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Quantum simulation of massive Thirring and Gross-Neveu models
for arbitrary number of flavors
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The study of fermionic quantum field theories is an important problem for realizing the standard model
of particle physics on a quantum computer. As a step towards this goal, we consider the massive Thirring
and Gross-Neveu models with arbitrary number of fermion flavors, N s discretized on a spatial one-
dimensional lattice of size L in the Hamiltonian formulation. We compute the gate complexity using the
higher-order product formula and using block-encoding/qubitization and quantum singular value trans-
formations in the limit of large N, and L. We also prepare the ground states of both models with excellent
fidelity for system sizes up to 20 qubits with N =1, 2, 3, 4 using the adaptive-variational quantum
imaginary time algorithm. In addition, we also classify the dynamical Lie algebras of these relativistic
fermionic models and show that they belong to the same isomorphism class. Our work 1s a concrete step
towards the quantum simulation of real-time dynamics of large N ; fermionic quantum field theories models
relevant for chiral symmetry breaking, understanding dimensional transmutation, and exploring the
conformal window of field theories on near-term and early fault-tolerant quantum computers.
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Quantum Computing Linear Algebra

* An n-qubit state is a vector [@) € (C*)®" = CN, N = 2", with (Y|y) = 1.

—T
* Hermitian inner product (@|w) where (¢| = |o)T = |p) .

* Schrodinger’s equation (A = 1): i% Y (t)) = H|Y(t))

e = |Y(t))=U®)|w(0)), U®) =e 1 s unitary: UT =U1

e The Hamiltonian H is Hermitian: HT = H.



Quantum Gates and Circults

0) 1 H [+ 00y 1) Bell state, or EPR pair (Einstein-Podolsky-Rosen)
) \/i |
0) D—. - entangled state, the two qubits are correlated.
_ 11 1y, |
o H = \/5(1 _1) IS the Hadamard gate;

I O

. £ — CNOT = (o v

) IS the controlled-NOT gate;

0 1

o | — (1 O) the identity matrix; X = (1 0

0 1 ) the NOT gate, X|0) = [1), X|[1) =0).
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Dynamical Lie Algebras

Parametrized Quantum Circuilt (ansatz):

U(H) — e—iHLHL cee e—i92H2 e—i91H1

The dynamical Lie algebra (DLA) is the Lie algebra
generated by the Hamiltonians:

q = (iHl, N iHL>Lie — SpanR{[... [in, [iHl, le]]]}
Then U(0) € e® — dynamical Lie group < U(2").

9

INTRODUCTION TO
QUANTUM CONTROL
AND DYNAMICS

Second Edition

Domenico D'Alessandro




The Unitary Group and Lie Algebra

e SUIN) ={A € CV*N|ATA =1, detA = 1} — special unitary group, compact.
* Infinitesimal transformations = Lie algebra

e su(N) ={A e CV*N|AT =—-4, tr A =0}.

® g, =X = ((1) é) o, =Y = ((l) _()l) 0, =/ = ((1) _01) — Paull matrices.

e {X,Y,Z,1} Isabasis for the 2 x 2 Hermitian matrices.

* The Pauli strings {X,Y, Z, [}¥™ form a basis for iu(2").

Wolfgang Pauli (1900-1958)
12



Examples of DLAs of Hamiltonians

Example 1: Local Field Example 2: Transverse Field Ising Model Example 3: Heisenberg Model (n even)
T — — i -
| _ _ Hels.
| Hioc = i§1Xl j HTFIM = Z Liliy1 t Z %$ »
} RS : | Z XXl+1+YYl+1 +ZZL+1
| _ n ! | | |
| § = u(1) * ‘ g = s0(2n) |' l'r
| 1 \'| g = 511(2n 2)64 |
dim g IS linear In n. dim g 1S quadratic N n. dim g 1S exponentia| N n.

The DLA Is generated by the terms of the Hamiltonian.

