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How well defined are 
rotations in nuclei?
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Figure 3.1: An axially symmetric rotor model viewed from a schematic perspective. The
model possesses total spin I, intrinsic spin J, rotational angular momentum R, which are
related by I = R + J, and the Hamiltonian is given by eq. 3.1 if J = 0 and by eq. 3.13 for
non-zero J. When this model is quantized, the quantum number I, which labels the total spin
of the system, together with the quantum numbers I3 := K and Iz := M emerge (see text). The
body-fixed symmetry axis is the 3-axis and the component of the total spin along this axis,
labeled by K, is characteristic of the quantum mechanics of the system. The 3-axis and the
z-axis (laboratory axis of directional quantization) are not in a fixed orientation with respect
to each other (cf. figure 3.3). Quantum mechanically, rotations are restricted to directions
perpendicular to the 3-axis and so K remains fixed for increasing values of R, i.e. K is a
characteristic of a rotational band. Note that besides the axis of rotational symmetry, there
is a plane of reflection symmetry at right angles to the 3-axis, passing through the centre of
mass of the body. This plays a key role in the structure of the quantum mechanical state
vectors, cf. eq. 3.5.
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Figure 1.44: Ground-state electric quadrupole moments of odd-mass nuclei. The values given are scaled by
ZR2, i.e., by the charge and squared radius of the nucleus. Solid circles are for odd-Z nuclei and open circles
are for odd-N nuclei. The solid line is to guide the eye. (The data are taken from Raghavan P. (1989), At.
Data Nucl. Data Tables 42, 189 and Stone N.J. (2005), At. Data Nucl. Data Tables 90, 75.)

In the rotor model (Section 1.7.2), deformed nuclei (both even and odd) are most
commonly described as prolate spheroidal (axially symmetric, cigar shaped) objects
with only rotational degrees of freedom. The component of the angular momentum
of the nucleus relative to the symmetry axis of the rotor is a good quantum number
in this model and takes a constant value (K) for all states of a rotational band.
Then, because the angular momentum, J , of the nucleus cannot be less than its
projection on any axis, it cannot be less than K. Moreover, the lowest energy state
of a simple rotor has the smallest value of J possible. Thus, for a simple rotor, K
is equal to the angular momentum of its ground state.

The quadrupole moment of a state of angular momentum J is defined to be the
quadrupole moment of this state when its angular momentum is maximally aligned
with the space-fixed z axis, i.e., when M = J . Then, as illustrated in Figure 1.45(a),
if the state with angular momentum J is the ground state of an axially symmetric
rotor, the projection of the angular momentum J (a vector) onto the symmetry
axis of the rotor is also K = J . Thus, the symmetry axis of the rotor will be

46

0
prolate

oblate

FIG. 1.14. Figure from R&W. Update needed (and remove shaded background). 
J � 1

<latexit sha1_base64="dr9c7fjcbVY+2ZhpCVh7tuB5W+Y=">AAAB5nicbVDLSsNAFL2pr1pfVZduBovgqiRS0JUU3IirCvYBbSiT6U07dGYSMxOxhP6CC0Fc6MLf8RP8G5M2C9t6YOBwzj135owXCq6Nbf9YhbX1jc2t4nZpZ3dv/6B8eNTSQRwxbLJABFHHoxoFV9g03AjshBFS6Qlse+ObzG8/YaR5oB7MJERX0qHiPmfUpFLnjvSG+EicfrliV+0ZyCpxclKBHI1++bs3CFgsURkmqNZdxw6Nm9DIcCZwWurFGkPKxnSI3ZQqKlG7yey9U3KWKgPiB1F6lCEz9W8ioVLrifTSSUnNSC97mfif142Nf+UmXIWxQcXmF/mxICYgWfmFPVk6NPJ5mnZ3lpuuktZF1alVa/e1Sv06/4UinMApnIMDl1CHW2hAExgIeIUP+LRG1ov1Zr3PRwtWnjmGBVhfvwOpjD8=</latexit>



9

Rotational bands even-even nuclei
For the special case of even-even nuclei 
only even J values are allowed in a 
rotational band built upon the Jπ=0+ ground 
states (due to some symmetry properties)

Thus, for an even-even nucleus with a fixed 
deformation (i.e. a fixed moment of inertia) 
we expect to find a level scheme like this

A structure of excited states such as this in 
known as a rotational band, states within 
the band are known as “band members” 
and the lowest-E state is the “band head”

So we expect E(41
+)/E(21

+Ϳ у ϯ.ϯϯ



10

38 CHAPTER 2. NUCLEAR EXCITATION PATTERNS

Figure 2.9: Map of R4 := E(4+
1 )/E(2+

1 ) values for nuclei in the rare earth region. The close
approach of many of these nuclei to R4 = 3.333 (dashed horizontal line) is interpreted as due
to deformation, as emerges from the simple rotor model of deformed nuclei, discussed in
chapter 3. Solid lines connect isotopic chains and dashed lines connect isotonic chains.

Figure 2.10: Map of R4 values for nuclei in the open-shell region Z � 54, N  74, 118 
A  140. The mid-shell point is located in the unexplored region of 132Dy, cf. figure 2.7. For
other details, see figure 2.9.

R4 = E(4+)/E(2+)
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Figure 1.55: Gamma-ray spectra from the Coulomb excitation of 242,244Pu with a beam of 208Pb ions. The
energy levels of the decay schemes corresponding to the observed E2 transitions are also shown and are good
examples of rotational bands. The absence of gamma-ray peaks corresponding to the transitions 2+ � 0+

and 4+ � 2+ is a consequence of experimental conditions and need not concern us. The irregularities above
spin 20 are discussed in Volume 2. (The data and spectra are taken from Spreng W. et al. (1983), Phys. Rev.
Lett. 51, 1522.)
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FIG. 3.4.Figure 3.4: Spectrum of an axially symmetric rotor, as manifested in 242,244Pu following
Coulomb excitation. Details are discussed in the text. The figure is reproduced from Rowe
& Wood and is based on one appearing in [4] shown with permission.

