB(x)) dx’} —> exp {iﬁj (%I; A, dx’ + 0;A,dr + 61-Atdt) dxl}
X i) x| yi(x?)

Vi(x!, x)[6'] = exp {iﬁc() CONdx +d <cjdxj ) } exp {i&fl; Axydxj + 0,A.dr + (')l-Atdt}
yi(x')

—
J 7,(xt)
fixed (X1, 1) @
/
/

/

71(X5)
fixed (x,, r)
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SYMTFT for Subsystem Sym

Spectrum of gauge-invariant operators

Lines and surfaces link

(VI Tglo) = exp (27i aff Link (T 7,) )

o y1(x1)
(UHIT], V,lo']) = exp <27ri Ba Link (T, 7,) )

7\

I

71(X,)

26



SYMTFT for Subsystem Sym
Boundary operators

Generators and charges of the subsystem symmetry.

i : 271' (xi) 271'
On the gapped boundary: ¢ =R| dp— ) ®ax' ] , be—Z. BY e —7
5 2CM,

yCM,

CH) A dx' = — RAD™) A dx

Vo, Yyl = exp (iaﬂg c) , Uy(x,y)ly] = exp (WJ) B® _ B(y))
Y

Y
* Lines trivialisesifa =p/Rand f =qgR, p,q € Z.

» Non-trivial lines V,,, Ug, a ~ a + 1/R, f ~ f+ R generate the U(1) X U(1) dipole symmetry

[Antinucci, Benini ‘ 24 - Argurio, Collinucci, Galati, Hulik, Paznokas ’'24].
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SYMTFT for Subsystem Sym
Boundary operators

Generators and charges of the subsystem symmetry.

On the gapped boundary: ¢ = R(dqﬁ — 2 cb<xi>dxi> , J be—Z7,
5 2CM,

CH) A dx' = — RAD™) A dx

L [
Up (x1,%,)[0] = exp {iﬁj | (
Y

Va(xi, x)[0'] = exp {laﬂg

yi(x)

CONdY +d (cjdxj> } = exp {

27
R

| | G
b + dB(xl)) dx’} = exp { J Q;)qcfl(xl)}
7i(x") X!

|

Y

M,

B(xi) e EZ
R

28



Exotic Theta Term

Add a theta term on the gapped boundary of the SymTFT [Pretko ’17 - Bedogna, SM ’26 - Furukawa ‘26]
16

2m?R

6
¢ ((’)tAxy _ axayAt) Ay . 07€ElL

. iR [ - i
S=| &= (OtAxy _ axayAt)
M

27
0

29



Exotic Theta Term

Add a theta term on the gapped boundary of the SymTFT [Pretko ’17 - Bedogna, SM ’26 - Furukawa ‘26]
16

2m?R

i
¢ ((')tAxy _ axayAt) Ay . 07€ElL

. iR [ - i
S=| &= (OtAxy _ axayAt)
M

27
0

By interval compactification we obtain
R2

A

2 16
(0.0,00) +550 0.0,

47°

R2
S = Jd3x = (8041)2 |

We can rewrite it in a compact notation as

0
D*p=0pp 00 pelyxl,, 7= - iR?
2T

S= | (D7) - (D) D%.D¢) . @ -0

30



Exotic Theta Term and Duality

S = le% (D) -z (D)

- 8
Introduce a gauge field (", y~) for the shift symmetry and couple it to (D*¢*, — D=¢") .

By integrating out y

31



Duality Symmetry of the XY plaquette

Only exotic frame

Following [Paznokas ‘25]

5 = LJ d'x A (a,,Axy _ axayzi,,) LA (a oA - a/x’xy) + A, (0,4 - 0,A,)
MxI

2
a bl1"Y
It has a SL(2,R) symmetry rotating the fields as: c1? 4

By the lwasawa decomposition, the generators are

cosw —1Ysinw
K=\ v , w€eR
1Y sin w COS @

g=(1 9 1ernon I
=\ 1) s =\ 0

32



Duality Symmetry of the XY plaquette

Only exotic frame

Following [Paznokas ‘25]

S = LJ d'x A (a,,Axy _ axayzi,,) LA (a oA - atAxy) + A, (0,4 - 0,A,)
270 J s

a blY
It has a SL(2,R) symmetry rotating the fields as: (C 1 )
By the lwasawa decomposition, the generators are

