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• An 𝑛-qubit state is a vector  𝜓 ∈ (ℂ2)⊗𝑛 ≅ ℂ𝑁, 𝑁 = 2𝑛,  with  ⟨𝜓 𝜓 = 1.

• Hermitian inner product  ⟨𝜑 𝜓 where  ⟨𝜑| = 𝜑 † = 𝜑
𝑇
.

• Schrödinger’s equation ℏ = 1 : 𝑖
𝑑

𝑑𝑡
|𝜓(𝑡)⟩ = 𝐻|𝜓(𝑡)⟩

• ⇒ 𝜓(𝑡) = 𝑈 𝑡 𝜓 0 , 𝑈 𝑡 = 𝑒−𝑖𝑡𝐻 is  unitary:  𝑈† = 𝑈−1.

• The Hamiltonian 𝐻 is  Hermitian:  𝐻† = 𝐻.

Quantum Computing Linear Algebra 
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• 𝐻 =
1

2

1 1
1 −1

is the Hadamard gate;

• = CNOT =
𝐼 0
0 𝑋

is the controlled-NOT gate;

• 𝐼 =
1 0
0 1

the identity matrix;  𝑋 =
0 1
1 0

the NOT gate,  𝑋 0 = 1 , 𝑋 1 = 0 .

Quantum Gates and Circuits

Tony Io

Bell state, or EPR pair (Einstein-Podolsky-Rosen)

- entangled state, the two qubits are correlated.



Dynamical Lie Algebras 

Parametrized Quantum Circuit (ansatz): 

𝑈(𝜃) = 𝑒−𝑖𝜃𝐿𝐻𝐿 ⋯𝑒−𝑖𝜃2𝐻2 𝑒−𝑖𝜃1𝐻1
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The dynamical Lie algebra (DLA) is the Lie algebra 

generated by the Hamiltonians:

𝔤 = 𝑖𝐻1, … , 𝑖𝐻𝐿 Lie = spanℝ{[… [𝑖𝐻𝑘 , [𝑖𝐻𝑙 , 𝑖𝐻𝑚]]]}.

Then  𝑈 𝜃 ∈ 𝑒𝔤 – dynamical Lie group ≤ U 2𝑛 .



The Unitary Group and Lie Algebra
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• SU 𝑁 = 𝐴 ∈ ℂ𝑁×𝑁 𝐴†𝐴 = 𝐼, det 𝐴 = 1} – special unitary group, compact.

• Infinitesimal transformations  ⇒ Lie algebra 

• 𝔰𝔲 𝑁 = 𝐴 ∈ ℂ𝑁×𝑁 𝐴† = −𝐴, tr 𝐴 = 0}.

• 𝜎𝑥 = 𝑋 =
0 1
1 0

, 𝜎𝑦 = 𝑌 =
0 −𝑖
𝑖 0

,   𝜎𝑧 = 𝑍 = 
1 0
0 −1

– Pauli matrices.

• 𝑋, 𝑌, 𝑍, 𝐼 is a basis for the 2 × 2 Hermitian matrices.

• The Pauli strings 𝑋, 𝑌, 𝑍, 𝐼 ⊗𝑛 form a basis for 𝑖𝔲 2𝑛 .

Wolfgang Pauli (1900-1958)



Examples of DLAs of Hamiltonians

𝐻TFIM = ∑
𝑖=1

𝑛−1

𝑍𝑖𝑍𝑖+1 + ∑
𝑖=1

𝑛

𝑋𝑖

𝔤 = 𝔰𝔬(2𝑛)

Example 2: Transverse Field Ising Model

dim 𝔤 is quadratic in 𝑛.

𝐻loc = ∑
𝑖=1

𝑛

𝑋𝑖

𝔤 = 𝔲(1)⊕𝑛

Example 1: Local Field

dim 𝔤 is linear in 𝑛.

𝐻Heis.

= ∑
𝑖=1

𝑛−1

𝑋𝑖𝑋𝑖+1 + 𝑌𝑖𝑌𝑖+1 + 𝑍𝑖𝑍𝑖+1

𝔤 = 𝔰𝔲(2𝑛−2)⊕4

Example 3: Heisenberg Model (𝑛 even)

dim 𝔤 is exponential in 𝑛.

The DLA is generated by the terms of the Hamiltonian.
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Classification of Compact Simple Lie Algebras 

Theorem [É. Cartan, Ann. Sci. Ec. Norm. Super. (1914)] 

Every compact simple Lie algebra is isomorphic to:  𝔰𝔲 𝑁 , 𝔰𝔬 𝑁 , 𝔰𝔭(𝑁) or one of 5 
exceptional Lie algebras.
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Dynkin diagrams Eugene Dynkin (1924-2014)Élie Cartan (1869-1951)



Can We Classify All DLAs?

• Proposition [D’Alessandro 2007; see also npj Quantum Information (2024)]

The DLA is a subalgebra of 𝔲 𝑁 ; hence is a direct sum of simple compact Lie 

algebras and a center.

• An embedding 𝔤 ↪ 𝔲 𝑁 ⇔ unitary representation of 𝔤 on ℂ𝑁.