3.1. THE ROTOR MODEL FOR NUCLEI: K = 0 BANDS 61

February 4, 2010 12:18 WSPC/Book Trim Size for 9.75in x 6.5in rw-book975x65

1 Elements of nuclear structure

100 150 200 250 300 350 400 450 500 550

5

2

5

2

5

2

5

2

5

2

5

2

103

102

103

102

101
244Pu

Energy  (keV)

En
er

gy
  (

ke
V)

C
ou

nt
s

C
ou

nt
s

12
+ →

 1
0+

6+ →
 4

+

8+ →
 6

+

10
+ →

 8
+

14
+ →

 1
2+

16
+ →

 1
4+

18
+ →

 1
6+

20
+ →

 1
8+

22
+ →

 2
0+

24
+ →

 2
2+ 

26
+ →

 2
4+

6+ →
 4

+

8+ →
 6

+

10
+ →

 8
+

12
+ →

 1
0+

14
+ →

 1
2+

16
+ →

 1
4+

18
+ →

 1
6+

20
+ →

 1
8+

26
+ →

 2
4+

22
+ →

 2
0+ , 2

4+ →
 2

2+

26+

24+

22+

20+

18+

16+

14+

12+

10+

  8+
  6+
  4+
  2+
  0+

4172

3662

3163

2686

2236

1816

1431

1084

  778

  518
  306
  147
    45
      0

4135

3678

3206

2734

2282

1858

1467

1114

  801

  535
  318
  156
    46
      0

4000

3000

2000

1000

      0
Iπ E (242Pu) E (244Pu)

242Pu

Figure 1.55: Gamma-ray spectra from the Coulomb excitation of 242,244Pu with a beam of 208Pb ions. The
energy levels of the decay schemes corresponding to the observed E2 transitions are also shown and are good
examples of rotational bands. The absence of gamma-ray peaks corresponding to the transitions 2+ � 0+

and 4+ � 2+ is a consequence of experimental conditions and need not concern us. The irregularities above
spin 20 are discussed in Volume 2. (The data and spectra are taken from Spreng W. et al. (1983), Phys. Rev.
Lett. 51, 1522.)
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FIG. 3.4.Figure 3.4: Spectrum of an axially symmetric rotor, as manifested in 242,244Pu following
Coulomb excitation. Details are discussed in the text. The figure is reproduced from Rowe
& Wood. The figure is a representation of original data appearing in [4].

Gamma ray spectra for de-excitation of high

angular momentum states in 242Pu and 244Pu:


We see a “picket fence” spectrum. This can be

translated to a a set of excited states obeying

the simple rotor model:


Q: Why do we not see gamma ray peaks for 

4+ -> 2+ and 2+ -> 0+ ?

2.1. BASIC FEATURES OF EXCITED STATES IN EVEN-EVEN NUCLEI 39

Regions where E(2+
1 ) values are lowest are far removed from the closed shell numbers.

The lowest known values occur in the actinide region around 250Cf (Z = 98,N = 152,42.72
keV) and in the rare earth region around 170Dy (Z = 66,N = 104,71.47 keV). Without ex-
ception, nuclei with the lowest energy 2+

1 states possess second excited states with Jp = 4+.
The energy ratio, R4 := E(4+

1 )/E(2+
1 ) in all these nuclei is close to 3.33. This is character-

istic of an axially symmetric rotor with a plane of reflection symmetry perpendicular to the
axis of rotational symmetry. The R4 values for the rare earth region are shown in figure 2.9,
and for two other mass regions in figures 2.10 and 2.11. Indeed, the excitation spectrum for
an axially symmetric rotor model possesses the states, expressed as ratios to E(2+

1 )

Jp(EJ/E2) = 4+(3.333),6+(7.000),8+(12.000), · · · , (2.2)

and nuclei in the rare earth and actinide regions with the lowest E(2+
1 ) values exhibit excited

states with energies very close to the sequence given in eq. 2.2. These energies follow from
the simple formula

E =
h̄2I(I +1)

2J
, (2.3)

where J is a moment of inertia parameter. (Note that the symbols ‘I’ and ‘J’ are used
interchangeably to represent spin and angular momentum, and I is usually the preferred
symbol where rotations are involved.) A useful plot is for

r6 :=
E(6+

1 )�E(4+
1 )

E(2+
1 )

vs. r4 :=
E(4+

1 )�E(2+
1 )

E(2+
1 )

, (2.4)

and the nuclei with the largest R4 values are shown in figure 2.12. Note r4 = R4 � 1 and
r6 = R6 � R4. The use of r6 vs. r4 plots instead of R6 vs. R4 plots is preferred because the
measured quantities are g-ray transition energies, i.e. differences in the level energies, and
so the uncertainties in the plotted quantities are easier to depict. Some details of the axially
symmetric rotor are given shortly.

Regions where E(2+
1 ) values are highest are for closed shell nuclei, with extremely high

values for doubly closed shell nuclei. The excitations in the even-mass Sn isotopes (Z = 50)
are shown in figure 2.13. The first excited state has Jp = 2+ and occurs at a fairly constant
energy of 1.2 MeV, but then there is the onset of a dense spectrum of excited states above
about 2 MeV. Note that across the entire neutron shell (50 < N < 82) the excitations appear
approximately constant, independent of the neutron number. There is not a minimum in the
E(2+

1 ) values at mid-shell, N = 66. In due course, we will identify excitation patterns in
singly-closed shell nuclei.
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Regions where E(2+
1 ) values are lowest are far removed from the closed shell numbers.