13
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Fixed Depth Hamiltonian Simulation via Cartan Decomposition
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(a)

RedCarD: A Quantum Assisted Algorithm for Fixed-Depth Unitary Synthesis () ]
via Cartan Decomposition m

Omar Alsheikh @ 1 * Efekan Kokcii @2, Bojko N. Bakalov @, and Alexander F. Kemper @1 f

arXiv:2512.06070v1 [quant-ph] 5 Dec 2025
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Classification of Compact Simple Lie Algebras

Theorem [E. Cartan, Ann. Sci. Ec. Norm. Super. (1914)]
Every compact simple Lie algebra is isomorphic to: su(N), so(N), sp(N) orone of 5
exceptional Lie algebras.

ApO—0—0------ 00 F,0-0:00 Gro=0
Bro—0------ CO—C==0
C,0—0------ 0—0<0 6

Dynkin diagrams Elie Cartan (1869-1951) Eugene Dynkin (1924-2014)

15



Can We Classify All DLAs?

Proposition [D’Alessandro 2007; see also npj Quantum Information (2024)]

The DLA is a subalgebra of u(N); hence is a direct sum of simple compact Lie
algebras and a center.

An embedding g © u(N) < unitary representation of g on C"V.

Zeler and Schulte-Herbrtiggen [J. Math. Phys. 2011] listed all
subalgebras of su(2™) for n < 15 in 95 pages of tables.

Dynkin (1952) classified all maximal subalgebras of simple
Lie algebras. lermann Weyl (1885-1955)

10
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Classification of dynamical Lie algebras of
2-local spin systems on linear, circular and
fully connected topologies

") Check for updates

Roeland Wiersema ® "*? <, Efekan Kékcii ®*, Alexander F. Kemper ®* & Bojko N. Bakalov®®

Classification of dynamical Lie algebras generated
by spin interactions on undirected graphs

Cite as: J. Math. Phys. 67, 052205 (2026); doi: 10.1063/5.0283277 ::_: l'_'_] @
Submitted: 30 May 2025 + Accepted: 5 May 2026 - N
Published Online: 22 May 2026 *
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Label Generating set Example Model

Classification Theorem 3 o .

—_— —— — o, XY Kitaev chain
| ao(n) = span{X; X, 11 }1<jen-1 2 u(1)®™" Y dim =n -1, o XY, YX Massless frea fermion +
‘ , nin—1 magnetic fleld
| ar(n) =span{X;Z;1---Z; 1Y hi<icj<n = so(n), dim = ( 5 ):
| (n) (X.Z Zi Y} (¥.2 Zi X} i3 XX, YZ Kitaev chain + Coulomb
Az2(N) = Spam{ A Lt "+ Lj—1¥jf1<icj<n D SPAN Y iy -+ Lj 1A f1<i<j<n I
','" = so(n) @ so(n), dim=n(n— 1), . SE s |
rﬁﬂ[gn—zjilj-iﬁ dim = Eu—l‘:gu—z _ 1] n=10 mod S, ' Ly XY, YZ
so(2n—1), dim = 2""2(2""1 —-1), n=+1 mod 8, ' B XX, Y2, ZY Massless free fermion + magnetic
az(n) = { su(27-2)®2  dim = 2203 _ 2, n=42 mod 8, fiedd + Coulomb
I’ sp(2n—2), dim = 2"2(2""1 + 1), n=43 mod 8, a; XX, YY,ZZ Heis enberg chain
| L sp(2779)%Y, dim=2""1(2""?+1), n=4 mod 8§, 0 XX, XZ |sing model + transverse fleld
| as(n) = ax(n), | = XY, XZ Kitagv chain -+ longitudinal field
. r ri—2% i . . arn—1 n—2 p—
so(2" )% dim = 2" (2 1), n=0 mod 6, e XY YZ.ZX Heisenbarg
as(n) & ¢ so(2n1), dim = 2""2(2""1 - 1), n==41 mod 6,
| os() 2§ i0n-2)02  dim — 233 _ o, n=42 mod 6 a1 XY, YX,YZ XY-model + longitudinal field
‘. | sp(272), dim =2""2(2""1 +1), n=3 mod 6, dqz XX, XY, YZ
I Eu{ﬂn_l}, dim = 922n—2 _ 1, n odd, dyq XX YY,YZ XY-model + h'.'JFH}lT‘Lﬂﬂ-EJ fierld
| ﬂﬁ{ﬂ} = ﬂ?{ﬂ] = ulﬁ{n} = i—2 b4 . 2r—2 |
| su(2" ), dim = 2 —4, n>4 even, | 044 XX, YY, XY XY-model + transverse fiald
. as(n) 2 so(2n — 1), dim = (n — 1)(2n — 1), » XX, XY, XZ Ising model + arbitrary field
| ag(n) =sp(2"77), dim=2""2(2"""+1), | - XY, YX, YZ, Z¥ Kitaev chain + longitudinal fiald
| u(n) = ouo(w) =s0(2"), dim =272~ 1), n24, . XX, 2X Sing model + arbitrary el
= 2"y, dim = 2°" —1, k=12,17,18,19,21,22 =>4
ax(n) =su(2"), dim * B et e e e | . XX, XZ,YY, ZY XY-model + arbitrary field
| n—1 n—1 2 2rn—1 18
| a13(n) = azp(n) = as(n) =su(2" ) Hsu(2™ ), dim =2 — 2, |
—~ . | g XX, XY, ZX, YZ
ay4(n) = so0(2n), dim = n(2n — 1),

