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ADbstract

Langlands duality is one of the most influ-
ential topics in mathematical research. It has
many different appearances and influential sub-
topics. Yet there is a topic that until now
seems unrelated to the Langlands program.
That is the topic of invariant differential op-
erators. That is strange since both items are
deeply rooted in Harish-Chandra’'s representa-
tion theory of semisimple Lie groups. In this
talk we start building the bridge between the
two programs.

Based on Mathematics, 13, no. 5, 855 (2025).



Interlude:

Before going into the essence, I would like
to remind where our work with Ivan Todorov
started. You have seen the Springer mono-
graph with five authors:

V.K. Dobrev, G. Mack, V.B. Petkova, S.G.
Petrova and I.T. Todorov, Harmonic Analy-
sis on the n-Dimensional Lorentz Group and
Its Applications to Conformal Quantum Field
Theory, Lecture Notes in Physics, No 63, 280
pages (Springer Verlag, Berlin-Heidelberg-New
York, 1977).

Two more publications are most relevant in
these initial years:

V.K. Dobrev, G. Mack, V.B. Petkova, S.G.
Petrova and I.T. Todorov, On the Clebsch-
Gordan expansion for the Lorentz group in n



dimensions, Rept. Math. Phys. 9 (1976) 219-
246.

V.K. Dobrev, V.B. Petkova, S.G. Petrova and
I.T. Todorov, Dynamical derivation of vacuum
operator product expansion in Euclidean con-
formal quantum field theory, Phys. Rev. D13
(1976) 887-912.

Just to remind that there were two senior au-
thors - Mack and Todorov, and three PhD stu-
dents who defended their theses as follow:

Valentina Petkova, in 1976,
Svetla Petrova, in 1977,

V.K. Dobrev, in 1978



Back to the Introduction

In the last 50 years Langlands duality is one

of the most influential topics in mathematical
research. It has many different appearances
and influential subtopics, cf. an incomplete
list in loc. cit. Note that some papers are
written by authors who have created influential
topics themselves. The last fact stresses the
omnipresence of the Langlands program.

Yet, the concept of invariant differential op-
erators has not been related to the Langlands
program in literature. That is strange since
both items are deeply rooted in Harish-Chandra’s
representation theory of semisimple Lie groups.
Here we start building a bridge between the two
programs.



Our attempt is based on our approach to the
construction of invariant differential operators
- for an exposition we refer to [VKD1] which is
based also on many papers, see loc. cit. Our
approach is deeply related to the Langlands
general classification of representations of real
semisimple groups G taking into account the
refinement by Knapp-Zuckermann:

R.P. Langlands, On the Classification of Irre-
ducible Representations of Real Algebraic Groups,
Mimeographed notes Princeton 1973; Published
in: Math.Surveys Monogr. 31 (1989) 101-170;
A.W. Knapp, G.J. Zuckerman, Springer Lec-
ture Notes in Math. Vol. 587, pp. 138-159
(1977); Ann. Math. 116, 389-501 (1982).

One main ingredient in Langlands approach
are the parabolic subgroups P = M AN, such
that M is semisimple subgroup of our group
G under study, A is abelian subgroup, N is
nilpotent subgroup preserved by the action A.



Altogether, there is a local (Bruhat) decompo-
sition of G using a subgroup G/ = PN, where
N is a nilpotent subgroup of G isomorphic to
N also preserved by the action A, so that G’ is
dense in G. According to the construction of
Langlands-Knapp-Zuckermann:

Every admissible irreducible representation
of G may be obtained as a subrepresenta-
tion of representations of G induced by a
representations of some P (in many cases

some classes are enough - see details below).

Our construction of intertwining differential
operators is based on the fact that the struc-
ture of parabolic subgroups is related to vari-
ous subgroups of the Weyl groups W(QC,H@),
where G is the Lie algebra of GG, H is the Cartan
subalgebra of some M A. This is also related to
various intertwining operators in the Langlands
dual group.



