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WIMP Meets ALP
• WIMP and ALP are two best-known particle dark matter candidates


• Weakly-Interaction Massive Particle (WIMP): mass ~100 GeV, annihilation 
cross section ~1 pb. Thermal relic, present density set by freeze-out at T ~ 
m/10.  


• Axion-Like Particle (ALP): light (pseudo-)scalar, mass << 100 GeV, 
interactions suppressed by scale >> 100 GeV. Present density set by 
misalignment mechanism.   


• What if both a WIMP and an ALP are present in the fundamental 
Lagrangian? 



• Consider a fermion WIMP       and a (pseudo-)scalar ALP      coupled via


• Motivation for this coupling: QCD axion coupling to nucleons


• Non-linear sigma-model contains 


• Pion-axion mixing:


• This is the leading non-derivative coupling of QCD axion to matter 


• Our model: axion -> ALP, nucleon -> WIMP. (UV completion: Dark QCD) 
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II. DYNAMICS

We begin with the following e!ective coupling,

Le! →
1

”
ω̄ω

ε
2

2
, (1)

where ” is the cuto! scale, ω is a fermionic WIMP (ei-
ther Dirac or Majorana), and ε is a light real scalar.
For convenience, we refer to ε as the ALP hereafter, al-
though it may be CP-even or CP-odd. The model con-
tains three hierarchical scales, ” ↑ mω ↑ mε, with mω

and mε denoting the physical zero-temperature masses
of ω and ε, respectively. For simplicity, we do not in-
clude higher-order terms in ε in the zero-temperature
potential. The coupling in (1) is generic and can arise
in a wide range of UV completions. We take a definite
sign for the interaction, which is essential for our analy-
sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
and the classical ALP field shifts the WIMP mass,

m
2

ε,e! = m
2

ε ↘
≃ω̄ω⇐T

”
, (2)

mω,e! =

∣∣∣∣mω ↘
ε
2

2”

∣∣∣∣ , (3)

where

≃ω̄ω⇐T = gω

∫
d3

k

(2ϑ)3
mω,e!

Ek
fω(k) , (4)

is the thermally averaged number density, with Ek ⇒√
k2 + m

2

ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential

V (ε, T ) =
gω

2ϑ2
m

4

ω V(ϖ, x) , (5)

with the normalized potential

V(ϖ, x) = ↘
ϖ
2

2

ϱ
2
K1(ϱx)

x
+ ς

ϖ
2

2
, (6)

where K1 is the modified Bessel function. Here we
have defined x ⇒ mω/T , the normalized ALP field
ϖ ⇒ ε/

√
mω”, the boost factor ϱ ⇒ |1 ↘ ϖ

2
/2|, and

a dimensionless parameter

ς ⇒
2ϑ2

gω

m
2

ε”

m3
ω

. (7)

The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
equation of motion (EOM):

ϖ
↑↑ +

2

x
ϖ
↑
↘ φx

(
1 ↘

ϖ
2

2

) [(
1 ↘ ϖ

2
)
K1(ϱx) +

ϖ
2

2
ϱxK0(ϱx)

]
ϖ + φςx

2
ϖ = 0 , (8)

where prime denotes the derivative with respect to x and

φ ⇒
gω

2ϑ2

1

1.662g↓

M
2

Pl

mω”
, (9)

with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.

The QCD axion story

• Low-energy QCD (non-linear sigma model) contains a coupling 

23

• This is the leading non-derivative coupling for a pNGB

• Pion-axion mixing 
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Setup



Dynamics
• After reheating, WIMP is in equilibrium with the SM plasma, while ALP is not 

populated


• Coherent forward scattering generates a “plasma mass” for ALP:


• Negative mass-squared indicates a symmetry breaking for ALP at high 
temperature. This in turn modifies the mass of the WIMP:


• As the universe expands and T decreases, the evolution of the two sectors is 
coupled via these effects. 
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sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
and the classical ALP field shifts the WIMP mass,
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ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential
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where K1 is the modified Bessel function. Here we
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The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
equation of motion (EOM):
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where prime denotes the derivative with respect to x and
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with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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FIG. 1. Left: The normalized ALP potential (6) in a thermal bath of WIMPs at several temperatures. For ω < ωc → 0.27 the
phase transition is first order (black curves), while for ω > ωc it becomes a crossover (red curves). Right: Phase diagram in the
(mω,mε) plane. Below the ω = ωc contour (red lines), symmetry restoration proceeds through a first-order phase transition;
above it, the transition is a crossover. Symmetry restoration further requires that the symmetry be broken at the onset of
radiation domination, TRH. The condition ω = K1(xRH)/xRH (blue curves), with xRH ↑ mω/TRH, marks the boundary above
which the symmetry is never broken and no transition occurs.

Depending on ω, the resulting parameter space falls into
three classes (see right panel of Fig. 1):

1. No symmetry breaking: ω > K1(xRH)/xRH

with xRH → mω/TRH. Symmetry is never broken,
and the two sectors decouple.

2. Crossover: ωc < ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored smoothly at low
T .

3. FOPT: ω < ωc and ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored at low T through
a first-order transition.

In what follows, we focus on the latter two scenarios,
where the WIMP and ALP exhibit genuinely coupled dy-
namics.

III. PHENOMENOLOGY

Now we turn to the DM phenomenology in our mech-
anism and distinguish two regimes. In the FOPT regime
(ω ↭ 0.27), the ALP behaves as a spectator field and does
not contribute to the relic abundance. In the crossover
regime (ω ↫ 0.27), the ALP provides a second DM com-
ponent whose abundance is largely insensitive to its ini-
tial field displacement and mass.

A. First-order phase transition regime

At high temperatures, the ALP potential develops a
symmetry-breaking minimum ε→ ↑= 0 (see Fig. 1). We

define x̃cfo as the time when this local minimum disap-
pears:

ϑV(ε, x̃cfo)

ϑε

∣∣∣∣∣
ε=ε→

=
ϑ
2
V(ε, x̃cfo)

ϑε2

∣∣∣∣∣
ε=ε→

= 0 , (10)

which determines both ε→ and x̃cfo as functions of ω. In
the limit of ω ↓ 1 and x ↔ 1, the symmetry-breaking
vacuum evolves as (see Appendix C)

ε→ =

√
2

(
1 ↗

c1

x

)
, (11)

where c1 ↘ 1.33 is the root of c1K0(c1) = K1(c1), and
x̃cfo follows the simple scaling

x̃cfo = c2 ω
↑1/3

, c2 ↘ 0.83 . (12)

Here we use the full thermal potential presented in Ap-
pendix D to obtain Eq. (12), providing a more accurate
quantitative description. For x < x̃cfo, the tunneling rate
is highly suppressed until very close to x̃cfo, so the field
remains trapped at ε→. It returns to ε = 0 only when
x > max {x̃cfo, xosc}, where xosc ≃ mω/

√
mϑMPl marks

the onset of ALP oscillations.
We now show how the above dynamics a!ect WIMP

freeze-out. The Boltzmann equation governing the
WIMP number density is

ṅω + 3Hnω = ↗⇐ϖv⇒e!

(
n
2

ω ↗ n
2

ω,eq

)
. (13)

The ALP background reduces the WIMP e!ective mass,
modifying both ⇐ϖv⇒e! and the equilibrium distribution:

nω,eq =
gω

2ϱ2
m

2

ω,e!TK2(mω,e!/T ) . (14)

from Eq. (2.16): at su!ciently high temperatures, the field is frozen at its initial value because
the Hubble friction dominates over the e”ective mass. As the temperature decreases, the negative
thermal mass squared eventually overcomes the Hubble friction, driving the field toward the symmetry-
breaking vacuum at ω =

→
2,3 thereby erasing the dependence on the initial field displacement. As

the temperature decreases further, the bare ALP mass eventually becomes dominant, restoring the
symmetry, after which the field oscillates around the symmetric vacuum at ω = 0. We defer a detailed
quantitative analysis of the field evolution in the di”erent regimes to Secs. 3–5.