| bo(n) = span{X; h<i<cn = u(1)®" | XX, YY,ZZ, 2ZY Halsenbarg chaln + magnetic fleld

dim = n,
|L bi(n) = span{X;, X; X; 11 hi<icn, 1gjen—1 = u(1)®7 Y, dim = 2n -1, l XX, Y¥, XY, ZX XY-modal + arbitrary field

| ba(n) =ag(n) @span{X 1} =Zsp(2" ) 2 u(l), dim=2""2(2"14+1)4+1, | XX, XY, XZ, YX lzing model + arbitrary fleld

ba(n) = a15(n) @span{X1} =Zsu(2" VN @su2" VN au(l), dim=2"""1_-1. | XX X IX |sing model
| XY, X1, IX Kitaev chain + longitudinal field

o
(o
)
bs(n) = span{X,.Y;, Z; }1<i<, = su(2)®", dim = 3n, '- by X1, X Uncoupled spins
b,
b
by XIL Y1 D, 1Y Lincoupled spins

Wiersema-Kbko-Kemper-Bakalov,

= o
iy

XX, XY, Xl IX |sing modeal + arbitrary field

npJ] Quantum Information 2024 18




Proof Strategy

ldentify all uniqgue DLASs on 2-qubits and add 5u(22)
sites to see how the DLAs extend to large n. >

a(2)

We find the commutant of the DLA: the set § all Pauli strings that commute with the
generators of the DLA; hence with the whole DLA.

We describe the DLA as the fixed points of an involution inside the centralizer of S.

An involution on a Lie algebra g isamap 6:q — g such that 8% = id and
0(lA, B]) = [6(A),0(B)].

Examples: 8(4) = —A" on g = su(N) has fixed points so(N);
0(A) = JA"] on g =su(2N) has fixed points sp(N).

19



® © © ¢ 0 0000000000000 0000000000000 0000000000000 00000000000o0

© © 0 0 0 0000000000000 000000 0000000000000 0000000000000 0000000000000 0000000000000 000000

All subspaces of su(4):
— 1 = 15 Pauli strings

— 1 = 32767 subsets

© © 0 0 0 0000000000000 0000000000 0000000000000 000000000000 00000000000 00000000000000000o

© e 000000 000000000000 0000000000000 000000

DLAS on n Sites

© © © 0 0 0 0000000000000 00000 000000000000 00000000000 000000000000 000000

Extendton > 2

© © 0 0 0 0 000 000000000000 000 0000000000000 0000000000000 0000000000000 000000000000 0000000000000 0 0000

Apply nested commutators:

Up to Isomorphism
17 unique DLAS

146 Lie algebras

@ © © 0 0 0 0 00 0000000000000 000000000000000000o0
© © 0 0 0000000000000 0000000000000000000000o0

@0 0 06 000 0000000000000 000000000 000
© 0000000000000 00000000000000 000

© © 0000000000000 0000000000000 000000000000 0000 0000000000000 0000000000000000000000c000000000000o0

.
.
.
.*

.*

© © 0 0 0000 0000000000000 0000000000000 0000000 000000000000 000000000000 0000000000000 0000000000000 000000000000 0,

Apply Paull symmetries:

28 unigue Lie algebras

© © 0 0 0000 0000000000000 0000000000000 000000000000 0000000 000000000000 0000000000000 000000000000 000000000000 00

@ ¢ 0 00 0000000000000 0000000000 00
© 0000000000000 000000000000 000



DLAS of Interaction Graphs

* We generate a DLA by placing the Pauli matrices on the vertices of the interaction
graph and the length-2 Pauli strings on the edges.

