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Type Soliton Instanton Sphaleron

What it is
A localized, finite-energy 

classical solution of nonlinear 
field equations

A finite-action solution of 
the Euclidean field equations

A static, finite-energy saddle-
point solution of the energy 

functional

Time signature Usually real time / static 
in Minkowski space Euclidean time  Real time / static in 

Minkowski space

Stability
typically stable or long-
lived, often because of 

topology

Not a real-time stable 
object

Unstable, with at least 
one negative mode

Physical 
meaning

Particle-like 
nonperturbative object

Describes tunneling 
between vacua

Sits at the top of the 
barrier between vacua

Typical example Kink, vortex, monopole, 
skyrmion, etc

BPST instanton in Yang-
Mills Electroweak sphaleron

What are solitons, instantons and sphalerons?

• Solitons are nonperturbative classical configurations that behave like localized objects in real time.

• Instantons are Euclidean saddle points that encode tunneling amplitudes.

• Sphalerons are static unstable saddles of the energy functional, representing the top of a 
barrier between topologically distinct vacua. It means “ready to fall”.
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• They are a clean entry point to topology, anomalies, and semiclassical methods in gauge theory.

incoming  
L=3 & B=0

outgoing  
L=0 & B=-3

violates B+L by 6 units

Why care about sphalerons?

• They are the lowest-energy saddle points separating inequivalent electroweak vacua.  
-> They show the elw. vacuum is not unique, but has topological sectors labelled by NCS

• They make baryon plus lepton number violation possible in the Standard Model: 
 and  

and connect topology to real quantum numbers
Δ(B + L) ≠ 0 Δ(B − L) = 0

• Phenomenologically, they matter in at least four ways:

➡ baryogenesis and washout in the early Universe

➡ possible ultra-rare high-energy scattering at colliders

➡ ultra-high-energy cosmic-ray or neutrino interactions.

• They are a genuinely nonperturbative Standard Model effect, not just “another rare 
process” and set a scale at 10 TeV in the SM

➡ sensitive to the global structure of the Higgs potential
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Sphalerons are SM ingredient to Baryogenesis

Sakharov conditions:

• B violation

• C & CP violation

• Departure from thermal equilibrium

(for dynamical generation of Baryon asymmetry)

Sphaleron

not enough

not enough



Baryogenesis in pictures

Nucleation of true vacuum bubbles
(in false vacuum sea)

Sudden change in Higgs vev
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Baryogenesis
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Baryogenesis

•  CP Violation + Transport (diffusion)

Particles scattering off bubble wall with C and CP violation generate net 
chiral asymmetry, i.e. more left-handed quarks than right-handed quarks

Bubble wall

#(qL + q̄R) < #(qR + q̄L)#(qL + q̄R) > #(qR + q̄L)

more left-handed 
antiparticles (than particles) 

in front of wall
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Baryogenesis

•  Baryon number violation

outgoing  
L=3 & B=2

incoming  
L=0 & B=-1

Surplus of left-handed antiquarks fuel sphaleron processes, generating more 
baryons than antibaryons Δ(B + L) = 6

leptons

3 quarks

3 quarks

3 
antiquarks

Converts surplus of left-handed 
antiquarks into left-handed 
quarks in front of bubble
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Baryogenesis

•  Out of equilibrium

if

sudden change in Higgs vev

Strongly 1st order 
EW phase 
transition

(at nucleation 
temperature)

Once the baryons are generated, they are quickly swept up 
into the interior of the expanding bubble (broken phase), 
where sphalerons transitions are exponentially suppressed 
-> asymmetry frozen
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where

NCS(t) =
g3

w

96π2

∫
d3x εijkε

abcW aiW bjW ck (46)

is the Chern-Simons number. This integral assigns a topological “charge” to a clas-
sical gauge field. Actually NCS is not gauge invariant but ∆NCS is. A nonabelian
gauge theory like weak-interaction SU(2)L is topologically non-trivial, which is re-
flected by the fact that it has an infinite number of ground states whose vacuum
gauge field configurations have different topological charges ∆NCS = 0,±1,±2, . . .
Imagine the set of gauge and Higgs fields and consider the energy functional E[field]
that forms a hypersurface over this infinite-dimensional space. The ground states
with different topological charge are separated by a potential barrier. In Fig. 4
a one-dimensional slice through this hypersurface is drawn. The direction in field
space has been chosen such that the classical path from one ground state to another
goes over a pass of minimal height.
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a

Figure 4: The periodic vacuum structure of the standard electroweak theory. The
direction in field space has been chosen as described in the text. The schematic
diagram shows the energy of static gauge and Highs field configurations W a

µ (x), Φ(x).
The integers are the Chern-Simons number NCS of the respective zero-energy field
configuration.

Finally we perform the integral over the left-hand sides of (41) and get the result

∆B̂ = ∆L̂ = nF∆NCS , (47)

with ∆Q̂ ≡ Q̂(tf) − Q̂(ti), Q = B, L. Eq. (47) is to be interpreted as follows. As
long as we consider small gauge field quantum fluctuations around the perturbative
vacuum configuration W a

µ = 0 the right-hand side of (47) is zero, and B and L
number remain conserved. This is the case in perturbation theory to arbitrary
order where B- and L-violating processes have zero amplitudes. However, large
gauge fields W a

µ ∼ 1/gw with nonzero topological charge ∆NCS = ±1,±2, ... exist.
As discovered by ‘t Hooft [22] they can induce transitions at the quantum level
between fermionic states |i, ti > and |f, tf > with baryon and lepton numbers that
differ according to the rule (47):

∆B = ∆L = nF ∆NCS . (48)
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Find stationary solution for 

Instanton rate at zero temperature (T=0):

[’t Hooft ’76]

At finite temperature T: 
[Klinkhammer, Manton ’84]

[Arnold, McLerran ’87]
[Bodeker, Moore, 
Rummukainen ’99]

In broken phase called sphalerons, transition exponentially suppressed 
In unbroken phase unsuppressed B+L violation transitions within SM

incoming  
L=3 & B=0

outgoing  
L=0 & B=-3

violates B+L by 6 units
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The word sphaleron refer to a static, finite-energy solution of the classical 
gauge-Higgs field equations, equivalently a saddle point of the corresponding 
energy functional

In EW theory, sphaleron sits on top of the energy barrier that separates neighbouring 
topological vacuum sectors, and it has exactly one unstable fluctuation mode.

Importance comes from the fact that those topological sectors are tied, through chiral 
anomaly, to baryon and lepton number violation: 

where , and  is the Chern-Simons number of the  gauge fields

ΔB = ΔL = ngΔNCS
ng = 3 NCS SU(2)L

Three logically distinct probelms:

1. The static field theory problem: does the elw theory posses a saddle-point 
configuration between neighbouring vacua, and what is its energy? (settled)

2. The thermal problem: at finite temperature, how fast do thermal fluctuations hop 
over the barrier? (believed to be under good theoretical control)

3. The few-particle scattering problem: can an initial state with only a few hard 
quanta, such as a collider parton-parton state, efficiently excite the topological 
transition channel? (controversial)



       Seminar                 Oxford      Michael Spannowsky         17.03.2026                   13

• Anomaly: B+L need not be conserved quantum mechanically

• Topology: the electroweak vacuum sectors are separated by a sphaleron barrier

• Cosmology: thermal crossing of that barrier can wash out or reshape the baryon asymmetry

• Collider/astro: production rate unclear, need improved theoretical methods
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1 What you should keep in mind from the start
The word sphaleron refers to a static, finite-energy solution of the classical gauge-Higgs field
equations, equivalently a saddle point of the corresponding energy functional. In the electroweak
theory, the sphaleron sits on top of the energy barrier that separates neighboring topological
vacuum sectors, and it has exactly one unstable fluctuation mode. Its importance comes from
the fact that those topological sectors are tied, through the chiral anomaly, to baryon and lepton
number violation:

�B = �L = ng �NCS, (1)

where ng = 3 is the number of fermion generations and NCS is the Chern-Simons number of the
SU(2)L gauge field.

There are really three logically distinct problems that are often mixed together in discussions:
1. The static field theory problem: does the electroweak theory possess a saddle-point

configuration between neighboring vacua, and what is its energy?

2. The thermal problem: at finite temperature, how fast do thermal fluctuations hop over
the barrier?

3. The few-particle scattering problem: can an initial state with only a few hard quanta,
such as a collider parton-parton state, e�ciently excite the topological transition channel?

The first problem is settled. The second is under good theoretical control and is central to
early-Universe baryon-number washout. The third is the controversial one. A successful seminar
should keep these problems sharply distinguished.

One-sentence summary
The electroweak sphaleron is the lowest-energy static saddle point of the bosonic electroweak
energy functional, with one unstable mode, and it marks the top of the barrier between vacua
with neighboring Chern-Simons number.

2 Bosonic electroweak theory and finite-energy configurations
2.1 Why the classical sphaleron is bosonic
The full electroweak action contains both bosonic and fermionic fields,

SEW =
⁄

d4
x (Lbos + Lferm + LYuk) . (2)

The bosonic piece is

Lbos = ≠1
4W

a
µ‹W

aµ‹ ≠ 1
4Bµ‹B

µ‹ + (Dµ�)†
D

µ� ≠ ⁄

A

�†� ≠ v
2

2

B
2

. (3)

3
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the bosonic piece is

because fermion action is quadratic in the fermion fields one can integrate 
partition function to

Here

W
a
µ‹ = ˆµW

a
‹ ≠ ˆ‹W

a
µ + g‘

abc
W

b
µW

c
‹ , (4)

Bµ‹ = ˆµB‹ ≠ ˆ‹Bµ, (5)

Dµ� =
3

ˆµ ≠ ig
2 ·

a
W

a
µ ≠ igÕ

2 Bµ

4
�. (6)

The fermionic kinetic and Yukawa terms are, schematically,

Lferm =
3ÿ

i=1

Ë
Q̄Li i ”D QLi + ūRi i ”D uRi + d̄Ri i ”D dRi + L̄Li i ”D LLi + ēRi i ”D eRi

È
, (7)

LYuk = ≠y
u
ij Q̄Li

Â� uRj ≠ y
d
ij Q̄Li � dRj ≠ y

e
ij L̄Li � eRj + h.c., (8)

where
Â� = i·2�ú

. (9)

Now vary the action with respect to the fermion fields. For example,

i ”D QLi ≠ y
u
ij

Â� uRj ≠ y
d
ij � dRj = 0, (10)

i ”D uRi ≠ y
u†
ji

Â� †
QLj = 0, (11)

i ”D dRi ≠ y
d†
ji �†

QLj = 0, (12)

and similarly for leptons. These equations are linear in the fermion fields. Therefore, in the
absence of external fermionic sources, the configuration

QL = uR = dR = LL = eR = 0 (13)

is always a classical solution.
This is the first mathematical reason the classical sphaleron is bosonic: when one looks for a

saddle-point configuration representing the barrier between vacua, one is free to search in the
sector with vanishing classical fermion fields, and that sector already contains the nontrivial
topological structure.

The second reason appears in the bosonic equations of motion. Varying with respect to W
a
µ ,

Bµ, and � gives equations of the schematic form

(D‹W
‹µ)a = J

aµ
Higgs

+ J
aµ
ferm

, (14)
ˆ‹B

‹µ = J
µ
Y,Higgs

+ J
µ
Y,ferm

, (15)

DµD
µ� + 2⁄

A

�†� ≠ v
2

2

B

� = ≠ˆLYuk

ˆ�† . (16)

The fermion contributions to these equations are bilinears such as

J
aµ
ferm

≥
ÿ

i

Q̄Li“
µ ·

a

2 QLi,
ˆLYuk

ˆ�† ≥ d̄RQL + ēRLL + · · · . (17)

If the classical fermion fields are set to zero, all of these source terms vanish, and the bosonic
equations close on themselves. The sphaleron is therefore obtained by extremizing the purely
bosonic gauge-Higgs functional.

There is also a path-integral way to say the same thing. Let B © (W, B, �) denote the
bosonic fields collectively. Because the fermion action is quadratic in the fermions, integrating
them out gives

Z =
⁄

DB exp[iSbos[B] + Tr log(i ”D[B] ≠ y�)] . (18)
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Now the phrase “leading semiclassical order” means the first term in a saddle-point expansion in
a small parameter such as ~ or, in a weakly coupled gauge theory, the gauge coupling. After
rescaling the bosonic fields to dimensionless variables, the weak-coupling dependence factors out
of the bosonic action, so schematically one has

Z ≥
⁄

DB exp
5 i

g2
Sbos[B] + Tr log(i ”D[B] ≠ y�)

6
. (19)

The same bosonic field content is present here; it is just compressed into the symbol B. The
important point is that the bosonic action is multiplied by the large factor 1/g

2 ≥ 1/–W , so
the stationary-phase condition, and hence the classical saddle, is determined by Sbos at leading
order. The fermion determinant is still in the exponent, since det M = exp(Tr log M), but it
is not enhanced by the same 1/g

2 factor. It therefore contributes only a subleading one-loop
correction to the e�ective action rather than defining the leading classical sphaleron background.

Fermions become essential only once the bosonic background changes topology in time.
Baryon and lepton number are fermionic quantum numbers, and in a time-dependent topological
gauge background the chiral anomaly implies that these quantum numbers are not conserved:

�B = �L = 3 �NCS. (20)

More explicitly, the anomaly equation is

ˆµj
µ
B+L = 2ng

g
2

32fi2
W

a
µ‹

ÊW aµ‹
, (21)

so integrating over spacetime gives the change in B + L in terms of the topological charge of
the bosonic background. Equivalently, one may say that the spectrum of the Dirac operator
undergoes spectral flow as the background moves from one vacuum sector to the next: levels
cross zero, the occupation of the Dirac sea changes, and net baryon and lepton number are
produced. Thus the bosonic fields provide the barrier and the saddle-point configuration, while
the fermions encode the anomalous quantum-number violation associated with crossing that
barrier.

2.2 Static energy functional
To derive the energy functional, start from the bosonic Lagrangian and pass to the Hamiltonian.
Equivalently, one may read o� the energy density from T

00. For the gauge fields it is useful to
split the field strengths into electric and magnetic parts,

E
a
i © W

a
0i, B

a
i © ≠1

2‘ijkW
a
jk, (22)

E
Y
i © B0i, B

Y
i © ≠1

2‘ijkBjk. (23)

Then the bosonic Hamiltonian density takes the form

Hbos = 1
2E

a
i E

a
i + 1

2B
a
i B

a
i + 1

2E
Y
i E

Y
i + 1

2B
Y
i B

Y
i + (D0�)†

D0� + (Di�)†
Di� + ⁄

A

�†� ≠ v
2

2

B
2

,

(24)
up to the usual Gauss-law constraint terms proportional to W

a
0

and B0. Using

1
2B

a
i B

a
i = 1

4W
a
ijW

a
ij ,

1
2B

Y
i B

Y
i = 1

4BijBij , (25)

this is the natural non-Abelian generalization of the familiar “electric field squared plus magnetic
field squared plus scalar kinetic plus potential” energy density.
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bosonic part multiplied 
by large value

fermions subleading 
one-loop corrections
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Static energy functional

-> start from bosonic Lagrangian and go to the Hamiltonian

Impose Gauss law and choose temporal gauge (convenient), results in 

At this stage one can see why the sphaleron is sought in the purely magnetic static sector.
The terms

1
2E

a
i E

a
i ,

1
2E

Y
i E

Y
i , (D0�)†

D0� (26)

are all positive semi-definite. For a given topological interpolation in the bosonic configuration
space, turning on electric fields or time-dependent scalar phases would only increase the energy.
Since the sphaleron is defined as the lowest-energy static saddle at the top of the barrier, one
minimizes the energy by restricting to the sector with

E
a
i = E

Y
i = 0, D0� = 0. (27)

This is where temporal gauge becomes useful. The time components W
a
0

and B0 are not
propagating degrees of freedom; they act as Lagrange multipliers enforcing the Gauss-law
constraints. One may therefore choose the gauge

W
a
0 = 0, B0 = 0, (28)

which is called temporal gauge. For time-independent fields, ˆ0W
a
i = ˆ0Bi = ˆ0� = 0, this

immediately implies

W
a
0i = ˆ0W

a
i ≠ DiW

a
0 = 0, (29)

B0i = ˆ0Bi ≠ ˆiB0 = 0, (30)

D0� =
3

ˆ0 ≠ ig
2 ·

a
W

a
0 ≠ igÕ

2 B0

4
� = 0. (31)

So temporal gauge makes the purely magnetic static sector in Eq. (27) manifest.
The motivation is therefore not that temporal gauge is fundamental, but that it is convenient.