2.2 The Physical Origin of Coherent Freeze-Out

The coherent freeze-out (CFO) mechanism is driven by an inverse phase transition, in which the
symmetry is broken at high temperatures and restored as the temperature decreases. In general, the
thermodynamically preferred phase minimizes the free energy

F = E ↑ TS , (2.17)

where E and S denote the energy and entropy of the system, respectively. In an ordinary phase
transition, the symmetric (disordered) phase carries a larger entropy than the broken (ordered) phase
and is therefore favored at su!ciently high temperatures. By contrast, an inverse phase transition
occurs when the broken phase instead possesses a larger entropy, for example, because it supports
more low-energy excitations.

In our setup, this happens because a nonzero ALP vev reduces the e”ective WIMP mass. As a
result, WIMPs remain relativistic for longer in the broken phase, delaying the Boltzmann suppression of
their number density and thereby increasing the entropy of the thermal bath relative to the symmetric
phase. This entropy gain outweighs the energy cost of the symmetry-breaking vacuum, stabilizing the
broken phase at high temperatures. As the temperature decreases, the thermal contribution gradually
weakens, the bare ALP mass eventually dominates, and the symmetry is restored, thereby triggering
the decoupling of the two sectors. In the following, we make this picture quantitative.

As the solution of the EOM (2.15) indicates, at high temperatures, the ALP is trapped in the
symmetry-breaking vacuum ω→ ↓= 0. The evolution of ω→ as a function of the inverse temperature can
be described by a simple analytical expression (see Appendix A for details):

ω→(x) =
√

2 (1 ↑ f(x) εx2) , (2.18)

where f(x) ↔ O(1) is a monotonically increasing function with the asymptotic behavior f(x ↗ xcfo) =
12/ϑ

2 and f(xcfo) = c1/c2. Here c1 ↘ 1.429 and c2 ↘ 0.585 arise from numerical summation over
Bessel functions. The quantity xcfo is defined as the temperature at which the false minimum at ω→
disappears, i.e.,

ϖV(ω, xcfo)

ϖω

∣∣∣∣∣
ω=ω→

=
ϖ
2
V(ω, xcfo)

ϖω2

∣∣∣∣∣
ω=ω→

= 0 . (2.19)

Using the expression of V in Eq. (2.9), one finds (see Appendix A)

xcfo = (c2/ε)1/3 ↘ 0.836ε
↑1/3

. (2.20)

3Note that although the curvature at the origin is negative due to the thermal contribution, the potential remains
bounded from below thanks to the back-reaction e!ect, which is encoded in the nonlinear terms of Eq. (2.15).
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For convenience, we refer to ε as the ALP hereafter, al-
though it may be CP-even or CP-odd. The model con-
tains three hierarchical scales, ” ↑ mω ↑ mε, with mω

and mε denoting the physical zero-temperature masses
of ω and ε, respectively. For simplicity, we do not in-
clude higher-order terms in ε in the zero-temperature
potential. The coupling in (1) is generic and can arise
in a wide range of UV completions. We take a definite
sign for the interaction, which is essential for our analy-
sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
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is the thermally averaged number density, with Ek ⇒√
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ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential
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where K1 is the modified Bessel function. Here we
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The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
equation of motion (EOM):
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where prime denotes the derivative with respect to x and
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with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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We begin with the following e!ective coupling,
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where ” is the cuto! scale, ω is a fermionic WIMP (ei-
ther Dirac or Majorana), and ε is a light real scalar.
For convenience, we refer to ε as the ALP hereafter, al-
though it may be CP-even or CP-odd. The model con-
tains three hierarchical scales, ” ↑ mω ↑ mε, with mω

and mε denoting the physical zero-temperature masses
of ω and ε, respectively. For simplicity, we do not in-
clude higher-order terms in ε in the zero-temperature
potential. The coupling in (1) is generic and can arise
in a wide range of UV completions. We take a definite
sign for the interaction, which is essential for our analy-
sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
and the classical ALP field shifts the WIMP mass,
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is the thermally averaged number density, with Ek ⇒√
k2 + m
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ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential
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The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =
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2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.
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φ), and its solutions are studied in detail in Appendix B.
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Depending on ω, the resulting parameter space falls into
three classes (see right panel of Fig. 1):

1. No symmetry breaking: ω > K1(xRH)/xRH

with xRH → mω/TRH. Symmetry is never broken,
and the two sectors decouple.

2. Crossover: ωc < ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored smoothly at low
T .

3. FOPT: ω < ωc and ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored at low T through
a first-order transition.

In what follows, we focus on the latter two scenarios,
where the WIMP and ALP exhibit genuinely coupled dy-
namics.

III. PHENOMENOLOGY

Now we turn to the DM phenomenology in our mech-
anism and distinguish two regimes. In the FOPT regime
(ω ↭ 0.27), the ALP behaves as a spectator field and does
not contribute to the relic abundance. In the crossover
regime (ω ↫ 0.27), the ALP provides a second DM com-
ponent whose abundance is largely insensitive to its ini-
tial field displacement and mass.

A. First-order phase transition regime

At high temperatures, the ALP potential develops a
symmetry-breaking minimum ε→ ↑= 0 (see Fig. 1). We

define x̃cfo as the time when this local minimum disap-
pears:
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which determines both ε→ and x̃cfo as functions of ω. In
the limit of ω ↓ 1 and x ↔ 1, the symmetry-breaking
vacuum evolves as (see Appendix C)
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where c1 ↘ 1.33 is the root of c1K0(c1) = K1(c1), and
x̃cfo follows the simple scaling

x̃cfo = c2 ω
↑1/3

, c2 ↘ 0.83 . (12)

Here we use the full thermal potential presented in Ap-
pendix D to obtain Eq. (12), providing a more accurate
quantitative description. For x < x̃cfo, the tunneling rate
is highly suppressed until very close to x̃cfo, so the field
remains trapped at ε→. It returns to ε = 0 only when
x > max {x̃cfo, xosc}, where xosc ≃ mω/

√
mϑMPl marks

the onset of ALP oscillations.
We now show how the above dynamics a!ect WIMP

freeze-out. The Boltzmann equation governing the
WIMP number density is

ṅω + 3Hnω = ↗⇐ϖv⇒e!
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)
. (13)

The ALP background reduces the WIMP e!ective mass,
modifying both ⇐ϖv⇒e! and the equilibrium distribution:
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ω,e!TK2(mω,e!/T ) . (14)
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of ω and ε, respectively. For simplicity, we do not in-
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in a wide range of UV completions. We take a definite
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ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
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The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
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The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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2.1.1 Dynamics of the ALP

Given the ALP potential in Eqs. (2.6)-(2.7), the EOM of the ALP in a flat Friedmann-Robertson-
Walker (FRW) Universe is given by

ω̈ + 3Hω̇ +
εV (ω, T )

εω
= 0 , (2.13)

where the dot denotes the derivative with respect to time. Assuming the radiation-dominated era and
changing the variable from t to x and using the normalized field defined in Eq. (2.3), one obtains
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ϑ
→ + ϖ x

2
εV(ϑ, x)

εϑ
= 0 , (2.14)

where the prime denotes the derivative with respect to x.
Substituting the potential (2.9) into (2.14), we arrive at
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where the sign function is defined as sgn(x) ↑ x/|x|.
The general EOM of the ALP in Eq. (2.15) depends on only two dimensionless parameters, ς

and ϖ, defined in Eqs. (2.4)-(2.5). Physically, they characterize the competition between the relevant
scales at a given inverse temperature x ↑ mω/T : ς compares the bare ALP mass with the thermal
mass induced by the WIMP bath, while ϖ compares the thermal mass with the Hubble friction. To
make this more explicit, we recall that in the high-temperature limit the ALP thermal mass squared
scales as m

2

T ↓ →mωT
2
/!. Combining this relation with Eqs. (2.4)-(2.5) and the Hubble rate during

radiation domination, we obtain

ς ↓
m

2

ε

|m2

T | x2
, ϖ ↓

|mT |
2

H2x2
. (2.16)

The numerical solution of Eq. (2.15) is shown in Fig. 2 for representative values of ς and ϖ, and
the initial field displacement. The qualitative features of the field evolution can be readily understood
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First-Order Phase Transition
• Critical temperature is given by


• However, the ALP field remains stuck in the 
false vacuum long after that (tunneling rate 
is tiny). The PT occurs at


• As long as ALP has a vev, WIMP’s effective 
mass is close to zero, and it does not freeze 
out!
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Depending on ω, the resulting parameter space falls into
three classes (see right panel of Fig. 1):

1. No symmetry breaking: ω > K1(xRH)/xRH

with xRH → mω/TRH. Symmetry is never broken,
and the two sectors decouple.

