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Continuous spacetime symmetries are a bit different from all the other symmetries:

• They do not commute with the hamiltonian (or energy momentum tensor), schematically

d
dt

𝒰X = [𝒰X, H] +
∂𝒰X

∂t
= 0

• The defect are still topological, invariant under deformation (with no other insertion) 

• The symmetry defects “do not act topologically”

𝒰X(Σ)𝒪(x) = eXμ∂μ𝒪(x) =
∞

∑
n=0

1
n!

(Xμ∂μ)n𝒪(x)



Goal 
Extract all the topological feature of spacetime symmetries by implementing the SymTFT approach. 

Implement the (non-topological) action on spacetime points, lines, regions on the boundary while 
keeping the action topological in the bulk



SymTFT proposal



Non-Abelian BF-theory
Our starting point is the following BF-theory

 SBF =
i

2π ∫Md+1

⟨ Bd−1, FA⟩

where  is the canonical inner product between  and , and⟨ , ⟩ 𝔤 𝔤 *

FA = dA + A ∧ A, Bd−1 ∈ Ωd−1(Md+1, 𝔤*)

the gauge transformations read
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Where  is an irreducible representation of the centraliser  and . 
We then deduce the following action on  

ℛC(X) C(X) A(U) = U−1AU + U−1dU
Wℛ

⟨𝒰[X][Σ] 𝒲ℛ[γ]⟩ = Trℛ [e−2πXLink(Σ,γ)]⟨𝒲ℛ[γ′￼]𝒰[X][Σ]⟩
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In the presence of a boundary  , gauge transformations implyδSBF =
i

2π ∫∂Md+1

⟨δA ∧ B⟩

SBF[A(g), B(g,σ)] = SBF[A, B] + ∫∂Md+1

⟨σd−2 ∧ g−1FAg⟩

Boundary conditions must be compatible with bulk EOM to guarantee a proper variational problem, 
e.g. Dirichlet implies  (Flatness condition)
⇒

FA |∂M = 0
Dirichlet :A |∂Md+1

= 𝒜
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BF-theory with G=SO(d+1,1)



Component decomposition of BF
We now decompose the BF-theory into the Lorentz, translation, special conformal, dilatation 
generators

(Lab, Pa, Ka, D)

The A and B gauge field decompose 

A =
1
2

ωabLab + eaPa + f aKa + bD, B =
1
2

jabLab + saPa + taKa + ϕD

By using the previously introduced inner product for  the BF Lagrangian becomes,𝔰𝔬(d + 1,1)

ℒBF = i⟨B ∧ F⟩BF =
i
2

jab(dωab + ωa
c ∧ ωcb − 2e[a ∧ f b]) − iϕ(db − 2ea ∧ f a) + ⋯
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We focus on Dirichlet  where  such that , locally, the boundary has a 
conformally flat metric (Cotton and Weyl tensor vanish)
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Gapped boundary conditions
From the equations of motion for B we get,
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Where  is the hodge operator in flat space⋆
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Gapped boundary conditions
The flatness condition implies that the stress tensors is symmetric conserved and traceless

ℱ = 0 ⇒ {
∂νTμν = 0
Tμ

μ = 0

Finally we can now write all the charges in terms of the Conserved stress tensor

𝒫μ = ∮ ⋆ Tμνdxν, 𝒥μν = ∮ ⋆ x[νTμ]ρdxρ

𝒦μ = ∮ ⋆ (2xμxνTνρ − x2Tμρ)dxρ, 𝒟 = ∮ ⋆ xμTμνdxν

We defined the conformal generator on the Dirichlet boundary in terms of B
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The story is very similar. Let us focus on the correlation of the line with the symmetry defect
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Symmetry Breaking Boundary 



Gapped SSB boundary conditions
We can restore the gauge invariance on the Dirichlet boundary by

Dir(G) : SDir(G) = −
i

2π ∫∂Md+1
⟨A − 𝒜(U−1), B⟩

Where , with ,𝒜(U−1) = U𝒜U−1 − dUU−1, ℱ = 0 U ∈ Ω0(∂Md+1, G)
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Singleton boundary condition
Gappless boundary condition, leading order non-topological term that can be written in terms of the 
available bulk fields
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B ∧ ⋆dB

This capture the Goldstone boson when the symmetry G is spontaneously broken to G/H and can be 
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By parametrizing the coset as  with  the GB for dilaton and  for special conformal, 
we get from by collapsing the SymTFT sandwich 

U = e−πaKae−σD σ πa
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Not all the Goldstone bosons for spacetime symmetries are independent, solving , we get∇σ = 0

Stotal =
f2(2d − 3)

2π ∫∂Md+1

e−(d−2)σdσ ∧ ⋆dσ
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Conformal anomaly (A-Type)



Chern Simons Gravity functional 
Again we start from a proposal, which consists of adding the Chern-Simons term (d even)

Where  is the inner product defined for instance in Banados, Schwimmer, Theisen 0404245

This proposal is motivated by

• In Holography by choosing Fefferman-Graham gauge the CS action produces A-type anomaly

• Various attempts at a descendant mechanism and inflow with and without supersymmetry

• Depending on n we can have also other CS type, like for n=1  (Gravitational anomaly)

• Does the Chern-Simons term reproduce the anomaly matching term in the dilation action? 

ik
(2π)n

CS2n+1(A, F) =
ik

(2π)n
(n + 1)∫

1

0
dt⟨a[tF + (t2 − t)A2]n⟩CS

⟨, ⟩CS

⟨X1, ⋯ , Xn+1⟩CS =
1

(n + 1)! ∑
σ∈Sn+1

Tr[Xσ(1)⋯Xσ(n+1)]

⟨, ⟩κ

[ Brown-Hanneaux; Banados, Schwimmer, Theisen;….]