Only this preserves
the b.c.,if g =1

cosw —1Ysinw
% =(

1Y sin w COS @

[1Y 1

97,:( 1 O) e R/{0)

33



Duality Symmetry of the XY plaquette

Condensation Defect

Constructing the condensation defect for the SO(2) generator &, supported on a codim-1

surface X2 at fixed r. For gauge-invariance and the correct action on the bulk operators

ST[x] = L[ (A + 1A+ 100,00 + 0,000 ) + (VA + T4, + 70,05 + 7,07 )
2

27

1" s1in w
| (v v, — vxyvt)
2(cosw — 1)

; o
- LZ (oA +00,0,0) + (4., +50,0,0)

1" s1in w ~ ~ -
| (aaxﬁ o+ 20v,., + 60,00+ 20V, )
4(cosw — 1) Y Y Y Y




Duality Symmetry of the XY plaquette
Condensation Defect

The fusion of two such defects give

w950 _ ! > A + 4 5 ~+
AR _Tﬂjazn w T HA, +10,0,¢0" +170.0,0

with ™ =@+ ¢, , v  =vi+v,, andny = 0dyv™.
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Duality Symmetry of the XY plaquette
Condensation Defect

The fusion of two such defects give

l l - N -
CHIH: — 2—EJ NA,y, + 1A, + n@xdyqf + n()xdygf’
0%

with ™ =@+ ¢, , v  =vi+v,, andny = 0dyv™.

The defect generates a continuous non-invertible SO(2) symmetry, at any value of the couplings
R and 6, or at any .

The same symmetry arises with a similar mechanism for Maxwell in (3+1)d.

[Paznokas ’'25] and [Niro, Roumpedakis, Sela '22 - Hasan, Meynet, Migliorati ’24 - Arbalestreier, Argurio, Tizzano ’24
- Argurio, Collinucci, Galati, Hulik, Paznikas - ‘24]
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Conclusion

We showed the construction of
* The first instance of gapless exotic/foliated duality via SymTFT;
* Subsystem symmetries with the Mille-feuille framework;

 The (2+1)d continuous theory proposed for the XY-plaquette model, allows for an exotic theta-
term;

* The XY-plaguette has a continuous non-invertible SO(2) symmetry. This model stands in
between a compact boson in (1+1)d and Maxwell theory in (3+1)d.
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Thank you



SYmTFT for Subsystem Sym

Foliated
! i i :
Bulk: Sfol = —J cAdb+ Z CY) A dB™) A dx’
| 27 J s i
X=X,y
IR
Topological boundary: S50 = N
T Ing i
0 x'=x,y

1
S, = —J (b +dBY + dBY) A %, (b + dBY + dBY) A dt
ML

Scale-invariant boundary: 4r

c=ix, | b+ Y dB® Adt]) .
b.C.: 2( ; >

COAdx = +ig(B® — B)dx Ady + id *, (b +dBY + dBY) A dt

COAdy =+ ig(Bt(x) — Bt(y)) dx A dy

id %, (b

Z d™) <dB(xi) + b) Adx' + ¢ db

dBY + dBW) A dt

b.C. :

g (BY — BO)Y A x; (BY — BY)Y Adx A dy

¢ = R(dgb =) c1><x">dxi> ,

CH A dx' = — RAD™) A dx



Duality Symmetry

Gauge the U(1) winding symmetry

l

2
S —J dxz (D*p)" =7 (D~¢)" +2 (D*p) n* =2 (D ¢) n~ e (D*h) n™* -
M

:87r

beR, D'y~ =0=D7p"

. 1
Integrating out #: S = —J d>x(0yb)* + (axayb)2
dr )y,

Gauge a Z C U(1) momentum:

. i R?

87

I 1 AN (D} -~ _ AP +7\ A+ _ -7\ -
S——JMd?’x(D b—c*)’ = (Db=-c")" = 2R (D) c* =28 (D) e -




Foliated condensation defect

Condensing an arbitrary number /V of lines requires summing over insertion points and 1-cycles

o N
Z H deiinJ da W(x;,y,),15]]

N=1 i=1 R
Condensing an arbitrary number of strips requires defining a measure in the space of all partition

of an interval 7

//

~
(1) (1) (2) (2) (n—-1) ,.(n) (n-1) _.(n)
X0 KT X X s B T Xy