2. Crossover: ωc < ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored smoothly at low
T .

3. FOPT: ω < ωc and ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored at low T through
a first-order transition.

In what follows, we focus on the latter two scenarios,
where the WIMP and ALP exhibit genuinely coupled dy-
namics.

III. PHENOMENOLOGY

Now we turn to the DM phenomenology in our mech-
anism and distinguish two regimes. In the FOPT regime
(ω ↭ 0.27), the ALP behaves as a spectator field and does
not contribute to the relic abundance. In the crossover
regime (ω ↫ 0.27), the ALP provides a second DM com-
ponent whose abundance is largely insensitive to its ini-
tial field displacement and mass.

A. First-order phase transition regime

At high temperatures, the ALP potential develops a
symmetry-breaking minimum ε→ ↑= 0 (see Fig. 1). We

define x̃cfo as the time when this local minimum disap-
pears:
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which determines both ε→ and x̃cfo as functions of ω. In
the limit of ω ↓ 1 and x ↔ 1, the symmetry-breaking
vacuum evolves as (see Appendix C)
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)
, (11)

where c1 ↘ 1.33 is the root of c1K0(c1) = K1(c1), and
x̃cfo follows the simple scaling

x̃cfo = c2 ω
↑1/3

, c2 ↘ 0.83 . (12)

Here we use the full thermal potential presented in Ap-
pendix D to obtain Eq. (12), providing a more accurate
quantitative description. For x < x̃cfo, the tunneling rate
is highly suppressed until very close to x̃cfo, so the field
remains trapped at ε→. It returns to ε = 0 only when
x > max {x̃cfo, xosc}, where xosc ≃ mω/

√
mϑMPl marks

the onset of ALP oscillations.
We now show how the above dynamics a!ect WIMP

freeze-out. The Boltzmann equation governing the
WIMP number density is

ṅω + 3Hnω = ↗⇐ϖv⇒e!

(
n
2

ω ↗ n
2

ω,eq

)
. (13)

The ALP background reduces the WIMP e!ective mass,
modifying both ⇐ϖv⇒e! and the equilibrium distribution:

nω,eq =
gω

2ϱ2
m

2

ω,e!TK2(mω,e!/T ) . (14)

from Eq. (2.16): at su!ciently high temperatures, the field is frozen at its initial value because
the Hubble friction dominates over the e”ective mass. As the temperature decreases, the negative
thermal mass squared eventually overcomes the Hubble friction, driving the field toward the symmetry-
breaking vacuum at ω =

→
2,3 thereby erasing the dependence on the initial field displacement. As

the temperature decreases further, the bare ALP mass eventually becomes dominant, restoring the
symmetry, after which the field oscillates around the symmetric vacuum at ω = 0. We defer a detailed
quantitative analysis of the field evolution in the di”erent regimes to Secs. 3–5.

2.2 The Physical Origin of Coherent Freeze-Out

The coherent freeze-out (CFO) mechanism is driven by an inverse phase transition, in which the
symmetry is broken at high temperatures and restored as the temperature decreases. In general, the
thermodynamically preferred phase minimizes the free energy

F = E ↑ TS , (2.17)

where E and S denote the energy and entropy of the system, respectively. In an ordinary phase
transition, the symmetric (disordered) phase carries a larger entropy than the broken (ordered) phase
and is therefore favored at su!ciently high temperatures. By contrast, an inverse phase transition
occurs when the broken phase instead possesses a larger entropy, for example, because it supports
more low-energy excitations.

In our setup, this happens because a nonzero ALP vev reduces the e”ective WIMP mass. As a
result, WIMPs remain relativistic for longer in the broken phase, delaying the Boltzmann suppression of
their number density and thereby increasing the entropy of the thermal bath relative to the symmetric
phase. This entropy gain outweighs the energy cost of the symmetry-breaking vacuum, stabilizing the
broken phase at high temperatures. As the temperature decreases, the thermal contribution gradually
weakens, the bare ALP mass eventually dominates, and the symmetry is restored, thereby triggering
the decoupling of the two sectors. In the following, we make this picture quantitative.

As the solution of the EOM (2.15) indicates, at high temperatures, the ALP is trapped in the
symmetry-breaking vacuum ω→ ↓= 0. The evolution of ω→ as a function of the inverse temperature can
be described by a simple analytical expression (see Appendix A for details):

ω→(x) =
√

2 (1 ↑ f(x) εx2) , (2.18)

where f(x) ↔ O(1) is a monotonically increasing function with the asymptotic behavior f(x ↗ xcfo) =
12/ϑ

2 and f(xcfo) = c1/c2. Here c1 ↘ 1.429 and c2 ↘ 0.585 arise from numerical summation over
Bessel functions. The quantity xcfo is defined as the temperature at which the false minimum at ω→
disappears, i.e.,

ϖV(ω, xcfo)

ϖω

∣∣∣∣∣
ω=ω→

=
ϖ
2
V(ω, xcfo)

ϖω2

∣∣∣∣∣
ω=ω→

= 0 . (2.19)

Using the expression of V in Eq. (2.9), one finds (see Appendix A)

xcfo = (c2/ε)1/3 ↘ 0.836ε
↑1/3

. (2.20)

3Note that although the curvature at the origin is negative due to the thermal contribution, the potential remains
bounded from below thanks to the back-reaction e!ect, which is encoded in the nonlinear terms of Eq. (2.15).
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In the FOPT regime, ω → 1, so we find

Tc ↑
mω
4
↓

2
ω
1/4

. (4.5)

Below the critical temperature, the phase transition completes when the bubble nucleation rate,
!, is larger than H

4, where H ↔ T
2
/MPl is the Hubble parameter. The bubble nucleation rate

! ↔ T
4
e
→SB is computed from the Euclidean bounce action SB for a finite nucleation temperature

T < Tc. This imposes an upper bound on the bounce action,

SB ↭ 4 log

(
MPl

T

)
. (4.6)

4.1.1 Thick-Wall Limit

The large overall scaling factor
√

mω” of the physical field ε generally produces large bounce action,
such that the phase transition cannot complete. We thus only consider nucleation temperatures close
to xcfo, where the potential barrier is su#ciently small compared to the depth of the true vacuum at
ε = 0, shown in Fig. 7. This is the thick-wall limit studied in [13]. To find the bounce solution for this
form of potential, we interpret the problem in semi-classical language, where a particle from the false
vacuum tunnels through the potential barrier and is released at the escape point. In the thick-wall
limit, the escape point is approximately ε0 with V (ε0) = V (ε↑) = 0, and thus it is su#cient to solve the
bounce equation using the potential in the immediate region around the potential barrier, V (ε ↑ ε↑).
We follow the convention for PT studies and adjust the constant in the potential V (ε) ↗ V (ε)↘V (ε↑)
for simplicity. Using a series expansion of V near ε↑,

V (ε, T ) ↑
1

2

ϑ
2
V

ϑε2

∣∣∣∣∣
ε→

(ε ↘ ε↑)
2 +

1

6

ϑ
3
V

ϑε3

∣∣∣∣∣
ε→

(ε ↘ ε↑)
3
, (4.7)

where the 0th and 1st order terms both vanish by definition. The bounce action for this form of cubic
potential in the thick wall limit is given by

SB =
S3

T
= S̃3

9M
3

4ϖ2T
, (4.8)

where S̃3 ↑ 19.4, M
2

≃
ϑ2V
ϑε2

∣∣
ε→

, and ϖ ≃
1

2

ϑ3V
ϑε3

∣∣
ε→

.

