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§1. Definitions

Let V be a vector space over C. A series a(z) =
∑
n∈Z

a(n)z
−n−1,

where a(n) ∈ End V, is called a quantum field if a(n)v = 0 for

n >> 0 for each v ∈ V.

The data of a vertex algebra consists of the space of states V (a

vector (super)space over C), the vacuum vector |0⟩ ∈ V, the trans-

lation operator T ∈ End V, and a collection of quantum fields

F = {aj(z) =
∑
n∈Z

aj(n)z
−n−1}j, subject to the following four axioms:

(vacuum) T |0⟩ = 0;

(translation covariance) [T, aj(z)] = d
dza

j(z);

(locality) (z − w)Njk [aj(z), ak(w)] = 0 for some Njk ∈ Z≥0;

(completeness) Span
{
aj1(n1) . . . a

js
(ns)

|0⟩
}
= V .
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An equivalent Definition:

A vertex algerbra is a vector superspace over C,

V = V0 ⊕ V1, with a vacuum vector 1 ∈ V0

and a translation operator T ∈ (EndV )0,

endowed with a product with values in V ((z)),

written as a quantum field Y (a, z) =
∑
n∈Z

a(n)z
−n−1, where

a(n) ∈ End V , satisfying the following axioms (a, b ∈ V ):

(vacuum) Y (1, z) = IV , Y (a, z)1 ∈ a + zV [[z]];

(translation invariance) [T, Y (a, z)] = d
dzY (a, z);

(locality) (z − w)N [Y (a, z), Y (b, w)] = 0 for some N ∈ Z≥0.

2



Note that a(n)b is a bilinear product V ⊗ V → V for each n ∈ Z,

such that a(n)b = 0 for n >> 0.

The product a(−1)b is denoted by :ab: and is called the normally

ordered product. One has:

a(−n−1)b =
1
n! : (T

na)b: for n ≥ 0.

Define the λ-bracket V ⊗ V → V [λ] by

[aλb] =
∑

n∈Z≥0

λn

n! (a(n)b).

It satisfies the axioms of a Lie conformal superalgebra:

(Sesquilinearity) [Taλb] = −λ[aλb], [aλTb] = (T + λ)[aλb];

(Skew-symmetry) [bλa] = −(−1)p(a)p(b)[a−λ−Tb];

(Jacobi identity) [aλ[bµc]] = [[aλb]λ+µc] + (−1)p(a)p(b)[bµ[aλc]].
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Computations in a vertex algebra (V,1, T, Y (a, z)) can be performed

using the third equivalent definition, in terms of the quintuple

(V,1, T, [.λ.], ::), where

(1) (V, T, [·λ·]) is a Lie conformal superalgebra;

(2) (V,1, T, ::) is a unital differential superalgebra with deriva-

tion T , satisfying

(quasi commutativity) : ab : −(−1)p(a)p(b) : ba :=
∫ 0

−T [aλb] dλ;

(quasi associativity)

:: ab : c : − : a : bc ::=: (
∫ T
0 dλ a)[bλc] : +(−1)p(a)p(b)a↔ b;

(3) (quasi Wick formula)

[aλ : bc :] =: [aλb]c : +(−1)p(a)p(b) : b[aλc] : +
∫ λ
0 [[aλb]µc] dµ.

[BK03]

4



Given a Lie conformal superalgebra R, its universal enveloping

vertex algebra (V (R), φ) is defined in the same way as for Lie super-

algebras:

R V (R)

V

ψ

φ

PBW Theorem. Let a1, a2, . . . be a basis of R over C. Then the

ordered monomials : ai1ai2 · · · ais : form a basis of the V (R) over C.

Here, the normally ordered products are taken from right to left, and

ir < ir+1 if both air and air+1 are odd, and ≤ otherwise.

Remark 1. If R has a central element K, then for each k ∈ C,

we get the universal enveloping VA of level k:

V k(R) = V (R)/(K − k1).
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Remark 2. Lie conformal superalgebras encode an important class of

infinite-dimensional Lie superalgebras. Namely, given a Lie confor-

mal superalgebra R, the corresponding Lie superalgabra LieR is

span{a(n) | a ∈ R, n ∈ Z}/span{(Ta)(n) + na(n−1)}

with the (well-defined) bracket:

[a(m), b(n)] =
∑

j∈Z≥0

(mj )(a(j)b)(m+n−j) .