Any gauge would lead to the same physical energy after solving the Gauss constraints, but
temporal gauge removes the nondynamical time components from view and leaves only the
spatial gauge fields and the Higgs profile in the variational problem.

Substituting Eq. (27) into Eq. (24), one obtains

E[W, B, �] =
⁄

d3
x

S

U1
4W

a
ijW

a
ij + 1

4BijBij + (Di�)†
Di� + ⁄

A

�†� ≠ v
2

2

B
2
T

V . (32)

This is the functional whose saddle points we are looking for. In words: the sphaleron problem
is obtained by taking the full electroweak bosonic Hamiltonian, restricting to time-independent,
charge-neutral, purely magnetic configurations, and then looking for the lowest saddle-point
configuration that connects neighboring topological sectors.

2.3 Finite-energy boundary conditions
For E to be finite, each term in Eq. (32) must be integrable at spatial infinity. This implies

W
a
ij æ 0, (33)

Bij æ 0, (34)
Di� æ 0, (35)

�†� æ v
2

2 , (36)

as r æ Œ.
The Higgs field therefore approaches a vacuum configuration of fixed norm, and the gauge

fields approach pure gauge. The vacuum manifold itself is simple in local field space, but the
space of finite-energy configurations modulo small gauge transformations is not simply connected.
That is where topology enters.

6

This is the functional whose saddle points we are looking for

In other words: The sphaleron problem is obtained by taking the full 
electroweak bosonic Hamiltonian, restricting to time-
indepemendent, charge-neutral, purely magnetic 
configurations 
-> then looking for saddle-point configuration that 
connects neighbouring topological sectors
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Topology to the scene
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4
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So temporal gauge makes the purely magnetic static sector in Eq. (27) manifest.
The motivation is therefore not that temporal gauge is fundamental, but that it is convenient.

Any gauge would lead to the same physical energy after solving the Gauss constraints, but
temporal gauge removes the nondynamical time components from view and leaves only the
spatial gauge fields and the Higgs profile in the variational problem.

Substituting Eq. (27) into Eq. (24), one obtains
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This is the functional whose saddle points we are looking for. In words: the sphaleron problem
is obtained by taking the full electroweak bosonic Hamiltonian, restricting to time-independent,
charge-neutral, purely magnetic configurations, and then looking for the lowest saddle-point
configuration that connects neighboring topological sectors.

2.3 Finite-energy boundary conditions
For E to be finite, each term in Eq. (32) must be integrable at spatial infinity. This implies

W
a
ij æ 0, (33)

Bij æ 0, (34)
Di� æ 0, (35)

�†� æ v
2

2 , (36)

as r æ Œ.
The Higgs field therefore approaches a vacuum configuration of fixed norm, and the gauge

fields approach pure gauge. The vacuum manifold itself is simple in local field space, but the
space of finite-energy configurations modulo small gauge transformations is not simply connected.
That is where topology enters.
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This is the functional whose saddle points we are looking for. In words: the sphaleron problem
is obtained by taking the full electroweak bosonic Hamiltonian, restricting to time-independent,
charge-neutral, purely magnetic configurations, and then looking for the lowest saddle-point
configuration that connects neighboring topological sectors.

2.3 Finite-energy boundary conditions
For E to be finite, each term in Eq. (32) must be integrable at spatial infinity. This implies
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a
ij æ 0, (33)

Bij æ 0, (34)
Di� æ 0, (35)
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2
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as r æ Œ.
The Higgs field therefore approaches a vacuum configuration of fixed norm, and the gauge

fields approach pure gauge. The vacuum manifold itself is simple in local field space, but the
space of finite-energy configurations modulo small gauge transformations is not simply connected.
That is where topology enters.
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So temporal gauge makes the purely magnetic static sector in Eq. (27) manifest.
The motivation is therefore not that temporal gauge is fundamental, but that it is convenient.

Any gauge would lead to the same physical energy after solving the Gauss constraints, but
temporal gauge removes the nondynamical time components from view and leaves only the
spatial gauge fields and the Higgs profile in the variational problem.

Substituting Eq. (27) into Eq. (24), one obtains
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This is the functional whose saddle points we are looking for. In words: the sphaleron problem
is obtained by taking the full electroweak bosonic Hamiltonian, restricting to time-independent,
charge-neutral, purely magnetic configurations, and then looking for the lowest saddle-point
configuration that connects neighboring topological sectors.

2.3 Finite-energy boundary conditions
For E to be finite, each term in Eq. (32) must be integrable at spatial infinity. This implies

W
a
ij æ 0, (33)

Bij æ 0, (34)
Di� æ 0, (35)

�†� æ v
2

2 , (36)

as r æ Œ.
The Higgs field therefore approaches a vacuum configuration of fixed norm, and the gauge

fields approach pure gauge. The vacuum manifold itself is simple in local field space, but the
space of finite-energy configurations modulo small gauge transformations is not simply connected.
That is where topology enters.
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a
0
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propagating degrees of freedom; they act as Lagrange multipliers enforcing the Gauss-law
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4
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So temporal gauge makes the purely magnetic static sector in Eq. (27) manifest.
The motivation is therefore not that temporal gauge is fundamental, but that it is convenient.

Any gauge would lead to the same physical energy after solving the Gauss constraints, but
temporal gauge removes the nondynamical time components from view and leaves only the
spatial gauge fields and the Higgs profile in the variational problem.

Substituting Eq. (27) into Eq. (24), one obtains

E[W, B, �] =
⁄

d3
x

S
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4W

a
ijW

a
ij + 1

4BijBij + (Di�)†
Di� + ⁄

A

�†� ≠ v
2

2

B
2
T
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This is the functional whose saddle points we are looking for. In words: the sphaleron problem
is obtained by taking the full electroweak bosonic Hamiltonian, restricting to time-independent,
charge-neutral, purely magnetic configurations, and then looking for the lowest saddle-point
configuration that connects neighboring topological sectors.

2.3 Finite-energy boundary conditions
For E to be finite, each term in Eq. (32) must be integrable at spatial infinity. This implies

W
a
ij æ 0, (33)

Bij æ 0, (34)
Di� æ 0, (35)

�†� æ v
2

2 , (36)

as r æ Œ.
The Higgs field therefore approaches a vacuum configuration of fixed norm, and the gauge

fields approach pure gauge. The vacuum manifold itself is simple in local field space, but the
space of finite-energy configurations modulo small gauge transformations is not simply connected.
That is where topology enters.
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For E to be finite, i.e. the theory to be well-defined, the fields need to be integrable

implying r → ∞as

the Higgs field approaches a vacuum configuration of fixed norm 
and the gauge fields approach pure gauge

-> 

-> all directions at infinity are equivalent, as all fields have settled into vacuum 
configurations -> identify all asymptotic directions with one point

3 Why the vacuum is not unique: topology and large gauge
transformations

3.1 Compactifying space
The first step is geometric. Since a finite-energy configuration tends to vacuum as r æ Œ, the
detailed position of a point “very far away” no longer matters: all directions at infinity are
physically equivalent in the sense that the fields have already settled into vacuum behavior there.
Mathematically one may therefore add a single point at infinity and identify all asymptotic
directions with that point. This is the one-point compactification

R3 fi {Œ} ƒ S
3
. (37)

So the spatial domain on which a finite-energy vacuum configuration lives can be treated as a
three-sphere rather than as noncompact R3.

The second step is to characterize what a vacuum configuration looks like. For a vacuum we
require

W
a
ij = 0, Bij = 0, Di� = 0, �†� = v

2

2 . (38)

The condition W
a
ij = 0 means that the SU(2) gauge field is pure gauge, so one can write, at least

locally,
Wi = i

g
U(x) ˆiU

≠1(x), (39)

with U(x) œ SU(2). The Higgs field in vacuum can then be written as a gauge rotation of some
reference vacuum direction �0, for example

�(x) = vÔ
2

U(x) �0. (40)

Thus a vacuum configuration is encoded by the group-valued function U(x).
After compactifying space, this means that a vacuum configuration of the SU(2) gauge-Higgs

system can be represented by a map

U(x) : S
3 æ SU(2) ƒ S

3
. (41)

This equation is worth unpacking carefully:
• the domain S

3 is compactified physical space,

• the target SU(2) ƒ S
3 is the group manifold of SU(2),

• the map tells us, for each point in space, which gauge rotation takes the reference vacuum
into the local vacuum orientation.

Because both domain and target are topologically three-spheres, the map can wrap the
domain around the target an integer number of times. This integer is the degree or winding
number of the map. In topological language, such maps are classified by

fi3(SU(2)) = Z. (42)

Equivalently, one may write the winding number explicitly as

n[U ] = 1
24fi2

⁄
d3

x ‘
ijk Tr

Ë1
U

≠1
ˆiU

2 1
U

≠1
ˆjU

2 1
U

≠1
ˆkU

2È
. (43)

Two maps with di�erent integer values of n[U ] cannot be continuously deformed into one another
without leaving the vacuum family somewhere along the way. This is the precise meaning of

7

Spatial domain on which finite-energy vacuum lives can be treated as a 
three-sphere rather than a noncompact     ie. 

3 Why the vacuum is not unique: topology and large gauge
transformations

3.1 Compactifying space
The first step is geometric. Since a finite-energy configuration tends to vacuum as r æ Œ, the
detailed position of a point “very far away” no longer matters: all directions at infinity are
physically equivalent in the sense that the fields have already settled into vacuum behavior there.
Mathematically one may therefore add a single point at infinity and identify all asymptotic
directions with that point. This is the one-point compactification

R3 fi {Œ} ƒ S
3
. (37)

So the spatial domain on which a finite-energy vacuum configuration lives can be treated as a
three-sphere rather than as noncompact R3.

The second step is to characterize what a vacuum configuration looks like. For a vacuum we
require

W
a
ij = 0, Bij = 0, Di� = 0, �†� = v

2

2 . (38)

The condition W
a
ij = 0 means that the SU(2) gauge field is pure gauge, so one can write, at least

locally,
Wi = i

g
U(x) ˆiU

≠1(x), (39)

with U(x) œ SU(2). The Higgs field in vacuum can then be written as a gauge rotation of some
reference vacuum direction �0, for example

�(x) = vÔ
2

U(x) �0. (40)

Thus a vacuum configuration is encoded by the group-valued function U(x).
After compactifying space, this means that a vacuum configuration of the SU(2) gauge-Higgs

system can be represented by a map

U(x) : S
3 æ SU(2) ƒ S

3
. (41)

This equation is worth unpacking carefully:
• the domain S

3 is compactified physical space,

• the target SU(2) ƒ S
3 is the group manifold of SU(2),

• the map tells us, for each point in space, which gauge rotation takes the reference vacuum
into the local vacuum orientation.

Because both domain and target are topologically three-spheres, the map can wrap the
domain around the target an integer number of times. This integer is the degree or winding
number of the map. In topological language, such maps are classified by

fi3(SU(2)) = Z. (42)

Equivalently, one may write the winding number explicitly as

n[U ] = 1
24fi2

⁄
d3

x ‘
ijk Tr

Ë1
U

≠1
ˆiU

2 1
U

≠1
ˆjU

2 1
U

≠1
ˆkU

2È
. (43)

Two maps with di�erent integer values of n[U ] cannot be continuously deformed into one another
without leaving the vacuum family somewhere along the way. This is the precise meaning of

7

For pure gauge we can write locally

3 Why the vacuum is not unique: topology and large gauge
transformations

3.1 Compactifying space
The first step is geometric. Since a finite-energy configuration tends to vacuum as r æ Œ, the
detailed position of a point “very far away” no longer matters: all directions at infinity are
physically equivalent in the sense that the fields have already settled into vacuum behavior there.
Mathematically one may therefore add a single point at infinity and identify all asymptotic
directions with that point. This is the one-point compactification

R3 fi {Œ} ƒ S
3
. (37)

So the spatial domain on which a finite-energy vacuum configuration lives can be treated as a
three-sphere rather than as noncompact R3.

The second step is to characterize what a vacuum configuration looks like. For a vacuum we
require

W
a
ij = 0, Bij = 0, Di� = 0, �†� = v

2

2 . (38)

The condition W
a
ij = 0 means that the SU(2) gauge field is pure gauge, so one can write, at least

locally,
Wi = i

g
U(x) ˆiU

≠1(x), (39)

with U(x) œ SU(2). The Higgs field in vacuum can then be written as a gauge rotation of some
reference vacuum direction �0, for example

�(x) = vÔ
2

U(x) �0. (40)

Thus a vacuum configuration is encoded by the group-valued function U(x).
After compactifying space, this means that a vacuum configuration of the SU(2) gauge-Higgs

system can be represented by a map

U(x) : S
3 æ SU(2) ƒ S

3
. (41)

This equation is worth unpacking carefully:
• the domain S

3 is compactified physical space,

• the target SU(2) ƒ S
3 is the group manifold of SU(2),

• the map tells us, for each point in space, which gauge rotation takes the reference vacuum
into the local vacuum orientation.

Because both domain and target are topologically three-spheres, the map can wrap the
domain around the target an integer number of times. This integer is the degree or winding
number of the map. In topological language, such maps are classified by

fi3(SU(2)) = Z. (42)

Equivalently, one may write the winding number explicitly as

n[U ] = 1
24fi2

⁄
d3

x ‘
ijk Tr

Ë1
U

≠1
ˆiU

2 1
U

≠1
ˆjU

2 1
U

≠1
ˆkU

2È
. (43)

Two maps with di�erent integer values of n[U ] cannot be continuously deformed into one another
without leaving the vacuum family somewhere along the way. This is the precise meaning of

7

3 Why the vacuum is not unique: topology and large gauge
transformations

3.1 Compactifying space
The first step is geometric. Since a finite-energy configuration tends to vacuum as r æ Œ, the
detailed position of a point “very far away” no longer matters: all directions at infinity are
physically equivalent in the sense that the fields have already settled into vacuum behavior there.
Mathematically one may therefore add a single point at infinity and identify all asymptotic
directions with that point. This is the one-point compactification

R3 fi {Œ} ƒ S
3
. (37)

So the spatial domain on which a finite-energy vacuum configuration lives can be treated as a
three-sphere rather than as noncompact R3.