* Examples of interaction graphs: (a) line; (b) cycle; (c) complete graph;
(f) complete bipartite graph.

/K R AN

(d) Bipartite G (e) Non-bipartite G (f) K23

[Wiersema-Kokcu-Kemper-Bakalov, npj Quantum Information (2024)]}
| Kokcu-Wiersema-Kemper-Bakalov, J. Math Phys. (2026)]
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DLAs Generated by Paull Strings

We define a DLA a% generated by a set of length-2 Pauli strings and single Pauli
matrices by placing them on the edges, respectively vertices, of a graph G.

Theorem [Kokcu-Wiersema-Kemper-Bakalov, J. Math Phys. (2026)]

o a,‘j = al,f" for k =7,16,20,22 and every graph G with n vertices;

o a,ﬂf = al,fn for k = 2,4,6,14 and every non-bipartite graph G with n vertices;
K L . .

o a,ﬂf s akl'm for k = 2,4,6,14 and every bipartite graph G with [, m vertices.

Agulilar, Cichy, Eisert, and Bittel [arXiv:2408.00081] prove that every DLA generated by

Pauli strings is isomorphic to a direct sum of copies of su(N), so(N), sp(N) (no
exceptional Lie algebras). They provide a process how to determine the DLA.

22



DLA Dimensions

* The scaling of the dimension of these
dynamical Lie algebras Is either linear,
guadratic or exponential in the number of
sites n.

—~ 10° F

* The non-exponential ones can be simulated
classically — free fermions.

dim(g

Wiersema-Kokcu-Kemper-Bakalov, arXiv:2309.05690
Kokcl-Wiersema-Kemper-Bakalov, arXiv:2409.19797
Aquilar, Cichy, Eisert, and Bittel, arXiv:2408.00081

Goh, Larocca, Cinclo, Cerezo, Sauvage, arXiv:2308.01432 n
M. Cerezo et al., arXiv:2312.09121
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Review Article | Published: 12 August 2021

Variational quantum algorithms

M. Cerezo ™ Andrew Arrasmith, Ryan Babbush, Simon C. Benjamin, Suguru Endo, Keisuke Fuijii, Jarrod

R. McClean, Kosuke Mitarai, Xiao Yuan, Lukasz Cincio & Patrick J. Coles 2

Nature Reviews Physics 3, 625-644 (2021) | Cite this article

Training set

Cost function
Ansatz

Input

Output
C(6) = 2k Ji(6, pr)

= T
-I-'

[ ] -

Quantum state

Updated parameters

e Optimizer Probability distribution
S arg min C(0) Bitstring

_'g 6 * P : Gate sequence

e~ : —P Quantum operator
- !



ARTICLE

Received 9 Dec 2013 | Accepted 27 May 2014 | Published 23 Jul 2014

A variational eigenvalue solver on a photonic
gquantum processor

Alberto Peruzzo'™ T Jarrod McClean?*, Peter Shadbolt! Man-Hong Yunng3, Xiao-Qi Zhou' Peter J. Love?,
Alan Aspuru-Guzik? & Jeremy L. O'Brien’

Variational Quantum Eigensolver (VQE)

Chemistry Applications

* Finding the ground energy of
complex molecules (e.g., Nitrogen
fixation catalysts).

» Simulating drug-receptor
Interactions with exact correlation.

» Discovery of new battery
materials and high-temperature
superconductors.

The minimum of the loss function C(8) = (O|U(9)T H U(9)|O)

> min eigenvalue of H. It will approach it when the ansatz U(0) is expressive.

25



Trainable Landscape
(Shallow / Structured Circuit)

nature L=

COMMUNICATIONS

ARTICLE

OPEN
Barren plateaus in quantum neural network training

landscapes

Jarrod R. McClean', Sergio Boixo

1 Vadim N. Smelyanskiy', Ryan Babbush' & Hartmut Neven'

Barren Plateau Landscape
(Deep / Random Expressive Circuit)

Review Article Published: 26 March 2025

Barren plateaus in variational quantum computing M

I 05

M Samson Wang, Kunal Sharma, Jacob Biamonte, Patrick J.