• Zeier and Schulte-Herbrüggen [J. Math. Phys. 2011] listed all                                  

subalgebras of  𝔰𝔲 2𝑛 for  𝑛 ≤ 15 in 95 pages of tables.

• Dynkin (1952) classified all maximal subalgebras of simple                                       

Lie algebras.
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Hermann Weyl (1885-1955)
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Classification Theorem
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Wiersema-Kökcü-Kemper-Bakalov, 

npj Quantum Information 2024



Proof Strategy

Identify all unique DLAs on 2-qubits and add 

sites to see how the DLAs extend to large 𝑛.
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• We find the commutant of the DLA: the set 𝑆 all Pauli strings that commute with the 

generators of the DLA; hence with the whole DLA.

• We describe the DLA as the fixed points of an involution inside the centralizer of 𝑆.

• An involution on a Lie algebra  𝔤 is a map  𝜃: 𝔤 → 𝔤 such that  𝜃2 = id and                      

𝜃 𝐴, 𝐵 = [𝜃 𝐴 , 𝜃 𝐵 ] .

• Examples: 𝜃 𝐴 = −𝐴𝑇 on  𝔤 = 𝔰𝔲 𝑁 has fixed points  𝔰𝔬 𝑁 ;
𝜃 𝐴 = 𝐽𝐴𝑇𝐽 on  𝔤 = 𝔰𝔲 2𝑁 has fixed points  𝔰𝔭 𝑁 .



DLAs on 𝑛 Sites

All subspaces of 𝔰𝔲(4):

24 − 1 = 15 Pauli strings

215 − 1 = 32767 subsets

Apply nested commutators:

146 Lie algebras

Apply Pauli symmetries:

28 unique Lie algebras

Extend to 𝑛 > 2

Up to isomorphism 

17 unique DLAs
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DLAs of Interaction Graphs

[Wiersema-Kökcü-Kemper-Bakalov, npj Quantum Information (2024)]

[Kökcü-Wiersema-Kemper-Bakalov, J. Math Phys. (2026)]
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• We generate a DLA by placing the Pauli matrices on the vertices of the interaction 

graph and the length-2 Pauli strings on the edges.

• Examples of interaction graphs:  (a) line;  (b) cycle;  (c) complete graph;               

(f) complete bipartite graph.



DLAs Generated by Pauli Strings

• We define a DLA  𝔞𝐺 generated by a set of length-2 Pauli strings and single Pauli 

matrices by placing them on the edges, respectively vertices, of a graph 𝐺.

• Theorem [Kökcü-Wiersema-Kemper-Bakalov, J. Math Phys. (2026)]

• 𝔞𝑘
𝐺 ≅ 𝔞𝑘

𝐾𝑛 for  𝑘 = 7,16,20,22 and every graph 𝐺 with 𝑛 vertices;

• 𝔞𝑘
𝐺 ≅ 𝔞𝑘

𝐾𝑛 for  𝑘 = 2,4,6,14 and every non-bipartite graph 𝐺 with 𝑛 vertices;

• 𝔞𝑘
𝐺 ≅ 𝔞𝑘

𝐾𝑙,𝑚
for  𝑘 = 2,4,6,14 and every bipartite graph 𝐺 with 𝑙, 𝑚 vertices.

• Aguilar, Cichy, Eisert, and Bittel [arXiv:2408.00081] prove that every DLA generated by 

Pauli strings is isomorphic to a direct sum of copies of  𝔰𝔲 𝑁 , 𝔰𝔬 𝑁 , 𝔰𝔭(𝑁) (no 

exceptional Lie algebras). They provide a process how to determine the DLA.
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DLA Dimensions

• The scaling of the dimension of these 

dynamical Lie algebras is either linear, 

quadratic or exponential in the number of 

sites 𝑛.

• The non-exponential ones can be simulated 

classically – free fermions.
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Wiersema-Kökcü-Kemper-Bakalov, arXiv:2309.05690

Kökcü-Wiersema-Kemper-Bakalov, arXiv:2409.19797

Aguilar, Cichy, Eisert, and Bittel, arXiv:2408.00081 

Goh, Larocca, Cincio, Cerezo, Sauvage, arXiv:2308.01432

M. Cerezo et al., arXiv:2312.09121
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Variational Quantum Eigensolver (VQE)

The minimum of the loss function  𝐶 𝜃 = 0 𝑈 𝜃 † 𝐻 𝑈 𝜃 0

≥ min eigenvalue of  𝐻. It will approach it when the ansatz  𝑈 𝜃 is expressive.
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Chemistry Applications

• Finding the ground energy of 

complex molecules (e.g., Nitrogen 

fixation catalysts).

• Simulating drug-receptor 

interactions with exact correlation.

• Discovery of new battery 

materials and high-temperature 

superconductors.
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Barren Plateaus

• For a typical loss function in variational quantum 
computing, the loss function and its gradients 
concentrate (on average) as  dim 𝔤 increases.

• Loss function: 𝐶𝜃 𝜌, 𝑂 = tr 𝑈 𝜃 𝜌𝑈 𝜃 †𝑂 .