The lowest known values occur in the actinide region around 250Cf (Z = 98,N = 152,42.72
keV) and in the rare earth region around 170Dy (Z = 66,N = 104,71.47 keV). Without ex-
ception, nuclei with the lowest energy 2+

1 states possess second excited states with Jp = 4+.
The energy ratio, R4 := E(4+

1 )/E(2+
1 ) in all these nuclei is close to 3.33. This is character-

istic of an axially symmetric rotor with a plane of reflection symmetry perpendicular to the
axis of rotational symmetry. The R4 values for the rare earth region are shown in figure 2.9,
and for two other mass regions in figures 2.10 and 2.11. Indeed, the excitation spectrum for
an axially symmetric rotor model possesses the states, expressed as ratios to E(2+

1 )

Jp(EJ/E2) = 4+(3.333),6+(7.000),8+(12.000), · · · , (2.2)

and nuclei in the rare earth and actinide regions with the lowest E(2+
1 ) values exhibit excited

states with energies very close to the sequence given in eq. 2.2. These energies follow from
the simple formula

E =
h̄2I(I +1)

2J
, (2.3)

where J is a moment of inertia parameter. (Note that the symbols ‘I’ and ‘J’ are used inter-
changeably to represent spin and angular momentum and I is usually the preferred symbol
where rotations are involved.) A useful plot is for

r6 :=
E(6+

1 )�E(4+
1 )

E(2+
1 )

vs. r4 :=
E(4+

1 )�E(2+
1 )

E(2+
1 )

, (2.4)

and the nuclei with the largest R4 values are shown in figure 2.12. Note r4 = R4 � 1 and
r6 = R6 � R4. The use of r6 vs. r4 plots instead of R6 vs. R4 plots is preferred because the
measured quantities are g-ray transition energies, i.e. differences in the level energies, and
so the uncertainties in the plotted quantities are easier to depict. Some details of the axially
symmetric rotor are given shortly.

Regions where E(2+
1 ) values are highest are for closed shell nuclei, with extremely high

values for doubly closed shell nuclei. The excitations in the even-mass Sn isotopes (Z = 50)
are shown in figure 2.13. The first excited state has Jp = 2+ and occurs at a fairly constant
energy of 1.2 MeV, but then there is the onset of a dense spectrum of excited states above
about 2 MeV. Note that across the entire neutron shell (50 < N < 82) the excitations appear
approximately constant, independent of the neutron number. There is not a minimum in the
E(2+

1 ) values at mid-shell, N = 66. In due course, we will identify excitation patterns in
singly-closed shell nuclei.

40 CHAPTER 2. NUCLEAR EXCITATION PATTERNS

Figure 2.12: Plot of [E(6+
1 ) - E(4+

1 )]/E(2+
1 ) := r6 vs. [E(4+

1 ) - E(2+
1 )]/E(2+

1 ) := r4. The
simple rotor limits are at r4 = 2.3333, r6 = 3.6667. For comparison, the rotations of the
diatomic molecule, HCl are shown (see figure 5.16). The error bars on some of the data
points reflect the uncertainties in the g-ray transition energies used to compute the ratios;
if the datum is a point, the uncertainties are too small to depict at the scale used. The
“most rotational” ground-state band known occurs in 250Cf. The red line corresponds to
the relationship E = AI(I +1)+BI2(I +1)2.



In	molecules,	quantum	degrees	of	freedom		
have	separate	spectral	responses	

						The	infrared	absorp8on	spectrum	of	HCl	reveals	molecular	vibra8ons	and	rota8ons.		

rota8onal	const.	
A1	=	10.134	cm-1	
	
A0	=	10.437	cm-1			

1 cm-1 = 1.24 x 10-4 eV  
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We can also explore the deviation from rotor behaviour

as a function of I to very large values of angular 
momentum using the rotational parameter:


This parameter should be unit for all values of I if the 
rotor model were perfectly respected.


For discussion: what is fascinating is that the rotational 
parameter for 174Yb and 242Pu are almost identical 
despite the very large difference in number of protons 
and neutrons making up the nucleus!


8 CHAPTER 1. HOW WELL DEFINED ARE ROTATIONS IN NUCLEI?

Figure 1.4. Values of the scaled rotational energy parameter for 
selected nuclei. These are defined using equation (1.10), expressed as

a(I) :=  [Eγ(I à I-2) / (4I -2)] / [Eγ(2 à 0) / 6]. 
A rigid rotor would result in a(I) = 1.000 for all values of I.
Experimental uncertainties for the input energies are 
too small to be shown. Note that the values of a(I) for 242Pu 
and 174Yb are almost indistinguishable for all spin values: 
this is discussed further in section 1.3, including details of the
uncertainty in their energies.  
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1.4 A wider look at rotation in nuclei: energies and mo-
ments of inertia

One can look at energy patterns beyond equation 1.1 via scaling of rotational band energies
in even nuclei by E(2+

1 ). This received a limited inspection in figure 1.4. But in the finer
details, a remarkable feature emerges, as presented in table 1.2 for the comparison of 174Yb
and 242Pu: when scaled, the transition energies between states in the ground-state rotational
bands are all identical to within a few parts in a thousand, independent of spin. Further, when
considering experimental uncertainties, there is the possibility that these scaled energies are
even more similar. We emphasize, these are supposedly complex many-body quantum sys-
tems with 174 and 242 bodies, respectively, with very different “orbital occupancies” for the
constituent nucleons. Indeed, similar patterns emerge when numerous ground-state bands
are scaled in this manner. We note that these scaled energies are closer than any available
phenomenological descriptions. There is no known explanation of this, i.e. at the level of
the behaviour of nucleons in the nucleus.

Ii E(242Pu) (keV) E(174Yb) (keV) ⇥ 0.5824 E(174Yb) (keV) % dev.
2 44.542 44.54 [norm.] 76.4711 -
4 102.81 102.9 176.6452 +0.098
6 159.01 158.9 272.9186 -0.063
8 211.74 211.8 363.645 +0.047

10 260.56 260.46 447.210 -0.038
12 305.88 305.48 524.413 -0.131
14 347.310 347.110 595.917 -0.058
16 385.011 384.411 6602 -0.156
18 419.312 418.717 7193 -0.143
20 450.213 450.829 7745 +0.133

-0.035 (avg.)