We define a small, dimensionless parameter $ ≃ xcfo↘x and examine the leading order dependence
of SB on $ as the symmetry breaking phase supercools to the xcfo limit. Expressed in terms of $ and
the model parameters mω, ”, ω,

SB ↑ A

(
”

mω

)3/2

ω
1/4$3/4

, (4.9)

where A ↑ 781.291 (for gω = 4) or 1104.91 (for gω = 2) is a constant independent of model parameters.
The detailed derivation is shown in Appendix B. Thus for PT to complete, the nucleation temperature
is set by

$ ↭
(

4

A

)4/3 (
mω

”

)2

ω
→1/3 log

(
MPl

Tcfo

)
. (4.10)

In Fig. 8, we show the bounce action dependence on nucleation temperature for the region of parameter

– 18 –

2

II. DYNAMICS

We begin with the following e!ective coupling,

Le! →
1

”
ω̄ω

ε
2

2
, (1)

where ” is the cuto! scale, ω is a fermionic WIMP (ei-
ther Dirac or Majorana), and ε is a light real scalar.
For convenience, we refer to ε as the ALP hereafter, al-
though it may be CP-even or CP-odd. The model con-
tains three hierarchical scales, ” ↑ mω ↑ mε, with mω

and mε denoting the physical zero-temperature masses
of ω and ε, respectively. For simplicity, we do not in-
clude higher-order terms in ε in the zero-temperature
potential. The coupling in (1) is generic and can arise
in a wide range of UV completions. We take a definite
sign for the interaction, which is essential for our analy-
sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
and the classical ALP field shifts the WIMP mass,

m
2

ε,e! = m
2

ε ↘
≃ω̄ω⇐T

”
, (2)

mω,e! =

∣∣∣∣mω ↘
ε
2

2”

∣∣∣∣ , (3)

where

≃ω̄ω⇐T = gω

∫
d3

k

(2ϑ)3
mω,e!

Ek
fω(k) , (4)

is the thermally averaged number density, with Ek ⇒√
k2 + m

2

ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential

V (ε, T ) =
gω

2ϑ2
m

4

ω V(ϖ, x) , (5)

with the normalized potential

V(ϖ, x) = ↘
ϖ
2

2

ϱ
2
K1(ϱx)

x
+ ς

ϖ
2

2
, (6)

where K1 is the modified Bessel function. Here we
have defined x ⇒ mω/T , the normalized ALP field
ϖ ⇒ ε/

√
mω”, the boost factor ϱ ⇒ |1 ↘ ϖ

2
/2|, and

a dimensionless parameter

ς ⇒
2ϑ2

gω

m
2

ε”

m3
ω

. (7)

The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
equation of motion (EOM):

ϖ
↑↑ +

2

x
ϖ
↑
↘ φx

(
1 ↘

ϖ
2

2

) [(
1 ↘ ϖ

2
)
K1(ϱx) +

ϖ
2

2
ϱxK0(ϱx)

]
ϖ + φςx

2
ϖ = 0 , (8)

where prime denotes the derivative with respect to x and

φ ⇒
gω

2ϑ2

1

1.662g↓

M
2

Pl

mω”
, (9)

with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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Coherent Freeze-Out
• The WIMP freeze-out occurs suddenly as 

the ALP v.e.v. disappears. i.e. at 


• It can be delayed by 1-2 orders of 
magnitude compared to the usual 
thermal freeze-out value,  


• If delay is too much, ALP vacuum energy 
starts to dominate and there is a burst of 
inflation


• There may be a way to have consistent 
cosmology with a short inflationary 
phase, at the expense of some fine-
tuning (work in progress)
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FIG. 2. WIMP yield Yω → nω/s as a function of inverse
temperature in the coherent freeze-out scenario. Solid (dot-
ted) curves show the numerical solution of the Boltzmann
equation (13) for s-wave (p-wave) annihilation, while dashed
curves show the corresponding equilibrium yield (14). For
comparison, the standard freeze-out result is shown in red.
The benchmark parameters used are gω = 2, mω = 1 TeV,
with ω0 = 2.2 ↑ 10→26 cm3/s for s-wave and ω1 = 1.9 ↑

10→25 cm3/s for p-wave domination.

When ω = ω→, Eq. (11) implies

mω,e!/T = (1 → ω
2

→/2)x = c1 ↑ 1.33 . (15)

So the argument of the Bessel function remains order
unity even at x ↓ 25. This allows the WIMP to stay
in equilibrium far longer than in the standard freeze-out
scenario.

Freeze-out is initiated when symmetry is restored. In
the parameter space of interest, x̃cfo > xosc, so af-
ter x̃cfo, the ALP energy density redshifts as matter,
ω(x > x̃cfo) = ω→(x̃cfo) ↔ (x̃cfo/x)3/2. This increases the
WIMP e!ective mass:

mω,e!

mω
= 1 →

ω
2

→(x̃cfo)

2

x̃
3

cfo

x3
= 1 →

x̃
3

cfo

x3
+ c1

x̃
2

cfo

x3
. (16)

The rapid approach to mω,e! = mω after x̃cfo drives ε out
of equilibrium. This indicates the beginning of coherent
freeze-out.

Using this expression in the Boltzmann equation and
expanding ϑv = ϑ0 + ϑ1v

2 + · · · , the coherent freeze-out
temperature xcfo is found to be

xcfo ↑ x̃cfo +
1

3
log c +

7

6
log

(
1

3
log c

)
, (17)

with

c ↗
27gω
2ϖ3

√
15

2g→
mωMPl (ϑ0 + 6ϑ1/x̃cfo) x̃

↑4

cfo
. (18)

The resulting asymptotic yield is

Y
cfo

ω,↓ ↑
14

9

√
45

ϖg→

1

mωMPl

xcfo

ϑ0 + 21ϑ1/(10xcfo)
. (19)

The derivations of (17)-(19) are provided in Appendix C.
These analytical expressions are highly accurate in the
small-ϱ regime, where xcfo ↑ x̃cfo; deviations from the
exact numerical results remain below O(1)% for x̃cfo ↭ 50
(see Table I). The evolution of Yω with temperature is
shown in Fig. 2.

At this point, it is interesting to compare the yield
predicted in our mechanism with that in the standard
freeze-out case:

Y
cfo

ω,↓
Y fo
ω,↓

=
14

9

xcfo

xfo

ϑ
fo

0
+ 3ϑfo

1
/xfo

ϑ
cfo

0
+ 21ϑcfo

1
/(10xcfo)

, (20)

where ϑ
cfo

i and ϑ
fo

i denote the annihilation cross sections
in the coherent and standard freeze-out cases, respec-
tively, and xfo ↑ 25 is the standard freeze-out temper-
ature. For ϑ

cfo

i = ϑ
fo

i , we find an enhancement of the
yield of order xcfo/xfo for s-wave and x

2

cfo
/x

2

fo
for p-wave

annihilation. Since xcfo ↘ ϱ
↑1/3

↓ 25, the enhancement
– especially for p-wave – is substantial.

If ϱ is extremely small, freeze-out may occur when ε

is still relativistic. For instance, if WIMPs annihilate via
exchanging weak gauge bosons, for temperatures below
the weak scale, we have ≃ϑv⇐e! ↘ T

2
G

2

F /x
ε, with ς = 0

(ς = 1) for s-wave (p-wave), and GF is the Fermi con-
stant. Requiring nω≃ϑv⇐e! ↘ H with nω ↘ T

3 gives the
relativistic freeze-out temperatures:

T
s
rfo

↘ G
↑2/3
F M

↑1/3
Pl

↘ MeV , (21)

T
p
rfo

↘ G
↑1/2
F

(
mω

MPl

) 1
4

↘ 10 MeV
(

mω

10 GeV

) 1
4
. (22)

Relativistic freeze-out yields too large ε relic abundance,
so viable models require xcfo < mω/Trfo.

The evolution of φ during freeze-out puts another up-
per bound on xcfo. During phase transition, the field is
first trapped in the symmetry-breaking vacuum and then
undergoes non-adiabatic evolution, tunneling under the
potential barrier. For su”ciently small ϱ, vacuum energy
can dominate before tunneling occurs, leading to a new
inflationary phase. Avoiding vacuum domination places
a conservative bound on the latest possible onset of co-
herent freeze-out, xcfo ↫ O(500) (see Appendix C 3 for
further discussion).

In the coherent freeze-out scenario, the WIMP annihi-
lation cross section can exceed the standard value while
still yielding the correct relic abundance. Fig. 3 shows
the ratio of the required cross sections in the two scenar-
ios, assuming both reproduce the observed DM density,
where we fix gω = 2. The r = 1 contour corresponds to
ϱ ↑ 10↑4. For ϱ ↭ 10↑4, the ALP symmetry is restored
before xfo ↑ 25, reducing to the standard freeze-out case
(gray region), whereas for ϱ ↫ 10↑4 the coherent e!ect
becomes significant.