The universal enveloping vertex algebra V k(R) can be constructed

explicitly by inducing to LieR from the 1-dimensional module over

the subalgebra

span{a(n)|a ∈ R, n ∈ Z≥0} ⊕ CK, given by a(n)1 = 0, K1 = k1.

Then 1 is the vacuum vector, T acts in the obvious way, and the

generating quantum fields are Y (a, z) =
∑

n∈Z a(n)z
−n−1.
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§2. Basic examples

Example a) Let A be a vector superspace over C with a

non-degenerate super skew-symmetric bilinear form < ·, · >.

The fermionic Lie conformal superalgebra is RA = (C[T ]⊗A)⊕CK

with the λ-brackets

[φλψ] =< φ,ψ > K for φ, ψ ∈ A, K central.

Its universal enveloping VA F 1 (A) is called the fermionic VA based

on A. It is simple.

The corresponding Lie superalgebra LieRA
has basis φi(n), where {φi}

is a basis of A, n ∈ Z, and K, with the brackets:

[φi(m), φ
j
(n)] =< φi, φj > δm,−n−1K, K central.
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Example b) The Virasoro Lie conformal algebra is

Vir = C[T ]⊗ L + C C

with λ-brackets

[LλL] = (T + 2λ)L + λ3

12 C , C central.

The corresponding universal enveloping VA of level c, called the

central charge c ∈ C, is denoted by V c. It is not simple, but has a

unique maximal ideal, the quotient by which is denoted by Vc. It is

well known that V c is not simple if and only if

c = 1− 6(p−q)2
pq , where p, q ∈ Z , p > q ≥ 2 , gcd(p, q) = 1.

The corresponding Lie algebra LieV ir is the Virasoro algebra

[Lm, Ln] = (m− n)Lm+n + δm,−n
m3−m
12 C,

where Lm = L(m+1) , C central, m,n ∈ Z.

8



Definition. An element L of a vertex algebra V is called a

Virasoro vector (or conformal vector, or energy-momentum vector)

if:

(i) C[T ]L + C1 with the λ-bracket from V is a Virasoro Lie con-

formal algebra;

(ii) L−1 = T ;

(iii) L0 is diagonalizable.

The central charge of (V, L) is the central charge of (i).

Definition. A vertex algebra V endowed with a Virasoro vector L

is called a VOA (or conformal VA) if the eigenspace decomposition

of V with respect to L0 is of the form

V = ⊕
j∈1

2Z+

Vj, where dimVj <∞ and V0 = C1.
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Continuation of Example a). F 1(A) is a VOA with Virasoro vector

L = 1
2

∑
i

: (Tφi)φ
i :,

where {φi} and {φi} are dual bases of A, the central charge be-

ing −1
2 sdim A.

Continuation of Example b).The universal Virasoro vertex algebra

V c and its simple quotient are VOA’s with Virasoro vector L of

central charge c.
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Example c) Let g be a simple finite-dimensional Lie algebra over C,

and normalize the invariant bilinear form (·|·) on g by the condition

(α|α) = 2 if α is a long root.

The current Lie conformal algebra is

Cur g = (C[T ]⊗ g)⊕ CK

with the λ-brackets

[aλb] = [a, b] + λ(a|b)K, for a, b ∈ g, K central.

Its universal enveloping vertex algebra of level k is called the

universal affine VA of level k, and is denoted by V k(g).

If k ̸= −h∨, where h∨ = dual Coxeter number (12 eigenvalue of the

Casimir operator on g), then V k(g) has a unique simple quotient

Vk(g).
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The corresponding to Cur g Lie algebra LieCurg is the

affine Lie algebra ĝ = (C[t, t−1] ⊗ g) ⊕ CK with the brackets

[a(m), b(n)] = [a, b](m+n) + δm,−n (a|b) K,

where a(m) = tm ⊗ a, a ∈ g, K central.

