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1. It was observed by P. Vogel [The Universal Lie Algebra, Preprint (1999)℄, in his

investigation of the Vassiliev theory of knot invariants, that for all simple

Lie algebras g, the square ad⊗2
of the adjoint representation ad is

de
omposed in a uniform way (for all simple Lie algebras)

ad⊗2 ≡ g⊗2 = ad+X2︸ ︷︷ ︸
∧(g⊗2)

+1 + Y2 + Y ′

2 + Y ′′

2︸ ︷︷ ︸
sym(g⊗2)

,

where ad = g = Y1 and X2, Y2, Y
′
2, Y

′′
2 are Casimir subreps in ad⊗2

.

Moreover, it was shown that the dimensions of ad, Y2 = Y2(α),
Y ′

2 = Y2(β), Y
′′

2 = Y2(γ) and X2 are rational homogeneous

�symmetri
� fun
tions of three universal Vogel parameters α, β, γ.
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Even earlier P.Deligne [1996℄, A.M. Cohen and R. de Man [1996℄ 
onsider the

universality of the de
omposition ad⊗k |k=2,3,4 only for ex
eptional Lie

algebras, and then P. Vogel [1999℄, J.M. Landsberg, L. Manivel [2006℄, M. Avetisyan, API,

S.Krivonos and R.Mkrt
hyan [2024℄ proved that de
ompositions of ad⊗k
exhibit

universal behavior up to degree k = 4 for all simple Lie algebras.

The 
onje
ture is that, for all simple Lie algebras, all Casimir

subrepresentations appeared in the de
omposition of ad⊗k
exhibit universal

behavior.
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2. In the de
omposition of the totally symmetri
 part of g⊗k
the Cartan k-th

power Yk (α) of the adjoint representations will always arise (the highest weight of
Yk is kλad, where λad is the highest weight of ad = Y1). The universal formula

for the dimensions of all representations Yk = Yk(α) is known [J.M. Landsberg,

L. Manivel (2006)℄

dimYk(α) =

(
1− (2k − 1)α̂

)

k! α̂k
(
1− (k − 1)α̂

)
k−1∏

ℓ=0

(ℓ α̂− 1)(β̂ + ℓα̂− 1)(γ̂ + ℓα̂− 1)

(β̂ − ℓα̂)(γ̂ − ℓα̂)
, (1)

and in parti
ular we have

dimY1 = dim g =
(α̂− 1)(β̂ − 1)(γ̂ − 1)

α̂ β̂ γ̂
. (2)

Our homogeneous parameters α̂, β̂, γ̂ are related to the standard Vogel

parameters α, β, γ by

α̂ =
α

2t
, β̂ =

β

2t
, γ̂ =

γ

2t
, (t := α+ β + γ) , (3)

so that α̂+ β̂ + γ̂ = 1/2.
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3. Vogel parameters and other 
hara
teristi
s of the simple Lie algebras

slN soN spN=2r g2 f4 e6 e7 e8
α −2 −2 −2 −2 −2 −2 −2 −2
β 2 4 1 10/3 5 6 8 12

γ N N − 4
(N+4)

2
8/3 6 8 12 20

t =
C(2)(ad)

2
N N − 2 (N+2)

2
4 9 12 18 30

α̂ = α
2t

− 1
N

−
1

N−2
−

2
N+2

−1/4 −1/9 −1/12 −1/18 −1/30

β̂ = β

2t
1
N

2
N−2

1
N+2

5/12 5/18 1/4 2/9 1/5

γ̂ = γ

2t
1/2 N−4

2(N−2)
N+4

2(N+2)
1/3 1/3 1/3 1/3 1/3

dim� N N N 7 26 27 56 248

dim g N
2 − 1 N(N−1)

2
N(N+1)

2
14 52 78 133 248

c
(�)
(2)

N2
−1

2N2
(N−1)
2(N−2)

(N+1)
2(N+2)

1/2 2/3 13/18 19/24 1

c
(�)
(2)

· dim�
dim g

2N
dim g

(N−2)
dim g

(N+2)
dim g

4
dim g

3
dim g

4
dim g

3
dim g

Here � denotes the de�ning representation. For the normalization α = −2, the
value t = α+ β + γ is equal to the dual Coxeter number h∨.

4. Sin
e all universal formulas are homogeneous symmetri
 fun
tions of the Vogel

parameters, one 
an 
onsider all simple Lie algebras as points on the 2d plane

P(α=−2) in 3d spa
e of the Vogel parameters (α, β, γ). More pre
isely they are

points in RP
2/S3 (the Vogel map).
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Before we show this Vogel map, we note that the 
ondition γ̂ = 1/3 ⇔ 2t = 3γ,
for ex
eptional Lie algebras, de�nes the line (γ + 4) = 2β on the plane

P(α=−2) ∈ R
3
.

Remarkable fa
t is that the points of Lie algebras sℓ(3) and so(8) are also on this

line.

Type Lie algebra α β γ t = h
∨ = α+ β + γ γ̂ = γ

2t

A2 sℓ(3) −2 2 3 3 β

2t
= 1/3

D4 so(8) −2 4 4 6 1/3

G2 g2 −2 10/3 8/3 4 1/3

F4 f4 −2 5 6 9 1/3

E6 e6 −2 6 8 12 1/3

E7 e7 −2 8 12 18 1/3

E8 e8 −2 12 20 30 1/3

Uni�ed des
ription of all simple LA by means of 3 parameters (α, β, γ) leads to
the 
onje
ture of existing the universal LA and to some new approa
h to 
lassify

Lie algebras.
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Vogel map

(1999)

α = −2 R.Mkrt
hyan, P.Cvitanovi�


so(2n) = sp(−2n) ⇔

(α, β, γ) = −2(β, α, γ)

Other points on Vogel map

e.g. dimE7+ 1
2
= 190,

dimD6+ 1
2
= 99,...