Table 1.2: Comparison of ground-state band transition energies for 242Pu and 174Yb. The
data are taken from ENSDF.

The simplest interpretation of energy patterns for bands in nuclei is that the nuclei are
deformed, and the energies of band members are characterized by a moment of inertia pa-
rameter. From knowledge of the mass, size and deformation of a given nucleus, a classical
moment of inertia can be calculated. For a nucleus with

R(q ,f) = R[1+g+bbbY20(q ,f)], (1.21)

g = �bbb 2/4p (volume conservation), we obtain

Q0 = 3/
p

(5p)ZeR2
0bbb (1+

p
(5/p)bbb/8+5bbb 2/8p � (5/p)3/2bbb 3/192+ · · · , (1.22)

whence
91.7436Q0/ZA2/3 = bbb +0.15770bbb 2 +0.19894bbb 3 �0.010457bbb 4. (1.23)

See just how similar 242Pu and 174Yb are when energies are scaled
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R&W Fig. 1.61
FIG. 3.5.Figure 3.5: Electromagnetic transition and diagonal E2 matrix elements reduced to intrinsic

quadrupole moment, Q0 values, cf. eqs. 3.6, 3.8. The shaded bands are the values of Q0
deduced from the matrix element connecting the 2+

1 and 0+
1 states. The figure is reproduced

from Rowe & Wood.
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Figure 3.27: Selected view of nuclear moments of inertia for nuclei which exhibit a rota-
tional band built on their ground state. Moments of inertia are presented as a ratio of the
experimental moment of inertia deduced from the excitation energy of the 2+

1 state (eq. 3.23)
divided by the rigid body moment of inertia (eq. 3.24), plotted as a function of the quadrupole
deformation, b , for the relevant isotopes. Data are presented for the rare earth isotopes, the
actinide region, the region close to Z ⇠ 40, N ⇠ 60 and for 24Mg.
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3.5 Nuclear moments of inertia
Nuclear rotation implies that the concept of a moment of inertia can be defined. This emerges
directly from eq. 3.2 in the form of the parameter J . This is shown for all rotational nuclei
in figure 3.27 where a comparison of Jexpt/Jrigid vs. b , the quadrupole deformation pa-
rameter, is presented. The quantities plotted are obtained using the relationships, which have
dimensions of m2·kg,

Jexpt = 0.2080⇥10�54E(2+
1 )�1[MeV�1], (3.23)

Jrigid = 0.8864⇥10�57A5/3(1+0.3154b +0.44b 2), (3.24)

Jirrot = 0.8864⇥10�57A5/30.8951b 2, (3.25)

where

b = Q0

p
5p

3ZR2 , (3.26)

with Q0 obtained from B(E2) values, cf. eqs 3.6 and 3.8, and R = 1.2A1/3 fm. The relation-
ships, eqs. 3.23 - 3.26, are discussed in Chapter 5.

Naively, one expects the moment of inertia to be precisely defined by the mass distribu-
tion of the rotating body. There are many theories that attempt to describe nuclear moments
of inertia, but none of them has gained wide acceptance as the correct view.

The physics of nuclear rotations, which are quantum mechanical, are in contrast to an-
other system that exhibits quantum mechanical rotations, namely molecules. Comparison
between nuclear and molecular rotation is made in chapter 5.

Nuclear moments of inertia as a function of increasing spin in individual nuclei can be
extracted using eq. 3.2. Some results are shown in figure 3.28. Evidently, curvature in
the plots reveals that what is being termed a moment of inertia may increase with spin.
This may seem reasonable on the basis of the liquid-like drop property of the nucleus, i.e a
rotating liquid drop should undergo centrifugal stretching with increasing spin. But figure 3.5
contradicts this: the intrinsic quadrupole parameter, Q0 extracted from B(E2) values and E2
matrix elements, for the same nuclei, indicate that there is no evidence for an increase in
the quadrupole parameter. Indeed, there are examples of so-called superdeformed bands in
nuclei which show energy spacing consistent with a near rigid rotational energy parameter,
as depicted in figure 3.29. Superdeformed bands are discussed further in chapter 4.

An experimental moment of inertia can be 
derived from the excitation energy of the 2+ 
state. Theoretical moments of inertia can be 
extracted for two different scenarios of rigid 
rotor and irrotational flow and compared to 
experiment. 


The figure shows that the experimental value is 
never more than about 0.3-0.7 of the rigid rotor 
value.


CONCLUSION: Everything looks like rotation but 
it’s nothing like a classical rotating rigid body. 
What is actually rotating is a very good question! 
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Then, using
Jrigid = 2/5AMR2{1+

p
(5/16p)bbb +0.44bbb 2}, (1.24)

where M is the mass of the nucleon and R = 1.2A1/3 fm,

Jrigid = 9.6405⇥10�58A5/3{1+0.3154bbb +0.44bbb 2} (1.25)

in kg.m2. From equation 1.1, with A = h̄2/2Jexpt , where recall 1 J = 6.241509 ⇥1018 eV,

Jexpt = 2.0824⇥10�52/E(2+
1 keV ) (1.26)

in kg.m2. Values for Jrigid and Jexpt are compared below in table 1.3.
There are rotational bands with near constant energy differences for transition energies.

Some superdeformed bands exhibit this: one of the best examples is shown in figure 1.16.
This depicts a superdeformed band in 152Dy via observed gamma-ray transition energies.
The notable feature is the extraordinary constancy of the differences between these gamma-
ray energies: an enhanced view is depicted at the bottom of the figure.

The consequences of equations 1.21 - 1.26 for ground-state bands in 174Yb and 242Pu,
and for the superdeformed band in 152Dy, are given in table 1.3.