The vertex algebras V k(g) and Vk(g) with the Virasoro vector

LSug =
1

2(k+h∨)

∑
i

: aia
i :,

where {ai} and {ai} are dual bases of g, are VOA’s, provided that

k ̸= −h∨, of central charge ck(g) = k dim g
k+h∨ .
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Example d) Let s = ⟨e, 2x, f⟩ be an sl2-triple in g, and let

g = ⊕
j∈1

2Z
gj be the (ad x)-eigenspace decomposition.

The corresponding

Quantum Hamiltonian Reduction (QHR) is constructed as follows

([FF90], principal s ; [KRW03] arbitrary s).

Consider the following vertex algebra (k ∈ C):

Ck(g, s) = V k(g)⊗ F ch ⊗ F ne︸ ︷︷ ︸
ghosts

,

where F ch = F 1(Π(g<0 + g>0)) , F
ne = F 1(g1

2
),

the corresponding skew-symmetric bilinear forms being the pairing

between g<0 and g>0 given by (·|·) , and < a, b >ne= (f |[a, b]) on

g1
2
, respectively.
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Define Z− grading Ck(g, s) = ⊕
j∈Z

Ck
j by

deg V k(g) = 0 = degF ne, deg g>0 = − deg g<0 = 1,

and let

d =
∑
j∈S>0

(: φjuj : +(f |uj)φj) +
∑
j∈S1

2

: φjΦj :

+
1

2

∑
i,j∈S>0

: φiφjφ[uj ,ui] :,

where {uj}j∈S>0 is a basis of g>0, compatible with ad x-grading,

{uj}j∈S>0 is its dual basis of g<0, {φj} and {φj} are the correspond-

ing bases of Πg>0 and Πg<0, and {Φj}j∈S1
2

is the corresponding basis

of g1
2
.

The element d is an odd element of the vertex algebra Ck(g, s) of

degree −1, and a direct calculation gives:

[dλd] = 0.
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In particular d(0)d = 0, hence d2(0) = 0. But for any a in VA, a(0)

is its derivation, hence (Ck(g, s), d(0)) is a homology complex, whose

homology is a vertex algebra.

The 0th homology of this complex, denoted by W k(g, s), is called

the universal quantum affine W -algebra, associated to (g, s, k). If

k ̸= −h∨, this vertex algebra has a unique maximal ideal, and the

quotient by this ideal is the simple quantum affine W -algebra, de-

noted by Wk(g, s).

15



Theorem 1 [KRWO3], [KW04]. Assume that k ̸= −h∨.

(a) The vertex algebra Ck(g, s) is a VOA with the Virasoro element

L = LSug + Tx + Lch + Lne,

of central charge

ck(g, x) = dim g0 − 1
2 dim g1

2
− 12

k+h∨ |ρ− (k + h∨)x|2.

Also d(0)L = 0, hence W k(g, s) and Wk(g, s) are VOA’s of cen-

tral charge ck(g, x).

(b) For a ∈ g let

J (a) = a +
∑

j∈S>0

: φjφ[uj,a] :∈ Ck(g, s).

Then for each a ∈ g
{f}
−j with j ≥ 0, there exists a d(0)-closed

element J{a} ∈ Ck(g, s) of conformal weight 1 + j, such that

J{a}−J (a) is a linear combination of normally ordered products

of the elements J (b) with b ∈ g−s, 0 ≤ s < j, the elements

Φj, j ∈ S1
2
, and of their derivatives (i.e., their images under

powers of T ).
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(c) The homology classes of the elements J{ai}, where {ai} is a basis

of gf consisting of eigenvectors of ad x, strongly generate the

VOA W k(g, s) and obey the PBW theorem.

(d) Hj(C
k(g, s), d(0)) = 0 if j ̸= 0.

Remark 3. The simplestW -algebraW k(sℓ2, sℓ2) is isomorphic to the

Virasoro vertex algebra V c with c = 1− 6(k+1)2

k+2 .