(intermediate ex
eptional line)

✻

✲

✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁
✁✁

(γ + 4) = 2β

An = sℓ(n + 1)
(β ↔ γ)

Cn = sp(2n)

Bn = so(2n + 1)

Dn = so(2n)

•D4 (4, 4)

• F4 (5, 6)

•
G2

1
3
(10,8)

• C2

• C3

• C4 •D5

•B5

•B4

•D6

•
D3

A3

A2
• •

A5
•

•
B2 = C2 (β ↔ γ)

• E8 (12, 20)20

• E
7+ 1

2
(10, 16)

• E7 (8, 12)12

• E6 (6, 8)8

6

γ

4

2

1

4 6

12

β

An
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Some other a
hievements of the Vogel universality.

1. The generating fun
tion of universal eigenvalues for higher Casimir operators

C
(k)
ad (for all simple Lie Algebras) in adjoint representations was obtained

[R.Mkrt
hyan, A.Sergeev, and A.Veselov, Casimir eigenvalues for universal Lie algebra,

J.Math.Phys. 53.10(2012) 102106℄

Ĉ (z) =
(

1
dim(g)

(
1

1+z
+ dimY2(α)

1+ zα
2t

+ dimY2(β)

1+ zβ
2t

+ dimY2(γ)
1+ zγ

2t

)
+

+ 1
1+ z

2
+ 1

2 dim(g)− 3
2

)
=

∞∑
k=0

C
(k)
ad (α, β, γ)zk .

2. Formula for volumes of simple 
ompa
t Lie groups G [R.Mkrt
hyan and

A.Veselov, 2014℄:

Vol(G) = (23/2π)dim g e−Φ(α,β,γ) ,

where Φ(α, β, γ) =
∫∞

0
dz

F (z/t)
z(ez−1) .

10 / 39



3. R.Mkrt
hyan and A.Veselov 
al
ulated the generating fun
tion for

pk =
∑

µ∈Φ(g)(µ, ρ)
k
, where ρ = 1

2

∑
α>0 α,

F (z) =
∑

k=1

pk
zk

k!
=

sh
z
4 (α− 2t) sh z

4(β − 2t) sh z
4 (γ − 2t)

sh
z
4α sh

z
4β sh

z
4γ

− dim g .

The �rst term in rhs is the deformation of the universal formula for dim g

(it follows from F (z)|z=0 = 0).

4. Besides, in many papers [A.Mironov, R.Mkrt
hyan, A.Morozov, A.Sleptsov,

M.Bishler, a.o., 2016-2026℄ the universal formulas for some types of knot

polynomials and their deformations were 
onstru
ted whi
h valid for all

simple Lie algebras simultaneously.
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Now the des
ription of the sets of representations appeared in the

de
omposition of ad⊗k
in slN and soN 
ases is in order.

Case of slN . It is known that any irrep T of slN 
an be numerated by a

pair of the Young diagrams µ ⊢ m, λ ⊢ n and we use notation T = (µ, λ).
The example Λ/λ is shown as

Λ/λ = N





µ µ µ

µ

.

.

.

.

.

.

.

.

.

.

.

.

•
λ

•
λ

•
λ

•
λ

•
λ

•
λ

↔
Λ/λ = [7, 5, 4N−4, 2] ↔

(µ, λ) = ([3, 1], [4, 2]) .
(4)

The representations (µ, λ) and (λ, µ) are 
ontravariant (dual) to ea
h

other and it means that dim(µ, λ) = dim(λ, µ).
Our statement is that all irredu
ible subrepresentations arising in the

de
omposition of ad

⊗k
are numerated by the pairs of Young diagrams

(µ, λ) su
h that µ ⊢ m, λ ⊢ m, i.e. |µ| = |λ| = m and m ≤ k .

12 / 39



The set of subrepresentations in ad⊗k
in the 
ase of soN .

Conje
ture. For the Lie algebra so(N) and su�
iently large N, all irreps,

whi
h appear in the de
omposition of ad

⊗k
, are asso
iated with the Young

diagrams λ ⊢ 2m with m ≤ k and with the number of 
olumns not bigger

than k . All these diagrams are obtained from the diagram

Yk = [k2] =

k
︷ ︸︸ ︷

. . .

. . .
−→

k
︷ ︸︸ ︷

. . .

. . . −→ . . .

by allowable shifting of boxes to the left, e.g.

[k2] → [k , k − 1, 1] → [k , k − 2, 2] → [k , k − 2, 12] → ....
and allowable

1


an
elation of pairs of boxes in one row.

Yk = [k2] =

k
︷ ︸︸ ︷

. . .

. . .
−→

k
︷ ︸︸ ︷

. . .

. . .
−→ . . .

1

Here the word allowable means that as a result of the 
an
elations we again obtain

Young diagrams but with a redu
ed number of boxes.
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Split Casimir operator [API, V.A.Rubakov, Theory of groups and symmetries: �nite

groups, Lie groups, and Lie algebras, WS, 2018℄

Let Xa (a = 1, ..., dim(g)) be basis elements of the simple Lie algebra g with

de�ning relations [Xa, Xb] = Xd X d
ab. The Cartan-Killing metri
 is

gab = Tr(adXa · adXb) = X d
acX

c
ad , (5)

and the quadrati
 Casimir operator is

c(2) = gabXaXb ∈ U(g) , (6)

where gab is inverse to the Cartan-Killing metri
 (5). The element (6) is 
entral

in U(g) and its image in any irredu
ible representation T has the form

T (c(2)) = c
(T )
(2) IT ,

where c
(T )
(2) is the eigenvalue of the operator c(2) and IT is the unit operator in

the spa
e of the irrep T . By de�nition we have c
(ad)
(2) = 1. To simplify the

notation, we denote C ≡ c(2) = gabXaXb . The split Casimir operator is

Ĉ ≡ Ĉ(12) = gabXa ⊗ Xb .