The second step is to characterize what a vacuum configuration looks like. For a vacuum we
require

W
a
ij = 0, Bij = 0, Di� = 0, �†� = v

2

2 . (38)

The condition W
a
ij = 0 means that the SU(2) gauge field is pure gauge, so one can write, at least

locally,
Wi = i

g
U(x) ˆiU

≠1(x), (39)

with U(x) œ SU(2). The Higgs field in vacuum can then be written as a gauge rotation of some
reference vacuum direction �0, for example

�(x) = vÔ
2

U(x) �0. (40)

Thus a vacuum configuration is encoded by the group-valued function U(x).
After compactifying space, this means that a vacuum configuration of the SU(2) gauge-Higgs

system can be represented by a map

U(x) : S
3 æ SU(2) ƒ S

3
. (41)

This equation is worth unpacking carefully:
• the domain S

3 is compactified physical space,

• the target SU(2) ƒ S
3 is the group manifold of SU(2),

• the map tells us, for each point in space, which gauge rotation takes the reference vacuum
into the local vacuum orientation.

Because both domain and target are topologically three-spheres, the map can wrap the
domain around the target an integer number of times. This integer is the degree or winding
number of the map. In topological language, such maps are classified by

fi3(SU(2)) = Z. (42)

Equivalently, one may write the winding number explicitly as

n[U ] = 1
24fi2

⁄
d3

x ‘
ijk Tr

Ë1
U

≠1
ˆiU

2 1
U

≠1
ˆjU

2 1
U

≠1
ˆkU

2È
. (43)

Two maps with di�erent integer values of n[U ] cannot be continuously deformed into one another
without leaving the vacuum family somewhere along the way. This is the precise meaning of

7

with

3 Why the vacuum is not unique: topology and large gauge
transformations

3.1 Compactifying space
The first step is geometric. Since a finite-energy configuration tends to vacuum as r æ Œ, the
detailed position of a point “very far away” no longer matters: all directions at infinity are
physically equivalent in the sense that the fields have already settled into vacuum behavior there.
Mathematically one may therefore add a single point at infinity and identify all asymptotic
directions with that point. This is the one-point compactification

R3 fi {Œ} ƒ S
3
. (37)

So the spatial domain on which a finite-energy vacuum configuration lives can be treated as a
three-sphere rather than as noncompact R3.

The second step is to characterize what a vacuum configuration looks like. For a vacuum we
require

W
a
ij = 0, Bij = 0, Di� = 0, �†� = v

2

2 . (38)

The condition W
a
ij = 0 means that the SU(2) gauge field is pure gauge, so one can write, at least

locally,
Wi = i

g
U(x) ˆiU

≠1(x), (39)

with U(x) œ SU(2). The Higgs field in vacuum can then be written as a gauge rotation of some
reference vacuum direction �0, for example

�(x) = vÔ
2

U(x) �0. (40)

Thus a vacuum configuration is encoded by the group-valued function U(x).
After compactifying space, this means that a vacuum configuration of the SU(2) gauge-Higgs

system can be represented by a map

U(x) : S
3 æ SU(2) ƒ S

3
. (41)

This equation is worth unpacking carefully:
• the domain S

3 is compactified physical space,

• the target SU(2) ƒ S
3 is the group manifold of SU(2),

• the map tells us, for each point in space, which gauge rotation takes the reference vacuum
into the local vacuum orientation.

Because both domain and target are topologically three-spheres, the map can wrap the
domain around the target an integer number of times. This integer is the degree or winding
number of the map. In topological language, such maps are classified by

fi3(SU(2)) = Z. (42)

Equivalently, one may write the winding number explicitly as

n[U ] = 1
24fi2

⁄
d3

x ‘
ijk Tr

Ë1
U

≠1
ˆiU

2 1
U

≠1
ˆjU

2 1
U

≠1
ˆkU

2È
. (43)

Two maps with di�erent integer values of n[U ] cannot be continuously deformed into one another
without leaving the vacuum family somewhere along the way. This is the precise meaning of

7

the vacuum configuration is encoded 
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3 Why the vacuum is not unique: topology and large gauge
transformations

3.1 Compactifying space
The first step is geometric. Since a finite-energy configuration tends to vacuum as r æ Œ, the
detailed position of a point “very far away” no longer matters: all directions at infinity are
physically equivalent in the sense that the fields have already settled into vacuum behavior there.
Mathematically one may therefore add a single point at infinity and identify all asymptotic
directions with that point. This is the one-point compactification

R3 fi {Œ} ƒ S
3
. (37)

So the spatial domain on which a finite-energy vacuum configuration lives can be treated as a
three-sphere rather than as noncompact R3.

The second step is to characterize what a vacuum configuration looks like. For a vacuum we
require

W
a
ij = 0, Bij = 0, Di� = 0, �†� = v

2

2 . (38)

The condition W
a
ij = 0 means that the SU(2) gauge field is pure gauge, so one can write, at least

locally,
Wi = i

g
U(x) ˆiU

≠1(x), (39)

with U(x) œ SU(2). The Higgs field in vacuum can then be written as a gauge rotation of some
reference vacuum direction �0, for example

�(x) = vÔ
2

U(x) �0. (40)

Thus a vacuum configuration is encoded by the group-valued function U(x).
After compactifying space, this means that a vacuum configuration of the SU(2) gauge-Higgs

system can be represented by a map

U(x) : S
3 æ SU(2) ƒ S

3
. (41)

This equation is worth unpacking carefully:
• the domain S

3 is compactified physical space,

• the target SU(2) ƒ S
3 is the group manifold of SU(2),

• the map tells us, for each point in space, which gauge rotation takes the reference vacuum
into the local vacuum orientation.

Because both domain and target are topologically three-spheres, the map can wrap the
domain around the target an integer number of times. This integer is the degree or winding
number of the map. In topological language, such maps are classified by

fi3(SU(2)) = Z. (42)

Equivalently, one may write the winding number explicitly as

n[U ] = 1
24fi2
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Vacuum sectors and Chern-Simons number

saying that the vacuum family splits into topological sectors labeled by an integer winding
number.

For a non-expert, the right mental picture is the following: the fields at infinity are vacuum
everywhere, but there are globally di�erent ways of arranging that vacuum orientation over all
of space. Some arrangements are topologically trivial and can be smoothly unwound; others
wrap once, twice, and so on around the group manifold. The sphaleron is relevant because it
sits on the lowest barrier between neighboring winding sectors.

3.2 Vacuum sectors and Chern-Simons number
The standard way to parametrize the vacuum family is through the Chern-Simons number

NCS = g
2

32fi2

⁄
d3

x ‘
ijk

5
W

a
i ˆjW

a
k + g

3‘
abc

W
a
i W

b
j W

c
k

6
. (44)

Two important statements are worth memorizing:
• NCS is not strictly gauge invariant. Under a large gauge transformation it shifts by an

integer.

• For vacuum configurations, NCS can be chosen to equal an integer n; neighboring vacua
di�er by �NCS = 1.

That is why one often sketches the electroweak vacuum structure as a periodic sequence of
valleys separated by barriers.

3.3 Why a barrier must exist
If neighboring vacua belonged to the same connected component of finite-energy configuration
space, one could continuously deform one into the other while staying in the vacuum manifold.
Topology forbids this. Any path connecting sectors with di�erent winding must leave the vacuum
manifold somewhere. Once the Higgs field departs from its vacuum magnitude or the gauge field
ceases to be pure gauge, the energy rises. The barrier is therefore unavoidable.

The sphaleron is not assumed; it is the lowest saddle-point representative of that unavoidable
barrier.

4 Anomaly, spectral flow, and baryon number violation
4.1 Classical symmetries versus quantum symmetries
Classically, the Standard Model conserves baryon number B and lepton number L. Quantum
mechanically, the corresponding currents are anomalous because the electroweak theory is chiral.
For the baryon and lepton currents separately one finds

ˆµj
µ
B = ˆµj

µ
L = ng

g
2

32fi2
W

a
µ‹W̃

aµ‹
, (45)

with ng = 3 generations and
W̃

aµ‹ = 1
2‘

µ‹fl‡
W

a
fl‡. (46)

So
ˆµj

µ
B+L = 2ng

g
2

32fi2
W

a
µ‹W̃

aµ‹
, (47)

whereas B ≠ L is anomaly free in the Standard Model.
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Anomaly, spectral flow, and baryon number violation
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Thus whereas  is anomaly free in the SMB − L

4.2 From the anomaly to Chern-Simons number
The topological density is a total derivative:

g
2

32fi2
W

a
µ‹W̃

aµ‹ = ˆµK
µ
, (48)

where K
µ is the Chern-Simons current. Integrating over spacetime between an initial and a final

vacuum gives ⁄
d4

x
g

2

32fi2
W

a
µ‹W̃

aµ‹ = �NCS. (49)

Integrating Eq. (45) then yields

�B = �L = ng�NCS. (50)

For one unit of topological charge, �NCS = 1, this means

�B = �L = 3, �(B + L) = 6, �(B ≠ L) = 0. (51)

4.3 Spectral flow picture
The anomaly formula is compact, but physically it is useful to think in terms of spectral
flow. As the bosonic background moves from one vacuum sector to the next, the one-particle
Dirac spectrum of the left-handed fermions changes continuously. Some levels cross zero. The
occupation of the Dirac sea therefore changes, and that is the microscopic origin of the net
change in baryon and lepton number.

This picture is especially helpful in talks because it clarifies the logical role of fermions:
• the classical saddle itself is bosonic,

• the change in fermion number arises because fermions live in that time-dependent bosonic
background.

4.4 What final-state fermions are involved?
For one unit of topological charge, each left-handed electroweak doublet contributes once. In
the Standard Model there are

3 lepton doublets + 3 ◊ 3 quark doublets = 12 left-handed doublets. (52)

This is the origin of the textbook statement that a �NCS = 1 process involves twelve left-handed
fermions in total.

5 Instantons and sphalerons are not the same thing
5.1 Instantons
An instanton is a Euclidean solution describing tunneling between vacua at zero temperature.
In pure SU(2) gauge theory, the one-instanton action is

Sinst = 8fi
2

g2
= 2fi

–W
. (53)

The corresponding zero-temperature transition amplitude carries the characteristic nonperturba-
tive factor

A ≥ exp
A

≠8fi
2

g2

B

, (54)
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µ‹W̃

aµ‹ = �NCS. (49)

Integrating Eq. (45) then yields

�B = �L = ng�NCS. (50)

For one unit of topological charge, �NCS = 1, this means

�B = �L = 3, �(B + L) = 6, �(B ≠ L) = 0. (51)

4.3 Spectral flow picture
The anomaly formula is compact, but physically it is useful to think in terms of spectral
flow. As the bosonic background moves from one vacuum sector to the next, the one-particle
Dirac spectrum of the left-handed fermions changes continuously. Some levels cross zero. The
occupation of the Dirac sea therefore changes, and that is the microscopic origin of the net
change in baryon and lepton number.

This picture is especially helpful in talks because it clarifies the logical role of fermions:
• the classical saddle itself is bosonic,

• the change in fermion number arises because fermions live in that time-dependent bosonic
background.

4.4 What final-state fermions are involved?
For one unit of topological charge, each left-handed electroweak doublet contributes once. In
the Standard Model there are

3 lepton doublets + 3 ◊ 3 quark doublets = 12 left-handed doublets. (52)

This is the origin of the textbook statement that a �NCS = 1 process involves twelve left-handed
fermions in total.

5 Instantons and sphalerons are not the same thing
5.1 Instantons
An instanton is a Euclidean solution describing tunneling between vacua at zero temperature.
In pure SU(2) gauge theory, the one-instanton action is

Sinst = 8fi
2

g2
= 2fi

–W
. (53)

The corresponding zero-temperature transition amplitude carries the characteristic nonperturba-
tive factor

A ≥ exp
A

≠8fi
2

g2

B

, (54)

9
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Spectral flow picture

• As the bosonic background moves from one vacuum sector to the next, the one-
particle Dirac spectrum of the left-handed fermions change continuously

• Some levels cross zero. The occupation of the Dirac sea therefore changes, and 
that is the microscopic origin of the net change in baryon and lepton number
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3 lepton doublets + 3 ◊ 3 quark doublets = 12 left-handed doublets. (52)

This is the origin of the textbook statement that a �NCS = 1 process involves twelve left-handed
fermions in total.

Which member of each electroweak doublet appears is not unique: the gauge-invariant ’t
Hooft vertex contains many terms obtained by choosing either the upper or lower component of
each doublet, subject to overall gauge and electric-charge conservation. Two explicit electrically
neutral examples are

O1 ≥ (uLr uLg dLb) (cLr cLg sLb) (tLr tLg bLb)
1
e

≠
L µ

≠
L ·

≠
L

2
, (53)

O2 ≥ (uLr uLg dLb) (cLr sLg sLb) (tLr bLg bLb)
1
e

≠
L ‹µL ‹·L

2
. (54)

In both examples there are nine left-handed quarks and three left-handed leptons, so

�B = 3, �L = 3. (55)

These are only representative terms. The full electroweak instanton or sphaleron vertex is
a sum over many such twelve-fermion structures, related by di�erent choices of weak-isospin
components and color assignments.
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How to calculate the sphaleron energy

• Simplify assuming g’=0
Only SU(2) gauge field and Higgs doublet remain and solutoin becomes 
spherically symmetric

The case  can be treated afterwards as a perturbation that slightly deforms 
the sphaleron and gives it a magnetic dipole moment

g′ ≠ 0

It isolates the core topological structure, which lives in the non-Abelian  sectorSU(2)L

• Adopt the Klinkhammer-Manton ansatz

For spherically symmetric -Higgs theory, one can write the fields in 
terms of two radial profile functions  and 

SU(2)
f(r) h(r)

6.2 Step 2: adopt the Klinkhamer-Manton ansatz
For the spherically symmetric SU(2)-Higgs theory, one can write the fields in terms of two radial
profile functions f(r) and h(r). A convenient form of the ansatz is

�(x) = vÔ
2

h(r) U(x̂)
A

0
1

B

, (60)

Wi(x) = ≠2i
g

f(r) (ˆiU)U≠1
, (61)

where Wi = W
a
i ·

a
/2 and U(x̂) is the standard hedgehog map on the sphere at infinity. Di�erent

but gauge-equivalent versions of this ansatz appear in the literature; the reduced equations are
the same.

The important conceptual point is that the full field theory problem, which initially involves
infinitely many field degrees of freedom, collapses to a variational problem for two functions of
one variable.

6.3 Step 3: introduce dimensionless radius
It is natural to measure distances in units of the gauge-boson mass scale. Define

› = gvr. (62)

Since
mW = gv

2 , (63)

the sphaleron core size is of order

rcore ≥ (gv)≠1 ≥ m
≠1

W . (64)

6.4 Step 4: reduced energy functional
Substituting the ansatz into Eq. (32) gives

Esph = 4fiv

g

⁄ Œ

0

d›

5
4f

Õ2 + 8
›2

f
2(1 ≠ f)2 + 1

2›
2
h

Õ2 + h
2(1 ≠ f)2 + ⁄

4g2
›

2(h2 ≠ 1)2

6
. (65)

Primes denote d/d›.
This equation is worth understanding term by term:

• 4f
Õ2 comes from the radial gradient of the gauge profile.

• 8

›2 f
2(1 ≠ f)2 is the gauge-field self-interaction energy.