The λ-brackets between generators are known for minimalW -algebras

W k(g, s), where f ∈ s has the adjoint orbit in g of minimal non-

zero dimension. This VOA is denoted by W k
min (g), and its simple

quotient by Wmin
k (g).
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§3 Conjectures on modular invariant VOA’s.

Let V be a VOA with a Virasoro vector L of central charge c, and

let

q = e2niτ , where τ ∈ C, Im τ > 0.

Conjecture 1. Assume that V is of strong CFT type, i.e. for v ∈ V

of L0-eigenvalue 1, one has L1v = 0.

If the series trV q
L0−a, with a ∈ C, converges to a modular function,

then a = c
24.

Definition. A VOA V is called modular invariant if the series

(normalized character of V )

chV (τ ) = trV q
L0− c

24

converges to a modular function on a congruence subgroup of SL2(Z).

By [Zhu96], any rational VOA with the spectrum of L0 in Z, is

modular invariant.
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[DR18],[KW25] Conjecture 2. If V is a modular invariant VOA, which

is lisse, i.e. the Poisson algebra P (V ) = V/(V(−2)V ) is finite-

dimensional, then V is rational. (The structure of a Poisson algebra

on P (V ) is given by ab = a(−1)b and {a, b} = a(0)b.)

[KW25] Conjecture 3. A modular invariant VOA is simple.
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Example a) V = F 1(A) , where A is a finite-dimensional superspace.

This VOA is modular invariant if and only if A is purely odd vector

superspace.

Then V ≃ F 1(ΠC)⊗d, where d = dimA, so the problem reduces to

the VOA F = F 1(ΠC), one fermion. Then we have:

chF (τ ) = q−
1
48

∏
n∈Z≥0

(1 + q n+1
2) =

η(τ )2

η(τ2)η(2τ )
,

schF (τ ) = q−
1
48

∏
n∈Z≥0

(1− q n+1
2) =

η(τ2)

η(τ )
,

chFR
(τ ) = q

1
24

∏
n∈Z≥0

(1 + q n+1) =
η(2τ )

η(τ )
.

Hence F⊗d is a modular invariant VOA and , moreover, d-th powers

of these three modular functions span an SL2(Z)-invariant space, in

agreement with [v E 13] , which generalizes [Zhu 96] [DLM98].
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Example b) V = Vc , simple Virasoro VOA of central charge c, is

modular invariant if and only if V c is not simple, i.e.

c = 1− 6(p−q)2
pq , p, q ∈ Z, p > q ≥ 2, gcd(p, q) = 1.

All these VOA’s are rational, even regular.

Remark 4. The triplet VOA, whose central charge is the above c

with q = 1, is lisse, but not modular invariant, according to [AM95],

hence not rational.
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Example c) V = Vk(g), k ̸= −h∨, simple affine VOA. There are two

series of levels k, for which Vk(g) is modular invariant:

(principal admissible k) k = −h∨ + p
q , where p and q are coprime

positive integers, q is coprime with lacety r∨ of g, and p ≥ h∨;

(subprincipal admissible k) k = −h∨+ p
q , where p and q are coprime

positive intergers, q is divisible by r∨ > 1, and p ≥ h, the Coxeter

number of g.

Formulas for normalized characters of these VOA for k principal

admissible:

chVk(g)(τ ) =
∑

γ∈pQ∨
d(γ)q|ρ+γ|

2/2(k+h∨)/η(τ )dim g,

where

d(γ) =
∏

α ∈∆+

(γ + ρ|α)
(ρ|α)

.

For k subprincipal admissible the same formula holds with Q∨ (co-

root lattice) replaced by Q (root lattice).
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[KW25] Conjecture 4. There are no other modular invariant simple

affine VOA.

However, there are some very interesting examples that come close

(”Deligne series”), for which chVk(g) is a ratio of a quasi-modular form

Ω(τ ) by η(τ )dim g.

Namely, for g of type Dn(n ≥ 4), and E6, E7, E8, let b = 2, and

= h∨

6 + 1 respectively. Then for any negative integer k ≥ −b there

exists a unique positive root α, such that (ρ|α) = h∨ + k := p.