[I.Todorov and L.Hadjiivanov, Quantum Groups and Braid Group Statisti
s in Conformal

Current Algebra Models (EDUFES, Vit�oria, 2010), CERN Preprint No. CERNPH-TH-2009-050.℄
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The split Casimir operator Ĉ(12) = gabXa ⊗ Xb is generalized to the k-split

Casimir operator

Ĉ(1...k) :=

k∑

i<j

Ĉij ≡

k∑

i<j

gab (Xa)i (Xb)j ∈ U(g)⊗k , (7)

where

Ĉij := gab
(
I⊗(i−1) ⊗ Xa ⊗ I⊗(j−i−1) ⊗ Xb ⊗ I⊗(k−j)

)
≡ gab (Xa)i (Xb)j ,

The k-split Casimir operator (7) is obtained by the a
tion of the 
omultipli
ation

Ĉ(1...k) =
1

2

(
∆k−1(C )−

k∑

i=1

Ci

)
,

where Cℓ := I⊗(ℓ−1) ⊗ C ⊗ I⊗(k−ℓ)
, and ∆ is the 
omultipli
ation in U(g):

∆(Xa) = Xa ⊗ I + I ⊗ Xa , ∆(I ) = I ⊗ I ,

∆k−1 := (∆⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
k−2

) · · · (∆⊗ I )∆ .

In parti
ular (k = 2)

∆(C ) = gab ∆(Xa)∆(Xb) = C ⊗ I + I ⊗ C + 2 gab Xa ⊗ Xb︸ ︷︷ ︸
Ĉ(12) 15 / 39



The split Casimir operators Ĉ1,...,k appears in many appli
ations, namely in the

RT, in the theory of integrable systems, in the nonabelian gauge theories, ...

Interpretations and appli
ations of the split Casimir operator (SCO)

1.) Colour fa
tors in the nonabelian gauge theories

Let T and T̃ be two representations of g. We visualize the image of SCO in the

representation T ⊗ T̃ as:

(Tα
β

⊗ T̃A
B
) Ĉ = gab (Ta)αβ (T̃b)

A
B

=

A B

α β

Ta

T̃b

gab

✲

✲

✄
✂�
✁✄
✂�
✁✄
✂�
✁✄
✂�
✁

where

Ĉ = gab Xa Xb ,

(Ta)
α
β = Tα

β (Xa) , (T̃b)
A
B = T̃A

B (Xb) ,

α, β = 1, ..., dimT , A,B = 1, ..., dimT̃ .

Thus, SCO gab (Ta)
α
β (T̃b)

A
B is the 
olour fa
tor for the ex
hange by gluon

between two matter parti
les in the representations T and T̃ .
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2.) Hamiltonian for non-lo
al Heisenberg type spin 
hain

The k-SCO

Ĉ(1...k) :=

k∑

i<j

Ĉij ≡

k∑

i<j

gab (Xa)i (Xb)j

is the Hamiltonian for the generalized spin model with k sites, where every �spin�

intera
t with spins of all other sites. Sin
e the element Ĉ(1...k) is ad-invariant, it


ommutes with the Hamiltonians of lo
al open and 
losed spin 
hains:

H
(k)
0 =

k−1∑

i=1

Ĉii+1 , H
(k)
1 =

k−1∑

i=1

Ĉii+1 + Ĉk1 ⇒ [H(k)
α , Ĉ(1...k)] = 0 .

(for g = su2 they are Hamiltonians for the Heisenberg spin 
hains).

3) Kohno-Drinfeld Lie algebra and k-split Casimir operator

The elements Ĉij := gab (Xa)i (Xb)j satisfy de�ning relations for

Kohno-Drinfeld Lie algebra

[Ĉij , Ĉin + Ĉjn] = 0 , [Ĉij , Ĉnℓ] = 0 (i , j 6= n, ℓ) ,

and k-split Casimir operator Ĉ(1...k) :=
n∑

i<j

Ĉij (the Hamiltonians for nonlo
al spin


hain) is a 
entral element of the Kohno-Drinfeld Lie algebra.
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4) Higher order Casimir operators C (k)
(for k > 2) are 
onstru
ted via 2-split

Casimir operator Ĉ(12) [S.Okubo, J. Math. Phys. 18(1977) 2382; A.P.I. and

V.A. Rubakov, Theory of Groups and Symmetries, WS (2018)℄. Indeed, de�ne

(Ĉ(12))
k = Xa1 · · ·Xak ⊗ X a1 · · ·X ak ∈ U(g)⊗ U(g) ,

then we take ad-representation in the se
ond fa
tor and then take tra
e

C (k) = Tr2

(
(I ⊗ ad)Ĉ k

)
= Xa1 · · ·Xak Tr

(
ad(X a1 · · ·X ak )

)
︸ ︷︷ ︸

da1...ak

∈ U(g) .