• 1

2
›

2
h

Õ2 is the Higgs gradient energy.

• h
2(1 ≠ f)2 couples the gauge and Higgs profiles.

• ⁄
4g2 ›

2(h2 ≠ 1)2 is the Higgs potential energy.
The overall prefactor 4fiv/g already tells you that the sphaleron energy is of electroweak

scale times a large geometric factor.
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where

standard hedgehog map on 
sphere at infinity

The full field theory problem (infinity many degrees of freedom) 
collapses to variational problem for two functions of one variable
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• Introduce dimensionless radius
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• Reduced energy functional
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the sphaleron core size is of order
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6
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Primes denote d/d›.
This equation is worth understanding term by term:

• 4f
Õ2 comes from the radial gradient of the gauge profile.

• 8

›2 f
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2(1 ≠ f)2 couples the gauge and Higgs profiles.
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2(h2 ≠ 1)2 is the Higgs potential energy.
The overall prefactor 4fiv/g already tells you that the sphaleron energy is of electroweak

scale times a large geometric factor.
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• Euler-Lagrange equations
Varying the reduced energy functional with respect to f and h gives couple DE

6.5 Step 5: Euler-Lagrange equations
Varying Eq. (65) with respect to f and h gives the coupled ordinary di�erential equations

f
ÕÕ = 2

›2
f(1 ≠ f)(1 ≠ 2f) ≠ 1

4h
2(1 ≠ f), (66)

(›2
h

Õ)Õ = 2h(1 ≠ f)2 + ⁄

g2
›

2
h(h2 ≠ 1). (67)

It is worth being able to derive Eq. (66) in front of an audience if needed. Let

E(f, h, f
Õ
, h

Õ) = 4f
Õ2 + 8

›2
f

2(1 ≠ f)2 + 1
2›

2
h

Õ2 + h
2(1 ≠ f)2 + ⁄

4g2
›

2(h2 ≠ 1)2
. (68)

Then
ˆE
ˆf Õ = 8f

Õ
,

d
d›

ˆE
ˆf Õ = 8f

ÕÕ
, (69)

and
ˆE
ˆf

= 16
›2

f(1 ≠ f)(1 ≠ 2f) ≠ 2h
2(1 ≠ f). (70)

The Euler-Lagrange equation d(ˆE/ˆf
Õ)/d› ≠ ˆE/ˆf = 0 gives Eq. (66). The Higgs equation is

derived analogously.

6.6 Step 6: boundary conditions
Regularity at the origin and finite energy at infinity imply

f(0) = 0, h(0) = 0, (71)
f(Œ) = 1, h(Œ) = 1. (72)

Near the origin, regular solutions behave as

f(›) ≥ a›
2
, h(›) ≥ b›, › æ 0. (73)

Far away from the core, both profiles approach unity exponentially, reflecting the finite masses
of the gauge and Higgs excitations.

6.7 Step 7: why the solution is a saddle, not a minimum
This is conceptually central. If you blindly minimized the energy functional over all admissible
fields, you would just get the vacuum. The sphaleron exists because one restricts attention to
paths in configuration space that connect di�erent topological sectors. Along such a path, the
maximum energy cannot be avoided. The sphaleron is the minimum over paths of the path
maximum. In finite-dimensional language, it is a mountain-pass saddle.

More formally, if “(s) is a path in configuration space connecting neighboring vacua, one
defines

M [“] = max
s

E[“(s)]. (74)

The sphaleron energy is
Esph = min

“œ�

M [“], (75)

where � is the set of non-contractible paths between the vacua.
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• why the solution is a saddle, not a minimum
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The sphaleron is the minimum over paths of the path maximum 

6.5 Step 5: Euler-Lagrange equations
Varying Eq. (65) with respect to f and h gives the coupled ordinary di�erential equations
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It is worth being able to derive Eq. (66) in front of an audience if needed. Let
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The Euler-Lagrange equation d(ˆE/ˆf
Õ)/d› ≠ ˆE/ˆf = 0 gives Eq. (66). The Higgs equation is

derived analogously.

6.6 Step 6: boundary conditions
Regularity at the origin and finite energy at infinity imply

f(0) = 0, h(0) = 0, (71)
f(Œ) = 1, h(Œ) = 1. (72)

Near the origin, regular solutions behave as

f(›) ≥ a›
2
, h(›) ≥ b›, › æ 0. (73)

Far away from the core, both profiles approach unity exponentially, reflecting the finite masses
of the gauge and Higgs excitations.

6.7 Step 7: why the solution is a saddle, not a minimum
This is conceptually central. If you blindly minimized the energy functional over all admissible
fields, you would just get the vacuum. The sphaleron exists because one restricts attention to
paths in configuration space that connect di�erent topological sectors. Along such a path, the
maximum energy cannot be avoided. The sphaleron is the minimum over paths of the path
maximum. In finite-dimensional language, it is a mountain-pass saddle.

More formally, if “(s) is a path in configuration space connecting neighboring vacua, one
defines

M [“] = max
s

E[“(s)]. (74)

The sphaleron energy is
Esph = min
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M [“], (75)

where � is the set of non-contractible paths between the vacua.
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• the numerical solution

There is no closed-form analytic solution for the differential equations. One 
solves them numerically: 

➡ Shooting method: choose the small-  coefficients  and , integrate 
outward, and tune them until the large-  boundary conditions are satisfied

ξ a b
ξ

➡ Relaxation: discretize the interval in  and iteratively solve the boundary 
value problem

ξ

➡ Constrained minimisation or minimax algorithms

➡ ML approach [Piscopio, MS, Waite ’18]

• Physical scale of the energy

The result is commonly written as

6.8 Step 8: the numerical problem
There is no closed-form analytic solution of Eqs. (66) and (67). One solves them numerically,
typically by one of the following methods:

• Shooting: choose the small-› coe�cients a and b, integrate outward, and tune them until
the large-› boundary conditions are satisfied.

• Relaxation: discretize the interval in › and iteratively solve the boundary value problem.

• Constrained minimization or minimax algorithms: especially useful when not
imposing a strong ansatz.

For seminar purposes, the important numerical message is simple: the energy calculation is
a clean classical boundary-value problem in the bosonic sector.

6.9 Step 9: physical scale of the energy
The result is commonly written as

Esph = 4fiv

g
B

3
⁄

g2

4
, (76)

where B is an order-one function determined numerically. For Standard Model couplings, one
finds

Esph ≥ 9 TeV, (77)

with a mild dependence on the Higgs mass and a small correction from the nonzero hypercharge
coupling.

6.10 What changes when g’ is nonzero?
Turning on hypercharge does not destroy the sphaleron. It breaks exact spherical symmetry and
induces a small magnetic dipole moment through the U(1)Y field. Quantitatively the energy
changes only at the few-percent level. Conceptually, the topological story remains anchored in
the SU(2) sector.

7 Thermal sphalerons and electroweak baryogenesis
7.1 From tunneling to thermal activation
At nonzero temperature, one no longer has to tunnel through the barrier. Thermal fluctuations
can hop over it. In the broken phase the rate per unit volume is schematically

�sph

V
≥ A(T ) exp

3
≠Esph(T )

T

4
. (78)

Here A(T ) is a prefactor with dimensions of T
4.

7.2 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

The rough textbook criterion is
v(T )

T
& 1, (79)
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Thermal Sphalerons and electroweak Baryogenesis

• From tunnelling to thermal activation

At zero temperature, a transition between neighbouring vacua is a tunneling problem. 
The semiclassical suppression is then controlled by the Euclidean action
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finds
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with a mild dependence on the Higgs mass and a small correction from the nonzero hypercharge
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6.10 What changes when g’ is nonzero?
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7 Thermal sphalerons and electroweak baryogenesis
7.1 From tunneling to thermal activation
At zero temperature, a transition between neighboring vacua is a tunneling problem. The
semiclassical suppression is then controlled by a Euclidean action,

�T =0 ≥ e≠Sinst
E . (78)

At nonzero temperature the physics changes because the system is described by a thermal
ensemble rather than a pure ground state. In the canonical ensemble, a field configuration of
energy E appears with Boltzmann weight

P [E] Ã e≠E/T
. (79)

If the system explores configuration space thermally, then a transition from one vacuum sector
to the next is dominated by configurations near the top of the barrier. The relevant barrier-top
configuration is precisely the sphaleron. This gives the thermal analogue of the Arrhenius law
from statistical mechanics:

�sph

V
≥ A(T ) exp

3
≠Fbarrier(T )

T

4
. (80)

Here:
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tot. number of topological 
transitions per unit time

spatial volume for 
normalisation

prefactor, incl. fluctuation 
determinants, zero-mode 
nomalisation factor etc

free-energy difference 
between the vacuum and 

the barrier top

• �sph is the total number of topological transitions per unit time,

• V is the spatial volume used to normalize the rate,

• A(T ) is a prefactor that contains fluctuation determinants, zero-mode normalization factors,
and the growth rate of the unstable mode,

• Fbarrier(T ) is the free-energy di�erence between the vacuum and the barrier top.
In weakly coupled electroweak theory one often writes

Fbarrier(T ) ¥ Esph(T ), (81)

so that the formula becomes

�sph

V
≥ A(T ) exp

3
≠Esph(T )

T

4
. (82)

The symbol Esph(T ) means the energy of the sphaleron computed in the finite-temperature
e�ective theory. It is temperature dependent because the Higgs background and the e�ective
couplings are temperature dependent.

The prefactor can be written more explicitly in the form

A(T ) ≥ Ê≠
2fi

Ntr Nrot Ÿ T
3
, (83)

up to powers of the weak coupling and order-one numerical factors. Here Ê≠ is the magnitude of
the single unstable-mode frequency of the sphaleron, Ntr and Nrot come from translational and
rotational zero modes, and Ÿ denotes the determinant of the nonzero fluctuations around the
saddle. The exponential is the dominant piece; the prefactor matters for precision statements.

7.2 Why the sphaleron energy depends on temperature
At finite temperature, the Higgs field no longer sits in the same vacuum as at T = 0. The broken-
phase expectation value decreases with temperature, and eventually vanishes at electroweak
symmetry restoration. Let

v(T ) ©
eÔ

2 �†�
f

T
(84)

denote the thermal Higgs expectation value in the broken phase.
Because the sphaleron energy is set by the electroweak scale, one expects

Esph(T ) ¥ 4fi

g
B(T ) v(T ), (85)

where B(T ) is a dimensionless order-one function analogous to the zero-temperature function
B(⁄/g

2) in the Standard Model sphaleron energy

Esph(0) = 4fiv

g
B. (86)

In the Standard Model and in many nearby extensions, B(T ) varies more slowly with temperature
than v(T ) itself. This leads to the commonly used approximation

Esph(T ) ¥ Esph(0) v(T )
v

. (87)

This relation is useful, but it is not exact. In theories with extra scalar fields or additional
mass scales, the direct finite-temperature sphaleron calculation can di�er from the simple linear
scaling.
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• Why the sphaleron energy depends on temperature
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the single unstable-mode frequency of the sphaleron, Ntr and Nrot come from translational and
rotational zero modes, and Ÿ denotes the determinant of the nonzero fluctuations around the
saddle. The exponential is the dominant piece; the prefactor matters for precision statements.

7.2 Why the sphaleron energy depends on temperature
At finite temperature, the Higgs field no longer sits in the same vacuum as at T = 0. The broken-
phase expectation value decreases with temperature, and eventually vanishes at electroweak
symmetry restoration. Let

v(T ) ©
eÔ

2 �†�
f

T
(84)

denote the thermal Higgs expectation value in the broken phase.
Because the sphaleron energy is set by the electroweak scale, one expects

Esph(T ) ¥ 4fi

g
B(T ) v(T ), (85)

where B(T ) is a dimensionless order-one function analogous to the zero-temperature function
B(⁄/g

2) in the Standard Model sphaleron energy

Esph(0) = 4fiv

g
B. (86)

In the Standard Model and in many nearby extensions, B(T ) varies more slowly with temperature
than v(T ) itself. This leads to the commonly used approximation

Esph(T ) ¥ Esph(0) v(T )
v

. (87)

This relation is useful, but it is not exact. In theories with extra scalar fields or additional
mass scales, the direct finite-temperature sphaleron calculation can di�er from the simple linear
scaling.
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• Why this matters for Baryogenesis

Any mechanism that generates B+L asymmetry 
before electroweak epoch can be washed out if 
sphalerons remain in equilibrium afterwards.

ELW Baryogenesis requires a strong enough 
first-order phase transition: once bubbles of 
broken phase form, sphaleron transitions 
inside must become suffienctly slow

7.3 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

To see how the washout criterion arises, it is useful to convert the rate per unit volume into
a rate for erasing the baryon asymmetry. In thermal equilibrium, relativistic number densities
scale as T

3, so a rate per unit volume naturally becomes a rate per particle or per charge density
after dividing by T

3. One therefore writes schematically

“B+L(T ) ≥ c
�sph/V

T 3
, (88)

where “B+L is the washout rate of the baryon-plus-lepton asymmetry and c is a numerical
coe�cient encoding the anomaly relation and the network of chemical-equilibrium constraints
in the plasma. In the Standard Model one often quotes c = 13Nf /2 = 19.5 with Nf = 3
generations.

The asymmetry then obeys a kinetic equation of the form

dnB+L

dt
¥ ≠“B+L(T ) nB+L, (89)

so the condition for baryon preservation is simply

“B+L(T ) < H(T ), (90)

where H(T ) is the Hubble expansion rate. During radiation domination,

H(T ) = 1.66 Ô
gú

T
2

MPl

, (91)

with gú the e�ective number of relativistic degrees of freedom and MPl the Planck mass.
Substituting Eq. (82) into Eqs. (88) and (90) gives

c
A(T )
T 3

exp
3

≠Esph(T )
T

4
. H(T ). (92)

Taking the logarithm yields the more physical form

Esph(T )
T

& ln
3

c A(T )
H(T ) T 3

4
. (93)

For electroweak temperatures and Standard Model-size couplings, the right-hand side is numeri-
cally of order 35 to 45, depending on the treatment of the fluctuation determinant and on other
order-one inputs. This is the real origin of the textbook criterion.

Now insert the approximate scaling

Esph(T ) ¥ 4fi

g
B v(T ), (94)

with B ≥ 1.5–2. Then Eq. (93) becomes

v(T )
T

& g

4fiB
◊ (35–45). (95)

Using g ¥ 0.65 and B ¥ 1.9 gives a number of order unity:

v(T )
T

& 1. (96)

15

washout rate

7.3 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

To see how the washout criterion arises, it is useful to convert the rate per unit volume into
a rate for erasing the baryon asymmetry. In thermal equilibrium, relativistic number densities
scale as T

3, so a rate per unit volume naturally becomes a rate per particle or per charge density
after dividing by T

3. One therefore writes schematically

“B+L(T ) ≥ c
�sph/V

T 3
, (88)

where “B+L is the washout rate of the baryon-plus-lepton asymmetry and c is a numerical
coe�cient encoding the anomaly relation and the network of chemical-equilibrium constraints
in the plasma. In the Standard Model one often quotes c = 13Nf /2 = 19.5 with Nf = 3
generations.