• Assuming the DLA  𝔤 is simple and  𝑖𝑂 ∈ 𝔤:

M. Larocca et al., Quantum 6 (2022),

M. Ragone et al., Nature Comm. 15 (2024),

E. Fontana et al., Nature Comm. 15 (2024).

Var𝜃[𝐶𝜃(𝜌, 𝑂)] =
tr 𝜌𝔤

2 tr 𝑂2

dim 𝔤
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Parametrized Quantum Circuit

• 𝑈(𝜃) = ∏
𝑙=1

𝐿

𝑒−𝑖𝜃𝑙𝐻𝑙.

• DLA  𝔤 = 𝑖𝐻1, … , 𝑖𝐻𝐿 Lie.

• Initial state density matrix  𝜌 = |𝜉⟩⟨𝜉|.

• 𝜌𝔤 is the projection of  𝜌 to 𝔤.
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Quantum Approximate Optimization Algorithm (QAOA)

E. Farhi, J. Goldstone, S. Gutmann, arXiv:1411.4028
31

Parametrized Quantum Circuit

𝑈(𝛽, 𝛾) = ∏
𝑙=1

𝑝

𝑒−𝑖𝛽𝑙𝐻𝑀 𝑒−𝑖𝛾𝑙𝐻𝑃

Problem Hamiltonian 𝐻𝑃:

𝐻𝑃 𝑥 = 𝐹(𝑥) 𝑥 for  𝑥 ∈ 0,1 𝑛

Mixer Hamiltonian  𝐻𝑀 = ∑𝑘=1
𝑛 𝑋𝑘

Initial state  𝜉 = 2−𝑛/2∑𝑥∈ 0,1 𝑛 𝑥

Minimizing the loss function  𝐶 𝛽, 𝛾 = 𝜉 𝑈 𝛽, 𝛾 † 𝐻𝑃 𝑈 𝛽, 𝛾 𝜉 → min𝐹 𝑥 .



QAOA for MaxCut

E. Farhi, J. Goldstone, S. Gutmann, 

arXiv:1411.4028
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QAOA is used to solve NP-hard combinatorial 

optimization problems such as Graph MaxCut, Graph 

Coloring, Graph Vertex Cover, Boolean Satisfiability, 

Traveling Salesman, Portfolio Optimization, etc.

max
1

2
∑ 𝑗,𝑘 ∈𝐸(𝐺) (1 − 𝑧𝑗𝑧𝑘) ⟺ ground state of

𝐻𝑃 = ∑ 𝑗,𝑘 ∈𝐸(𝐺) 𝑍𝑗𝑍𝑘 (Ising Hamiltonian)

MaxCut: Given a graph 𝐺 with 𝑛 vertices, find 𝑧 ∈ ±1 𝑛 with
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DLA of MaxCut QAOA
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Theorem [Mao-Yuan-Allcock-Zhang, arXiv:2512.24577].

For an Erdős–Rényi random graph 𝐺~𝐺(𝑛,
1

2
), with probability ≥ 1 − 𝑒−Ω(𝑛),

𝔤QAOA = 𝑖 ∑ 𝑗,𝑘 ∈𝐸(𝐺) 𝑍𝑗𝑍𝑘 , 𝑖 ∑𝑙=1
𝑛 𝑋𝑙

Lie

= 𝑖𝑍𝑗𝑍𝑘 , 𝑖𝑋𝑙 ∶ 𝑗, 𝑘 ∈ 𝐸 𝐺 , 1 ≤ 𝑙 ≤ 𝑛
Lie

= 𝔤ma−QAOA

[R. Herrman et al., Sci. Rep. (2022)]

Corollary. By  [Kökcü-Wiersema-Kemper-Bakalov, J. Math Phys. (2026)]

𝔤ma−QAOA = 𝔞14
𝐺 has  dim ∈ 𝑂(4𝑛) ⇒ MaxCut QAOA has barren plateaus.



QAOA with Grover Mixer
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Theorem [Tsvelikhovskiy-Nuyten-Bakalov, arXiv:2509.10424].                     

• The DLA is  𝑖𝐻𝑃, 𝑖𝐺𝑀 Lie ≅ 𝔰𝔲 𝑑 ⊕ 𝔲 1 ⊕ 𝔲 1

where 𝑑 is the number of distinct eigenvalues of 𝐻𝑃 when acting on 𝜉 .

• For 𝑠-local Hamiltonian 𝐻𝑃 with integer eigenvalues, Var𝛽,𝛾 𝐶 𝛽, 𝛾 ∈ Ω 𝑛−2𝑠

⇒ no barren plateaus. (For MaxCut, 𝑠 = 2, 𝑑 ≤
𝑛
2

.)

Replace the standard mixer 𝐻𝑀 = ∑𝑘=1
𝑛 𝑋𝑘 with the Grover mixer 𝐺𝑀 = |𝜉⟩⟨𝜉|.       

[A. B ሷartschi, S. Eidenbenz, IEEE Conf. 2020]

Arbitrary initial state  𝜉 allows to solve constrained optimization problems by 

restricting to a feasible subspace.
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Conjectured Relationships of Complexity Classes
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