Z Q0 A2/3 bbb Jrigid E(2+
1 ) Jexpt

Jexpt
Jrigid

(b) ⇥10�54 (kg.m2) (keV) (kg.m2)
174Yb 70 7.825 31.167 0.3081 5.955 ⇥10�54 76.4711 2.723 ⇥10�54 0.4573
242Pu 94 11.906 38.834 0.2823 10.184 ⇥10�54 44.542 4.675 ⇥10�54 0.4591
152Dy 66 17.52 28.482 0.7076 6.025 ⇥10�54 33.75 6.170 ⇥10�54 1.024

Table 1.3: Moments of inertia for ground-state rotational bands of a rare earth and an actinide
nucleus and for a superdeformed rotational band. The moments of inertia are given in units
of kg.m2 ⇥10�54 and the 2+ energies are given in keV. See the text for other details and
remarks.

The results manifested in table 1.3 are profound with respect to the physics of nuclear
rotation. It means that nuclei probably approach rigid rotation asymptotically as deforma-
tion increases; and the rigid rotation limit is manifestly reached in some nuclei. We cau-
tion that this derivation is based on a naı̈ve view of the nucleus as a quadrupole-deformed
constant-density extended object with a sharp surface, i.e. no allowance is made for sur-
face diffuseness or higher multipole deformations of the nucleus. We look at higher mul-
tipole deformations later. Figure 1.17 presents moments of inertia, extracted using these
simple prescriptions, for selected nuclei. We do not comment on the remarkable similarity
of Jexpt/Jrigid for 174Yb and 242Pu, except to note that this would appear to be independent
of the near-identical scaled-energy patterns shown in table 1.2.

There is considerable confusion over moments of inertia extracted from rotational bands
in odd-mass nuclei: the origin is in the use of equation 1.1, modified for excitation and spin
of a given band head, viz.

E = E0 +AI(I +1), (1.27)
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Figure 1.73: The excited states of 16O
showing all known states up to 11.1 MeV
and selected other states. The first ex-
cited state at 6.049 MeV is a 0+ proton-
pair-neutron-pair excitation across the 8-
nucleon shell gaps. Associated with it is
a band of states (shown directly above it)
with spin-parities 2+, 4+, 6+. Their inter-
relationship is supported by gamma-ray de-
cay data for which B(E2) values are given
in Weisskopf units. The close spacing of
the 0+, 2+, 4+, 6+ band members and the
large B(E2) values indicate large deforma-
tion. There is also evidence for a K� = 0�

and a K� = 2+ band. (The states on
the left are believed to be predominantly
non-deformed one-particle-one-hole excita-
tions.) (The data are taken from Tilley
D.R., Weller H.R. and Cheves C.M. (1993),
Nucl. Phys. A564, 1.)
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Figure 1.74: The excited states of 40Ca
showing all known states up to 5.9 MeV and
selected other states. The first excited state
at 3.35 MeV is a 0+ proton-pair-neutron-
pair excitation across the 20-nucleon shell
gaps. Associated with it is a band of states
(shown directly above it) with spin-parities
2+, 4+, 6+ (cf. Figure 1.73 for 16O). There
is evidence for an even more deformed band
built on a 0+ state at 5.21 MeV. There is
also evidence for a K� = 2+ band built
on the 2+ state at 5.2 MeV. (The data are
taken from Nuclear Data Sheets.)

This is reflected in its very close energy spacing and a very large B(E2) value
between the 4+ and 2+ states.

The structures of the deformed excited states in 40Ca are revealed by the multi-
nucleon transfer reactions summarised in Figure 1.75. The first excited 0+ state
in 40Ca can be interpreted as resulting from the excitation of both a proton pair
and a neutron pair across the closed shells at N, Z = 20. This is supported by
the strong population of this state in the 36Ar(6Li, d)40Ca reaction. Even more
dramatic is the evidence from the 32S(12C, �)40Ca reaction which suggests that the
5.21 MeV state results from the excitation of two proton pairs and two neutron
pairs across the N, Z = 20 shells. The energy spacing of the band built on the 5.21
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in 40Ca can be interpreted as resulting from the excitation of both a proton pair
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5.21 MeV state results from the excitation of two proton pairs and two neutron
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Figure 4.27: Excited states in the double-closed shell nuclei with N = Z. Some details of the
collectivity of the 2+

1 and 3�
1 states are given, cf. figure 4.26. The B(E2) values that support

collectivity are shown. Band structure that is deduced from more detailed spectroscopy, e.g.
as presented in figure 6.20, is indicated with inferred K quantum numbers. Thus, the 0+ state
at 6049 keV in 16O is interpreted as a 4p-4h state. A similar interpretation is made for the
3353 keV state in 40Ca. The 0+ state in 40Ca at 5212 keV is interpreted as an 8p-8h state:
details are beyond the present scope for discussion. The figure is taken from Rowe & Wood.

be simple one-neutron configurations, although one can find the states in 17O being used
as illustrations of independent-neutron degrees of freedom in the N = 9 isotones in various
published works. Even in the ground-state structure of 17O, there must be significant contri-
butions of proton particle-hole configurations to explain the E2 properties of this nucleus.

Nuclei adjacent to 208Pb exhibit excitations that are a rare example of so-called “weak
coupling”. This is illustrated in figure 4.28. The “core” excitations in 208Pb, notably the 3�

state at 2614 keV, gives rise to closely spaced multiplets in all of the odd-mass neighbours.
The centroids of the energies of these multiplets are very close to the energy of the 3� state
in the core, hence the description as “weak coupling”. The spins of the multiplets are simply
the naı̈ve vector coupling of the spin of the odd particle or hole with the J = 3 core excitation.
Parities are determined by multiplication, e.g. minus times minus equals plus.

