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1 ELECTROPRODUCTION STRUCTURE FUNCTIONS 2823

Because of causality, the limit in (A17) is the light-
cone limit 2*=4sA—x*—0. It indeed follows from (A14)
and (A17) that

W (5 N~ () 2T (a2
for 2~0. We therefore have determined the leading
singularity of W on the light cone and, by (A20), the
large-) behavior of its coefficient. The behavior of w
near the light cone can also be determined from the
configuration-space form
W (a%, %) = —if dadb o (a, B) exp(—dbm) A(s; o+b)

(A24)

PHYSICAL REVIEW D

of (A1) and the behavior (3.58) of A. These give
W (2, \)~5(2) L(Y) (A25)
for 2~0, where
L(A)=—T[4e(\) /4w ]f dadb o(a, b) exp(—ibh).  (A26)
Equations (A6) and (A9) give
L(N) :> —2-Ligwe(N) [N [ (A27)

In view of (A22), Eqs. (A25) and (A27) are in perfect
agreement with (A23) and (A20).

VOLUME 1, NUMBER 10 1S MAY 1970

Three-Dimensional Formulation of the Relativistic Two-Body
ite-C i

Problem and Infi

t Wave E

- C. Inzvgson*
Instivute for Advanced Study, Princeton, New Jersey 08540

Py
V. G. KADYSHEVSKY
Joint Fnstitute for Nuclear Rescarch, Dubna, USSR

o
I T. Topozovt
Institute for Advanced Study, Princeton, New Jersey 08540
(Received 14 November 1969)

A rela.uvlsnc qussnpotenual equutmn m denvcd from the conventional Hamiltonian formalism and
theory in a similar way to that by which the
fﬂur dlmeneuona.l Bethe- Sa.lpeter equation is nbtulmd from the off-mass-shell Feynman rules. The three-

equation for the ( :hell) scattering amplitude appears as a straightforward generaliza-
tion of the nenselativstic Lippmann-Schwinger ¢quation. The corresponding homogenous equation for
the bound-state wa: d the derived from thy

for the complete four-point Green's function, In order to obtain a solvable modd, we consider & simplified
version of the quasipotential equation which still reproduces correctly the on-shell scattering amplitude
and is consistent with the elestic unitarity condition. It involves a “local” approximation to the potential
¥ (p—q) which defines the kernel of our integral equation (the integration being carried over a two-sheeted
hyperboloid in the energy-momentum space). It is shown that for the scalar Coulomb potential ¥ (p—g) =

&/ (p—¢)%, our model equation is equivalent to a simple infinite-component wave equation of the type
considered by Nambu, Barat, and Fronsdal, The energy eigenvalues for the bound-state problem are
calculated explicitly in this case and are found to be 0(4) degenerate (just as in the nonrclativistic Coulomb

problem and in Wick and Cutkesky’s treatment of the Bethe-Salpeter equation in the

I INTRODUCTION

IHE purpose of this paper is to show the relation-
ship between a modification of the quasipotential
approach to the relativistic two-body problem developed
in Refs. 1-3 and the infinite-component wave equations
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I. Classical cumulants

In probability, statistics, statistical physics. ..

X random variable, m,(X) = (X") its moments;

if several such r.v. X;, mixed moments my(X;,, -, X;, ).
Decompose moments following partitions of the set {1,---,n}

mn(X2177in> - Z H C|B‘(Xia7aEB)
weP[n]| Bem

Thus m]_(X) C]_(X)
ma(X) = ea(X)+ef(X)  ma(X,Y)=caX,Y) +er(X)er(Y)

ma(X) = C4(X)+3C%(X)+
0 if ¢1(X)=0

{* >@% @@ + e



This defines recursively the cumulants ¢, as (signed) homoge-
neous polynomials of the moments m;'s.

Thus co(X,Y) =(XY) - (X)Y) is the (co-)variance, etc.

In QFT or particle physics, write the 4-point function (or the
scattering amplitude) as

T ?é@g §<



“Exponential’ generating functions

Zx(t) = 1+ i%’mn()() = (e™1)
Wx(t) = 3 Cen(X)

n=1

Zx(t) = Vx()



Fundamental property, in connection with independence.
X,Y independent variables: for all (polynomials) f and g,

(f(X)g(Y)) = (f(X)) (9(Y))

X,Y independent = ¢ (X +Y) =cn(X)+cp(Y)

eWX+y(t) _ (et(X+Y)> _ <etX><etY> _ eWX(t)eWy(t) _ eWX(t)+Wy(t)

X,Y independent < all mixed cumulants vanish [rota]

(1)



II. Free cumulants

Consider now non commuting random variables X1, X5,

again mp(Xq,-, Xn) = (X1---Xn)

Change the rule: replace the set P[n]| of all partitions by the set
NC[n] of non-crossing partitions [kreweras '72]

1""’X’in>: Z H I<.L|B|(Xia,a€B)
meNC[n]| Ber

mp (X
Thus now mg(X) = ka(X) +2k35(X) + -

() R0

This defines recursively the free cumulants s, as (signed) homo-
geneous polynomials of the moments.