5) Sin
e the k-split CO Ĉ1,...,k of the Lie algebra g 
ommutes with its a
tion

∆k−1g, then this operator 
an be used for the de
omposition the tensor

produ
t of k irredu
ible representations T (Λi )
of the algebra g:

T (Λ1) ⊗ · · · ⊗ T (Λk ) =
∑

Λ

T (Λ) ,

where Λ,Λi � are the highest weights of the representations.
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To de
ompose the tensor produ
t of k irredu
ible representations T (Λi )
of the

algebra g:

T (Λ1) ⊗ · · · ⊗ T (Λk ) =
∑

Λ

T (Λ)
(8)

(Λ,Λi � are the highest weights of the representations) with the help of SCO , we

dedu
e a formula for the eigenvalues ĉ
(Λ)
(1...k) of the k-split CO

ĈΛ1,...,Λk
=

(
T (Λ1) ⊗ · · · ⊗ T (Λk)

)
Ĉ(1...k) whi
h a
ts on the subspa
e

VΛ ⊂ VΛ1 ⊗ · · · ⊗ VΛk
of the irrep Λ:

ĉ
(Λ)
(1...k) =

1

2

(
c
(Λ)
(2) −

k∑

i=1

c
(Λi )
(2)

)
. (9)

Here c
(Λ)
(2) , c

(Λi )
(2) are eigenvalues of the quadrati
 Casimir operator (6) on the

spa
es VΛ,VΛi
of irreps with the highest weights Λ,Λi . In the representation of g

with the highest weight Λ the quadrati
 Casimir operator C has the eigenvalue

C(2)(Λ) = (Λ, Λ + 2ρ) , (10)

where (., .) is a s
alar produ
t in the root spa
e of g and ρ is the Weyl ve
tor for

the simple Lie algebra g of the rank r : ρ = 1
2

∑
α>0 α =

∑r
f=1 λ(f ).
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Note that the eigenvalues ĉ
(Λ)
(1...k) 
an take the same value for di�erent irredu
ible

representations T (Λ)
in the de
omposition

T (Λ1) ⊗ · · · ⊗ T (Λk ) =
∑

Λ

T (Λ) .

We denote by ai the eigenvalues ĉ
(Λ)
1...k that take mismat
hed values (the index

i = 1, 2, ...,M numerates these eigenvalues). Then the k-split Casimir operator

(7) in the representation T (Λ1) ⊗ · · · ⊗ T (Λk )
satis�es the 
hara
teristi
 identity

M∏

i=1

(ĈΛ1,...,Λk
− ai ) = 0 , (11)

whi
h leads to the de�nition of proje
tors

Paj =
∏

i 6=j

(ĈΛ1,...,Λk
− ai )

(aj − ai)
. (12)

The images of these proje
tors are invariant subspa
es Vaj ⊂ VΛ1 ⊗ · · · ⊗ VΛk

with dimensions

dimVaj = Tr1,2,...,k(Paj ) . (13)
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As we mentioned above, the invariant subspa
es Vaj 
an be redu
ible sin
e the

quadrati
 Casimir operator 
an take the same eigenvalue ĉ
(Λ)
1...k in di�erent

irredu
ible representations T (Λ)
. When we 
onsider the de
omposition of ad⊗k

,

the eigenvalues aj = ĉ
(Λ)
1...k are determined only by the value of the quadrati


Casimir operator in the representations T (Λ)
:

c
(Λ)
(2) :=

C(2)(Λ)

C(2)(Λ(ad))
,

In this 
ase we 
all the dire
t sum of all representations T (Λ)
with the same

ĉ
(Λ)
1...k = aj , that a
t in the subspa
e Vaj , as Casimir representation (asso
iated

with the eigenvalue aj ), and 
all the spa
es Vaj (j = 1, 2, ...,M) as Casimir

subspa
es.

Our method of 
onstru
ting the universal formulas for simple Lie algebras g is

based on the possibility to write eigenvalues aj = ĉ
(Λ)
1...k in the universal form

aj(α, β, γ) in terms of the Vogel parameters. In all known examples the

eigenvalues aj = ĉ
(Λ)
1...k are linear fun
tions of α̂, β̂, γ̂. When 
onsidering the

expansion of g⊗k
, it is su�
ient to �nd only universal expressions for the

eigenvalues of the quadrati
 Casimir operators. The set of all representations T (Λ)

(for all simple Lie algebras g) asso
iated with the same universal eigenvalue

aj(α, β, γ) = ĉ
(Λ)
1...k is 
alled the universal multiplet.
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The split Casimir operators and universality in ad

⊗k

Our method of universal des
ription spe
ial representations of simple Lie algebras

is based on the extra
ting of invariant Casimir subspa
es in V⊗k
ad by means of the

proje
tors whi
h 
onstru
ted with the help of 
har. ident. for k-split CO

(Ĉad)
a1a2...ak
b1b2...bk

≡ (ad⊗ · · · ⊗ ad)a1a2...akb1b2...bk

(∑k
i<j(Xh)i (X

h)j

)
=

= (Xh)
ai
bi
(X h)

aj
bj
δ
a1...ai/ ...aj/ ...ak
b1...bi/ ...bj/ ...bk

, δa1...akb1...bk
:= δa1b1 · · · δ

ak
bk

.

This operator a
ts in the spa
e V⊗k
ad , where Vad ≃ ad ≃ g is the spa
e of

ad-representation. Our aim is to �nd 
har. identity

r∏

i=1

(Ĉad − ai) = 0 ,

for k-split CO Ĉad in the adjoint representation. Then we �nd r proje
tors in

ad

⊗k
onto invariant Casimir subspa
es of Ĉad with eigenvalues aj (j = 1, ..., r):

P(aj ) =
∏

i 6=j

(Ĉad − ai )

aj − ai
⇒ V⊗k

ad =
∑

j

P(aj ) ·
(
V⊗k
ad

)
.
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As an example we 
onsider the universal de
omposition of ad⊗2
.

Proposition 1. For all LA of the 
lassi
al series An = sln+1, Bn = so2n+1,

Cn = sp2n, Dn = so2n (ex
ept sl3 and so8), in ad-representation, Ĉ has the

universal 
har identity

Ĉ (Ĉ +
1

2
)(Ĉ + 1)(Ĉ +

α

2t
)(Ĉ +

β

2t
)(Ĉ +

γ

2t
) = 0 , #6 (14)

where ( α
2t +

β
2t +

γ
2t ) = 1/2 ⇒ (t = α+ β + γ). The values of the Vogel

parameters α, β, γ for LA of the 
lassi
al series were given in Table 1 before.