Cosmic microwave background (CMB) anisotropies
place stringent limits on the WIMP s-wave annihilation
cross section ϑ0 [25, 26]. For mω ↫ 30 GeV, the ther-
mal value ϑ

fo
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When ω = ω→, Eq. (11) implies

mω,e!/T = (1 → ω
2

→/2)x = c1 ↑ 1.33 . (15)

So the argument of the Bessel function remains order
unity even at x ↓ 25. This allows the WIMP to stay
in equilibrium far longer than in the standard freeze-out
scenario.

Freeze-out is initiated when symmetry is restored. In
the parameter space of interest, x̃cfo > xosc, so af-
ter x̃cfo, the ALP energy density redshifts as matter,
ω(x > x̃cfo) = ω→(x̃cfo) ↔ (x̃cfo/x)3/2. This increases the
WIMP e!ective mass:
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3

cfo

x3
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x̃
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cfo
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2

cfo

x3
. (16)

The rapid approach to mω,e! = mω after x̃cfo drives ε out
of equilibrium. This indicates the beginning of coherent
freeze-out.

Using this expression in the Boltzmann equation and
expanding ϑv = ϑ0 + ϑ1v

2 + · · · , the coherent freeze-out
temperature xcfo is found to be

xcfo ↑ x̃cfo +
1

3
log c +

7

6
log

(
1

3
log c

)
, (17)

with

c ↗
27gω
2ϖ3

√
15

2g→
mωMPl (ϑ0 + 6ϑ1/x̃cfo) x̃

↑4

cfo
. (18)

The resulting asymptotic yield is

Y
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9

√
45
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mωMPl

xcfo

ϑ0 + 21ϑ1/(10xcfo)
. (19)

The derivations of (17)-(19) are provided in Appendix C.
These analytical expressions are highly accurate in the
small-ϱ regime, where xcfo ↑ x̃cfo; deviations from the
exact numerical results remain below O(1)% for x̃cfo ↭ 50
(see Table I). The evolution of Yω with temperature is
shown in Fig. 2.

At this point, it is interesting to compare the yield
predicted in our mechanism with that in the standard
freeze-out case:

Y
cfo

ω,↓
Y fo
ω,↓

=
14

9

xcfo

xfo

ϑ
fo

0
+ 3ϑfo

1
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where ϑ
cfo

i and ϑ
fo

i denote the annihilation cross sections
in the coherent and standard freeze-out cases, respec-
tively, and xfo ↑ 25 is the standard freeze-out temper-
ature. For ϑ

cfo

i = ϑ
fo

i , we find an enhancement of the
yield of order xcfo/xfo for s-wave and x
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cfo
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fo
for p-wave

annihilation. Since xcfo ↘ ϱ
↑1/3

↓ 25, the enhancement
– especially for p-wave – is substantial.

If ϱ is extremely small, freeze-out may occur when ε

is still relativistic. For instance, if WIMPs annihilate via
exchanging weak gauge bosons, for temperatures below
the weak scale, we have ≃ϑv⇐e! ↘ T

2
G

2

F /x
ε, with ς = 0

(ς = 1) for s-wave (p-wave), and GF is the Fermi con-
stant. Requiring nω≃ϑv⇐e! ↘ H with nω ↘ T

3 gives the
relativistic freeze-out temperatures:
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) 1
4
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Relativistic freeze-out yields too large ε relic abundance,
so viable models require xcfo < mω/Trfo.

The evolution of φ during freeze-out puts another up-
per bound on xcfo. During phase transition, the field is
first trapped in the symmetry-breaking vacuum and then
undergoes non-adiabatic evolution, tunneling under the
potential barrier. For su”ciently small ϱ, vacuum energy
can dominate before tunneling occurs, leading to a new
inflationary phase. Avoiding vacuum domination places
a conservative bound on the latest possible onset of co-
herent freeze-out, xcfo ↫ O(500) (see Appendix C 3 for
further discussion).

In the coherent freeze-out scenario, the WIMP annihi-
lation cross section can exceed the standard value while
still yielding the correct relic abundance. Fig. 3 shows
the ratio of the required cross sections in the two scenar-
ios, assuming both reproduce the observed DM density,
where we fix gω = 2. The r = 1 contour corresponds to
ϱ ↑ 10↑4. For ϱ ↭ 10↑4, the ALP symmetry is restored
before xfo ↑ 25, reducing to the standard freeze-out case
(gray region), whereas for ϱ ↫ 10↑4 the coherent e!ect
becomes significant.

Cosmic microwave background (CMB) anisotropies
place stringent limits on the WIMP s-wave annihilation
cross section ϑ0 [25, 26]. For mω ↫ 30 GeV, the ther-
mal value ϑ

fo

0
↑ 2.2 ↔ 10↑26 cm3

/s is excluded [27], with

4

10�1 100 101 102 103

x = m�/T

10�14

10�12

10�10

10�8

10�6

10�4

10�2

Y
�
(x

)

m� = 1 TeV

s-wave

p-wave

Y�,eq

Standard Freeze-Out

� = 10�4

� = 10�5

� = 10�6

� = 10�7

� = 10�8

FIG. 2. WIMP yield Yω → nω/s as a function of inverse
temperature in the coherent freeze-out scenario. Solid (dot-
ted) curves show the numerical solution of the Boltzmann
equation (13) for s-wave (p-wave) annihilation, while dashed
curves show the corresponding equilibrium yield (14). For
comparison, the standard freeze-out result is shown in red.
The benchmark parameters used are gω = 2, mω = 1 TeV,
with ω0 = 2.2 ↑ 10→26 cm3/s for s-wave and ω1 = 1.9 ↑

10→25 cm3/s for p-wave domination.

When ω = ω→, Eq. (11) implies

mω,e!/T = (1 → ω
2

→/2)x = c1 ↑ 1.33 . (15)

So the argument of the Bessel function remains order
unity even at x ↓ 25. This allows the WIMP to stay
in equilibrium far longer than in the standard freeze-out
scenario.

Freeze-out is initiated when symmetry is restored. In
the parameter space of interest, x̃cfo > xosc, so af-
ter x̃cfo, the ALP energy density redshifts as matter,
ω(x > x̃cfo) = ω→(x̃cfo) ↔ (x̃cfo/x)3/2. This increases the
WIMP e!ective mass:
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The rapid approach to mω,e! = mω after x̃cfo drives ε out
of equilibrium. This indicates the beginning of coherent
freeze-out.

Using this expression in the Boltzmann equation and
expanding ϑv = ϑ0 + ϑ1v

2 + · · · , the coherent freeze-out
temperature xcfo is found to be

xcfo ↑ x̃cfo +
1

3
log c +
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3
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, (17)

with

c ↗
27gω
2ϖ3

√
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. (18)

The resulting asymptotic yield is
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The derivations of (17)-(19) are provided in Appendix C.
These analytical expressions are highly accurate in the
small-ϱ regime, where xcfo ↑ x̃cfo; deviations from the
exact numerical results remain below O(1)% for x̃cfo ↭ 50
(see Table I). The evolution of Yω with temperature is
shown in Fig. 2.

At this point, it is interesting to compare the yield
predicted in our mechanism with that in the standard
freeze-out case:
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where ϑ
cfo

i and ϑ
fo

i denote the annihilation cross sections
in the coherent and standard freeze-out cases, respec-
tively, and xfo ↑ 25 is the standard freeze-out temper-
ature. For ϑ

cfo

i = ϑ
fo

i , we find an enhancement of the
yield of order xcfo/xfo for s-wave and x

2

cfo
/x

2

fo
for p-wave

annihilation. Since xcfo ↘ ϱ
↑1/3

↓ 25, the enhancement
– especially for p-wave – is substantial.

If ϱ is extremely small, freeze-out may occur when ε

is still relativistic. For instance, if WIMPs annihilate via
exchanging weak gauge bosons, for temperatures below
the weak scale, we have ≃ϑv⇐e! ↘ T

2
G

2

F /x
ε, with ς = 0

(ς = 1) for s-wave (p-wave), and GF is the Fermi con-
stant. Requiring nω≃ϑv⇐e! ↘ H with nω ↘ T

3 gives the
relativistic freeze-out temperatures:

T
s
rfo

↘ G
↑2/3
F M

↑1/3
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↘ MeV , (21)

T
p
rfo

↘ G
↑1/2
F

(
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) 1
4

↘ 10 MeV
(

mω
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) 1
4
. (22)

Relativistic freeze-out yields too large ε relic abundance,
so viable models require xcfo < mω/Trfo.

