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Symmetries and their Breaking

* Standard approach: use local order parameter O(x)
Landau paradigm

(O(z)) #0 = symmetry breaking

* Quantum-information-based approach [Ares, Murciano, Calabrese 22]
[see also: Vaccaro, Anselmi, Wiseman, Jacobs 08; Gour, Marvian, Spekkens 09; Chitambar, Gour 19]
[Casini, Huerta, Magan, Pontello 19 & 20]

Entanglement asymmetry AS[A]

o AS[A] > 0 if and only if the symmetry is broken
@ Depends on a subsystem A (probe the RG flow)

@ Applicable to ground states |0)
as well as to excited (or out-of-equilibrium) states



Standard setup used for entanglement entropy:

Subsystem A (and complement B) of a full system.

He = Ha ® Hp  factorized Hilbert space (e.g.: spin chain)

pral = [V) (| pure state (or mixed state)
pa =Trp pr reduced density matrix
Sa=-— Tr( palog pA) (entanglement entropy)

(In the following simply p = pa)

* Can be extended to QFTs after suitable regularization.
Typically A is a spatial region. B



Asymmetry

[Ares, Murciano, Calabrese 22]

Suppose the system has a symmetry.
e E.g.: U(1) symmetry with charge Q s.t. Q=Qax1p+142Q@QB

* The symmetry is broken in Subsystem A if and only if [QA, p] #£0.

. . . ™ da ,
Symmetrized density matrix: 0 :/ o e"i0Qa ;giaQa

—T

- Zcharges; q Hq P Hq

pq is a density matrix, and retains only the diagonal terms
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e Entanglement asymmetry AS: measures “difference” between density matrices
AS = S(pll pg) = Tx [p (log p ~ log pg) | = Slpe] — Slp]

* Entanglement asymmetry is a relative entropy:

@ AS>0,and AS=0 ifandonlyif [Qa,p] =0.

@ Only depends on the state, not on the Hamiltonian
(Useful for both spontaneous and explicit breaking)

o If @ is broken spontaneously, or explicitly but softly, no divergences in QFT.

Tr(pd
e Rényi asymmetries AS,, = ﬁ log T ((pQ))
r(p™

then AS =lim,,_,; AS,



Asymmetry has been computed in a variety of quantum systems:

spin chains, 2d free fermions, 2d integrable systems,
matrix product states, random quantum circuits,
topological theories (TQFTs), conformal field theories (CFTs), free QFTs, ...

Mainly in 1d and 2d systems, often numerically.

e Highlights of a few selected results e

* Spontaneous Symmetry Breaking (SSB) in the vacuum: [Capizzi, Mazzoni 23]
[Capizzi, Vitale 23]
[FB, Calabrese, Fossati, Singh, Venuti 25]

A8 =log(|G1 /|H])
for finite symmetry breaking G — H.
See Eduardo Garcia-Valdecasas’ talk for the case of a U(1) symmetry

and entropic proof of Coleman—Mermin—Wagner theorem
[FB, Garcia-Valdecasas, Vitouladitis 25]



* Quantum Mpemba effect in spin chains [Mpemba, Osborne 69]

(in closed quantum systems) [Ares, Murciano, Calabrese 22]
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Quantum Mpemba Effect in CFTs [FB, Godet, Singh 24]

* The CFT vacuum |0) does not break internal symmetries

Study instead a simple class of excited states  [¢) ~ (1 + AV (z_)) |0)

Use integral rep. for quadratic expansion of relative entropy (Fisher information metric)

A2 mr(A+1) (1 —tan?®(2)) A . 4
AStwae = 55 APAT D) | A+; 2Fi[1, 3 - A3 4+4,—tan® ()] p+ 00

AS(®)

We observe a quantum Mpemba effect in any CFT, in any dimension.