Other aspects of the Langlands programme
are reviewed in our paper loc. cit. (in " Math-
ematics” ). Here we only mention:

- Two-parameter generalization of the geo-
metric Langlands correspondence is proved for

all simply-laced Lie algebras. This is related

to many parameter quantum groups, V.K. Do-

brev, Representations of Quantum Groups

and g-Deformed Invariant Wave Equations,

Dr. Habil. Thesis, Tech. Univ. Clausthal

1994, (Papierflieger Verlag, Clausthal-Zellerfeld,
1995) ISBN 3-930697-59-9.
https://www.directtextbook.com/isbn /97839306975



More fundamental contributions are related to
conformal supersymmetry where the more im-
portant papers are:

V.K. Dobrev and V.B. Petkova, All positive en-
ergy unitary irreducible representations of ex-
tended conformal supersymmetry, Phys. Lett.
B162 (1985) 127-132. (with more than 350
indpendent citations);

V.K. Dobrev and V.B. Petkova, On the group-
theoretical approach to extended conformal su-
persymmetry : classification of multiplets, Lett.
Math. Phys. 9 (1985) 287-298.

V.K. Dobrev and V.B. Petkova, Group-theoretical
approach to extended conformal supersymme-
try : function space realizations and invariant
differential operators, Fortschr. d. Phys. 35
(1987) 537-572; 51985).



Further, the present talk is organized as fol-
lows. In the next section we give a synopsis of
our approach. Then we apply this to the group
SL(2n,R), using the Langlands duality of the
subgroup M used in the example. The cases
n = 2,3,4 are exposed in separate subsections.



Preliminaries

We start by giving a synopsis of our program
of canonical construction of invariant differen-
tial operators.

Let G be a semi-simple, non-compact Lie group,
and K a maximal compact subgroup of G.
Then, we have an Iwasawa decomposition G =
KAgNg, where Agp is an Abelian simply con-
nected vector subgroup of G and Ng is a nilpo-
tent simply connected subgroup of G preserved
by the action of Ag. Furthermore, let Mgy be
the centralizer of Ag in K. Then, the subgroup
Py = MgAgNg is a minimal parabolic subgroup
of G. A parabolic subgroup P’ = M'A'N’ is
any subgroup of G which contains a minimal
parabolic subgroup.

Furthermore let G, K, P, M, A N denote the
Lie algebras of G, K, P, M, A, N, resp.



Further, for simplicity, we restrict to maximal
parabolic subgroups P = M AN, i.e., rank A =
1, resp., to maximal parabolic subalgebras P =
MBAPN with dim A= 1.

Let v be a (non-unitary) character of A, v €
A* parameterized by a real number d, called
(for historical reasons) the conformal weight or
energy.

Furthermore, let u fix a discrete series repre-
sentation D¥ of M on the Hilbert space V,, or
the finite-dimensional (non-unitary) represen-
tation of M with the same Casimirs.

We call the induced representation x = Ind§(u®
v®1) an elementary representation of G. (These
are called generalized principal series represen-
tations (or limits thereof) in [Knapp].) Their
spaces of functions are:



Cxy = {F € C°°(G, V)| F(gman) =

= e VH) . pi(m™1) F(g)}

where a = exp(H) €¢ A, H ¢ A, m € M,
n € N'. The representation action is the left
regular action:

(TX()F)(g)=F(g ), g,decaG (1)

An important ingredient in our considerations
are the highest/lowest-weight representations
of GC. These can be realized as (factor-modules
of) Verma modules VN over G¢, where A €
(HC)*, HC is a Cartan subalgebra of G€ and
the weight A = A(x) is determined uniquely
from x [VKD1].

Actually, since our ERs may be induced from
finite-dimensional representations of M (or their
limits) the Verma modules are always reducible.



Thus, it is more convenient to use generalized
Verma modules VN such that the role of the
highest /lowest-weight vector vg is taken by the
(finite-dimensional) space V,vg. For the gen-
eralized Verma modules (GVMSs) the reducibil-
ity is controlled only by the value of the con-
formal weight d. Relatedly, for the intertwining
differential operators, only the reducibility with
regard to non-compact roots is essential.