Sin
e the identity (14) is of 6-th order, we have 6 proje
tors P(aj ) (j = 1, 2, ..., 6)
whi
h 
orrespond to the eigenvalues

a1 = 0 , a2 = −
1

2
, a3 = −1 , a4 = −

α

2t
, a5 = −

β

2t
, a6 = −

γ

2t
.

Thus we have the de
omposition of ad⊗2
on the Casimir subrepresentations

ad⊗2 = (X1 + X2) + (X0 + Y2(α) + Y2(β) + Y2(γ)) .

where representations of g in the subspa
es V(0), V(− 1
2 )
, V(−1), V(−α

2t )
, V(− β

2t )
,

V(− γ
2t )

were respe
tively denoted by Vogel as

X1 = Y1 = ad, X2, X0 = 1, Y2(α), Y2(β), Y2(γ)
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Then we 
al
ulate the Vogel universal dimensions of these representations (and

dimensions of invariant eigenspa
es V(ai )) by means of tra
e formulas:

dimX1 = dimV(0) = Tr(P(0)) = dim g,
dimX2 = dimV(− 1

2 )
= Tr(P(− 1

2 )
) = 1

2 dim g(dim g− 3),

dimX0 = dimV(−1) = Tr P
(+)
(−1) = 1 ,

dimY2(α) ≡ dimV(− α
2t )

= Tr P
(+)
(−α

2t )
= − (3α−2t)(β−2t)(γ−2t)t(β+t)(γ+t)

α2(α−β)β(α−γ)γ ,

dimY2(β) ≡ dimV(− β
2t )

= Tr P
(+)

(− β
2t )

= − (3β−2t)(α−2t)(γ−2t)t(α+t)(γ+t)
β2(β−α)α(β−γ)γ ,

dimY2(γ) ≡ dimV(− γ
2t )

= Tr P
(+)
(− γ

2t )
= − (3γ−2t)(β−2t)(α−2t)t(β+t)(α+t)

γ2(γ−β)β(γ−α)α .

Thus, Propposition 1 justify the Vogel statement for LA of 
lassi
al series.

Theorem. (P.Vogel, 1999)

ad⊗2 ≡ g⊗2 = ad+X2︸ ︷︷ ︸
∧(g⊗2)

+1+ Y2(α) + Y2(β) + Y2(γ)︸ ︷︷ ︸
sym(g⊗2)

,
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Universal 
har identities for Ĉ for ex
eptional Lie algebras in ad

⊗2
.

The antisymmetri
 Ĉ− and symmetri
 Ĉ+ parts of the split Casimir

operators in the ad-representation for all ex
eptional Lie algebras g obey

the universal identities

Ĉ−

(
Ĉ− +

1

2

)
= 0 , (Ĉ+ + 1)

(
Ĉ 2
+ +

1

6
Ĉ+ − 2µ

)
P
(ad)
+ = 0 , #3 ,

(15)

where the universal parameter µ is �xed as follows

µ =
5

6(2 + dim(g))
, (16)

and for algebras g2, f4, e6, e7, e8 with dimensions 14, 52, 78, 133, 248 we

have respe
tively µ = 5
96 ,

5
324 ,

1
96 ,

1
162 ,

1
300 .

Moreover the 
har identities for Ĉ+ for algebras sℓ3 and so8 have the same

stru
ture (15) with µ = 1
12 and µ = 1

36 .
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From (15) we obtain the fa
torized form of the universal 
har. identity for Ĉ+

(Ĉ++1)(Ĉ 2
++

1

6
Ĉ+− 2µ)P

(ad)
+ ≡ (Ĉ+ + 1)(Ĉ+ +

α

2t
)(Ĉ+ +

β

2t
)P

(ad)
+ = 0 , (17)

where we introdu
ed the notation for two roots of eq. Ĉ 2
+ + 1

6 Ĉ+ − 2µ = 0:

α

2t
=

1− µ′

12
,

β

2t
=

1 + µ′

12
, µ′ :=

√
1 + 288µ =

√
dim g+ 242

dim g+ 2
. (18)

These roots are related by 3(α+ β) = t, and for α = −2 this relation de�nes the

line of the ex
eptional LA on the Vogel (β, γ) plane (as we dis
ussed above).

We note that µ′
is a rational number (sin
e

α
2t and

β
2t are rational) only for


ertain �nite sequen
e of dim g:

dim g = 3, 8, 14, 28, 47, 52, 78, 96, 119, 133, 190, 248, 287, 336,
484, 603, 782, 1081, 1680, 3479 ,

(19)

whi
h in
ludes the dimensions 14, 52, 78, 133, 248 of the ex
eptional Lie algebras
g2, f4, e6, e7, e8, and the dimensions 8 and 28 of sℓ(3) and so(8), whi
h are

sometimes also referred to as ex
eptional. Dim. 190 
orresponds to e7+ 1
2
.
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Remark. The sequen
e (19) 
ontains dim g∗ = (10m− 122 + 360/m), (m ∈ N)
referring to the adjoint representations of the so-
alled E8 family of algebras g∗;

see the Cvitanovi�
 book. For su
h dimensions we have relation

µ′ = |(m + 6)/(m − 6)|. Two numbers 47 and 119 from sequen
e (19) do not

belong to the sequen
e dim g∗. Thus, the interpretation of these two numbers as

the dimensions of some algebras is missing. Moreover, for values dim g given in

(19), using (18), one 
an 
al
ulate dimensions of the 
orresponding

representations Y (α):

dimV(−α
2t )