[ Imbimbo, Rovere, Warman; Hebner, Heid, Lopes-Cardoso]

[Komargodski, Schwimmer;Luty, Polchinski, Rattazzi; ..]



3d SymTFT 
Consider the d=2 case   (physical boundary CFT with )SSymTFT = SBF + SCS′￼ c = cL + cR

SCS′￼ =
c

24π ∫M3
[⟨A, F⟩CS −

1
3 ⟨A, A2⟩CS]

The boundary condition modify due to boundary variation

δSSymTFT |∂M3
=

i
2π ∫∂M3

{⟨δA, B⟩BF +
k
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⟨δA, A⟩CS}
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Let us focus on the SSB boundary conditions, requiring gauge invariance of bulk and boundary

Dir(G) : S(3)
Dir(G)

= −
i

2π ∫∂M3
⟨A − 𝒜(U−1), B⟩BF

−
ik
4π ∫∂M3

⟨A(U), 𝒜⟩CS
−

ik
4π ∫N3

Γ3(U, A)

Neu(G, H) : S(3)
Neu(G,H)

= −
i

2π ∫∂M3
⟨A − 𝒜(U−1)

𝔥 , B⟩BF
−

ik
4π ∫∂M3

⟨A(U), 𝒜𝔥⟩CS
−

ik
4π ∫N3

Γ3(U, A)

Where Γ3(U, A) = −
1
3 ⟨(UdU−1)3⟩CS

− d ⟨UdU−1, A⟩CS
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+CS(G)

The coset that realizes the SSB of conformal symmetry is SO(d+1,1)/ISO(d), parameterized by 

U = e−πaKae−σD

We integrate out the bulk (interval compactification) and we solve the inverse Higgs constraint for the 
dilation , ∇σ = 0

c
24π ∫M2

g(σR + (∂σ)2)d2x
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graviton. For Maxwell in the  limit

G′￼N → 0
e → 0

SBF+B2 =
i

2π ∫Md

B ∧ F +
e2

2(2π)2 ∫Md

B ∧ ⋆B ⇒ d(⋆F) =
ie2

2π
dB = 0

B is not a gauge field, and The mode  can be interpreted as the residue of photonsB = dη

So if we forgot about the divergence piece we could truncate to BF. 
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How is gravity related to our proposal?

This picture is further supported by the MacDowell-Mansouri (MM) formulation

SBF = ∫X4

BIJ ∧ FIJ −
1
2

BIJ ∧ BLMϵIJKLMvM, v = (0,0,0,0,G′￼NΛ/6)

This theory has the same local dynamics as EH gravity in the palatini formalism. Moreover

SMM = SEH + Stop, Stop = −
1

64πG′￼N ∫ ϵabcdRab ∧ Rcd

The Gauss-Bonnet term also regularizes the divergent term in the rescaled AdS EH action. 

In addition the action necessarily vanishes in the AdS vacuum.



Summary

• Non-Abelian BF theory captures spacetime and conformal symmetry properties


• The Chern-Simons terms in SymTFT captures A-type anomalies


• SymTFT and SSB boundary conditions lead to dilation action (in 3d)


• SymTFT differs from gravity in many ways, in certain cases is the topological truncation


• Adding SUSY, Mixing internal symmetries, defect conformal anomalies, other spacetime 
symmetries breaking pattern, systematic analysis of gravitational SPT phases, beyond 
topology, B-type anomalies…



Thank you!
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Where  is the sum over the descendant in the multiplets and the binomial factor is due to  

degeneracy

∑
n

O(d)



Gravitational CS SPT for Weyl Anomaly
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We impose Dirichlet boundary conditions at the two boundaries

A |t=0 = A(τ)
0 = αe−τēaPa +
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We impose Dirichlet boundary conditions at the two boundaries

A |t=0 = A(τ)
0 = αe−τēaPa +

1
2

ωab(e−τē)Lab + αeτēaKa,

Flatness condition also implies that at the boundary we have

R̄ab =
Λ

d − 1
ēa ∧ ēb, 0 = □̄ τ − ( d

2
− 1)(∂τ)2

The bulk e.o.m. sets   A = Ũ−1(t)A(τ)
0 Ũ(t) + Ũ(t)−1dŨ(t), U(0) = 1, Ũ(1) ≡ U = eσD

BF+CS (SO(d+1,1))

t=0 t=1



How to move a point
It is always possible to find a tubular neighbourhood large enough such that the metric does not 
degenerate, for ϵ → 0+
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These are strange geometries, on the other hand geometry is diffeomorphic to ordinary flat space

A |∂Md+1
= A(α) = e−αA0eα + e−αdeα, α = XaPa ∫

r

r0−ϵ
dr′￼ρ(r′￼)
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