Another main ingredient of our approach is
as follows. We group the (reducible) ERs with
the same Casimirs in sets called multiplets,
(and which represent also quivers, though mul-
tiplets contain more structure, see below). The
multiplet corresponding to fixed values of the
Casimirs may be depicted as a connected graph,
the vertices of which correspond to the re-
ducible ERs and the lines (arrows) between the
vertices correspond to intertwining operators.
The explicit parameterization of the multiplets



and of their ERs is important in understanding

of the situation.

The notion of multiplets was introduced in
1985 and applied to representations of SO,(p,q) and
SU(2,2), resp., induced from their minimal parabolic
subalgebras. Then it was applied to the con-
formal superalgebra, to quantum groups, to
infinite-dimensional (super)algebras, see later
volumes of [VKD1].

In fact, the multiplets contain explicitly all the

data necessary to construct the intertwining
differential operators. Actually, the data for
each intertwining differential operator consist
of the pair (8,m), where 8 is a (non-compact)
positive root of ¢¢, m € N, such that the
Bernstein-Gel'fand-Gel'fand Verma module re-
ducibility condition (for highest-weight mod-
ules) is fulfilled:

(A+p,8Y)=m, B=28/(8,5) (2)



where p is half the sum of the positive roots
of GC. When the above holds, then the Verma
module with shifted weight VA—m8 (or 7A-—mB
for GVM and 8 non-compact) is embedded in
the Verma module VA (or V/\). This embed-
ding is realized by a singular vector vs deter-
mined by a polynomial P, 3(G~) in the univer-
sal enveloping algebra (U(G_)) vg, and G~ is
the subalgebra of Gt generated by the nega-
tive root generators. More explicitly [VKD1],
UZ%B = Py, g vo (OF Ufn,ﬁ = P Vivg for GVMs).
Then, there exists [VKD1] intertwining dif-
ferential operator

Dmg  Cx(n) = Cx(A—mp) (3)
given explicitly by:
Din.g = Prms(G7) (4)

where é: denotes the right action on the func-
tions F.



Some more details:

In our exposition below, we use the so-called
Dynkin labels:

mZE(A+p7a;/)7 ’L:].,,TL, (5)

where A = A(x), p is half the sum of the posi-
tive roots of GC.

We shall use also the so-called Harish—Chandra
parameters:

mg = (A+p,8") , (6)

where 38 is any positive root of GC. These
parameters are redundant, since they are ex-
pressed in terms of the Dynkin labels; however,
some statements are best formulated in their
terms. (Clearly, both the Dynkin labels and
Harish—Chandra parameters have their origin
in the BGG reducibility condition (2).)



Next, we recall the action of the Weyl group
on highest weights:

wg(N) = A= (A+p,B8)8 (7)

and thus,

wg(N) = AN —mgf (8)

and the shifted weight in (8) results by the
action of the Weyl group.

Next we mention the important notion of re-
stricted Weyl group. We first need the so-
called restricted roots.

Let A 4 be the restricted root system of (G, A’):

Ay = {(AeA" | X#0, Gy #0},
Gy ={X€e€g |V, X]=AY)X, VY € Ap)
The elements of A 4 are called A’-restricted

roots.
[The terminology comes from the fact that



things may be arranged so that these roots
are obtained as restriction to A’ of some roots
of the root system A of the pair (G H®).]

For A€ Ay, G, are called A'-restricted root
spaces, dimp g:}l, > 1.

Next we introduce some ordering (e.g., the
lexicographic one) in A 4. Accordingly the lat-
ter is split into positive and negative restricted
roots: Ay = A:X, UA,,.

Furthermore, we introduce the simple restricted
root system AR, - which is the simple root sys-
tem of the restricted roots. Next we introduce
the restricted Weyl reflections: for each root
A E Aj, we define a reflection sy in A :

> 1)
(>\ A)

Clearly, s)(A) = —X, s>\ =id g+ .

sx(p) A, peA” (10)



The above reflections generate the A’-restricted
Weyl! group W (G, A").