The asymmetry then obeys a kinetic equation of the form

dnB+L

dt
¥ ≠“B+L(T ) nB+L, (89)

so the condition for baryon preservation is simply

“B+L(T ) < H(T ), (90)

where H(T ) is the Hubble expansion rate. During radiation domination,

H(T ) = 1.66 Ô
gú

T
2

MPl

, (91)

with gú the e�ective number of relativistic degrees of freedom and MPl the Planck mass.
Substituting Eq. (82) into Eqs. (88) and (90) gives

c
A(T )
T 3

exp
3

≠Esph(T )
T

4
. H(T ). (92)

Taking the logarithm yields the more physical form

Esph(T )
T

& ln
3

c A(T )
H(T ) T 3

4
. (93)

For electroweak temperatures and Standard Model-size couplings, the right-hand side is numeri-
cally of order 35 to 45, depending on the treatment of the fluctuation determinant and on other
order-one inputs. This is the real origin of the textbook criterion.

Now insert the approximate scaling

Esph(T ) ¥ 4fi

g
B v(T ), (94)

with B ≥ 1.5–2. Then Eq. (93) becomes

v(T )
T

& g

4fiB
◊ (35–45). (95)

Using g ¥ 0.65 and B ¥ 1.9 gives a number of order unity:

v(T )
T

& 1. (96)

15

so, the condition is simply 

7.3 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

To see how the washout criterion arises, it is useful to convert the rate per unit volume into
a rate for erasing the baryon asymmetry. In thermal equilibrium, relativistic number densities
scale as T

3, so a rate per unit volume naturally becomes a rate per particle or per charge density
after dividing by T

3. One therefore writes schematically

“B+L(T ) ≥ c
�sph/V

T 3
, (88)

where “B+L is the washout rate of the baryon-plus-lepton asymmetry and c is a numerical
coe�cient encoding the anomaly relation and the network of chemical-equilibrium constraints
in the plasma. In the Standard Model one often quotes c = 13Nf /2 = 19.5 with Nf = 3
generations.

The asymmetry then obeys a kinetic equation of the form

dnB+L

dt
¥ ≠“B+L(T ) nB+L, (89)

so the condition for baryon preservation is simply

“B+L(T ) < H(T ), (90)

where H(T ) is the Hubble expansion rate. During radiation domination,

H(T ) = 1.66 Ô
gú

T
2

MPl

, (91)

with gú the e�ective number of relativistic degrees of freedom and MPl the Planck mass.
Substituting Eq. (82) into Eqs. (88) and (90) gives

c
A(T )
T 3

exp
3

≠Esph(T )
T

4
. H(T ). (92)

Taking the logarithm yields the more physical form

Esph(T )
T

& ln
3

c A(T )
H(T ) T 3

4
. (93)

For electroweak temperatures and Standard Model-size couplings, the right-hand side is numeri-
cally of order 35 to 45, depending on the treatment of the fluctuation determinant and on other
order-one inputs. This is the real origin of the textbook criterion.

Now insert the approximate scaling

Esph(T ) ¥ 4fi

g
B v(T ), (94)

with B ≥ 1.5–2. Then Eq. (93) becomes

v(T )
T

& g

4fiB
◊ (35–45). (95)

Using g ¥ 0.65 and B ¥ 1.9 gives a number of order unity:

v(T )
T

& 1. (96)

15

7.3 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

To see how the washout criterion arises, it is useful to convert the rate per unit volume into
a rate for erasing the baryon asymmetry. In thermal equilibrium, relativistic number densities
scale as T

3, so a rate per unit volume naturally becomes a rate per particle or per charge density
after dividing by T

3. One therefore writes schematically

“B+L(T ) ≥ c
�sph/V

T 3
, (88)

where “B+L is the washout rate of the baryon-plus-lepton asymmetry and c is a numerical
coe�cient encoding the anomaly relation and the network of chemical-equilibrium constraints
in the plasma. In the Standard Model one often quotes c = 13Nf /2 = 19.5 with Nf = 3
generations.

The asymmetry then obeys a kinetic equation of the form

dnB+L

dt
¥ ≠“B+L(T ) nB+L, (89)

so the condition for baryon preservation is simply

“B+L(T ) < H(T ), (90)

where H(T ) is the Hubble expansion rate. During radiation domination,

H(T ) = 1.66 Ô
gú

T
2

MPl

, (91)

with gú the e�ective number of relativistic degrees of freedom and MPl the Planck mass.
Substituting Eq. (82) into Eqs. (88) and (90) gives

c
A(T )
T 3

exp
3

≠Esph(T )
T

4
. H(T ). (92)

Taking the logarithm yields the more physical form

Esph(T )
T

& ln
3

c A(T )
H(T ) T 3

4
. (93)

For electroweak temperatures and Standard Model-size couplings, the right-hand side is numeri-
cally of order 35 to 45, depending on the treatment of the fluctuation determinant and on other
order-one inputs. This is the real origin of the textbook criterion.

Now insert the approximate scaling

Esph(T ) ¥ 4fi

g
B v(T ), (94)

with B ≥ 1.5–2. Then Eq. (93) becomes

v(T )
T

& g

4fiB
◊ (35–45). (95)

Using g ¥ 0.65 and B ¥ 1.9 gives a number of order unity:

v(T )
T

& 1. (96)

15

∼ 35 − 45

7.3 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

To see how the washout criterion arises, it is useful to convert the rate per unit volume into
a rate for erasing the baryon asymmetry. In thermal equilibrium, relativistic number densities
scale as T

3, so a rate per unit volume naturally becomes a rate per particle or per charge density
after dividing by T

3. One therefore writes schematically

“B+L(T ) ≥ c
�sph/V

T 3
, (88)

where “B+L is the washout rate of the baryon-plus-lepton asymmetry and c is a numerical
coe�cient encoding the anomaly relation and the network of chemical-equilibrium constraints
in the plasma. In the Standard Model one often quotes c = 13Nf /2 = 19.5 with Nf = 3
generations.

The asymmetry then obeys a kinetic equation of the form

dnB+L

dt
¥ ≠“B+L(T ) nB+L, (89)

so the condition for baryon preservation is simply

“B+L(T ) < H(T ), (90)

where H(T ) is the Hubble expansion rate. During radiation domination,

H(T ) = 1.66 Ô
gú

T
2

MPl

, (91)

with gú the e�ective number of relativistic degrees of freedom and MPl the Planck mass.
Substituting Eq. (82) into Eqs. (88) and (90) gives

c
A(T )
T 3

exp
3

≠Esph(T )
T

4
. H(T ). (92)

Taking the logarithm yields the more physical form

Esph(T )
T

& ln
3

c A(T )
H(T ) T 3

4
. (93)

For electroweak temperatures and Standard Model-size couplings, the right-hand side is numeri-
cally of order 35 to 45, depending on the treatment of the fluctuation determinant and on other
order-one inputs. This is the real origin of the textbook criterion.

Now insert the approximate scaling

Esph(T ) ¥ 4fi

g
B v(T ), (94)

with B ≥ 1.5–2. Then Eq. (93) becomes

v(T )
T

& g

4fiB
◊ (35–45). (95)

Using g ¥ 0.65 and B ¥ 1.9 gives a number of order unity:

v(T )
T

& 1. (96)

15

7.3 Why this matters for baryogenesis
Any mechanism that generates a B + L asymmetry before the electroweak epoch can be washed
out if sphalerons remain in equilibrium afterwards. This is why electroweak baryogenesis requires
a strong enough first-order phase transition: once bubbles of the broken phase form, sphaleron
transitions inside them must become su�ciently slow.

To see how the washout criterion arises, it is useful to convert the rate per unit volume into
a rate for erasing the baryon asymmetry. In thermal equilibrium, relativistic number densities
scale as T

3, so a rate per unit volume naturally becomes a rate per particle or per charge density
after dividing by T

3. One therefore writes schematically

“B+L(T ) ≥ c
�sph/V

T 3
, (88)

where “B+L is the washout rate of the baryon-plus-lepton asymmetry and c is a numerical
coe�cient encoding the anomaly relation and the network of chemical-equilibrium constraints
in the plasma. In the Standard Model one often quotes c = 13Nf /2 = 19.5 with Nf = 3
generations.

The asymmetry then obeys a kinetic equation of the form

dnB+L

dt
¥ ≠“B+L(T ) nB+L, (89)

so the condition for baryon preservation is simply

“B+L(T ) < H(T ), (90)

where H(T ) is the Hubble expansion rate. During radiation domination,

H(T ) = 1.66 Ô
gú

T
2

MPl

, (91)

with gú the e�ective number of relativistic degrees of freedom and MPl the Planck mass.
Substituting Eq. (82) into Eqs. (88) and (90) gives

c
A(T )
T 3

exp
3

≠Esph(T )
T

4
. H(T ). (92)

Taking the logarithm yields the more physical form

Esph(T )
T

& ln
3

c A(T )
H(T ) T 3

4
. (93)

For electroweak temperatures and Standard Model-size couplings, the right-hand side is numeri-
cally of order 35 to 45, depending on the treatment of the fluctuation determinant and on other
order-one inputs. This is the real origin of the textbook criterion.

Now insert the approximate scaling

Esph(T ) ¥ 4fi

g
B v(T ), (94)

with B ≥ 1.5–2. Then Eq. (93) becomes

v(T )
T

& g

4fiB
◊ (35–45). (95)

Using g ¥ 0.65 and B ¥ 1.9 gives a number of order unity:

v(T )
T

& 1. (96)

15

famous criterium 
is approximate

two caveats: (1)  not known, (2)  can be gauge dependent whereas  is notA(T ) v(T ) γB+L
(fluctuation prefactor)



       Seminar                 Oxford      Michael Spannowsky         17.03.2026                   28

• Symmetric phase  v = 0

In unbroken phase there is no Higgs vev and energy barrier between neighboring 
topological sectors disappears. 

Thus the Chern-Simons number now performs a random walk driven by thermal non-
Abelian gauge fields

So the famous criterion is not fundamental. It is a compressed version of a more basic requirement:
the broken-phase sphaleron energy must be large enough that the Boltzmann factor kills the
washout rate.

There are two important caveats:
• the prefactor A(T ) is not known with arbitrary precision,

• the quantity v(T ) extracted from a perturbative thermal e�ective potential can be gauge
dependent, whereas the physical washout rate is gauge invariant.

For this reason, the most robust statement is formulated directly in terms of Esph(T ) rather
than only in terms of v(T )/T .

7.4 Symmetric phase
In the unbroken phase there is no Higgs expectation value selecting a broken vacuum, and the
energy barrier between neighboring topological sectors disappears. The physics is therefore
no longer that of rare activated hops over a high barrier. Instead, the Chern-Simons number
performs a random walk driven by thermal non-Abelian gauge fields.

The natural quantity to define is now a di�usion constant,

�di� © lim
V,tæŒ

e
(NCS(t) ≠ NCS(0))2

f

V t
. (97)

This quantity is often also called the “sphaleron rate” in the symmetric phase. The terminology
is historical: the static sphaleron still identifies the relevant topological scale, but dynamically
the process is di�usion, not Boltzmann-suppressed barrier crossing.

Because of the anomaly relation

�B = �L = 3 �NCS, (98)

di�usion in NCS directly implies rapid violation of B + L.
One can understand the scaling of the symmetric-phase rate by a simple dimensional argument.

The long-distance magnetic sector of a hot non-Abelian gauge theory behaves e�ectively as a
three-dimensional theory with coupling

g
2

3 ≥ g
2
T. (99)

The only nonperturbative length scale in that sector is therefore

¸mag ≥ 1
g2T

. (100)

The corresponding magnetic volume is ¸
3
mag ≥ (g2

T )≠3. Real-time dynamics of these long-
wavelength gauge fields occurs on a timescale

·mag ≥ 1
g4T

(101)

up to logarithmic corrections. If the Chern-Simons number changes by an order-one amount per
magnetic domain over a time ·mag, then the di�usion constant scales as

�di�

V
≥ 1

¸3
mag ·mag

≥ (g2
T )3(g4

T ) ≥ g
10

T
4 ≥ –

5

W T
4
. (102)

This is the origin of the standard parametric estimate

�sph

V
≥ Ÿ–

5

W T
4
, (103)
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the broken-phase sphaleron energy must be large enough that the Boltzmann factor kills the
washout rate.

There are two important caveats:
• the prefactor A(T ) is not known with arbitrary precision,

• the quantity v(T ) extracted from a perturbative thermal e�ective potential can be gauge
dependent, whereas the physical washout rate is gauge invariant.

For this reason, the most robust statement is formulated directly in terms of Esph(T ) rather
than only in terms of v(T )/T .
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where
–W © g

2

4fi
(104)

is the weak fine-structure constant and Ÿ is a dimensionless numerical coe�cient. The value of Ÿ

cannot be obtained reliably in ordinary perturbation theory; it is extracted from nonperturbative
methods such as classical real-time lattice simulations and e�ective theories of hot gauge
dynamics.

The contrast with the broken phase is sharp:
• in the broken phase, the rate is exponentially suppressed by exp(≠Esph/T ),

• in the symmetric phase, the rate is only power suppressed, so B + L violation is e�ectively
fast on cosmological timescales.

7.5 A seminar point that often helps
The phrase “sphaleron process” is used in two di�erent ways in the literature:

• narrowly, for barrier crossing in the broken phase,

• broadly, for any electroweak topological transition including symmetric-phase di�usion.
If someone asks about cosmology, make clear which meaning you are using. A safe phrasing is:

Below the electroweak crossover, one usually means thermally activated crossing
of the sphaleron barrier; above it, one usually means unsuppressed di�usion of
Chern-Simons number in the hot non-Abelian plasma.

8 Can few-particle scattering produce a sphaleron?
This is the long-standing disputed question. It is not enough to know that a barrier exists and
to know its height. A collider prepares a few hard incoming quanta, not a classical coherent
field configuration. The question is therefore partly kinematic, partly dynamical, and partly
about quantum overlap.

8.1 Why perturbation theory is not the right language
Baryon and lepton number violation by electroweak topology is invisible in ordinary perturbation
theory around the trivial vacuum. Perturbation theory expands around one vacuum sector
and never captures transitions between distinct topological sectors. That is why one turns to
semiclassical methods.

9 Semiclassical method for inclusive transition probabilities
9.1 The basic idea
In weak coupling, path integrals are dominated by saddle points. The nonperturbative transition
probability can therefore be written schematically in the semiclassical form

‡(E, N) Ã exp
3

≠ 4fi

–W
F (‘, ‹)

4
, (105)

where
‘ = E

E0

, ‹ = –W N

4fi
, (106)
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instanton vertices mentioned earlier. For an instanton background with topological charge q, the vertices involve a
number of fermion fields related to the number of fermionic zero modes of the background; the resulting interaction
violates B+L by 6q units. For example, a one-instanton vertex inducing a transition with �NCS = 1, generates an
interaction with twelve fermion fields, of the form ⇧i(uLdLdL⌫L)i, with i = 1, . . . 3 labelling the generations [63]. This
can for example give rise to the creation of three baryons and three neutrinos from the vacuum, or can induce 2 ! 10
processes with quarks and leptons. As mentioned before, the production cross sections are up for debate.