* “Page curve” of entanglement asymmetry [Ares, Murciano, Piroli, Calabrese 23]
[Russotto, Ares, Calabrese 24]
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Here second Rényi asymmetry w.r.t. a U(1) symmetry



Generalized symmetries

symmetry operations, topological
New paradigm: or elements, = defect operators,
in a continuum QFT of any dimension

[Gaiotto, Kapustin, Seiberg, Willett 14]

* This leads to a substantial widening of the concept of symmetry
(at least in continuum QFT)

as well as of all related constructions and consequences

(representations, anomalies, spontaneous breaking, . ..)



% Standard 0-form symmetry G: codimension-1 defects Uy[X], g€ G
along submanifolds X

that fuse according to group structure of G:

Ug X Uh = Ugh
Ry[O] ;
and act on Jocal operators through representations:
avi
o.
* Higher p-form symmetries: (necessarily Abelian)
Topological operators of higher co-dimension L[]
Charges carried by p-dimensional extended operators C/)

/ Ug [Zd—p—l]



* Noninvertible or categorical symmetries: fusion algebras instead of group laws

Us xUp= > NG U, ¢
c Vacb
a b

Familiar from Verlinde lines in 2d RCFT's =

“Noninvertible symmetries”: U, x Ug =1+4...

* Peculiarities of noninvertible symmetries:
e reshuffle untwisted with twisted sectors

e physically inequivalent vacua upon spontaneous breaking
[Huse 84; Aguilera-Damia, Argurio, Benini, Benvenuti, Copetti, Tizzano 23]

* Symmetries no longer characterized by groups
— “Categorical” or “Noninvertible” symmetries

Mathematically: described by (higher) categories



* Question: how can we define asymmetry for categorical symmetries?

Ptot - P - Ps
(pure or mixed) reduced symmetrized
state density matrix density matrix
on A

@ Need to define “symmetrization” S:p — ps

@ Construction of reduced density matrix is subtle [Ohmori, Tachikawa 14]

Care must be paid to boundary conditions

Similarities with symmetry-resolved entanglement entropy
[Saura-Bastida, Das, Sierra, Molina-Vilaplana 24; Benedetti, Casini, Kawahigashi, Longo, Magdn 24]
[Choi, Rayhaun, Zheng 24; Heymann, Quella 24]



One should distinguish:

@ symmetry of the theory — local property, described by a (higher) fusion
category

@ implementation on a physical setup — depends on spatial manifold and
subregion A, described by standard algebra A

* Physical setup
(spacetime dimension, spatial manifold, subsystem A, inclusion or not of
twisted sectors, . ..)

= Hilbert space H on A
Density matrices p € End(H)

e Space-like topological operators act on H forming an algebra A

Here a finite-dimensional, semisimple C*-algebra (from unitarity) A:

X, xXb:ZC © X,

X,: generators, T, structure constants



Sym metrlzer [FB, Calabrese, Fossati, Singh, Venuti 25]

* Goal: construct a symmetrizer S:p — ps

@ Linear projector

o Commuting: X, ps = ps X, VX, e A
o If p is already commuting, then ps = p
@ Trace preserving: Trps =Trp

o If p is density matrix, ps is density matrix: p; =ps, ps=>0

e These requirements are enough b
— — a
to fix the unique solution: ps = E ab(K )" Xap Xy
symmet_ri_c
Kay =, Tar Tyn  non-degenerate bilinear pairing separability
idempotent

* Quantum channel = monotonicity of entangl. asymmetry along RG flows
[FB, Garcia-Valdecasas, Vitouladitis 25]



Examples:

Noninvertible 0-form symmetries

in (1+1)d QFTs

See Eduardo Garcia-Valdecasas’ talk for the case of higher-form symmetries

[FB, Garcia-Valdecasas, Vitouladitis 25]



Noninvertible Symmetries in 2d

In 2 dimensions, (internal, finite) symmetries are described by fusion categories.