The evolution of φ during freeze-out puts another up-
per bound on xcfo. During phase transition, the field is
first trapped in the symmetry-breaking vacuum and then
undergoes non-adiabatic evolution, tunneling under the
potential barrier. For su”ciently small ϱ, vacuum energy
can dominate before tunneling occurs, leading to a new
inflationary phase. Avoiding vacuum domination places
a conservative bound on the latest possible onset of co-
herent freeze-out, xcfo ↫ O(500) (see Appendix C 3 for
further discussion).

In the coherent freeze-out scenario, the WIMP annihi-
lation cross section can exceed the standard value while
still yielding the correct relic abundance. Fig. 3 shows
the ratio of the required cross sections in the two scenar-
ios, assuming both reproduce the observed DM density,
where we fix gω = 2. The r = 1 contour corresponds to
ϱ ↑ 10↑4. For ϱ ↭ 10↑4, the ALP symmetry is restored
before xfo ↑ 25, reducing to the standard freeze-out case
(gray region), whereas for ϱ ↫ 10↑4 the coherent e!ect
becomes significant.

Cosmic microwave background (CMB) anisotropies
place stringent limits on the WIMP s-wave annihilation
cross section ϑ0 [25, 26]. For mω ↫ 30 GeV, the ther-
mal value ϑ

fo

0
↑ 2.2 ↔ 10↑26 cm3

/s is excluded [27], with



Coherent Freeze-Out
• Later freeze-out modifies the predicted 

asymptotic yield (~ present density):


• As a result, the known current DM density* 
corresponds to a larger WIMP annihilation 
cross section


• The effect can be as large as a factor of ~500 
without an inflationary burst


• In WIMP models, larger cross sections 
correspond to lower masses, which may 
actually be less constrained by the LHC and 
indirect detection 
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the bound weakening at higher masses. In the coher-
ent freeze-out scenario, the required s-wave cross section
can exceed the standard value, extending the CMB con-
straint to heavier WIMPs. This bound appears as the
red dash-dotted line in Fig. 3, and the region below it is
excluded for s-wave-dominated annihilation. Even under
this constraint, the s-wave cross section can still be en-
hanced by up to two orders of magnitude before reaching
the unitarity limit [28] (red dashed line), and by a factor
of about 30 before reaching the vacuum-domination limit
(green shaded region).

In contrast, the enhancement needed for p-wave an-
nihilation is much larger – scaling as → x

2

cfo
/x

2

fo
rather

than → xcfo/xfo – and can reach values of order 105 in
Fig. 3 before saturating unitarity and about 103 before
reaching the vacuum-domination limit. Consequently, p-
wave-dominated WIMPs can have annihilation cross sec-
tions up to three orders of magnitude above the standard
thermal value under the conservative assumption that
vacuum domination does not occur while still yielding
the observed relic abundance. This greatly enlarges the
viable parameter space and may improve the prospects
for the indirect detection of p-wave DM.

Finally, we comment on the ALP evolution after
WIMP freeze-out. For x > x̃cfo, the field oscillates
around ω = 0, with the ALP energy density red-shifting
as matter. An explicit estimate gives the ALP density
after freeze-out, εω(T ) ↑ mεT

3, which, if stable, would
exceed the observed DM density and overclose the Uni-
verse. Thus, ω must be unstable and should also decay
rapidly into radiation after the onset of coherent oscil-
lations to avoid significant dilution of the WIMP yield.
The decay of ω is generally model-dependent and does
not a!ect the parameter space shown in Fig. 3; for com-
pleteness, an explicit example realizing the rapid decay
of ω is provided in Appendix C 3. We therefore conclude
that, in the FOPT regime, DM is composed solely of the
WIMP.

B. Crossover regime

We now turn to the crossover regime, where the ALP
evolution is nearly adiabatic. In this regime, the sym-
metry of the ALP potential is restored before xfo ↓ 25,
so the ALP has little influence on the WIMP freeze-out.

* In the FOPT regime, ALP coherent oscillations must decay to avoid over-closure, so generically WIMP is 100% of DM
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When ω = ω→, Eq. (11) implies

mω,e!/T = (1 → ω
2

→/2)x = c1 ↑ 1.33 . (15)

So the argument of the Bessel function remains order
unity even at x ↓ 25. This allows the WIMP to stay
in equilibrium far longer than in the standard freeze-out
scenario.

Freeze-out is initiated when symmetry is restored. In
the parameter space of interest, x̃cfo > xosc, so af-
ter x̃cfo, the ALP energy density redshifts as matter,
ω(x > x̃cfo) = ω→(x̃cfo) ↔ (x̃cfo/x)3/2. This increases the
WIMP e!ective mass:
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The rapid approach to mω,e! = mω after x̃cfo drives ε out
of equilibrium. This indicates the beginning of coherent
freeze-out.

Using this expression in the Boltzmann equation and
expanding ϑv = ϑ0 + ϑ1v

2 + · · · , the coherent freeze-out
temperature xcfo is found to be
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, (17)

with
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The resulting asymptotic yield is
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The derivations of (17)-(19) are provided in Appendix C.
These analytical expressions are highly accurate in the
small-ϱ regime, where xcfo ↑ x̃cfo; deviations from the
exact numerical results remain below O(1)% for x̃cfo ↭ 50
(see Table I). The evolution of Yω with temperature is
shown in Fig. 2.

At this point, it is interesting to compare the yield
predicted in our mechanism with that in the standard
freeze-out case:
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where ϑ
cfo

i and ϑ
fo

i denote the annihilation cross sections
in the coherent and standard freeze-out cases, respec-
tively, and xfo ↑ 25 is the standard freeze-out temper-
ature. For ϑ
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i = ϑ
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i , we find an enhancement of the
yield of order xcfo/xfo for s-wave and x
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annihilation. Since xcfo ↘ ϱ
↑1/3

↓ 25, the enhancement
– especially for p-wave – is substantial.

If ϱ is extremely small, freeze-out may occur when ε

is still relativistic. For instance, if WIMPs annihilate via
exchanging weak gauge bosons, for temperatures below
the weak scale, we have ≃ϑv⇐e! ↘ T
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ε, with ς = 0

(ς = 1) for s-wave (p-wave), and GF is the Fermi con-
stant. Requiring nω≃ϑv⇐e! ↘ H with nω ↘ T

3 gives the
relativistic freeze-out temperatures:
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Relativistic freeze-out yields too large ε relic abundance,
so viable models require xcfo < mω/Trfo.

The evolution of φ during freeze-out puts another up-
per bound on xcfo. During phase transition, the field is
first trapped in the symmetry-breaking vacuum and then
undergoes non-adiabatic evolution, tunneling under the
potential barrier. For su”ciently small ϱ, vacuum energy
can dominate before tunneling occurs, leading to a new
inflationary phase. Avoiding vacuum domination places
a conservative bound on the latest possible onset of co-
herent freeze-out, xcfo ↫ O(500) (see Appendix C 3 for
further discussion).

In the coherent freeze-out scenario, the WIMP annihi-
lation cross section can exceed the standard value while
still yielding the correct relic abundance. Fig. 3 shows
the ratio of the required cross sections in the two scenar-
ios, assuming both reproduce the observed DM density,
where we fix gω = 2. The r = 1 contour corresponds to
ϱ ↑ 10↑4. For ϱ ↭ 10↑4, the ALP symmetry is restored
before xfo ↑ 25, reducing to the standard freeze-out case
(gray region), whereas for ϱ ↫ 10↑4 the coherent e!ect
becomes significant.

Cosmic microwave background (CMB) anisotropies
place stringent limits on the WIMP s-wave annihilation
cross section ϑ0 [25, 26]. For mω ↫ 30 GeV, the ther-
mal value ϑ

fo

0
↑ 2.2 ↔ 10↑26 cm3

/s is excluded [27], with



Crossover Regime

• In the crossover regime, both ALP and WIMP 
can contribute to DM


• WIMP contribution is computed by the 
standard freeze-out


• ALP DM is coherent field oscillations as in 
misalignment, but the initial value is fixed by 
the v.e.v. due to thermal potential!