The odd-neutron nuclei adjacent to 48Ca, namely 47Ca and 49Ca, exhibit another example
of correlation energy causing very large shifts in the excitation energy of certain configura-
tions. Figure 4.31 shows what appears to be a collapse of the N = 28 shell gap, in the
observation of a 3/2� excited state in 47Ca at 2.01 MeV and the observation of a 7/2� ex-
cited state in 49Ca at 3.36 MeV. The figure presents the data that exclude collective degrees
of freedom from consideration in the interpretation of these states and shows that they have
large pairing correlation energy contributions, i.e., they are neutron 1p-2h (47Ca) and 2p-1h
(49Ca) states.



it would be expected that the angular correlation should
oscillate with a period given by jPJ½cosðψÞ$j2. As described
in Refs. [18,19], it is possible to infer from the oscillation
pattern of the data, the spin of the excited state. The
dependence of the yield on the angle ψ is shown in Fig. 3,
in which the data are compared with several Legendre
polynomials. The measured alpha spectrum and angular
correlation clearly point to the existence of a state at 22.4
(2) MeV with Jπ ¼ 5−.
In Fig. 4, we show the rotational band structure in 12C.

The ground state rotational band consisting of the levels 0þ,
2þ, 3−, 4', and the newly measured 5− state, follow a
JðJ þ 1Þ trajectory. Also, the recently identified rotational

excitations with 2þ [17] and 4þ [18] of the Hoyle state form
a JðJ þ 1Þ sequence, albeit with a larger moment of inertia.
Finally, as we discuss below, the negative parity states
1− and 2− shown in Fig. 4 are assigned as members of the
bending vibration with almost the same moment of inertia
as the Hoyle band.
We present an analysis of the cluster states in 12C in

terms of oblate symmetric top which is a special case of the
algebraic cluster model [1,2]. In this approach, the three
alpha particles are located at the corners of an equilateral
triangle. Their relative motion is described by two
perpendicular Jacobi vectors, ~ρ and ~λ, one vector connect-
ing two points on the triangle and the second one along the
half angle perpendicular to it. The corresponding algebraic
model describing such a system is based on theUð6þ 1Þ ¼
Uð7Þ spectrum-generating algebra [1,2].
Of particular interest is the oblate symmetric top limit

which corresponds to the geometric configuration of three
α particles located at the vertices of an equilateral triangle.
The rotation-vibration wave functions of a triangular
configuration can be written as [1,2]

∣N; ðv1; vl22 Þ; K; LPi: ð1Þ

Here, N is the total number of bosons. The energy spectrum
consists of a series of rotational bands labeled by (v1, v

l2
2 ).

Here, v1 corresponds to the breathing vibration with A
symmetry and v2 to the doubly degenerate bending vibration
with E symmetry; l2 denotes the vibrational angular
momentum of the doubly degenerate vibration, L the angular
momentum,K its projection on the symmetry axis, andP the
parity. Since we do not consider the excitation of the α
particles, the wave functions describing the relative motion
have to be symmetric, i.e., jK∓2l2j ¼ 3m a multiple of 3
[1,2]. This imposes some conditions on the allowed values of
the angular momenta and parity. For vibrational bands with
(v1, 00), the allowed values of the angular momenta and
parity are LP ¼ 0þ; 2þ; 4þ; …, with K ¼ 0 and
LP ¼ 3−; 4−; 5−; …, with K ¼ 3. The threefold symmetry
excludes states with K ¼ 1 and K ¼ 2 and leads to the
lowest predicted LP ¼ 4' parity doublet in the (v1, 00)
vibrational band. The predicted LP ¼ 4' parity doublet both
in the ground band and the Hoyle band is a strong signature
of this model. For the bending vibration with (0, 11), the
rotational sequence is given by LP ¼ 1−; 2−; 3−; 4−;…,
with K ¼ 1, LP ¼ 2þ; 3þ; 4þ;…, with K ¼ 2 and
LP ¼ 4þ;…, with K ¼ 4. The degeneracy of the states
with the same value of the angular momentum L but
different value of K is split by the κ2 term in Eq. (2) [2].
Since in the application to the cluster states of 12C, the
vibrational and rotational energies are of the same order, we
expect sizeable rotation-vibration couplings.
In the Uð7Þ algebraic cluster model, the energy eigen-

values of the oblate top, up to terms quadratic in the
rotation-vibration interaction, are given by:

FIG. 3 (color online). The projection onto the ψ axis of the
angular correlations for the 22.4 MeV state. The data points are
corrected for the acceptance of the detectors and connected with a
(continuous black) line to guide the eye. They are compared with
the Legendre polynomials jP5½cosðψÞ$j2 (dashed blue line) as
well as for l ¼ 4 (dotted red line) and l ¼ 6 (dotted-dashed red
line). Note that due to the unknown m-substate population of the
Jπ ¼ 5− state, the height of the oscillations cannot be predicted,
but the oscillatory phase determines the angular correlation to
arise from a Jπ ¼ 5− state.

FIG. 4 (color online). Rotational band structure of the ground-
state band, the Hoyle band, and the bending vibration in 12C.
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Measurement of the radiative branching ratio for the Hoyle state using cas-
cade gamma decays

B. Alshahrani1,2,a, T. Kibédi1, A.E. Stuchbery1, E. Williams1, and S. Fares3,4

1Department of Nuclear Physics, RSPE, The Australian National University, ACT 0200, Australia
2Department of Physics, King Khaled University, Abha, Kingdom of Saudi Arabia
3Department of Physics, Al-Baha University, Al-Baha, Kingdom of Saudi Arabia
4Department of Radiation Physics,National Center for Radiation Research and Technology (NCRRT), Nasr City, Cairo, Egypt

Abstract. A new setup consisting of four 5” by 5” NaI scintillators and an array of particle detectors is being
developed. Proton-gamma-gamma coincidences will be measured using the 12C(p, p′ )12C reaction at 10.5 MeV
energy. The new setup will be used for the measurement of the electromagnetic decay rate of the Hoyle state via
two E2 transitions. We report the initial experimental results for singles gamma and gamma-proton coincidences
through inelastic scattering of protons on a 12C target.

1 Introduction
It is well known that carbon is produced in the universe by
the triple-alpha reaction in helium-burning red giant stars.
In 1953, Fred Hoyle realised that the fact that any signifi-
cant carbon in the Universe requires a resonant state in 12C
very near 7.7 MeV.