The above may be applied to the case when
instead of some A’ we use an arbitrary sub-
algebra H' of H.



The case of SL(2n,R)

In this talk we treat the case of G = SL(2n,R),
g = sl(2n,R). We restrict to maximal parabolic
subalgebra

P
M

MBABN (11)
sl(n,R) ® sl(n,R), dmA=1, dimN = n?

In the context of relative Langlands duality
this case was studied as the subcase of hy-
perspherical dual pairs. There the relation to
physics appeared as arithmetic analog of the
electric-magnetic duality of boundary condi-
tions in four-dimensional supersymmetric Yang-
Mills theory. This aspect will be recovered for
n = 2 below.



In our case of consideration m = 2n we have

M = si(n) @ sl(n) (12)
and we use representations of M indexed as
follows:

M= (my,...,mp_1; Mpy1,...,M2p_1) (13)

When all m; are natural numbers M indexes
the unitary finite-dimensional irreps of M.



sl(4)

In the case of sl(4) the parabolic M factor is:

Mgy = sl(2) @ sl(2) (14)

the representations being indexed by the num-
bers mi,ms3

Relatedly the representations of G are indexed
by:

xa = [m1,mo, m3] (15)

It is well-known that when all m; are natural
numbers then x4 exhausts the finite-dimensional
representations of G. Each representation xa
is part of 24-member multiplet naturally corre-
sponding to the 24 elements of the Weyl group
of sl(4). When we consider induction from My
then we have six-member multiplets (sextets)



parametrized as follows:

X = {mi,m2,m3}, (16)
X~ = {miz2,—mo,ma3}, N7 =A" —moay
X'~ = A{mo,—mio,miz}, AT =AN" —miago
X'T = {miz,—maz,ma}, N'T =N~ —mzan3
XT = {ma3,—miz,mia}, NT=N" —mzans =
= Nt _ mi1a1o
xT = {mz,-miz,mi}, AT =NT —mpas

where mio = mq + mo, mo3z = mo +m3, mi13 =
m1+mo—+m3. Note that the & pairs are related
by Knapp-Stein integral intertwining operators
G* so that the operators GT act from y~ to
xT, while G~ act from xT to x—, etc.

Thus, the Knapp-Stein duality is a manifes-
tation of the Langlands duality.

We recall that the number N,; of ERs in
a multiplet corresponding to induction from a
parabolic is given by [VKD1]:

_ WG,

Ny (17)



which in our case (M = My) gives:

24
Ny = 7 =6 (18)

what we have obtained.

An alternative parametrization stressing the
duality is given as follows:

Xt = {(m1;m3)F; ¢ = £ (ma+3(my+m3))
XE = {(m1a,m3)*; ¢ = £3i(m1+m3z)},
X' = {(ma,m13)F; ¢ = £3(m1—m3)},

where (p; )T = (¢;p), (p;q)~ = (p; q),

The irreducible subrepresentations £ of xy— are
finite-dimensional, exhausting all finite-dimensional
(non-unitary) representations of si(4), and of
all real forms.



The above results were given first in the Eu-
clidean case in:

V.K. Dobrev and V.B. Petkova, Elementary
representations and intertwining operators for
the group SU*(4), Rept. Math. Phys. 13
(1978) 233-277.

even before the full theory was developed!
(recalling that su*(4) = so(5,1))

Finally, we use the simplest case m1 = m»o =
m3 = 1 to exhibit the electro-magnetic duality
which has transparent physical meaning for the
conformal real form su(2,2). The multiplet is
depicted on Fig. 1.



Fig. 1. The Electromagnetic Quiver.

This is the simplest case of conformal invariant differential operators;
F¥* depict the duality decomposition of the electromagnetic field Fo.;
A, resp., J,, is the electromagnetic potential, resp., the current;

I+ depict the differential operators which come from the equation oA, —0,A,=F,, .
Note that Knapp-Stein operators relate cases symmetric w.r.t. the central black dot,

thus creating an extended electromagnetic quiver.