In the following, we will calculate the sphaleron energy in elementary Higgs boson scenarios with a modified
potential, and in composite Higgs boson scenarios. In the first case, the modified Higgs potential can be understood
as arising from the virtual e↵ects of heavier fields. In the second case, the sphaleron energy can be calculated in
an e↵ective theory arising after integrating out modes of the strongly coupled sector. We have argued before that
sphaleron e↵ects become relevant at processes with energies of the order of the sphaleron energy. Then if Esph is larger
than the mass of the heavy fields or the compositeness scale, the question might arise of whether at those energies one
can still trust the original calculation of the minimum energy barrier. This is the case because the e↵ective theory
in which the heavy fields are integrated out describes the dynamics when those fields lie at their energy minima,
and so minimal energy configurations of the full theory can be reliably calculated in the e↵ective description. In
the composite case, it should be noted that the Higgs, being a pseudo-Goldstone boson, is protected by the global
symmetry of the composite sector. Interactions inside the latter cannot generate contributions to the Higgs potential,
which arises from interactions that break the global symmetry and are already taken into account in the e↵ective
theory. The situation is then similar to the case of an elementary Higgs with an e↵ective potential induced by heavy
fields, and the previous conclusion applies.

III. SPHALERON ENERGY IN THE STANDARD MODEL

In this section we review the calculation of the SM sphaleron configuration, mostly following the treatment in [64].
As we are considering the minimum barrier between vacua with di↵erent weak topological charge, we can simply
restrict to field trajectories connecting the vacua without exciting degrees of freedom that do not couple to the weak
bosons – doing otherwise would just give higher energy configurations. This allows to ignore gluons, and forces to
consider the Higgs field. As in a nonzero Higgs background the weak bosons mix with the hypercharge boson, in
principle one should take it into account it as well, but because the mixing is small, the e↵ect is subleading (less than
1%, [52, 65]) and will be ignored. Thus one has to consider the functional

V
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It is useful to work in dimensional units, and to do so we rescale the fields and coordinates in units of the W mass,
which in the limit of zero Weinberg angle is m2
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Then one can find the sphaleron configuration by extremising the dimensionless functional
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This is because with this choice of normalization, the bosonic energy of the vacuum configuration with zero gauge fields and the Higgs at

its VEV becomes zero.
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a

µ
, H !

mW
p
2g

H̃. (III.3)

Then one can find the sphaleron configuration by extremising the dimensionless functional

Ṽ
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in the C = 0 gauge into fields in the topological gauge, where Eq. (II.3) holds. Expressing the result in terms of
functions in the C = 0 gauge one finally obtains:
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B1, A1, ✓1 denote the values of the corresponding functions at infinity. In the C = 0 gauge it no longer holds that
the gauge fields vanish at r ! 1. The ambiguity in ✓1 up to multiples of ⇡ is due to the discrete redundancy of
Eqs. (III.14) and (III.15). From Eq. (III.19), when imposing Eq. (III.17) one can see that the sphaleron solutions with
NCS = 1/2 have constant arctanB1/A1 = ✓1 + n⇡ = ⇡. This, together with Eq. (III.17), allows to fix the ansatz
(III.6) in the C = 0 gauge by simply solving the two di↵erential equations in (III.18). The boundary conditions for
the two functions R and S can be obtained from the asymptotic solutions for the functions A,B,G, F in appendix
A, imposing Eq. (III.17) and ✓ = ⇡ + n⇡. At the chosen level of accuracy, this reduces the free parameters of the
asymptotic solutions from six to four.

For NCS = 1/2 and R > 0 at large values of r, only the upper sign choice in Eq. (III.18) gives a solution, and one
can choose ✓ = ⇡. The upper sign choice corresponds to even ! in Eq. (III.17), i.e. � = ✓/2 + n⇡, with n 2 Z. As
is clear from Eq. (III.13), this implies that the sphaleron has F = B = 0 for all r. As mentioned earlier, for r ! 1

the scalar field must lie in a minimum of its potential energy in order for the sphaleron to have finite energy. This
is satisfied for F

2 + G
2 = S

2 = 1, as can be seen from the ansatz (III.6) and the rescaled potential term in Ṽ
SM
bos in

Eq. (III.4). On the other hand, regularity at r = 0 forces G(0) = 0, which, together with the condition F (r) = 0 8 r,
means that the scalar field must be zero at r = 0. Thus, the sphaleron probes the Higgs potential between the origin
(F = G = 0) and the vacuum configuration (F 2 +G

2 = 1).
The sphaleron energy can be obtained from mW Ṽbos evaluated in the sphaleron configuration; in terms of the

R,S, ✓,� variables, Ṽbos is equal to
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(III.20)

Solving the di↵erent systems of equations – either (III.10) and (III.12), or the system (III.16), or the reduced
system (III.18) – with the iterative procedure described above, fixing mh = 125.09 GeV and mW = 80.398 GeV [67]
we recover in all cases the known value of the SM sphaleron barrier,

E
SM

sph = 9.11TeV. (III.21)

Fig. 2 illustrates the profiles for R and S in the sphaleron solution, as well as the contributions to the dimensionless
bosonic energy density – defined as the integrand in equation (III.20) – from the derivatives of the gauge fields,
those of the scalars, and the scalar potential. The contribution from the potential is substantially lower than that of
the derivatives. This hints towards a limited sensitivity of Esphal to the details of the scalar potential, and greater
sensitivity to modified derivative interactions. This will be confirmed in the following section dedicated to nonstandard
Higgs scenarios.

IV. SPHALERON ENERGY FOR AN ELEMENTARY HIGGS IN A DEFORMED POTENTIAL

As an illustration of the e↵ect of a modified potential away from the Higgs vacuum, in this section we consider
a theory with an elementary Higgs, yet with a nonstandard potential. The experience with the SM shows that
the sphaleron configuration for an elementary Higgs is sensitive to field values between the origin and the vacuum
configuration, as follows from the boundary conditions at r ! 1 and r ! 0. Thus we may consider potentials which
deviate from the SM in this region, while having a minimum whose VEV and curvature reproduce the correct Higgs
and gauge boson masses. A potential which is very di↵erent from the SM can be achieved for example if the Higgs
vacuum at zero temperature is separated from the origin of field space by a potential energy barrier. Such type
of scenarios was introduced in reference [53], using higher-dimensional operators. A UV completion involving extra
scalars with strong couplings to the Higgs boson was found in [54, 55], and the large couplings were shown not to
spoil perturbation theory in [56]. Here we will adopt a practical approach and simply model the Higgs potential with
strong logarithmic corrections, i.e.

V (H) = V0 +m
2
H
H

†
H + (H†

H)2
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Once more, the upper and lower sign correspond to branches of solutions with either even or odd ! in Eq. (III.17).
The asymptotic solutions and the boundary conditions for the equations are similar to those in the SM case, and
discussed in appendix A. Using the same iterative method, we have solved the systems (IV.5), (IV.7) and (IV.9),
obtaining compatible results in all cases. As in the SM, for the measured Higgs and W boson masses we only found a
single branch of sphaleron solutions, which for R > 0 at large r corresponds to the upper sign choice in (IV.9), with
NCS = 1/2, and with ✓ = ⇡,� = ⇡/2, i.e. F = B = 0. The resulting energy barrier di↵ers at the level of . 9% from
the SM one, even for the limiting cases in the stability window of equation (IV.3). For absolutely stable Higgs vacua,
the deviations are below 3%; these results are illustrated in Fig. 4. Figure 5 shows the profiles and the contributions to
the bosonic energy density coming from a sphaleron configuration with � near the upper stability limit of Eq. (IV.3).
This gives the largest deviation from the SM, with the Higgs minimum above the origin (see Fig. 3). Note that with
the potential normalized to zero at the former minimum, the energy density at the origin becomes negative, and the
sphaleron configuration probes negative energies, as shown on the right plot in Fig. 5. This plays a role in lowering
the sphaleron energy barrier, which becomes Esph[� = 0.495] = 8.29 TeV.
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FIG. 4: In red, sphaleron energy as a function of � in models with a deformed Higgs potential, for � in the allowed stability
window. The dash-dotted gray line represents the SM result. � was fixed to 0.1, and hardly influences the results. The shaded
band corresponds to absolutely stable Higgs vacua, as in the left plot in figure 3.

FIG. 5: Properties of sphaleron configurations with � = 0.1 and � = 0.495. The left plot shows the profiles for R,S, in units of
mW , with the vertical lines marking the scale at which the low r solution (red) was matched with the high r solution (blue).
The plot on the right shows the contributions to the dimensionless integrand in Ṽbos, evaluated on the sphaleron solution, due
to the gauge fields (solid blue), derivatives of the scalar field (dashed orange) and the potential energy density of the Higgs
(dotted green). In all plots, the gray dash-dotted lines correspond to the SM results.
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FIG. 3: Deformed Higgs potential for � = 0.1 and varying values of �. The dots represent the Higgs minimum, with VEV and
curvature fixed by the W and Higgs masses. On the left hand, the values of � ensure absolute stability of the Higgs vacuum.
The right hand plot shows the extremal values of � for which the metastable Higgs vacuum is still su�ciently long lived at zero
temperature. The shaded areas reflect the region of the potential probed by sphaleron configurations.

before for the first family of equations in (III.5), i.e. Eqs (III.10), as they are not sensitive to the potential, while the
second family of equations is modified. Once more, there are only four independent equations, which are:

B
00
�

B

r2

�
A

2 +B
2
� 1

�
+ 2GF �B(G2 + F

2) = 0,

A
00
�

A

r2

�
A

2 +B
2
� 1

�
�A(G2 + F

2)�G
2 + F

2 = 0,

2

r2
(r2G0)0 �

G

r2

�
(A+ 1)2 +B

2
�
+

2BF

r2
� 

2
G(F 2 +G

2
� 1) +G� = 0,

2

r2
(r2F 0)0 �

F

r2

�
(A� 1)2 +B

2
�
+

2BG

r2
� 

2
F (F 2 +G

2
� 1) + F� = 0,

(IV.5)
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(IV.6)

The presence of F,G in the gauge-invariant combination suggests that the equations will be simpler using the variables
R,S, ✓,� as in Eq. (III.13). We find

r
2
R

00 + r
2
S
2 cos[2�� ✓] +R�R

�
R

2 + r
2(✓02 + S

2
�
) = 0,

2r2S00
� 2r2S�02 + 4rS0

� S
�

2
r
2
�
S
2
� 1

�
� 2R cos[2�� ✓] +R

2 + 1
�
+ r

2
S�S = 0,

R✓
00 + 2✓0R0 + S

2 sin[2�� ✓] = 0,

r
2
S�

00 + 2r�0 (rS0 + S)�RS sin[2�� ✓] = 0,

(IV.7)

where now, using �0 = 1 + � and �1 = S
2 + � as in Eqs. (IV.6),
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As in the SM case, the last two equations are solved by Eq. (III.17), and one gets a simplified set of only two di↵erential
equations:
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where vacuum stability 
limits range of

Sphaleron energy in the SM:

SM

deformed 
potential

9

FIG. 2: Left: Profiles for R,S, in units of mW , in the SM sphaleron configuration obtained by solving the reduced system of 2
di↵erential equations. The vertical line marks the scale at which the low r solution (red) was matched with the high r solution
(blue). Right: Contributions to the dimensionless integrand in Ṽ SM

bos , evaluated on the sphaleron solution, due to the gauge
fields (solid blue), derivatives of the scalar field (dashed orange) and the potential energy density of the Higgs (dotted green).

In the equation above, � represents an e↵ective quartic coupling arising from loop corrections, and � – which would
be associated with the field-independent contributions to the masses of the particles running in the loop corrections
– guarantees that the potential is analytic at H = 0. �0 can be chosen at will to be the Higgs VEV v (the di↵erence
can be compensated by a redefinition of the other couplings), and V0 is fixed by requiring as before that the potential
is zero at the minimum. Imposing that the correct Higgs and W masses are generated at tree-level, one can eliminate
the couplings m2

H
and �, and end up with a potential
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with only �, � as free parameters.
The parameter � controls the size of the barrier with respect to the origin and the energy of the Higgs vacuum. A

barrier appears for � > 0, yet increasing � too much (& 0.26 for the measured values of mh and mW ) raises the Higgs
vacuum above the origin, so that the symmetric phase becomes preferred. A negative value of � causes an instability
at values of the field beyond the Higgs vacuum, which captures the situation in the SM for the measured value of
the Higgs and top masses. The allowed window of values of � can be obtained by requiring that the electroweak
vacuum is su�ciently long-lived with respect to tunneling towards large values of the fields (for � < 0) or towards
the origin (� > 0). The tunneling rate can be calculated from the exponential of the Euclidean action of the scalar
field evaluated at a bounce solution [68]. We have computed the latter numerically for � > 0, while for � < 0, in the
presence of a runaway as in the SM, we used the analytic approximation of [69]. Doing so we obtain the following
window of allowed parameters:

�0.005 . � . 0.5. (IV.3)

The shape of the potential is illustrated in figure 3 for di↵erent values of �, including the extrema of the above interval.
If the extra scalar fields that originate the logarithmic corrections are stabilized at the origin and do not receive induced
tadpoles in a given Higgs background (as can be ensured with appropriate discrete or global symmetries), they will
not play a role in the calculation of the sphaleron barrier and can be set to zero. Thus the sphaleron configuration
can be obtained, as in the SM case, by extremising the bosonic energy functional involving the spatial derivatives of
the gauge fields and the Higgs, and the modified Higgs potential of equation (IV.2). Performing the same rescalings
as in Eq. (III.3), the rescaled bosonic energy looks as Eq. (III.4), but with Ṽ (H̃) substituted by
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where we defined �̂ ⌘ �/g
2. The equations of the sphaleron are formally the same as in Eq. (III.5), but with the

above potential. Introducing again the ansatz (III.6) and choosing the gauge C(r) = 0, one gets identical results as
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Sphalerons in composite Higgs scenarios [MS, Tamarit ’16]

Figure 3: Representative sphaleron profiles and energy-density contributions in the deformed-
potential model. The figure makes clear that the barrier energy receives important gauge and
derivative contributions, not just scalar-potential energy. Cropped from Fig. 5 of Spannowsky
and Tamarit, arXiv:1611.05466.

6.4 Interpretation
This part of the paper is important because it tempers an overly naive expectation. One might
guess that “changing the Higgs potential globally” should strongly change the sphaleron barrier.
The paper shows that this is not generically true once the local electroweak scale and Higgs
mass are held fixed.

7 Scenario II: the minimal composite Higgs model SO(5)/SO(4)
7.1 What is new here
The second scenario is qualitatively di�erent. In the minimal composite Higgs model, the Higgs
is a pseudo-Nambu-Goldstone boson of a strongly interacting sector, so the scalar field space is
nonlinear and periodic. This is not just a modified polynomial potential: the geometry of the
scalar manifold changes.

This is exactly the kind of structure that one might expect to a�ect topological barrier
solutions.

7.2 How the paper formulates the model
The authors write the low-energy e�ective theory of the SO(5)/SO(4) model and derive the
corresponding reduced sphaleron equations. Compared with the elementary Higgs case, the scalar
dynamics now contains trigonometric nonlinearities tied to the periodic Goldstone manifold.

Operationally, they repeat the same program:
• derive the reduced radial equations,

• impose regularity and finite-energy boundary conditions,

• solve numerically for sphaleron-like saddle-point solutions.

5

Choose well known standard comp. Higgs scenario

results in new second branch of sphalerons (not present in SM)
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where ⇤ is the energy scale of new physics that suppresses the dimension-six operators Oi
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Figure 1: Energy of the electroweak sphaleron in the units of 4⇡v/g ' 4.7 TeV as a function
of the suppression scale of the dimension-six operator. Di↵erent colors of curves correspond to
di↵erent operators as shown in the legend. Solid (dashed) curves indicate that the operator
coe�cient is positive (negative).