Then one can show that

(!) chVk(g)(τ ) =
1
2p

∑
γ∈pQ

(α|γ) d(γ) q
|ρ+γ|2
2p /η(τ )dim g.
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The proof is based on the following observations.

Let ĝ be an affine Lie algebra and let Λ be a weight of level k > −h∨.

Then

(*) R̂ chL(Λ) =
∑
w∈Ŵ

cΛ(w)e
w(Λ+ρ̂).

If, in addition, Λ is a quasi-dominant integral weight (i.e. its restriction to

g is dominant integral), then

(**) cΛ(utγ) = ϵ(u)cΛ(tγ) for u ∈ W, γ ∈ Q∨.

Proposition. [KW18]. Let ĝ and k ∈ Z<0 be as above, let Λ be a quasi-

dominant integral weight of level k, for which there exists a root α of g, such

that (Λ + ρ̂, δ − α) = 0, and any β ∈ ∆̂+, orthogonal to Λ + ρ̂, is equal to

δ − α. Then, assuming that,

(***) cΛ(tγ) is a linear function in γ ∈ Q∨, we have

(****) cΛ(tγ) =
1
2(α, γ), γ ∈ Q∨.

Using (**) and (****), provided that (***) holds, and specializing the re-

sulting formula (*), it is not difficult to deduce the character formula (!).

This is the easy part of the proof.
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Of course, the constants cΛ(tγ) can be computed inductively on ℓ(tγ) via

Kazdan-Lusztig polynomials [KT1998], but this will lead to very complicated

expressions, and would not help in proving (****).

In some cases, including Λ = kΛ0, this formula was proved in [BKK24], using

the description of the corresponding module over the affine Hecke algebra in

terms of the equivariant K-theory of the Springer resolution, which is the

hard part of the proof of (!).

This leads to the following open problem:

For which Λ the coefficients cΛ(tγ) are bounded (resp. linear) functions in

γ ∈ Q∨? For dominant integral, and, more generally, admissible Λ, the

answer is trivial:

cΛ(tγ) = 1 for all γ ∈ Q∨.

One other example: for L(−Λ0) over ŝℓn and ŝpn, one has an explicit character

formula [KW18], which implies that

c−Λ0
(tγ) = 1 or 0.
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§4 Modular and quasi-modular forms and functions

Let Γ ⊂ SL2 (R) be a discrete subgroup, commensurable with SL2(Z) ,

and let w and m be non-negative integers. A holomorphic function f(τ),

Im τ > 0, is called a quasi-modular form of weight w and depth ≤ m on Γ if

there exist holomorphic functions f1, . . . , fm, such that

1

(cτ + d)w
f

(
aτ + b

cτ + d

)
= f0(τ) + f1(τ)

c

cτ + d
+ · · ·+ fm(τ)

(
c

cτ + d

)m

for all τ with Im τ > 0, and
(
a b
c d

)
∈ Γ, and LHS is bounded for Im τ → ∞.

Example 1 If m = 0, a quasi-modular form f(τ) is a modular form of weight

w, and f ′(τ) is a quasi-modular form of weight w + 2 and depth ≤ 1:

1

(cτ + d)w+2
f ′
(
aτ + b

cτ + d

)
= f ′(τ) + w

c

cτ + d
f(τ).

Example 2 (Eisenstein series). Let G2k(τ) =
∑′

m,n∈Z
1

(mτ+n)2k
, k = 1, 2, . . .

Usually this function is normalized by a constant factor to make the constant

term equal 1, to get

E2k(τ) = 1 + (−1)k
4k

Bk

∑
n≥1

σ2k−1(n)q
n,

where Bk are Bernoulli numbers (B1 = 1/6, B2 = 1/30, B3 = 1/42, ...),

and σj(n) =
∑
d|n

dj. The functions E2k(τ) with k > 1 are holomorphic mod-

ular forms on SL2(Z) of weight 2k. However,

1

(cτ + d)2
E2

(
aτ + b

cτ + d

)
= E2(τ) +

6

iπ

c

cτ + d
,

hence E2(τ) is a quasi-modular form of weight 2 and depth ≤ 1.
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Theorem (a) C[E4, E6, E8, . . . ] = C[E4, E6] is the space of all holomorphic

modular forms on SL2(Z).