Cost C(6)

Martin Larocca ™, Supanut Thanasilp
T 0.0

N FYe
| | | T -05

Coles, Lukasz Cincio, Jarrod R. McClean, Zoe Holmes & M. Cerezo

Nature Reviews Physics 7, 174-189 (2025) | Cite this article
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Diagnosing Barren Plateaus with Tools from Quantum
Optimal Control

Martin Larocca'’-?, Piotr Czarnik?, Kunal Sharma3?2, Gopikrishnan
Muraleedharan?, Patrick J. Coles?, and M. Cerezo*>

Quantum 6, 824 (2022).

Conjecture : =10 (4 n=2 k
D Y n=3 o
Gradient Scaling o | mn=4 %
E | e n=2>5 o ¥
l 1 oen==~6 % ! so

101 A - B B
Varg[auc(g)] €0 (poly(dim(gk))) o %?f?g

T 10-2;8 gﬂo

Size of dynamical Lie algebra 1073 102 101
1/dim(g)
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nature communications 8

Article https://doi.org/10.1038/s41467-024-49909-3

A Lie algebraic theory of barren plateaus for
deep parameterized quantum circuits

Algebraic analysis

Dimension of the DLA \ Michael Ragone'?, Bojko N. Bakalov®?%°, Frédéric Sauvage®,
Alexander F. Kemper ®*, Carlos Ortiz Marrero>®, Martin Larocca®’ &

M. Cerezo®®
SORTCES nature communications

of Barren Plateaus
Article https://doi.org/10.1038/s41467-024-49910-w

Characterizing barren plateaus in quantum
ansitze with the adjoint representation

Te[U(0) pU (6)0)

9OUDIAYOII(J OIeIqII[Y

Received: 13 October 2023 Enrico Fontana®'?, Dylan Herman' , Shouvanik Chakrabarti', Niraj Kumar’,
Romina Yalovetzky', Jamie Heredge'>, Shree Hari Sureshbabu’ & Marco Pistoia ®

Accepted: 25 June 2024

Published online: 22 August 2024
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Barren Plateaus

For a typical loss function in variational quantum - R
computing, the loss function and its gradients -
concentrate (on average) as dim g Increases. - —

Loss function: Cy(p,0) = tr(U(6)pU(6)70). Parametrized Quantum Circuit

Assuming the DLA ¢ Is simple and 10 € g:

tr(pgz) tr(0?)
dim g

L .
e U(0) = ll:lle—lﬁsz_

Varg[Co(p,0)] =

* DLA g = (iHy, ..., iH; )ie.

* |nitial state density matrix p = |&){£].
M. Larocca et al., Quantum 6 (2022),

M. Ragone et al., Nature Comm. 15 (2024),

E. Fontana et al., Nature Comm. 15 (2024). ® py Isthe projectionof p to g.
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MIT-CTP/4610
A Quantum Approximate Optimization Algorithm

Edward Farhi and Jeffrey Goldstone
Center for Theoretical Physics
Massachusetts Institute of Technology
Cambridge, MA 02159

Sam Gutmann

arXiv:1411.4028v1 [quant-ph| 14 Nov 2014

A review on Quantum Approximate Optimization Algorithm
and its variants

Kostas Blekos “*!, Dean Brand ”!, Andrea Ceschini ', Chiao-Hui Chou ¢,
Rui-Hao Li ¢!, Komal Pandya"', Alessandro Summer '

Physics Reports 1068 (2024) 1-66
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Quantum Approximate Optimization Algorithm (QAQOA)

X

*

Parametrized Quantum Circuit — M M —~ — ||
i 0) - E-
lJ — —ip1HyM -1V iHp . .
(By) = Lle " e od szl s L
[=1 0) o e R R
% £ g2 I T
: : =t . | - |
Problem Hamiltonian Hp: R “- . ¢ ©
i 0) - -
Hp‘X) — F(X)‘X) fOr X € {011} e -"w - _— —
: . . 4 Ansatz circuit
Mixer Hamiltonian Hy,, = ), Xx
- _ r .
Initial state ‘6’) — 2 n/2 ZxE{O 1}n‘X> Update of parameters (3, )

Minimizing the loss function C(B,y) = (¢|U(B,y)T Hp U(B,y)|é) — minF(x).