=
{
5, 27, 77, 300, 1455317 , 1053, 2430, 4860813 , 111078

19 , 7371, 15504,

27000, 84127923 , 86240717 , 107892, 220522513 , 5781512 , 559911, 4250750431 , 363823677
61

}

Sin
e dimV(− α
2t )

should be integer, we 
on
lude that there not exist Lie algebras

with dimensions 47, 96, 119, 287, 336, 603, 782, 1680, 3479, for whi
h we assume


hara
teristi
 identity (17) and the tra
e formulas.
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Universal formulas for 3-split Casimir operator in ad

⊗3

The matrix Ĉ a1a2a3
b1b2b3

:= (Ĉ(3))
a1a2a3
b1b2b3

of the 3-split Casimir operator is

(Ĉ(3))
a1a2a3
b1b2b3

= (Ĉ12 + Ĉ13 + Ĉ23)
a1a2a3
b1b2b3

, (20)

and a
ts in the spa
e V⊗3
ad of the representation ad⊗3

.

A

ording to

ad⊗3 = (P[3] + P[2,1] + P[13]) ad
⊗3 ,

we have de
omposition

Ĉ(3) = (P[3] + P[2,1] + P[13])Ĉ(3) = Ĉ[3] + Ĉ[2,1] + Ĉ[13] .
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A.P. Isaev, S.O. Krivonos, A.A. Provorov,

Int.J.Mod.Phys.A 38 (2023) 06n07, 2350037; e-Print: 2212.14761 [math-ph℄

All 
al
ulations were done with �Mathemati
a�.

Proposition 3. For 3-split Casimirs Ĉ[13], Ĉ[3] and Ĉ[2,1] we have the

universal 
har. identities

Ĉ[13 ]

(
Ĉ[13 ] +

1
2

)(
Ĉ[13 ] +

3
2

)(
Ĉ[13 ] +

1
2
+ α̂

)(
Ĉ[13 ] +

1
2
+ β̂

)(
Ĉ[13 ] +

1
2
+ γ̂

)
= 0, #6

(
Ĉ[3] +

1
2

)(
Ĉ[3] + 1

)(
Ĉ[3] +

1
2
− α̂

)(
Ĉ[3] +

1
2
− β̂

)(
Ĉ[3] +

1
2
− γ̂

)
×

(
Ĉ[3] + 3α̂

)(
Ĉ[3] + 3β̂

)(
Ĉ[3] + 3γ̂

)
P[3] = 0, #8

(21)

(
Ĉ[2,1] +

1
2

)(
Ĉ[2,1] + 1

)(
Ĉ[2,1] +

1
2
− α̂

)(
Ĉ[2,1] +

1
2
− β̂

)(
Ĉ[2,1] +

1
2
− γ̂

)
×

(
Ĉ[2,1] +

1
2
+ α̂

)(
Ĉ[2,1] +

1
2
+ β̂

)(
Ĉ[2,1] +

1
2
+ γ̂

)
×

(
Ĉ[2,1] +

3
2
α̂
)(

Ĉ[2,1] +
3
2
β̂
)(

Ĉ[2,1] +
3
2
γ̂
)
P[2,1]′ = 0, #11 .

where α̂ = α
2t , β̂ = β

2t , γ̂ = γ
2t . All formulas in (21) are homogeneous

and symmetri
 under permutations (α, β, γ). Our results are in agreement

with [P.Vogel (1999), A.M. Cohen and R. de Man (1996)℄.
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The dimensions of irreps 
orresponding to the eigenvalues of Ĉ[2,1]
[A.P. Isaev, S.O. Krivonos, A.A. Provorov,

Int.J.Mod.Phys.A 38 (2023) 06n07, 2350037; e-Print: 2212.14761 [math-ph℄℄

dim
− 1

2
= 2X2 = 2×

1
2
dim(g) (dim(g) − 3) ,

dim−1 = 2X1 = 2× dim(g),

dim
α̂− 1

2
= B = (α̂−1)(β̂−1)(γ̂−1)(2 α̂+β̂)(2 α̂+γ̂)(2 β̂+1)(2 γ̂+1)(3 β̂−1)(3 γ̂−1)

8 α̂2 (α̂−β̂)(α̂−γ̂)(2 β̂−γ̂)(2γ̂−β̂) β̂2 γ̂2
,

dim
β̂− 1

2
= B′ = (β̂−1)(γ̂−1)(α̂−1)(2 β̂+γ̂)(2 β̂+α̂)(2 γ̂+1)(2 α̂+1)(3 γ̂−1)(3 α̂−1)

8 β̂2 (β̂−γ̂)(β̂−α̂)(2 γ̂−α̂)(2α̂−γ̂) γ̂2 α̂2
,

dim
γ̂− 1

2
= B′′ = (γ̂−1)(α̂−1)(β̂−1)(2 γ̂+α̂)(2 γ̂+β̂)(2 α̂+1)(2 β̂+1)(3 α̂−1)(3 β̂−1)

8 γ̂2 (γ̂−α̂)(γ̂−β̂)(2 α̂−β̂)(2β̂−α̂) α̂2 β̂2
,

dim
−α̂−

1
2

= Y2 = −
(3α̂−1)(β̂−1)(γ̂−1)(2β̂+1)(2γ̂+1)

8α̂2(α̂−β̂)(α̂−γ̂)β̂γ̂
,

dim
−β̂− 1

2
= Y ′

2 = −
(3β̂−1)(γ̂−1)(α̂−1)(2γ̂+1)(2α̂+1)

8β̂2(β̂−γ̂)(β̂−α̂)γ̂α̂
,

dim
−γ̂− 1

2
= Y ′′

2 = −
(3γ̂−1)(α̂−1)(β̂−1)(2α̂+1)(2β̂+1)