On the right axis of the left panel of Fig. 1 we show the lower bound on the electroweak order
parameter v(T )/T from Eq. (20). We take the coe�cient to be 1.07, which is the arithmetic
mean of 0.973 and 1.16. The washout avoidance condition can vary by as much as a few percent
due to the presence of dimension-six operators while keeping ⇤/

p
|ci| & 1 TeV large enough to

be consistent with collider observations.
In Fig. 2 we show how the size of the electroweak sphaleron changes with the presence

of dimension-six operators. To define the sphaleron size, we calculate the energy density as
⇢sph,0(⇠) = (gv)3(4⇡⇠2)�1dEsph,0/d⇠ with Esph,0 given by Eq. (19). Then we define a fiducial
sphaleron radius ⇠sph as the width at half-maximum, ⇢sph,0(⇠sph) = (1/2)⇢sph,0(0).

4 Conclusion

We have allowed the Standard Model to be extended with a set of 20 dimension-six operators
that are constructed from the Higgs field, isospin gauge field, and hypercharge gauge field.
We have calculated analytically the e↵ect of these operators on the field equations (Table 1),
and to our knowledge such a calculation has not appeared before in the literature. We have
calculated analytically the sphaleron equations of motion (Table 2) with the assumption that
the hypercharge gauge field is set to zero. Using numerical methods, we solve the equations of
motion and calculate the sphaleron energy.
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Figure 2: The dimensionless sphaleron radius as a function of the suppression scale of dimension-
six operators.

Our main result appears in Fig. 1 where we show how the sphaleron energy depends on the
energy scale of new physics for each of the dimension-six operators. The sphaleron energy can
be increased or decreased by as much as O(few%) as the scale of new physics is reduced to the
experimental limit, roughly ⇤ & TeV. The lower bound on the electroweak order parameter
v(T )/T for the avoidance of baryon number washout (20) experiences a comparable shift. In
theories for which v(T )/T depends sensitively on the model parameters, a few percent shift
in the washout avoidance condition can kill or revive electroweak baryogenesis in a significant
region of the parameter space. However, the few percent model dependence that we identify
here is still subsumed by the larger O(20%) uncertainty in the washout avoidance condition that
arises from imprecise calculation of the fluctuation determinant (see Appendix D).

There are a few places where we have made assumptions for the sake of simplicity that could
be relaxed or generalized for future studies. As we discussed in Sec. 2.5 we have neglected
the hypercharge gauge field Bµ when constructing the sphaleron Ansatz. In the unphysical
parameter regime sin2 ✓W ⌧ 1, this assumption furnishes a reliable approximation to the exact
sphaleron solution, but for the measured value sin2 ✓W ' 0.23 the approximation begins to break
down. While this only introduces an O(1%) error in the Standard Model, which is negligible
compared to the O(20%) uncertainty in the washout condition (20) for instance, the error may
be larger when the dimension-six operators are added. It is straightforward to check this using
the more general parametrizations available in Refs. [35, 36] with the equations of motion that
we have already calculated in Table 1.
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Sphaleron production

• Can few-particle scattering produce a sphaleron?
• This is a long-standing disputed question. 

• It is not enough to know that a barrier exists and to know its height. A collider 

prepares a few hard incoming quanta, not a classical coherent field configuration

➡ The question is partly kinematic, partly dynamical and partly about quantum overlap

• Why perturbation theory is not the right language

•  violation is invisible in ordinary perturbation theory around the trivial vacuumB + L
• Perturbation theory expands around one vacuum sector and never captures transitions 

between distinct topological sectors 

➡ Need non-perturbative methods, first step semi-classical method
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• The semi-classical method in a nutshell

where
–W © g

2

4fi
(104)

is the weak fine-structure constant and Ÿ is a dimensionless numerical coe�cient. The value of Ÿ

cannot be obtained reliably in ordinary perturbation theory; it is extracted from nonperturbative
methods such as classical real-time lattice simulations and e�ective theories of hot gauge
dynamics.

The contrast with the broken phase is sharp:
• in the broken phase, the rate is exponentially suppressed by exp(≠Esph/T ),

• in the symmetric phase, the rate is only power suppressed, so B + L violation is e�ectively
fast on cosmological timescales.

7.5 A seminar point that often helps
The phrase “sphaleron process” is used in two di�erent ways in the literature:

• narrowly, for barrier crossing in the broken phase,

• broadly, for any electroweak topological transition including symmetric-phase di�usion.
If someone asks about cosmology, make clear which meaning you are using. A safe phrasing is:

Below the electroweak crossover, one usually means thermally activated crossing
of the sphaleron barrier; above it, one usually means unsuppressed di�usion of
Chern-Simons number in the hot non-Abelian plasma.
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This is the long-standing disputed question. It is not enough to know that a barrier exists and
to know its height. A collider prepares a few hard incoming quanta, not a classical coherent
field configuration. The question is therefore partly kinematic, partly dynamical, and partly
about quantum overlap.

8.1 Why perturbation theory is not the right language
Baryon and lepton number violation by electroweak topology is invisible in ordinary perturbation
theory around the trivial vacuum. Perturbation theory expands around one vacuum sector
and never captures transitions between distinct topological sectors. That is why one turns to
semiclassical methods.

9 Semiclassical method for inclusive transition probabilities
9.1 The basic idea
In weak coupling, path integrals are dominated by saddle points. The nonperturbative transition
probability can therefore be written schematically in the semiclassical form

‡(E, N) Ã exp
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and E0 is the characteristic electroweak scale

E0 ≥
Ô

6 fi
mW

–W
¥ 18 TeV. (107)

Here E is the total energy and N is the initial particle number. The function F (‘, ‹) is the
suppression exponent obtained by solving a boundary-value problem in complex time.

9.2 Why introduce the particle number N at all?
This is a subtle but very important point. The semiclassical method is best controlled when the
initial state itself is semiclassical, which means it contains many quanta,

N ≥ 1
–W

. (108)

That may seem irrelevant to collider physics, where the interesting case is a two-particle initial
state. But the calculational strategy is:

1. solve the controlled many-particle problem,

2. then extrapolate to small N .

9.3 Path-integral representation
The transition amplitude between initial and final states can be represented as a functional
integral,

Aiæf =
⁄

D„ �ú
f [„(+Œ)] exp (iS[„]) �i[„(≠Œ)]. (109)

To obtain an inclusive probability at fixed energy E and particle number N , one inserts projectors
onto those quantum numbers and then rewrites the projectors using integral representations.
The conjugate variables are usually denoted by T and ◊.

At saddle-point level, the result takes the form

F (E, N) = ET + N◊ ≠ 2 Im Scl[T, ◊]. (110)

The classical solution entering Scl is generally complex and lives on a contour in the complex
time plane with both Euclidean and Minkowski segments.

9.4 Why complex time appears
If the process involves tunneling or classically forbidden motion, purely real-time classical
trajectories are not enough. If it also involves specifying asymptotic particle states, purely
Euclidean time is not enough either. The saddle therefore combines both. This is the field-theory
analogue of WKB continued into complex time.

9.5 Legendre-transform structure
Equation (110) is not just a formal expression. It has the structure of a Legendre transform:

ˆF

ˆE
= T,

ˆF

ˆN
= ◊. (111)

The Lagrange multipliers T and ◊ are adjusted so that the classical solution has the desired
energy and particle number. This is one of the cleanest ways to explain the method to an
audience.
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• The holy-grail function9.6 The holy-grail function
The quantity of collider interest is the two-particle suppression exponent, defined formally as

FHG(E) = lim
Næ0

F (E, N). (112)

Then
‡2æany(E) ≥ exp

3
≠ 4fi

–W
FHG(E)

4
. (113)

This function is called the holy-grail function because, if one knew it reliably all the way up
to the sphaleron region, the production question would essentially be answered.

9.7 Low-energy expansion
At energies well below the barrier, semiclassical analysis gives a series of the form

FHG(‘) = 1 ≠ 9
8‘

4/3 + 9
16‘

2 + O(‘8/3), (114)

which shows that the exponent softens as the energy is increased, but only gradually in the
low-energy regime.

9.8 When the method is applicable
You should be ready to state the domain of control very clearly:

• The weak-coupling expansion parameter is small: –W π 1.

• The semiclassical method is most trustworthy for inclusive probabilities and for initial
states with large occupation numbers.

• It reliably captures the existence of exponential suppression at low energies.

9.9 Main limitations
The same intellectual honesty is needed on the limitations:

• The physically interesting few-particle limit is an extrapolation, not a directly controlled
saddle-point calculation.

• Near and above the barrier, the relevant real-time solutions are technically di�cult and
sensitive to the treatment of unstable modes.

• A small exponent does not automatically mean a large hadronic cross section; parton
luminosities, initial-state overlap, and unitarity still matter.

This is the core reason the scattering question remains open.

10 Ringwald, Mattis, and the 1990s debate
10.1 Ringwald’s optimistic point
Around 1990, Ringwald and others emphasized that instanton-induced amplitudes come with
a very large semiclassical prefactor. The rough hope was that, as the energy approaches
the sphaleron scale, a combination of phase space and prefactor enhancement might partly
compensate the huge exponential suppression.

The qualitative logic was:
1. the exponent should decrease as one approaches the barrier;
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At energies well below the barrier 
the semiclassical analysis gives 

exp. softens as energy increases
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• When is the method applicable?

• When the weak-coupling expansion parameter is small: αW ≪ 1

• Most trustworthy for inclusive probabilities and for initial state with large N

• Reliably captures existence of exponential suppression at low energies

• Main limitations

• The physically interesting few-particle limit is an extrapolation, not a directly 
controlled saddle-point calculation

• Near and above the barrier, the relevant real-time solutions are technically 
difficult and sensitive to the treatment of unstable modes

• A small exponent does not automatically mean a large hadronic cross section; 
parton luminosities, initial-state overlap, and unitarity still matter

Those are the core reasons the scattering question remains open
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Ringwald, Mattis, and the 1990s debate

The optimistic view (Ringwald)

Around 1990, Ringwald and collaborators emphasised that instanton-induced 
amplitudes come with a very large semiclassical prefactor. Hope was that, as the 
energy approaches the sphaleron scale, a combination of phase space and 
prefactor enhancement might partially compensate the huge exponential 
suppression

Logic was: 1. the exponent should decrease as one appraoches the barrier

2. the prefactor may be numerically enormous

3. perhaps the rate becomes phenomenologically relevant near tens of TeV
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The sceptics (Matthis, Arnold, Rubakov, and more)

The sphaleron is a coherent many-field configuraiton. A collider inital state, by 
contrast, contains only a few hard quanta. Even if total energy is above the 
barrier, the overlap of the initial state with the field configuration that crosses 
the barrier may remain exponentially small.

not simply “can the collider reach Esph

You cannot make a “fish in a collider” [Mattis ’92] -> mismatch between 
asymptotic state and barrier-crossing configuration

sceptics view confirmed by later semiclassical studies

Theory methods not necessarily suitable…
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[Mattis, ’92]
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Very optimistic - and new approach (Tye and Wong)

Idea: Promote the Chern-Simons direction itself to a dynamical 
collective coordinate. Because neighboring vacue repeat 
periodically in  -> obtains effective one-dimensional 
quantum-mechanical problem in a periodic potential

NCS

In ordinary QM, periodic potential leads to Bloch waves and energy bands

Tye and Wong argue that electroweak topological coordinate should be 
treated similarly:

• below barrier motion along coordinate is tunneling and suppressed

• near or above barrier, allowed bands can open up

• within an allowed band, motion along collective coordinate need not be 
exponentially suppressed
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Why this proposal is attractive 

The appeal of the idea is:

•  it uses the periodic vacuum structure directly (unlike other methods)

• it gives an intiuitive mechanism for reduced suppression
• it suggests benchmark cross sections large enough to motivate exp. searches

Why the community remains cautious

• reducing full field theory to one collective coordinate may neglect 
important couplings to orthogonal modes

• Bloch quasi-momentum  is internal quantum number of the effective 
periodic problem, not the same thing as collider c.o.m momentum

k

•  Even if motion along the collective coordinate is unsuppressed, it is not 
obvious that a few-particle initial state excites that coordinate with 
large probability

• Not clear how to go for band picture to established semiclassical field-
theory calculations

if no final verdict from theory, let nature decide
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Characteristic sphaleron processes

Sphaleron phenomenology

Process with very large 
invariant mass (~9 TeV)

12 left-handed fermions

+




+




+


nWW±

nZZ

nHH

where nW, nZ, nH ≫ 1

No problem triggering

but challenge to fully 

reconstruct, i.e. measuring 
the invariant mass precisely

BaryoGEN [Bravo, Hauser ’18]
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Searches at hadron colliders [Ellis, Sakurai ’16]

Production cross section according to Tye-Wong mechanism

[CMS-
EXO-17-023]

[CMS-PAS-
EXO-24-028]
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Cosmic Rays - Auger

Full Event simulation via Herbvi + Herwig + Corsika

• We already have a 100 TeV collider: UHEC colliding with our atmosphere

IPPP/16/09, DCPT/16/18, MCnet-16-02

Cosmic ray air showers from sphalerons
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The discovery of the Higgs boson marks a key ingredient to establish the electroweak structure of
the Standard Model. Its non-abelian gauge structure gives rise to, yet unobserved, non-perturbative
baryon and lepton number violating processes. We propose to use cosmic ray air showers, as mea-
sured at the Pierre Auger Observatory, to set a limit on the hadronic production cross section of
sphalerons. We identify several observables to discriminate between sphaleron and QCD induced
air showers.

INTRODUCTION

The recent discovery of the Higgs boson [1, 2] was
the last missing piece to establish the Standard Model
of particle physics as e↵ective theory describing inter-
actions at O(1) TeV. The Standard Model is predicted
to give rise to non-perturbative solutions at energies
of O(↵�1

W
mW ) TeV ' O(10) TeV which can result

in the production of many quarks, leptons and elec-
troweak gauge bosons. This production of multiple elec-
troweak gauge bosons can occur with [3–5] or with-
out [6–8] baryon and lepton number violating (BLNV)
processes. The latter can be indicative for the exis-
tence of electroweak sphalerons [9], unstable solutions of
the classical action of motion for the Standard Model’s
SU(2)L that are interpolating between topologically dis-
tinct vacua. Their discovery would yield direct impli-
cations for the observed matter-anti-matter asymmetry
of the universe [10–12]. However, whether these pro-
cesses can be observed at the LHC or a future collider
remains an open question as their production cross sec-
tion is largely theoretically unknown [13–18].

Phenomenologically lepton-number violating processes
with many gauge bosons would give striking signatures
at hadron colliders, easily distinguishable from Standard
Model backgrounds generated in perturbatively describ-
able interactions: events with many leptons, missing en-
ergy and large HT are expected [19, 20]. Thus, the lim-
iting factor to study non-perturbative solutions of the
Standard Model gauge group is the center-of-mass energy
of the initial state particles and the sphaleron production
cross section. While the LHC with up to

p
s = 14 TeV

is unlikely to be able to induce these processes, a future
proton-proton collider with

p
s ' 100 TeV might be able

to [21].