—  Symmetry Fusion category ¢

e Fusion algebra: LoxLy=) N5L. N¢ eN

d d
e [-symbols: /%\ = [Fc?bc]ef />f\
a b c a b c

They are constrained to satisfy the pentagon equation

Language familiar from 2d diagonal RCFTs [Moore, Seiberg 89]

Includes standard O-form symmetry G with 't Hooft anomaly: F € H*(BG,U(1))



Asymmetry of the full system

@ Consider asymmetry of full system A. Compact space: A = S!

Fusion algebra is algebra of line operators acting on H[S'] (untwisted Hilbert space)

Lo % Ly = ZC N Lo
Here A is the fusion algebra itself.

ps = Zab (KN Lap Ly Koy = Zmn N Nom,

[see also: Molina-Vilaplana, Saura-Bastida, Sierra 24]



Example: the Ising Symmetry

The “Ising fusion category €" is the symmetry of the Ising CFT

Symmetry elements: Ly, Ly, Ly

Fusion algebra:
Ly X Ly =Ly Ly x Ly =LN Ly x Ly =L+ L,
The symmetrizer turns out to be:

1
ps = §[3p—|—3/377p/$7,—L’,,p—pﬁn—F?ENpEN



Example: Spontaneous Symmetry Breaking

Assume that the system is in a gapped phase (in 1+1 d)

= 2d TQFT with local operators and action of Fusion Category C
[Huang, Lin, Seifnashri 21; Bhardwaj, Bottini, Pajer, Schafer-Nameki 23]
It describes Hilbert space of zero-energy states H = CV

Preferred basis of “vacua” |Ui>: (1-1 with simple objects in a module category)
e Satisfy cluster decomposition: (v;|0, O, |v;) = (v;|Op|vs) (v;|Ou|vs)
e Transform as non-negative integer-valued matrix (NIM) representation:

Loloiy = 35,4 [v)

(@) _

Regular rep. of fusion ring n;; N} describes complete symmetry breaking.

* E.g.: Tricritical Ising deformed by 5(3 3) [Huse 84; Chang, Lin, Shao, Wang, Yin 18]

Spontaneous breaking of Ising symmetry — 3 vacua  |+), |—), |f)

AS[|f)] = log2 AS[|H)] = % log 2 (AS =log |G| for groups)



Tube Algebra

© Non-invertible symmetries not only act on the untwisted sector,

they also have an action connecting different (un)twisted sectors.

Total Hilbert space:  HTube = Y tnist by o

c b [p.p] ‘
L )| . PP “p

% s = 6bb’ Ma,[m,u],h["ﬂ’]ﬂ p &
bl p,p

Tube algebra. Fusion coefficients M ~ F* F F* in terms of F-symbols

[Ocneanu 94]
Tube algebra is non-Abelian: representations can be higher dimensional

Al

* Construct a symmetrizer S under the full tube algebra.

More powerful than fusion ring.



Example: Excited States in Ising Model

Compare how different symmetrizers detect symmetry breaking in excited states.

Primaries: 1, o(z), e(z) Symmetries: Ly, L,), Ly

* Zg spin-flip symmetry. [M. Chen, H.-H. Chen 23]
1 and £(3 1y(x) are neutral, (1 +0(2))[0) breaks the symmetry
a(%ﬁy%)(x) is eigenstate

* lIsing fusion algebra (Z Tambara-Yamagami).

g(z) is eigenstate, (L +&(2))|0) breaks the symmetry

* Ising tube algebra.

o(z) and g1 1y(z) form a 2d rep = o(x) |0) breaks the symmetry



Asymmetry for Subsystems

© Consider a subsystem A: single interval ¢ A ¢

e Need to regularize the entangling surface: in QFT  Hiopt # Ha @ He

* Define a map 1/)[5 tHiot = Ha @ He [Ohmori, Tachikawa 14]

Path integral realization, which requires boundary conditions:

Extends to a map  Up: End(Hiot) — End(H4)  to reduced density matrices

In path integral: remove small disks, impose boundary conditions, then ¢ — 0



Strip Algebra

Now symmetry acts on a strip — strip algebra

[Kitaev, Kong; Inamura, Ohyama; C.Cordova, Garcia-Sepulveda, Holfester; C.Cordova, Holfester, Ohmori;
Choi, Rayhaun, Zheng; Copetti, L.Cordova, Komatsu; ...]