Note that the multiplets containing the finite-
dimensional subrepresentations are called main
multiplets. The other multiplets are called re-
duced multiplets, yet the latter also contain
inducing finite-dimensional representations of
M.

In the case at hand there are three such re-
duced cases so that each reduced multiplet is
a doublet (containing two ERs). Explicitly the
three cases are:

Xt = {(ma,ma3)F;
c = :I:%m;z,}, (19a)
AT = A7 — mzans
xa = {(m1;ma)*;
¢t = +4(m1+m3)}, (19b)
x5 = {(mi2,m2)F;
c = +amq}, (19¢)

AT = N3 —miaqo



Note that here the invariant operators are de-
formations of the Knapp-Stein integral opera-
tors from the sextet picture. Thus, those from
xT to x~ are still integral operators, while
those from x— to X+ are differential op-
erators via degeneration of the Knapp-Stein
integral operators. Yet in the first and third
case these are differential operators inherited
from the sextets, only the operators in (25b)
from x, to Xg_ are obtained due to genuine
degeneration of the Knapp-Stein integral op-
erators. This is the standard degeneration of
the two-point function-kernel which at the re-
ducibility points is a generalized function with
regularization turning it into delta-function (cf.
Gelfand et al (\Vol 5)). Finally, we add that in
the case mq = m3 = n the operators (25b)

become degrees of the d’Alembert operator:

_|_
Dpn = const O = constOd" (20)



sl(6)

Here we take up the case sl(6) with parabolic
M factor

Mg = sl(3,R)®sl(3,R) = Mo ®Mop (21)

We start with elementary representations of
sl(6,R) indexed by five numbers:

X — {ml,mg,m3,m4,m5}, (22)
so that mq,mo index the representations of
Moy, mg,mg index the representations of

Mopr, while mg3 indexes the representations
of the dilatation subalgebra A.

When all m; are positive integers we use for-
mula (23) and so we have a multiplet of 20
members since:
_ |W(G,H) 6
Ny = = 5
(W (Ms, Hs)| (34

= 20. (23)



T heir signatures are:

X1 = {mi1,m2,mz3,m4,ms}, (24)
X2 = {mi,m23,—m3,m34,ms },

X3 = {mi2,m3,—mo3,moa4,ms },
X4 = {m1,mp4,—m34,Mm3,M4s5 },
X5 = {mo,mz3,—m13,m14,ms },

X6 = {mi2,m34,—mo4,m23,Mm4s5 },
X7 = {m1,mps5,—m35,m3,ma4 },

xg = {mo2,m34,—m14,m13,M45 },
xXo = {mi13,m4,—mog,mo,m3s },
X10 = {mi2,m35,—mo5,m23,Mm4 },
X11 = {mo23,m4,—m14,m12, M35 },
X12 = {m2,m35,—mi5,m13,Mm4 },
X13 = {mi13,Mm45,—mo5,m2,m34 },
X14 = {m3,ma,—mia,m1,mos },
X15 = {m23,m45,—m15,m12,M34 },
X16 = {mi4,ms,—mo5,mo,ms3 },
X17 = {m3,ma45,—m15,m1,m24 },
X18 = {mo4,Mms5,—m15,m12,Mm3 },
X19 = {ms34,ms5,—mi5,m1,m23 },
X20 = {m4,ms,—mi5,m1,mo}



The Proof is constructive. We start with the
representation yi1, then by our procedure we
find the embedded representation yx»>. Then
from the latter we find the embedded represen-
tations x3 and x4. We proceed to the last case
x20 Which is reducible only by the Knapp-Stein
operator intertwining it with its Langlands dual

X1 <

T he full picture of embeddings is seen on Fig.
2.