Ordinary generating functions

Mx(t) = 1+ ) t"mp(X) L
’I’LZ]. M(.X) = =1 +Z_1Knt o r = 1+ K(IM(I))
Kx(t) = ¥ t"kn(X) AR AV
n>1 t
MX(t) = 1+ KX(t MX(t)) [Brézin—Itzykson—Parisi-Z '78, Cvitanovic '81]

(Voiculescu's ('86) equivalent functional relation: “R-transform” of the resolvent of X)
Now, independence — free independence (or “freeness” ) [Voiculescu '86]

Def. X and Y are free if (f1(X)g1(Y)f2(X)---g-(Y)) =0 whenever
<f2(x)> = (gZ(Y)> =0 for all i = 17"'7T
X,Y are free = Their non-crossing (or “free”) cumulants are
additive

Kx,y(t)=Kx(t)+ Ky(t) [Speicher '93]

X,Y are free < all mixed free cumulants vanish [speicher '97]




Ordinary probability Free probability

My, = YreP[n] [ Ber €B] My, = 2reNCln] [1Ber KiB|
Exp. g.f. Zx(t) =eWx(®) Ordinary g.f. Mx(t) =1+ Kx(tMx(t))
X,Y independent X,Y free

= cp(X +Y) =cp(X) +cpn(Y) = kp(X +Y) =kp(X) +En(Y)

< all mixed cumulants vanish <= all mixed free cumulants vanish



III. Freeness and Random Matrices
Large Random Matrices : natural setting of Free Probability

[Voiculescu '91]

Sequences of N x N matrices Ay, assume convergence my(Apy) =
L TrA% - mp(A) (“limiting distribution”).

In particular, take two such sequences of Hermitian matrices Ay and By with
(at least) By with a U(NV)-invariant distribution.
Theorem Then Ay and By are asymptotically free (as N — ).

[Voiculescu '91]

In particular, Ay, By deterministic (and with limiting distribution), A

and UNBNU}LV, with Up Haar-uniform in U(N), are free.

Thus iMoo [ fu(v) PURR(AN + UnBNUN) ~ kin(AN) - 5n(By)] = 0.



Thus imy_o| [y DUR(An + UnBNUY) = 6n(An) = kn(By)] = 0

Question Can one find at fipite N, invariant functions K,(A) such that
Juny DUKR(AN + UNyBNUy) - Kn(An) - Kn(By) =0 (*)
holds true, and K,(Ayx)-k(Axy)=0O(N72) ?

‘The answer is yes and the solution is surprisingly simple. Forn<N
Kn(A) = coefficient of XETrCmin Z(A,C;t) = o) DU NtTrAUCUT

More generally, for a partition a=(ay, -, ap) =[n%...1%] of n (n<N), n=a1 +---+ay, define

Nﬁ

[t Tr(C)-Tr(C*)|Z(A,C;t).

Proof of (*)
fDVZ(A+VBVT,C;t):fDUDVeNtT“AUCU*)+BV*UC‘U*V:fDUDVeNtTf(AUCU”BV*CV):Z(A,C;t)Z(B,C;t)
and identify the “simple trace terms” TrC" in the two sides:

1y TrC"fDVKn(A+VBV)+---=(1+2Nt IO (4) )L+ D
n n " '

TrO" K, (B) + ).

n n

a



The functions Knp(A) and K,(A) (symmetric functions of the
eigenvalues) enjoy all kinds of nice properties, anticipating those
of free cumulants:

liM 00 K = Kn, (Whence the name ‘“precursors of free cumulants”)
That the “simple trace terms”, or the “low rank” case, in the large N limit of Z(A,C;t), are
given by free cumulants has been known for long [Itzykson—Z7 1980, Marinari—Parisi—Rittort

1994, P. Zinn-Justin 1999, 2002, Guionnet—Maida '05, Collins—Sniady '02,’07, Tanaka '08]



The functions K,(A) and Ky(A) (symmetric functions of the
eigenvalues) enjoy all kinds of nice properties, anticipating those
of free cumulants:

M A 0o K = K, (Whence the name “precursors of free cumulants”)