8γ̂2(γ̂−α̂)(γ̂−β̂)α̂β̂
,

dim
−

3
2
α̂

= C = −
2
3
(1+2α̂)(1+2β̂)(1+2γ̂)(1−β̂)(1−γ̂)(β̂+γ̂)(2β̂+γ̂)(2γ̂+β̂)

α̂3β̂γ̂(α̂−2β̂)(α̂−2γ̂)(α̂−β̂)(α̂−γ̂)

dim
− 3

2
β̂

= C ′ = −
2
3
(1+2β̂)(1+2γ̂)(1+2α̂)(1−γ̂)(1−α̂)(γ̂+α̂)(2γ̂+α̂)(2α̂+γ̂)

β̂3γ̂α̂(β̂−2γ̂)(β̂−2α̂)(β̂−γ̂)(β̂−α̂)

dim
−

3
2
γ̂

= C ′′ = −
2
3
(1+2γ̂)(1+2α̂)(1+2β̂)(1−α̂)(1−β̂)(α̂+β̂)(2α̂+β̂)(2β̂+α̂)

γ̂3α̂β̂(γ̂−2α̂)(γ̂−2β̂)(γ̂−α̂)(γ̂−β̂)
.

All 
al
ulations were done with �Mathemati
a�.

30 / 39



Beyond Vogel universality

Consider the split Casimir operator Ĉ�⊗Yn
in the representations �⊗ Yn

where � and Yn � de�ning and n-th Cartan power of adjoint

representations of Lie algebras g.

The uni�ed 
hara
teristi
 identity that valid for all simple Lie algebras

(ex
ept the e8 algebra) is

(
Ĉ�⊗Yn

+
1

2
(1+α(1−n))

)(
Ĉ�⊗Yn

+n
α̂

2

)(
Ĉ�⊗Yn

+
β̂

2

)(
Ĉ�⊗Yn

+
γ̂

2

)
= 0 .

(22)
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The 
hara
teristi
 identity (22) yields four proje
tors whi
h are written as

P
(n)
a1 =

(2 Ĉ�⊗Yn
+ nα̂)

(
2 Ĉ�⊗Yn

+ β̂
)(
2 Ĉ�⊗Yn

+ γ̂
)

(2nα̂− α̂− 1)(α̂n + β̂ − α̂− 1)(α̂n + γ̂ − α̂− 1)
,

P
(n)
a2 =

(
Ĉ�⊗Yn

+ 1
2 +

α̂
2 (1− n)

)(
2 Ĉ�⊗Yn

+ β̂
)(
2 Ĉ�⊗Yn

+ γ̂
)

(
1
2 +

α̂
2 − nα̂

)
(β̂ − nα̂)(γ̂ − nα̂)

,

P
(n)
a3 =

(
Ĉ�⊗Yn

+ 1
2 +

α̂
2 (1− n)

)(
2Ĉ�⊗Yn

+ nα̂
)(
2Ĉ�⊗Yn

+ γ̂
)

(
− β̂

2 + 1
2 + α̂

2 (1− n)
)
(β̂ − nα̂)(β̂ − γ̂)

,

P
(n)
a4 =

(
Ĉ�⊗Yn

+ 1
2 + α̂

2 (1− n)
)(

2Ĉ�⊗Yn
+ nα̂

)(
2Ĉ�⊗Yn

+ β̂
)

(
− γ̂

2 + 1
2 +

α̂
2 (1− n)

)(
γ̂ − nα̂

)(
γ̂ − β̂

) ,

(23)

where the eigenvalues are

a1 = −
1

2
(1 + α̂(1− n)) , a2 = −n

α̂

2
, a3 = −

β̂

2
, a4 = −

γ̂

2
, (24)

and we have the universal de
omposition

�⊗ Yn = Λ
(n)
1 + Λ

(n)
2 + Λ

(n)
3 + Λ

(n)
4 . (25)
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dimVa1 =

(
4α̂(α̂n − α̂− 1)(n − 1)c

(�)
(2) − α̂β̂γ̂ dim g

)
n dim(Yn) dim(�)

(α̂n − α̂+ γ̂ − 1)(α̂n− α̂+ β̂ − 1)(1 + α̂− 2α̂n) dim g
, (26)

dimVa2 =
(1− α̂n + α̂)

(
4n(1− α̂n)c

(�)
(2) + β̂γ̂ dim g

)
dim(Yn) dim(�)

(γ̂ − α̂n)(β̂ − α̂n)(1 + α̂− 2α̂n) dim g
, (27)

dimVa3 =
(1− α̂n+ α̂)

(
4(1− β̂)c

(�)
(2) + α̂γ̂ dim g

)
n dim(Yn) dim(�)

(γ̂ − β̂)(α̂n − β̂)(1 + α̂− α̂n − β̂) dim g
, (28)

dimVa4 =
(1− α̂n+ α̂)

(
4(1− γ̂)c

(�)
(2) + α̂β̂ dim g

)
n dim(Yn) dim(�)

(β̂ − γ̂)(α̂n− γ̂)(1 + α̂− α̂n − γ̂) dim g
, (29)

Expressions for dimVa3 and dimVa4 are related to ea
h other by the

ex
hange β̂ ↔ γ̂. One 
an dire
tly 
he
k that we have dimVa4 = 0 and

dimVa3 = 0 respe
tively for the Lie algebras of the 
lassi
al and

ex
eptional series of the simple Lie algebras.
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This de�nes the universal expressions for the Casimir operator values c
(�)
(2) in the


ase of the Lie algebras of the 
lassi
al and ex
eptional series:

c
(�)
(2) =

α̂β̂ dim g

4(γ̂ − 1)
(for sl, so, sp) , c

(�)
(2) =

α̂γ̂ dim g

4(β̂ − 1)
(for g2, f4, e6, e7) ,

(30)

We note that the �rst and se
ond formula in (30) are related by the permutation

β̂ ↔ γ̂. We 
an permute the parameters β̂ ↔ γ̂ for the Lie algebras of the


lassi
al series and leave the parameters β̂, γ̂ for ex
eptional algebras untou
hed.