The subsequent observation of this state, known as the
Hoyle state, is often cited as the beginning of experimental
nuclear astrophysics [1]. The first observation of the Hoyle
state was made by Noel Dunbar in 1953 and has been de-
scribed as the most important experiment performed by an
Australian physicist [2].

The structure of the Hoyle state is difficult to explain.
It is generally believed to be based on α-clusters in a lin-
ear chain structure [3], however an alternative explanation
of the α clustering in analogy to ultra-cold gases has been
proposed [4]. Recent studies show that, based on ab initio
lattice calculations, the Hoyle state has a structure like a
compact triangular configuration of alpha clusters [5]. A
somewhat different picture emerged from the analysis of
the proton and α scattering data [6] suggesting that the α
particles form an open triangle shape or can be considered
as a loose assembly. However all recent studies exclude
the possibility of a linear chain structure.

Our project aims to improve the knowledge of the ra-
diative width of the Hoyle state through the observation of
the cascading gamma-rays, the 3.21 MeV and 4.44 MeV
transitions. One should note that there is only one exper-
imental spectrum [7] ever published showing the electro-
magnetic decay branch from the Hoyle state. We report
the initial experimental results from the detections of sin-
gles gamma and gamma-proton coincidences through the
inelastic scattering of protons on a 12C target.

ae-mail: badriah.alshahrani@anu.edu.au

2 3α reaction
The triple-alpha reaction has a significant role in the
production of carbon in the universe. The 3α process and
the formation of 12C are illustrated in Fig. 1. It is one
of the most important reactions in the field of nuclear
astrophysics.

Carbon production 
(0.04%) 

0+ 

2+ 

0+ 

4.44 MeV 

7.65 MeV 

E2 

E2 

E0 

Hoyle state 

12C 

8Be 

D"

D"

D"

D-decay 
(99.96%) 

12C

8B

12C 

Figure 1. 3α process and the formation of 12C.

We can describe the 3α reaction as follows: helium
nuclei fuse into heavier elements when the temperature is
high enough, typically around 108 K, and when the helium
density is in the order of 105 g/cm3 [8]. Two helium nuclei
fuse to form 8Be (an unstable isotope with short half-life
of 5 ×10−17 sec).12C is created when a third alpha particle
fuses with the 8Be nucleus, and the unstable Hoyle state is
populated, which has a short half-life around 2.4×10−16s.
The chain of this process is as follows:

4He + 4He↔ 8Be 4He + 8Be↔ 12C∗
Step I Step II

Article available at http://www.epj-conferences.org or http://dx.doi.org/10.1051/epjconf/20136301022

3α  7.37 MeV

2α   -0.09 MeV

I(I + 1)

F. Hoyle, Astrophysical J. Suppl. 
Ser. 1  121  1954

Sir Fred Hoyle (1915-2001)



A few parting questions….

1)Do we need more data?

2) If so, what kind of data do we need?

3)Are we doing enough with the data we have?



How to use the 
amazing 
resources on 
NNDC?
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4 CHAPTER 1. HOW WELL DEFINED ARE ROTATIONS IN NUCLEI?

Thus,

B(E2; I ! I �2) =
hI0|TTT (((EEE222)))|I �2,0i2

(2I +1)
, (1.4)

where
hI0|TTT (((EEE222)|I �2,0i = (2I +1)1/2(5/16p)1/2 hI020|I �2,0ieQ0, (1.5)

hI020|I �2,0i is a Clebsch-Gordan coefficient, e is the fundamental unit of electric charge
and Q0 is a model parameter describing the intrinsic quadrupole moment of the nucleus.
Note, cf. equation (1.2), the states are expressed in terms of the I and K quantum numbers,
viz. |IKi, with the M quantum number omitted because these processes are independent of
the orientation of the nucleus with respect to the laboratory frame. This leads to the practical
relationship, for B(E2; I ! I �2) := BI,I�2,

BI,I�2

B20
=

15I(I �1)

2(2I �1)(2I +1)
:= f (I) (1.6)

and the leading value, B42/B20 = 10/7 = 1.429. Further,

hI0|TTT (((EEE222)))|I0i = (2I +1)1/2(5/16p)1/2 hI020|I0ieQ0, (1.7)

whence
Q(I) = � I

2I +3
eQ0. (1.8)

A relationship between B20 and Q(2) follows:

Q(2) = �2
7

p
16pB20. (1.9)

Equation 1.6 is applied to data in table 1.1 and figure 1.2. Equation 1.9 is applied to data
in figure 1.3. The data shown are consistent with these simple relationships. Experimental
uncertainties result in an unclear view of the limitations of these equations; but the aver-
aged behaviour strongly supports nuclear rotation with a constant quadrupole moment as a
function of increasing spin.
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Figure 1.2. Values of bI,I-2 := BI,I-2/B20f(I), where f(I) is defined in equation (1.6), 
for spins 4-28 for the ground-state bands of all the actinide nuclei for 
which there are data. If the symmetric top is valid for nuclei, all the
bI,I-2 values should be unity. 
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Figure 1.2: Values of bI,I�2 := BI,I�2/B20 f (I), where f (I) is defined in equation 1.6, for
spins 4-28 for the ground-state bands of all the actinide nuclei for which there are data. If
the symmetric top is valid for nuclei, all the bI,I�2 values should be unity.

An important implication of table 1.1 and figure 1.2 is that the model parameter Q0 is
consistent with being independent of I. In contrast, changes in the rotational energy param-
eter, A with respect to I, viz.