That the “simple trace terms”, or the “low rank’ case, in the large N limit of Z(A,C;t), are
given by free cumulants has been known for long [Itzykson—Z 1980, Marinari—Parisi—Rittort
1994, P. Zinn-Justin 1999, 2002, Guionnet—Maida '05, Collins—Sniady '02,’07, Tanaka '08]
For example

Ki =mi=r

N2 5 N2
KQ = N2_1(m2_m1):]\]2_1"’2
N4 N4
K3 = _3 om3) =
> T e ove-a) e T3 2 = ey (e -y

N4 ,

Kaq = (Ng_1)(N2_4)(N2_9)((N2+1)(m4—4m3m1—2mg+1Om2m%—5m§)+5(m2_m%)‘
N4

- (N?-1)(N?-4) (N2 - 9)((N2 +1)rq +5k3)

etc.



The functions K,(A) and Ky(A) (symmetric functions of the
eigenvalues) enjoy all kinds of nice properties, anticipating those
of free cumulants:

iMoo K = K, (Whence the name “precursors of free cumulants”)
That the “simple trace terms”, or the “low rank” case, in the large N limit of Z(A,C;t), are
given by free cumulants has been known for long [Itzykson—Z 1980, Marinari—Parisi—Rittort

1994, P. Zinn-Justin 1999, 2002, Guionnet—Maida '05, Collins—Sniady '02,’07, Tanaka '08]

Kn(Ay) - k(Ay) = O(N~2), a computable <;-expansion, in terms
of “monotone Hurwitz numbers” [Goulden—Gay-Paquet—Novak, 2011-17]

K, explicitly known in terms of Schur functions

1=l (1) (N+n-t-1)!
Kn(A) = = A N)=NT"
n(4) N;) Cy, ,(N) Sxna(A), Oong (V) (N-t-1)!
’ “content”

[TT]

Ant: “hook diagrams” with n boxes 1 {Z



G.f. of the K,: [DUNTAUT Lop 1 — 1.5 1K, (A)
(which implies a novel form of the g.f. of free cumulants

iMoo [ DUNTAUT LTrLo =1+ %, 1 t"k,(A) )

: U._ _ nn-1 U U .. AU
Define AU :=UAU!. Then Kp(A)=N [DUAz.liQAiQis AL il
Known at large N: [Collins et al '06, Maillard et al '19, Bernard—Hruza '24]

and more generally, for o €S, [o] its cycle decomposition

_ nn—¢([o U U U
K[U](A) =N (lo]) [J(N) DUAl o(1) A20(2)'”Ano(n) :

“Wick property”. Take A a random Gaussian Hermitian matrix
(“GUE(N)"). Then E 4 guev,0)[Ka(A)] =04 2] a2n,



Approach to additivity.

Let K (A,B;U) = Kn(A+UBU)-K,(A)-Kn(B), where U is taken
randomly and uniformly following the Haar measure of U(NV).
Ey(6Kn(A,B;U)) =0. Higher (classical) cumulants 7

For large N, var(6Ky,) = O(N-2) and the higher (classical) cumu-
lants of 6K, are more and more suppressed: cop(6K,) = O(N-2k),
copr1(0Ky) = O(N-2k=2) (Narrow Gaussian).

Application: (probabilistic) Horn problem: distribution of eigen-
values of the sum of two (Hermitian) matrices A and B of given
spectrum, i.e.,sum of orbits of A and B. At finite N, non trivial
distribution with a convex support.

For large N, spectrum of A+ B must localise on the ‘“free con-
volution” of the spectra of A and B.

At finite N, 6 K, (A, B) closer to Gaussian variable than éxy,(A, B).
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A numerical experiment with 4 x4 matrices A and B of regularly spaced spectrum on [-1,1]
and a sample of 200,000 Haar-distributed matrices U, showing the histograms of dxk4(U)
(left), dK4(U) (right). The improvement of the latter two with respect to the former is

manifest: smaller skewness, distribution closer to Gaussian, etc.



Are there other applications of these finite N precursors of free
cumulants 7

Recently many appearances of free cumulants in various physical

contexts

— large time behaviour of diffusion with a random diffusion coefficient
[Guéneau—Majumdar—Schehr, '25]

— “quantum exclusion processes’ [D. Bernard—Hruza, '24-25]

— “"ETH" (Eigenstate Thermalization Hypothesis) [Pappalardi—Foini—Kurchan, '22]

Algebraic aspects
A (new) coproduct on the algebra AW) of symmetric functions

AN L, A(N) g g(V) : Af(A,B) = U(N)DUf(A+UBUT)’

for which the K,, are the primitive elements
AK,=K,®1+18 K,

more in math-ph/2508.21483
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