In order not to 
onfuse the new 
hoi
e of parameters β̂ and γ̂ with the old one,

we introdu
e the notation β̂′ = γ̂, γ̂ ′ = β̂ for the Lie algebras of the 
lassi
al

series and β̂′ = β̂, γ̂ ′ = γ̂ for the ex
eptional Lie algebras. In this 
ase, we have

γ̂ ′ = 1/3 for the Lie algebras sl3 and so8 as for all ex
eptional Lie algebras, and

the se
ond formula for the Casimir operator value in (30):

c
(�)
(2) =

α̂γ̂ ′ dim g

4(β̂′ − 1)
, (31)

be
omes valid (universal) for all simple Lie algebras, ex
ept e8.
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Remarkably, for �× Y1, the 
hara
teristi
 identity (22) is symmetri
 under all

permutations of the Vogel parameters α, β, γ:

(
Ĉ�⊗ad +

1

2

)(
Ĉ�⊗ad +

α̂

2

)(
Ĉ�⊗ad +

β̂

2

)(
Ĉ�⊗ad +

γ̂

2

)
= 0 . (32)

One 
an visualize the split Casimir operator Ĉ�⊗ad in the representation �⊗ ad
as the following Feynman diagram:

(Ĉ�⊗ad)
α1a2
β1b2

= Tα1

β1
(Xd ) X

a2
c b2

gc d =

✲✲

c

d

a2 b2

α1 β1

✄
✂�
✁✄
✂�
✁✄
✂�
✁✄
✂�
✁

✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁
✄�
✂✁

(4.26b)

Formulas for dimVai are drasti
ally simpli�ed:

dimV
(1)
a1 = dimΛ

(n=1)
2 = dim� , dimV

(1)
a3 = dimΛ

(n=1)
4 = 0 ,

dimV
(1)
a2 = dimΛ

(n=1)
1 =

(1 − α̂− β̂)(γ̂ − 1)

α̂β̂(γ̂ − α̂)
dim� ,

dimV
(1)
a4 = dimΛ

(n=1)
3 =

(1 − β̂ − γ̂)(α̂ − 1)

γ̂β̂(α̂− γ̂)
dim� ,

(33)
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where ai are the eigenvalues of the quadrati
 split Casimir operator in the

representations Λ
(1)
k (see Table):

a1 = ĉ
(Λ

(1)
2 )

(2) = −1/2, a2 = ĉ
(Λ

(1)
1 )

(2) = −α̂/2 ,

a3 = ĉ
(Λ

(1)
4 )

(2) = −β̂′/2 , a4 = ĉ
(Λ

(1)
3 )

(2) = −γ̂′/2 .

So we 
an summarize the results in Table.

α̂ β̂′ γ̂ ′ Λ
(n=1)
1 Λ

(n=1)
2 Λ

(n=1)
3 Λ

(n=1)
4

slN −
1
N

1
2

1
N

([2], [1]) ([1], [∅]) ([12], [1]) 0

soN −
1

N−2
N−4
2N−4

2
N−2

[2, 1] [1] [13] 0

spN=2r −
2

N+2
N+4
2N+4

1
N+2

[3] [1] [2, 1] 0

g2 −1/4 5/12 1/3 λ(2) + λ(1) λ(1) 2λ(1) 0

f4 −1/9 5/18 1/3 λ(1) + λ(4) λ(4) λ(3) 0

e6 −1/12 1/4 1/3 λ(5) + λ(1) λ(1) λ(4) 0

e7 −1/18 2/9 1/3 λ(7) + λ(1) λ(1) λ(6) 0

ĉ(2) � � � a2 = − α̂
2

a1 = − 1
2

a4 = −
γ̂′

2
a3 = −

β̂′

2
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Con
lusioin.

Now we dis
uss some promising dire
tions of investigations that follow from the

results obtained in this paper.

1. First of all, it is 
lear that there exists a uniform (valid for all simple Lie

algebras) de
omposition of the tensor produ
t Yk ⊗ Yn. Thus, one 
an �nd

universal formulas for dimensions of an in�nite series of representations arising in

the de
omposition of Yk ⊗ Yn.

2. It seems that there is a dire
t generalization (q and t deformations) of all the

universal formulas for dimensions and identities following from the de
omposition

of tensor produ
ts Yk ⊗ Yn.

L. Bishler, A. Mironov, A. Morozov, Ma
donald deformation of Vogel's universality and link

hyperpolynomials, Phys. Lett. B 868 (2025) 139695, arXiv:2505.16569 [hep-th℄.

L. Bishler, A. Mironov, Torus knots in adjoint representation and Vogel's universality, Eur. Phys.

J. C 85 (2025) 911, arXiv:2506.06219 [hep-th℄.

L. Bishler, Vogel's universality and Ma
donald dimensions, Nu
l. Phys. B 1018 (2025), 117085;

arXiv:2507.11414 [hep-th℄.

����������������

Report mostly based on the paper:

A.P.Isaev,Vogel universality and beyond, [arXiv:2601.01612 [math-ph℄℄.
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1.Bulgaria, Peak Musala, 2925 meters, 18.09.1966, 9 a.m.

From left to right: Xian Ding Chang (China),

Ivan Todorov (Bulgaria), Petr Isaev (Dubna, USSR)

(Peak Musala is the highest peak in Bulgaria,

as well as in the entire Balkan Peninsula)

2. Austria, Vienna, September 2004.

Left to right: Alexey Isaev (JINR, Dubna),

David Broadhurst (The Open University, Milton Keynes),

Ivan Todorov (ESI, Wien)
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