• More precisely: 

10

10�5 10�4 10�3 10�2 10�1 100 101 102

x

�1.0

�0.5

0.0

0.5

1.0

1.5

�
(x

)

�0 = 0.01

�0 = 0.2

� = 10�2, � = 108

� = 10�3, � = 107

� = 10�5, � = 106

10�5 10�4 10�3 10�2 10�1 100

x

�0.50

�0.25

0.00

0.25

0.50

0.75

1.00

1.25

�
(x

)

�0 = 0.01

�0 = 1.3

� = 30, � = 108

� = 30, � = 106

� = 30, � = 104

FIG. 5. Evolution of the ALP field in the first-order phase transition regime (left panel) and the crossover regime (right panel).
Di!erent colors correspond to di!erent choices of ω and ε, while di!erent line styles denote di!erent initial field displacements.

10�5 10�4 10�3 10�2 10�1 100

x

10�4

10�3

10�2

10�1

100

�
(x

)

� = 30

� ⇠ 0.014

� ⇠ 0.068

0.0049 x�3/2

0.0011 x�3/2

� = 106

� = 109

FIG. 6. Zoomed-in view of the ALP evolution for ε = 106 (red) and ε = 109 (blue) in the crossover regime with fixed ω = 30.
Dashed lines indicate the matter-like scaling behavior, with normalization chosen to match the corresponding ALP trajectories.

Appendix B: Full Solutions of the ALP Equation of Motion

The numerical solutions to the ALP equation of motion (8) are shown in Fig. 5 for both the FOPT and crossover
regimes. Throughout, we assume that the ALP field has negligible initial velocity after inflation. To demonstrate
the robustness of the evolution, we display trajectories with di!erent initial displacements, ω0 = 10→2

, 0.2, and 1.3
(di!erent line styles). As the figure illustrates, the qualitative dynamics of the ALP field are insensitive to its initial
value.

In the upper panel of Fig. 5, which shows the solution for ω(x) in the FOPT regime (ε < 0.27), two distinct
stages of oscillation are visible. First, the field oscillates about the symmetry-breaking minimum, located near ω = 1
and drifting toward

→
2 as x increases. This behavior matches the black curves in Fig. 1 and also Fig. 7, where the

displaced minimum approaches
→

2 before disappearing at x̃cfo. The onset of these early oscillations is controlled
by ϑ: larger ϑ (blue curve) leads to an earlier departure from Hubble friction. At x = x̃cfo, the symmetry-breaking
minimum vanishes, and the field rolls toward the origin, initiating a second set of oscillations that resemble standard
misalignment. The onset of this phase is governed by ε, with smaller ε (green curve) corresponding to a larger value
of x̃cfo.

In the lower panel of Fig. 5 we show the crossover regime (ε > 0.27), where the minimum of the potential smoothly
evolves from ω = 1 to ω = 0. As in the FOPT case, the onset of the initial oscillations is controlled by ϑ: larger ϑ

causes the field to leave the Hubble-frozen regime earlier. Unlike the FOPT regime, however, the vacuum does not
drift toward ω =

→
2; instead, it continuously interpolates from ω = 1 to ω = 0. The parameter ε again determines

when symmetry restoration occurs and thus when the second set of oscillations begins.

Adiabatic drop: Broken-symmetry phasePost-inflation random value

Coherent oscillations (DM)
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FIG. 4. Coherent freeze-out mechanism in the crossover regime, where DM may consist of both the WIMP and the ALP.
We fix the cuto! scale to ” = 10→1MPl (left) and ” = 10→3MPl (right). Red contours show the ALP fraction ωω → #ω/#DM;
regions with ωω > 1 overproduce ALP DM and are excluded. The area below the black line (ε = εc) corresponds to the FOPT
regime, while regions above the blue line exhibit no symmetry breaking (relaxable with a higher reheating temperature). For
comparison, the green dotted line shows the standard misalignment prediction of ωω = 1, using ϑi =

√
mε” as the initial field

displacement.

Instead, the thermal e!ect from the WIMP bath signifi-
cantly alters the ALP evolution, producing a relic abun-
dance that departs from the standard misalignment re-
sult. Consequently, the ALP can naturally serve as a
second DM component in this regime.

Since the two sectors decouple while ω is still relativis-
tic, we may take the limit εx → 1 in the ALP EOM (8),
which reduces to

ϑ
→→ +

2

x
ϑ
→
↑ ϖ

(
1 ↑ ϱx

2
)
ϑ + ϖ ϑ

3 = 0 . (23)

The symmetry is broken for x < xc ↓ 1/
↔
ϱ and restored

for x > xc. As shown in Fig. 5, the ALP is initially
frozen by Hubble friction for x → 1/

↔
ϖ; for 1/

↔
ϖ ↭ x ↭

xc, it evolves toward the symmetry-breaking minimum at
ϑ↑ = 1 and stabilizes there, erasing any dependence on
its initial value; and for x ↫ xc, the symmetry is restored
and the field relaxes back toward ϑ = 0.

The adiabatic approximation holds when

ϖ
∣∣1 ↑ ϱx

2
∣∣ ↗ 1/x2

, (24)

i.e., when the e!ective ALP mass dominates over Hubble
friction. This condition fails near xc, where the thermal
and bare mass terms cancel. We define x1 = xc + ςx

by requiring
∣∣ϖ

(
1 ↑ ϱx

2

1

)∣∣ ↓ 1/x2

1
so that adiabaticity

is restored for x > x1. In the limit ϖ ↗ ϱ (which is al-
ways satisfied for the relevant parameter space), one finds
ςx/xc ↘ ϱ/(2ϖ), implying that the loss of adiabaticity is
extremely brief.

For x > x1, adiabatic evolution gives

mω,e!(x)φ2(x) a3(x) = mω,e!(x1)φ
2(x1) a

3(x1) , (25)

where a(x) is the cosmic scale factor. The quantity in
(25) is the adiabatic invariant, corresponding to the con-
servation of the comoving ALP number density.

At present, x0 ↓ mε/T0, the thermal mass is negligi-
ble, mω,e!(x0) = mω, so we obtain

φ
2(x0) a3(x0)

φ2(x1) a3(x1)
=

H(x1)

mω
↘

H(xc)

mω
=

(
ϱ

ϖ

) 1
2

→ 1 . (26)

This corresponds to a rapid drop in the ALP field around
xc during symmetry restoration, which agrees well with
the numerical solution (see Fig. 6). The present-day en-
ergy density is therefore

↼ω(x0) = m
2

ωφ
2(x1)

(
ϱ

ϖ

) 1
2

(
x1

x0

)3
g↑S(x0)

g↑S(x1)

↘ m
2

ωφ
2(xc)

(
ϱ

ϖ

) 1
2

(
xc

x0

)3
g↑S(x0)

g↑S(xc)
, (27)

where in the second line we used x1 ↘ xc for ϖ ↗ ϱ and
g↑S is the entropy-weighted number of relativistic degrees
of freedom. Substituting φ(xc) =

√
mε” into (27) and

using (7) and (9), we arrive at the relic abundance:

#ω =
1.66 · 4g↑S(x0)

√
2gεg↑(xc)

3g↑S(xc)

m
3/2
ε ”1/2

T
3

0

H
2

0
M

3

Pl

↘ 0.3
(

mε

10 GeV

)3/2
(

”

0.1MPl

)1/2

, (28)

where to obtain the numerical value, we used gε = 4,
g↑S(xc) = g↑(xc) = 106.75, and g↑S(x0) = 3.93.
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FIG. 4. Coherent freeze-out mechanism in the crossover regime, where DM may consist of both the WIMP and the ALP.
We fix the cuto! scale to ” = 10→1MPl (left) and ” = 10→3MPl (right). Red contours show the ALP fraction ωω → #ω/#DM;
regions with ωω > 1 overproduce ALP DM and are excluded. The area below the black line (ε = εc) corresponds to the FOPT
regime, while regions above the blue line exhibit no symmetry breaking (relaxable with a higher reheating temperature). For
comparison, the green dotted line shows the standard misalignment prediction of ωω = 1, using ϑi =

√
mε” as the initial field

displacement.

Instead, the thermal e!ect from the WIMP bath signifi-
cantly alters the ALP evolution, producing a relic abun-
dance that departs from the standard misalignment re-
sult. Consequently, the ALP can naturally serve as a
second DM component in this regime.