A16

Fig. 2. Main multiplets for si(6,R)



We observe that the representations x, and
X21—n, are Langlands duals related by Knapp-
Stein operators (symmetry w.r.t. the black
dot). More explicitly, this duality is given by
the following presentation of the same multi-
plet:

XT = {(m1,ma; ma,ms)*;

c = +(m3z+ 3m12.45) },
X5 = {(m1,ma3; mag,ms)T; c=+2min4s5},
X5 = {(mia,m3; mog,ms)T; c=+Imy 45},
Xz = {(m1,moq; m3,mys)T; c=+Imias},
Xz = {(ma,m3; mig,ms)™; c=+L(mgs —m1)}
Xe = {(m12,m34; moz,mys)™;

¢ = +3(m1 +ms)},
X3 = {(m1,mos; m3,mg)T; c=+1(mio—ms)}
Xg = {(m2,mzsq; mi3,ma5)"; c = +L(ms —my)
Xa = {(mi3,mq; ma,m3s)T; c=+1(m1 + ms))

T . . 1
Xip = {(mi2,m3s; ma3z,ma)™; c==+3(my —ms,



where (p,q;r,s)T = (r,s;p,q), (p,q;m,8)” =
(p,q;r,s), and the inducing number of the di-
latation subalgebra A is replaced by the con-
formal factor c. Clearly, X, = xn, X =
X21—n for 1 <n<10.

Reduced multiplets

Here we just list the reduced multiplets which
contain finite-dimensional irreps of the induc-
ing M.

1 X5 = {(ma,m3; mog,ms)E;

c = timas },

Xg& = {(ma,m3q; maz,mys)T; c=+Ims},

Xoo = {(maz,ma; ma,m3s)T; c=+ims},
13 x¢F = {(ma,mq; ma,mys)™; c=+ims},
14 x4 = {(ma,m3; maz,ms)T; c = +ims},
15 xgF = {(mo3,mq; ma,m3q)E; c=0},(25a)

135 xg = {(mo,m4; mo,myg);, c=0}, (25Db)



2 x5 = {(m1,m3; m3s,ms)T; c=+imi s},
Xi= = {(m1,m3q; m3,mgs)T; c=+imis},
X5 = {(m1,mas; mz,mg)T; c=+i(m1 —ms
24 x5F = {(m1,m3; m3,ms)T; c=+imis},
25 45 = {(m1,m3q; m3,mg)T; c=+Imy},
3 X7 = {(m1,ma; mg,ms)T; c=+Lmisas},
Xg& = {(mi2,mq; ma,mgs)™; c=+imis},
Xg= = {(ma,ma; mia,mys)™; c = +i(ms —mq)

Note that the numbers on the left indicate
which representation numbers are missing in
the displayed signatures.

Further, note that the <+ pairs are Knapp-
Stein pairs, except the case (31a) where the
operator is just a flip of the finite-dimensional
inducing irreps. Note also that the case (31b)
IS a singlet.

Note that we do not display reduced multiplets
with missing labels m4 and mg since due to
duality they are equivalent to multiplets with
missing labels m»>, mq, resp.



The case slI(8)

Here we consider the case sl(8) with parabolic
M factor

M7z = sl(4,R)®sl(4,R) = Mor®&Mop (26)

Analogously to the previously considered cases
the representations of si(8,R) are indexed by
seven numbers:

x = {mi,mo,m3,m4,ms,me, ,my}, (27)
so that miq,mo,m3 index the representations
of Mo, mg,mg, m7 index the representations

of Mop, and my4 indexes the representations
of the dilatation subalgebra A.

When all m; are positive integers we again use
the formula (23) so we have a multiplet of 70
members since:

WG, H) 8
W (M7, H7)| (41)2




T heir signatures are:

Xt = {(m1, m2,m3,ma, Mms mg,m7)7,
ct = £ (mg+smi3s7)},

X5 = {(ma, m2,M34, M4, MAS meg, m7)*
¢t = £ (5ma7)} (29)

x5 = {(mq, m23, M4, —M34, M35 meg,m7)E
ct = +(Emizs7)}

Xz = {(m, m2, M35, ~Mas M4 msg ,m7)"
t = +(Emizer)}

Xz = {(m12,m37m4, —mog ,mos , Mme , m7)T
= £(3mis7)}

xzg = {(mq, m23,M45 , ~MN35,M34 mse ,m7)>
ct = £ (Gmiagr)}

xF = {(mq, M2, M36, ~M4G ;M4 ms, mg7)"
ct = £(imiz7)}

Xg = {(m2,m3,m4, —m14 (m1s,msg, m7)*
= +(Gm_157)}

X5 = {(m12,m3,m45,—m25 (mog ,msg, m7)™
= +(@Emier)}

X1 = {(m1,moq,ms,—mzs(mz,mae,mz)™
t = +(Emiser)}

Xﬁi { (m1,ma3,ma6, —mae (M34,ms, ma7)™

o

= +(3mia7)}



+ +
X12 — {(ml ma,mazy, m477m47m5am6) )