E. Farhi, J. Goldstone, S. Gutmann, arXiv:1411.4028 .



QAOA for MaxCut

The Cut Line
i{ 4/

QAOA Is used to solve NP-hard combinatorial
optimization problems such as Graph MaxCut, Graph
Coloring, Graph Vertex Cover, Boolean Satisfiabllity,
Traveling Salesman, Portfolio Optimization, etc.

MaxCut: Given a graph G with n vertices, find z € {+1}" with
B Set A
1 I SetB
— ] — i mmmm Cut Edges (crossing partition)
max 2 Z(])k)EE(G) (1 Z] Zk) @ grOund State Of m = Uncut Edges within set)

Hp = Z(j,k)EE(G) ZjZy (Ising Hamiltonian) E. F_ar_hi, J. Goldstone, S. Gutmann,
arxiv:1411.4028
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PRX QUANTUM 6, 040345 (2025)

On the dynamical Lie algebras of quantum approximate

optimization algorithms
Analyzing the Quantum Approximate Optimization Algorithm:
Jonathan Allcock?, Miklos Santha??, Pei Yuan!, and Shengyu Zhang! Ansitze, Symmetries, and Lie Algebras

arXiv:2407.12587v2 [quant-ph] 4 Mar 2026 Sujay Kazi®,!??* Martin Larocca®,>*" Marco Farinati®,’ Patrick J. Coles,®? M. Cerezo®,”- and
Robert Zeier®?3:+

Provable avoidance of barren plateaus for the Quantum Approximate
Optimization Algorithm with Grover mixers

Boris Tsvelikhovskiyf* * Matthew Nuyten.}2 and Bojko N. Bakalov 21

I Department of Mathematics, University of California, Riverside, CA 92521, USA
> Department of Mathematics, North Carolina State University, Raleigh, NC 27695, USA

arX1v:2509.10424v1 [quant-ph] 12 Sep 2025
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DLA of MaxCut QAOA

Theorem [Mao-Yuan-Allcock-Zhang, arXiv:2512.24577].

For an Erd6és—Rényi random graph G~G (n, %), with probability > 1 — e ™™,

aqaoa = (I X(jreece) ZiZk, 1 21=1 Xi)

Lie

= (iZ;jZy,iX,: (j,k) €E(G),1 <l <n)

Lie ~ 9ma—-QAOA

|R. Herrman et al., Sci. Rep. (2022)]

Corollary. By [Kdkcu-Wiersema-Kemper-Bakalov, J. Math Phys. (2026)]

Oma—QAOA = af4 has dim € 0(4") = MaxCut QAOA has barren plateaus.
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QAOA with Grover Mixer

Replace the standard mixer Hy, = ),1.—; X} with the Grover mixer Gy = |E){(&].
[A. Bartschi, S. Eidenbenz, IEEE Conf. 2020]

Arbitrary initial state |&) allows to solve constrained optimization problems by
restricting to a feasible subspace.

Theorem [Tsvelikhovskiy-Nuyten-Bakalov, arXiv:2509.10424].

» The DLAis |{iHp,iGp)1ie = su(d) @G u(l)  u(1)

where d is the number of distinct eigenvalues of Hp when acting on |¢).

* For s-local Hamiltonian Hp with integer eigenvalues, Varﬁ,y[C(ﬁ, y)] € Q(n™%)

= Nno barren plateaus. (For MaxCut, s = 2, d < (g) )
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Conjectured Relationships of Complexity Classes

BQP N NP\P

Classically Hard,
Quantumly Easy,

NP Classically Verifiable. BQP
(Nondeterministic Polynomial) (Bounded-Error Quantum Poly)
Example:

% Integer Factorization
(Shor's Algorithm)
NP-Complete Core Quantum Only
Problems verifiable in P Problems solvable efficiently
polynomial time but not (Polynomial Time) by a quantum computer but
solvable efficiently classically. not known to be in NP.
Solvable efficiently
Example: classically. Example:
* MaxCut % Quantum Simulation
Examples:

Sorting, Graph Traversal
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