A =
DEI,I�2

4I �2
=

Eg(I ! I �2)

4I �2
, (1.10)

variations of which are shown in figure 1.4, indicate that something must be changing as
the nucleus “rotates”. But the constancy of Q0 with increasing spin implies that it is not the
deformation. This implication is not widely appreciated: many authors refer to centrifugal
stretching of the moment of inertia, which is naturally based on a semi-classical view of the
nucleus as a liquid drop. The view of the nucleus as a rotating liquid drop is evidently wrong.
Phenomenological energy formulae do not reveal the origin of departures from equation 1.1.
We address the interpretation of A in terms of a moment of inertia in section 1.4. We place
the word “rotates” in quotation marks because we will see that even the basic concept of
rotation may not be correct.
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An important implication of table 1.1 and figure 1.2 is that the model parameter Q0 is
consistent with being independent of I. In contrast, changes in the rotational energy param-
eter, A with respect to I, viz.

A =
DEI,I�2

4I �2
=

Eg(I ! I �2)

4I �2
, (1.10)

variations of which are shown in figure 1.4, indicate that something must be changing as
the nucleus “rotates”. But the constancy of Q0 with increasing spin implies that it is not the
deformation. This implication is not widely appreciated: many authors refer to centrifugal
stretching of the moment of inertia, which is naturally based on a semi-classical view of the
nucleus as a liquid drop. The view of the nucleus as a rotating liquid drop is evidently wrong.
Phenomenological energy formulae do not reveal the origin of departures from equation 1.1.
We address the interpretation of A in terms of a moment of inertia in section 1.4. We place
the word “rotates” in quotation marks because we will see that even the basic concept of
rotation may not be correct.

There should be a fixed relationship between

B(E2) transition strengths up a rotational band


We then define


which should be unity for all values of I if the 

rotor model is exactly observed. The plot of bI,I-2

shows that this is well reproduced for actinide

nuclei.
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46 CHAPTER 2. NUCLEAR EXCITATION PATTERNS

Figure 2.16: A log-log plot of B(E2;2+
1 ! 0+

1 ) vs. E(2+
1 ) for all even-even nuclei.

1 W.u. = 5.940 ⇥ 10�6A4/3 e2b2. (Sometimes E2 decay strengths are expressed as e2fm4,
where 1 b = 100 fm2.)

All nuclear decays within a given nucleus involve the internal conversion process and all
transitions with an energy above 1.022 MeV (= 2mec2) involve the internal-pair formation
process. Internal-conversion and internal-pair coefficients are discussed in chapter 6. A prac-
tical resource is the BrIcc program [4] maintained at Australian National University. Such
decay modes are critical for the decay of excited 0+ states where J = 0 ! J = 0 transitions2

are involved. They are called electric monopole, E0 transitions.
At the heart of any Weisskopf estimate is an excited state half-life. These can be deter-

mined directly by observing intensity of radiations emitted from an ensemble of the decaying
species as a function of time. Because half-lives are generally very short for states that un-
dergo electromagnetic decay, timing is usually carried out electronically with a “start” and
“stop” signal: start triggered by detection of a feeding radiation and stop by detection of a
decaying radiation. However, for very short half-lives (< 10 ps) even electronic means are
too slow. Then the techniques of Doppler line broadening or Doppler energy shifts are used.

2Note that electromagnetic radiation involves emission of light quanta, i.e. photons and they have a spin
of 1; thus a J = 0 ! J = 0 transition cannot occur by single-photon emission. While two-photon emission
can mediate this process in nuclei, by far the most probable process is internal conversion (and competing
internal-pair formation at high energy).

There is a general trend between

transition strength and transition 
energy for 2+ -> 0+ transitions in 

even-even nuclei. NOTE: This is a 
log-log plot.


On this plot, our actinide nuclei have 
the highest transition strengths and

lowest transition energies.


Q: Why should there be such a 
trend?



26

2.1. BASIC FEATURES OF EXCITED STATES IN EVEN-EVEN NUCLEI 45

Figure 2.15: Map of B(E2;2+
1 ! 0+

1 ) for nuclei with N � 82.

For present purposes we give just the simplest practical relationships for employing Weis-
skopf estimates of electromagnetic strengths in nuclei. They relate the half-life and, by impli-
cation, the lifetime of the state to the electromagnetic decay strength. They depend upon the
branching fraction, bg for the transition of interest. Thus, the E2 decay strength in Weisskopf
units is

B(E2) =
9527

E5
g T1/2(g)A4/3 , (2.5)

where Eg is the g-ray transition energy in MeV, and A is the mass number of the nucleus;
T1/2(g) =

T1/2
bg

, where T1/2 is the half life in picoseconds, and bg is the g-decay branching
fraction for the specific transition. Even if the state only de-excites by a single g-ray tran-
sition, bg < 1 because of the internal conversion (and internal pair) decay processes. If the
transition possesses mixed multipolarity, e.g. a J = 2 ! J = 2 transition always occurs by a
mixture of E2 and M1 multipolarities, then the multipole mixing ratio, d (E2/M1) must be
measured (see chapter 6, figure 6.9). In such a circumstance,

bg(E2) = Ig
d 2

(1+d 2)

1
1+aTOT

, (2.6)

where aTOT is the total internal conversion coefficient for the mixed E2 and M1 decay pro-
cesses, summed over all atomic electron shells. (Details of internal pair decay are presented
in chapter 6.) An alternative and commonly used unit for E2 decay strength is e2b2, where
e is the unit of electric charge and b := 1 ⇥ 10�24 cm2 and is called a barn. For E2 decay,
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1
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, (2.6)

where aTOT is the total internal conversion coefficient for the mixed E2 and M1 decay pro-
cesses, summed over all atomic electron shells. (Details of internal pair decay are presented
in chapter 6.) An alternative and commonly used unit for E2 decay strength is e2b2, where
e is the unit of electric charge and b := 1 ⇥ 10�24 cm2 and is called a barn. For E2 decay,

Transition strengths indicate how probable an

electromagnetic decay is. Weisskopf made

an estimate for the decay strength for a single proton

transition. This is our yardstick for transition strengths

- the Weisskopf unit (W.u.).


We can calculate transition strengths in

W.u. for E2 transitions from the following formula:


where Eγ is in MeV and T1/2 in ps.
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