Bs B
La
P p
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Strip algebra is finite-dimensional C*-algebra (— semisimple), also weak Hopf

t D s n t p
b v « a " _ Z Q(C;Tﬂ') c g

o p - m,r,(a;pp),n,s,(biov),p,t T

s n T m G r

= symmetrizer can be computed as before.

[Slightly different proposal in: Ali Ahmad, Klinger, Y.Wang 25]



Role of Boundary Conditions

Ideally, use symmetric boundary conditions
(in order not to contamitate the (a)symmetry of the state)

(Invertible sym.-breaking boundaries in [Fossati, Rylands, Calabrese 24; Kusuki, Murciano, Ooguri, Pal 24])

* 't Hooft anomalies prevent the existence of symmetric boundary conditions!
[Jensen, Shaverin, Yarom 17; Thorngren, Wang 20]

e Boundary conditions form “multiplets” {5,,} similar to representations.

Structures called (indecomposable) module categories .#

a = Z [ fﬁ””] (esap)(psvp)

psv,p

ﬁaXBm:ZnN;lmBn “ b I @b "

S]
33
0]
T3
T3



* Strongly symmetric boundary condition [Choi, Rayhaun, Sanghavi, Shao 23]
Module category with a single (simple) boundary condition 5

B is symmetry-invariant under fusion

*  Weakly symmetric boundary condition

Module category has multiple boundary conditions B,

however one of them, Be {B,}, can be joined by all bulk lines:
LoxB=B+... VL,

Restrict to B: reduced strip algebra

* No (simple) symmetric boundary condition

Construct an “average” over boundary conditions:

~ 2 ~

1 -
p= vl Zm,n A Ay Pmn D= (Zm dm) dy, quantum dimension

Symmetric states of Hy, give vanishing asymmetry on A

[Similar to, but different from, “cloaking boundary state” of [Brehm, Runkel 24]]



Example: Ising X1 Ising model

Take two copies of the Ising model, [Choi, Rayhaun, Sanghavi, Shao 23]

consider symmetry subcategory TY[Zy X Zs] with simple lines {1, n, ', n’, V}.

There 3 a strongly-symmetric boundary condition |A)

* Strip algebra Hg has 8 generators: {H1, H,, H,s, H,,», H;‘ﬁ} with o, 8 € {0,1}

Excited state: [¢p) = 1K1+ AeX1(7, ) ¢

Second Rényi asymmetry: - eM1

— 7/A=01
T/A=05
— r/A=1

/A



o Excited state: |¢p) =0 X1

Second Rényi asymmetry:

AS@[p] =log?2 —log|1 +

AS®)/log2 -
S T

I I I I
005 25 50 7 100 125 150 175 200

(954

* Excited states in the Ising CFT can be studied, using the averaging protocol.

Gives similar results.



* For (invertible) group symmetries,

the averaging protocol gives the same asymmetry
as the symmetric boundary condition.

= boundary conditions can be “neglected”,

and anomalies do not affect the asymmetry.

(but can affect vanishing terms in ¢ — 0) [Ali Ahmad, Klinger, Wang 25]



Conclusions

Entanglement asymmetry is a quantum-information-based observable well suited
to detect symmetry breaking in QFT, in localized subsystems and in
out-of-equilibrium states (but also in ground states).

Some questions under investigation:

@ Unbroken / broken 1-form symmetries
related to confinement / deconfinement (e.g. in 4d)

or topological order
@ Detect anomalies using asymmetry [WIP with E.Garcfa-Valdecasas, S.Vitouladitis|

o Entanglement asymmetry in gravitational theories
and relation to black-hole physics

and holography [WIP with O.Mamroud, N.Talwar, M.Tortora, P.Veltman]