Intriguingly, ultra high energy cosmic rays (UHECRs)
provide us with a natural source for proton-nucleon col-
lisions, where the most energetic ones, E = 1011 GeV,
reach collision energies with nucleons in the atmosphere
of

p
s '

p
2mNE ' 500 TeV. In this paper we study

whether the striking signatures of BLNV processes in-
duced by sphalerons can be observed at ground-based

detection experiments, e.g. the Pierre Auger Observato-
ries.
Previous work aimed at setting limits on new physics

using cosmic ray interactions has either predominantly
focused on exploiting primary and secondary neutri-
nos [22–25] or hadronic shower particles [26]. We in-
stead propose to study the longitudinal shower profile of
electro-magnetic particles with the fluorescens detectors
at Auger. Furthermore, we show the intense imprint the
hard process leaves in the shower distributions of muons
at ground level.
In the following section we first discuss our analysis

framework and the potential final states induced. We
then compare these signatures with existing data as mea-
sured by the Auger Observatory and derive actual limits
on the production cross section of sphaleron processes
in the second section of this paper. In the last section
we extend the analysis assuming more detailed shower
data was accessible. Finally we provide a summary of
our findings.

ELEMENTS OF THE ANALYSIS

Calculating processes involving multi-vector boson fi-
nal states accompanied by several quarks and leptons is
a very di�cult task in proton-proton collisions. Not only
because the phase space is very complex, but also be-
cause in our case the final state is induced by a non-
perturbative hard process.
For the signal events we use HERBVI [15, 27] as im-

plemented in HERWIG [28], specifically designed to gen-
erate BLNV processes. The BLNV process we study
induces a change in baryon and lepton number �B =
�L = �3 and is assumed to be

qq ! 7q̄ + 3l̄ + nV W/Z + nHH, (1)

where the incoming quarks and one outgoing antiquark
are of first generation, and three outgoing antiquarks are
of each of the second and third generations.
While it is for sphaleron-induced processes not nec-

essary to involve electroweak bosons, it was suggested

ar
X

iv
:1

60
2.

00
64

7v
1 

 [h
ep

-p
h]

  1
 F

eb
 2

01
6

IPPP/16/09, DCPT/16/18, MCnet-16-02

Cosmic ray air showers from sphalerons

Gustaaf Brooijmans,1 Peter Schichtel,2 and Michael Spannowsky2

1
Physics Department, Columbia University, New York, NY 10027, United States of America

2
Institute for Particle Physics Phenomenology, Department of Physics,

Durham University, DH1 3LE, United Kingdom

The discovery of the Higgs boson marks a key ingredient to establish the electroweak structure of
the Standard Model. Its non-abelian gauge structure gives rise to, yet unobserved, non-perturbative
baryon and lepton number violating processes. We propose to use cosmic ray air showers, as mea-
sured at the Pierre Auger Observatory, to set a limit on the hadronic production cross section of
sphalerons. We identify several observables to discriminate between sphaleron and QCD induced
air showers.

INTRODUCTION

The recent discovery of the Higgs boson [1, 2] was
the last missing piece to establish the Standard Model
of particle physics as e↵ective theory describing inter-
actions at O(1) TeV. The Standard Model is predicted
to give rise to non-perturbative solutions at energies
of O(↵�1

W
mW ) TeV ' O(10) TeV which can result

in the production of many quarks, leptons and elec-
troweak gauge bosons. This production of multiple elec-
troweak gauge bosons can occur with [3–5] or with-
out [6–8] baryon and lepton number violating (BLNV)
processes. The latter can be indicative for the exis-
tence of electroweak sphalerons [9], unstable solutions of
the classical action of motion for the Standard Model’s
SU(2)L that are interpolating between topologically dis-
tinct vacua. Their discovery would yield direct impli-
cations for the observed matter-anti-matter asymmetry
of the universe [10–12]. However, whether these pro-
cesses can be observed at the LHC or a future collider
remains an open question as their production cross sec-
tion is largely theoretically unknown [13–18].

Phenomenologically lepton-number violating processes
with many gauge bosons would give striking signatures
at hadron colliders, easily distinguishable from Standard
Model backgrounds generated in perturbatively describ-
able interactions: events with many leptons, missing en-
ergy and large HT are expected [19, 20]. Thus, the lim-
iting factor to study non-perturbative solutions of the
Standard Model gauge group is the center-of-mass energy
of the initial state particles and the sphaleron production
cross section. While the LHC with up to

p
s = 14 TeV

is unlikely to be able to induce these processes, a future
proton-proton collider with

p
s ' 100 TeV might be able

to [21].

Intriguingly, ultra high energy cosmic rays (UHECRs)
provide us with a natural source for proton-nucleon col-
lisions, where the most energetic ones, E = 1011 GeV,
reach collision energies with nucleons in the atmosphere
of

p
s '

p
2mNE ' 500 TeV. In this paper we study

whether the striking signatures of BLNV processes in-
duced by sphalerons can be observed at ground-based

detection experiments, e.g. the Pierre Auger Observato-
ries.
Previous work aimed at setting limits on new physics

using cosmic ray interactions has either predominantly
focused on exploiting primary and secondary neutri-
nos [22–25] or hadronic shower particles [26]. We in-
stead propose to study the longitudinal shower profile of
electro-magnetic particles with the fluorescens detectors
at Auger. Furthermore, we show the intense imprint the
hard process leaves in the shower distributions of muons
at ground level.
In the following section we first discuss our analysis

framework and the potential final states induced. We
then compare these signatures with existing data as mea-
sured by the Auger Observatory and derive actual limits
on the production cross section of sphaleron processes
in the second section of this paper. In the last section
we extend the analysis assuming more detailed shower
data was accessible. Finally we provide a summary of
our findings.

ELEMENTS OF THE ANALYSIS

Calculating processes involving multi-vector boson fi-
nal states accompanied by several quarks and leptons is
a very di�cult task in proton-proton collisions. Not only
because the phase space is very complex, but also be-
cause in our case the final state is induced by a non-
perturbative hard process.
For the signal events we use HERBVI [15, 27] as im-

plemented in HERWIG [28], specifically designed to gen-
erate BLNV processes. The BLNV process we study
induces a change in baryon and lepton number �B =
�L = �3 and is assumed to be

qq ! 7q̄ + 3l̄ + nV W/Z + nHH, (1)

where the incoming quarks and one outgoing antiquark
are of first generation, and three outgoing antiquarks are
of each of the second and third generations.
While it is for sphaleron-induced processes not nec-

essary to involve electroweak bosons, it was suggested

ar
X

iv
:1

60
2.

00
64

7v
1 

 [h
ep

-p
h]

  1
 F

eb
 2

01
6

2

that production cross sections are enhanced if many elec-
troweak bosons O(1/↵W ) are produced in association
with the fermions [3–5, 29, 30]. Hence we select nV = 24
and nH = 0 in our simulation.

To compute observables for Auger we further pro-
cess the events with CORSIKA [31] version 4.7. As
default interaction models we chose QGSJET [32] and
GHEISHA [33]. The QCD background we compute with
HERWIG as well. To make sure that HERWIG han-
dles the signal and background collisions correctly we let
CORSIKA also simulate primary collisions on its own
and compare to our Herwig results. We find very good
agreement, for example in the spacial number distribu-
tion of secondaries over all energies.

OBSERVABLES AND LIMITS FROM AUGER

The probability to produce a sphaleron in proton-
proton collisions from high-energetic proton-cosmic rays
is readily parametrised by

Psphal = A�sphal/�T , (2)

where A = 14.6 is the average atomic mass of a nucleus of
air [26] and �T is the total cross section of a proton with
the air. The numerical value for �T for center-of-mass
collision energies

p
s corresponding to EeV primaries we

quote from [34] to be 505± 22 (stat)+28
�36 (sys) mb.

The Auger Observatory is a ground-based cosmic ray
detector. It uses a surface detector array (SD) consist-
ing of 1600 water Cherenkov detectors covering an area
of 3000 km2 and a fluorescence detector (FD) to study
detailed properties of cosmic ray showers in the atmo-
sphere. The combination of SD and FD allows the sam-
pling of electrons, photons and muons at ground level
and the measurement of the longitudinal development of
air showers [35, 36].

The number distribution of particles in longitudonal
direction can be measured by the FD system. It follows
the Gaisser-Hillas function [37]. Xmax denotes the at-
mospheric depth, where the number of electro-magnetic
particles reaches its maximum. It can be used to measure
the nature of cosmic rays [38]. In Fig. 1 we show the dis-
tribution of Xmax for QCD and sphalerons at E = 1 EeV.
Both distributions approximate gaussians of the same
width, however, with clearly distinguishable mean val-
ues. This is important information as the width can be
used to di↵er between protons and heavy nuclei [39]. Fur-
thermore, we note that the mean value depends not only
on the short scale physics but also on the collision en-
ergy, angle and interaction height. In Tab. I we show the
expected Xmax for di↵erent inclinations and heights for
both QCD and sphaleron induced events. While the de-
pendence on the angle is rather strong this does not pose
a problem as the incident angle can be measured well by

Auger⇤. The dependence on the collision height only be-
comes significant when the uncertainty on the primary
interaction exceeds several kilometres. The third column
in each box indicates the background survival probability
✏B, after fixing the signal e�ciency for a cut on Xmax to
✏S = 50%, see the dashed line in Fig. 1. The structure
of hXmaxi encourages us to set a limit using a simple cut
and count analysis. Asking for S/

p
B > 2 to set a 95%

confidence limit we can compute an upper limit on the
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FIG. 1: Distribution of Xmax for QCD and sphaleron induced
events at 1 EeV. We showered 2000 primary events for each
sample.

logE[eV ] 17 18 19 20

20� at 18.3 km

629± 36 696± 38 757± 41 815± 42

679± 40 739± 42 796± 45 849± 47

0.10 0.12 0.22 0.21

45� at 15.0 km

542± 28 594± 29 641± 30 682± 33

580± 31 624± 31 672± 34 710± 35

0.08 0.15 0.19 0.23

45� at 18.3 km

491± 28 544± 28 590± 31 633± 32

529± 29 576± 32 618± 35 660± 35

0.07 0.12 0.20 0.22

45� at 20.0 km

474± 29 525± 28 572± 30 616± 33

513± 31 557± 32 600± 35 640± 37

0.07 0.12 0.20 0.21

TABLE I: hXmaxi for sphalerons (first number) and QCD
(second number) as well as ✏B at 50% signal e�ciency ✏S
for di↵erent primary energies, inclinations and interaction
heights.

⇤We use the vertical optical depth here and not the SLANT depth.

3

fraction of the total proton air cross section

f�T 

s
4✏B

✏
2
SA

2N
, (3)

where N is the number of recorded air showers. To es-
timate the sensitivity of Auger we study its hybrid mea-
surement mode. For the EeV energy range [40] found
4329 events recorded between December 2004 and April
2007, while [38] found 3754 until 2009. Another anly-
sis [41] extracted 6744 events until 2011. We estimate
that Auger has 10000 – 15000 suitable events by now.
Cutting at 50% signal e�ciency yields approximately a
10–20% background e�ciency. This yields a limit of
(0.0008 � 0.0011) ⇥ �T , e.g. �sphaleron  500µb. Fur-
thermore, a dedicated sphaleron analysis could also take
lower energy data (E ⇡ 1017 eV) into account, where
the di↵erence between sphalerons and QCD is more pro-
nounced. Additionally Auger may design less stringent
shower quality cuts streamlined for a dedicated sphaleron
analysis. Auger could therefore be in a position to limit
the sphaleron cross section to the level of few micro barn.

SHOWER OBSERVABLES FOR IMPROVED
LIMITS

So far we have shown that Auger is able to set an up-
per limit on the sphaleron cross section using a simple
cut and count approach for the longitudinal shower pro-
file. However, we expect a structural imprint in each
cosmic ray shower itself, which we can possibly connect
to the short distance physics during the collision. It is
therefore our aim in this section to identify additionally
discriminating observables in air showers. These will not
be simply reconstructible from the Auger detectors, but
rather show the great power of cosmic ray showers as
window to new physics. We hope to trigger discussion
in the experimental community concerning the practical
feasibility of such measurements. In the following we only
use showers with zero inclination and fix the height of the
primary collision to 18.3 km.

In Fig. 2 we plot the expected average energy a muon
carries when reaching the Cherenkov chambers. We ob-
serve a huge di↵erence between the sphaleron induced
events and QCD. To trace back this di↵erence we first
exploit the expected energy distribution per event, see
Fig. 3. QCD and sphalerons look exactly the same ex-
cept for the high energy region, where the sphaleron dis-
tributions are enhanced. Indeed, as we show in Fig. 4,
it is almost exclusively the highest energy muon which
induces this di↵erence. To learn more we also plot the
radial energy distribution in Fig. 5. Again QCD and
sphaleron events almost agree completely except for the
shower core. We can therefore conclude that a sphaleron
event will most likely be accompanied by a very highly

energetic muon within its shower core. Tagging this one
muon constitutes a powerful method to observe sphaleron
induced air showers. In addition we note that sphaleron
events are significantly bigger than QCD events, see
Fig. 5. While all energy of QCD events is confined in
a radius of less than 10 km around the primary colli-
sion point, sphaleron events can induce air showers with
radii of 100 km and more. Some of the quarks and gauge
bosons in the sphaleron decay can have large transverse
momenta. Although the flux of muons is small in the
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FIG. 2: Expected average energy of a muon at the altitude of
Auger for di↵erent primary energies. Sphalerons in red and
QCD blue.

 [GeV]
Elog

0 2 4 6 8 10

[G
eV

]
E

dl
og

dN

4−10

3−10

2−10

1−10

1

10

210

310

410

510

610

710

810
 GeV8 = 10protonqcd, E
 GeV9 = 10protonqcd, E
 GeV10 = 10protonqcd, E
 GeV11 = 10protonqcd, E

 GeV8 = 10protonsphaleron, E
 GeV9 = 10protonsphaleron, E
 GeV10 = 10protonsphaleron, E
 GeV11 = 10protonsphaleron, E

 energy distribution per eventµexpected 

altitude = 1400 m

FIG. 3: Expected energy distribution per event for muons.

[Brooijmans, Schichtel, MS, ’16]

[Schichtel, MS, Waite ’19]

• Observables to discriminate sphalerons from QCD 
xmax and average energy per muon
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Cosmic Rays - Auger [Brooijmans, Schichtel, MS, ’16]

[Schichtel, MS, Waite ’19]
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Cosmic Rays - Auger [Brooijmans, Schichtel, MS, ’16]

[Schichtel, MS, Waite ’19]
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Cosmic Rays - Auger [Brooijmans, Schichtel, MS, ’16]

[Schichtel, MS, Waite ’19]
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Cosmic Rays - Auger [Brooijmans, Schichtel, MS, ’16]

[Schichtel, MS, Waite ’19]

Sphalerons are well separable from QCD backgrounds 
and heavy-particle new physics
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LHC vs Ice Cube

neutrino-nucleon cross section

Ice-Cube event rates

convolute cross sectino with neutrion 
flux to get event rate

effective neutrino detection 
area (from Ice Cube)

[Ellis, Sakurai, MS ’16]
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Summary

• They are a genuinely nonperturbative Standard Model effect. They are not “just 
another rare process”; they probe field configurations and vacuum structure that 
ordinary perturbation theory cannot see.

• The precise calculation of their production rate from proton collisions is a long-
standing and still open problem. Invites to work on theoretical approaches to 
improve their description.

• Experimental searches for sphalerons are well-motivated. These processes are 
striking at colliders, and thus can be observed and separated in cosmic ray 
experiments (Auger, Ice Cube)