&t = +(Gmiz_7)}

X1z = {(mo UERU R (m14,mse,m7)™
= +t(@Em_167)}

Xiq = {(m12 ,m34,ms, —mos (Mo3, mag , m7)=
= + (le 67) )

Xis = { (m12 ,m3, M6, —mae (Mo, ms , me7)™
= + (le 7)}

Xis = {(m1,ma4,mse,—m3e(m3,mas,mg7)*
= £(5mia7)}

Xi; = {(m1,ma3,ma7,—ma7,mzq,ms,mg)*
= £ (Gmin_7)}

Xis = {(mo S35 TMAG s ~M1G6 14 M5 me7) ™
= £(Gm_o17)}

X1 = {(mo ;345 MS  ~M15, 13, MAG m7)*
Ci = +(3m_167)}

X5, {(m13 \M4 , M5, —M25 , M2, M36 , M7 )"
Ci = £ (3mie7)}

X3, = {(mlz |34, MEE , —M2G , M23 ,M45 , MET) T
= + (le 7)}

X35 = {(m1,mos5,me,—m3e,m3,mg,ms7)™

= £(@Emi27)}



+
X23
4

+
X33 —

C:I:

{ (m1,mo4,ms7,—ma7,m3,mas, mg)" ,

= +(3min_7)}

{(m127m3,m47, —mo7,mog ,ms ,me)T
= =+ (le 7)1}

= {(m2 ;M35 MAT M7, 14, M5 me)™
- + (le 7) }

= {(m2 ;34,156 5 ~M16 1113, M4S me7)E
= =+ (Qm 1 7) }

{(m23 Mg, Mms, —M15,M12,M36,M7)"
= +(3m_167)}

{(m13 , M4 , 56 , —M26 , M2, M35, MET)
= = (le 7) }

{(’mlz , M35, M , —M26 , M23 , M4, MET) T
= = (§m1,7)}

{ (m1,mos,mg7, —m37,m3,ma,msg)>
= +(3min_7)}

= { (m12 ,M34,M57 , —M27 , M3, M45,MG) "
= =+ (le 7))}

= {(m2 ;34 5T 5 ~IMAT 1113, M4S me)™
= + (le 7) }

{(m27m35,m6,—"7116 miz,ma,ms7)"
= =+ (jm—l,T) }



+ +
X34 = {(mo3,mg,mse,—mie,m12,Mm35,Mme7)" ,

1
ct = & (jm—l,T)}
Xél:5 — {(m37m4am57_m157m1 7m267m7)i )
1
= £ (Gm_1267)}

where (p,q,u;r,s,0)T = (r,s,v;p,q,u),
(p,q,u;r,s,v)” = (p,q,u,r,8,v).

The Proof is constructive. We start with the
representation x,, then by our procedure we
find the embedded representation x,. Then
from the latter we find the embedded repre-
sentations x; and x,. We proceed to the last
case XT which is reducible only by the Knapp-
Stein operator intertwining it with its Lang-

lands dual x;. ¢



Conclusion

On the example of the group SL(2n,R) we
started building a bridge between the Lang-
lands program and our approach to construc-
tion and classification of invariant differential
operators. We have obtained full new results
in the cases of si(6,R) and si(8,R).

Our paper opens the perspective of applica-
tions to many other groups, in particular, the
group SL(2n 4+ 1,R) which looks similar but
has different families of intertwining differen-
tial operators - this work is already in progress.



T hank you for your attention!