(b) (Kaneko-Zagier) C[E2, E4, E6] is the algebra of all holomorphic quasi-

modular forms on SL2(Z). If coincides with
∑
m≥0

(
d

dτ

)m

C[E4, E6].

(c) In the definition of a quasi-modular form f , the functions fk, are uniquely

defined quasi-modular forms of weight w−2k and depth ≤ m−k, and f0 = f .

Definition The modular (resp. quasi-modular) function is a function of the

form

f(τ) =
Ω(τ)

ϕ(τ)
,

where Ω(τ) is a holomorphic modular (resp. quasi-modular) form of weight

w and ϕ(τ) is a nowhere vanishing modular function of the same weight.

27



Remark 5 For k = −b, completely different formulas have been found in [AK

18] by making use of modular differential equations:

chV−2(D4)(τ) =
E′

4(τ)
240η(τ)10 ;

chV−3(E6)(τ) = − 1
462

(
E6(τ)E

′
4(τ)

240 η(τ)22 − η(τ)
)
;

chV−4(E7)(τ) =
η(τ)24

204204

(
P2

(
E6(τ)
η(τ)12

)
E′

4(τ)
240η(τ)34 −

E6(τ)
η(τ)34

)
;

where P2(x) = x2 + 462;

chV−6(E8)(τ) = very complicated.

Conjecture 5. If V is a VOA, for which chV (τ) is a modular or quasi-modular

function, then V is quasi-lisse (i.e. the Poisson algebra P (V ) has finitely

many symplectic leaves [AK18]).
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Conjecture (Dražen) If g = Dn(n ≥ 4), or E6,7,8, and k is a non-negative

integer, then Wmin
k (g) is not rational (though it is lisse [AM18]), in a sharp

contrast to the AKC conjecture (stated below).

Open Problem. Find all k ∈ C, for which chVk(g)(τ) is a quasi-modular func-

tion.

Remark 6. If
∑
γ∈Q

c(γ)q|γ+λ|2/2p is a modular form on Γ, then
∑
γ∈Q

(α, γ)c(γ)q|γ+λ|2/2p

is a quasi-modular form on Γ for any α ∈ QQ.
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Example d) Let M be a V k(g)-module, then

M ⊗ F ch ⊗ F ne is a Ck(g, s)-module, and we get the homology complex

(M ⊗ F ch ⊗ F ne, d(0)).

Its homology H(M) is a module over the W -algebra W k(g, s). By [A06], this

module is either irreducible or 0, if M is irreducible , provided that s is the

minimal sℓ2-subalgebra of g.

For arbitrary s this is still an open problem.

In the special case of M = L(kΛ0), the homology H(L(kΛ)0) is either 0 or a

quotient of the W -algebra W k(g, s), which is a VOA, denoted by W̃k(g, s).

If s is minimal in g, then, by [A06] , W̃k(g, s) = Wmin
k (g) is simple if k is not

in Z+.
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[KW25] Theorem 2

(a) The simple W -algebra Wmin
k (g) for g = Dn(n ≥ 4) or E6,7,8, and k a

negative integer ≥ −2 or ≥ −h∨

6 − 1 = −b (b is the length of the longest leg

in the extended Dynkin diagram), respectively, is a modular invariant VOA.

Since it is also lisse by [AM 18], Conjecture 2 implies that this W -algebra is

rational ([ACK24] conjecture).

(b) Let k = −h∨ + p
q be an admissible level.

Then W̃k(g, s) is a modular invariant vertex algebra if u > θ(x) for k principal

admissible, and q > θs(x) if k is subprincipal admissible, where θ and θs

denote the highest and the highest short root respectively, and 0 for all other

admissible k.

Consequently, by Conjecture 3, W̃k(g, s) = Wk(g, s) for these k (and 0 for all

other admissible k [A15], [KW25]).

Open problem. For which k the VOA Wk(g, s) is modular invariant?

Conjecture 6. Quantum Hamiltonian reduction of a quasi-modular invari-

ant affine VOA Vk(g) is either 0 or a modular invariant W -algebra.
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