Since the two sectors decouple while ω is still relativis-
tic, we may take the limit εx → 1 in the ALP EOM (8),
which reduces to

ϑ
→→ +

2

x
ϑ
→
↑ ϖ

(
1 ↑ ϱx

2
)
ϑ + ϖ ϑ

3 = 0 . (23)

The symmetry is broken for x < xc ↓ 1/
↔
ϱ and restored

for x > xc. As shown in Fig. 5, the ALP is initially
frozen by Hubble friction for x → 1/

↔
ϖ; for 1/

↔
ϖ ↭ x ↭

xc, it evolves toward the symmetry-breaking minimum at
ϑ↑ = 1 and stabilizes there, erasing any dependence on
its initial value; and for x ↫ xc, the symmetry is restored
and the field relaxes back toward ϑ = 0.

The adiabatic approximation holds when

ϖ
∣∣1 ↑ ϱx

2
∣∣ ↗ 1/x2

, (24)

i.e., when the e!ective ALP mass dominates over Hubble
friction. This condition fails near xc, where the thermal
and bare mass terms cancel. We define x1 = xc + ςx

by requiring
∣∣ϖ

(
1 ↑ ϱx

2

1

)∣∣ ↓ 1/x2

1
so that adiabaticity

is restored for x > x1. In the limit ϖ ↗ ϱ (which is al-
ways satisfied for the relevant parameter space), one finds
ςx/xc ↘ ϱ/(2ϖ), implying that the loss of adiabaticity is
extremely brief.

For x > x1, adiabatic evolution gives

mω,e!(x)φ2(x) a3(x) = mω,e!(x1)φ
2(x1) a

3(x1) , (25)

where a(x) is the cosmic scale factor. The quantity in
(25) is the adiabatic invariant, corresponding to the con-
servation of the comoving ALP number density.

At present, x0 ↓ mε/T0, the thermal mass is negligi-
ble, mω,e!(x0) = mω, so we obtain

φ
2(x0) a3(x0)

φ2(x1) a3(x1)
=

H(x1)

mω
↘

H(xc)

mω
=

(
ϱ

ϖ

) 1
2

→ 1 . (26)

This corresponds to a rapid drop in the ALP field around
xc during symmetry restoration, which agrees well with
the numerical solution (see Fig. 6). The present-day en-
ergy density is therefore

↼ω(x0) = m
2

ωφ
2(x1)

(
ϱ

ϖ

) 1
2

(
x1

x0

)3
g↑S(x0)

g↑S(x1)

↘ m
2

ωφ
2(xc)

(
ϱ

ϖ

) 1
2

(
xc

x0

)3
g↑S(x0)

g↑S(xc)
, (27)

where in the second line we used x1 ↘ xc for ϖ ↗ ϱ and
g↑S is the entropy-weighted number of relativistic degrees
of freedom. Substituting φ(xc) =

√
mε” into (27) and

using (7) and (9), we arrive at the relic abundance:

#ω =
1.66 · 4g↑S(x0)

√
2gεg↑(xc)

3g↑S(xc)

m
3/2
ε ”1/2

T
3

0

H
2

0
M

3

Pl

↘ 0.3
(

mε

10 GeV

)3/2
(

”

0.1MPl

)1/2

, (28)

where to obtain the numerical value, we used gε = 4,
g↑S(xc) = g↑(xc) = 106.75, and g↑S(x0) = 3.93.

Value at PT
Adiabatic drop 

Matter-like scaling



ALP Dark Matter
• Predicted ALP relic abundance:


• Correct relic density for reasonable values of 
WIMP mass and coupling! (“ALP miracle”)


• No dependence on initial conditions, as opposed 
to the usual misalignment


• The dependence on the ALP mass has dropped 
out (as long as it’s consistent with the cross-over 
regime)


• Works for ALP mass ~ eV - MeV
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FIG. 4. Coherent freeze-out mechanism in the crossover regime, where DM may consist of both the WIMP and the ALP.
We fix the cuto! scale to ” = 10→1MPl (left) and ” = 10→3MPl (right). Red contours show the ALP fraction ωω → #ω/#DM;
regions with ωω > 1 overproduce ALP DM and are excluded. The area below the black line (ε = εc) corresponds to the FOPT
regime, while regions above the blue line exhibit no symmetry breaking (relaxable with a higher reheating temperature). For
comparison, the green dotted line shows the standard misalignment prediction of ωω = 1, using ϑi =

√
mε” as the initial field

displacement.

Instead, the thermal e!ect from the WIMP bath signifi-
cantly alters the ALP evolution, producing a relic abun-
dance that departs from the standard misalignment re-
sult. Consequently, the ALP can naturally serve as a
second DM component in this regime.

Since the two sectors decouple while ω is still relativis-
tic, we may take the limit εx → 1 in the ALP EOM (8),
which reduces to

ϑ
→→ +

2

x
ϑ
→
↑ ϖ

(
1 ↑ ϱx

2
)
ϑ + ϖ ϑ

3 = 0 . (23)

The symmetry is broken for x < xc ↓ 1/
↔
ϱ and restored

for x > xc. As shown in Fig. 5, the ALP is initially
frozen by Hubble friction for x → 1/

↔
ϖ; for 1/

↔
ϖ ↭ x ↭

xc, it evolves toward the symmetry-breaking minimum at
ϑ↑ = 1 and stabilizes there, erasing any dependence on
its initial value; and for x ↫ xc, the symmetry is restored
and the field relaxes back toward ϑ = 0.

The adiabatic approximation holds when

ϖ
∣∣1 ↑ ϱx

2
∣∣ ↗ 1/x2

, (24)

i.e., when the e!ective ALP mass dominates over Hubble
friction. This condition fails near xc, where the thermal
and bare mass terms cancel. We define x1 = xc + ςx

by requiring
∣∣ϖ

(
1 ↑ ϱx

2

1

)∣∣ ↓ 1/x2

1
so that adiabaticity

is restored for x > x1. In the limit ϖ ↗ ϱ (which is al-
ways satisfied for the relevant parameter space), one finds
ςx/xc ↘ ϱ/(2ϖ), implying that the loss of adiabaticity is
extremely brief.

For x > x1, adiabatic evolution gives

mω,e!(x)φ2(x) a3(x) = mω,e!(x1)φ
2(x1) a

3(x1) , (25)

where a(x) is the cosmic scale factor. The quantity in
(25) is the adiabatic invariant, corresponding to the con-
servation of the comoving ALP number density.

At present, x0 ↓ mε/T0, the thermal mass is negligi-
ble, mω,e!(x0) = mω, so we obtain

φ
2(x0) a3(x0)

φ2(x1) a3(x1)
=

H(x1)

mω
↘

H(xc)

mω
=

(
ϱ

ϖ

) 1
2

→ 1 . (26)

This corresponds to a rapid drop in the ALP field around
xc during symmetry restoration, which agrees well with
the numerical solution (see Fig. 6). The present-day en-
ergy density is therefore

↼ω(x0) = m
2

ωφ
2(x1)

(
ϱ

ϖ

) 1
2

(
x1

x0

)3
g↑S(x0)

g↑S(x1)

↘ m
2

ωφ
2(xc)

(
ϱ

ϖ

) 1
2

(
xc

x0

)3
g↑S(x0)

g↑S(xc)
, (27)

where in the second line we used x1 ↘ xc for ϖ ↗ ϱ and
g↑S is the entropy-weighted number of relativistic degrees
of freedom. Substituting φ(xc) =

√
mε” into (27) and

using (7) and (9), we arrive at the relic abundance:

#ω =
1.66 · 4g↑S(x0)

√
2gεg↑(xc)

3g↑S(xc)

m
3/2
ε ”1/2

T
3

0

H
2

0
M

3

Pl

↘ 0.3
(

mε

10 GeV

)3/2
(

”

0.1MPl

)1/2

, (28)

where to obtain the numerical value, we used gε = 4,
g↑S(xc) = g↑(xc) = 106.75, and g↑S(x0) = 3.93.
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FIG. 4. Coherent freeze-out mechanism in the crossover regime, where DM may consist of both the WIMP and the ALP.
We fix the cuto! scale to ” = 10→1MPl (left) and ” = 10→3MPl (right). Red contours show the ALP fraction ωω → #ω/#DM;
regions with ωω > 1 overproduce ALP DM and are excluded. The area below the black line (ε = εc) corresponds to the FOPT
regime, while regions above the blue line exhibit no symmetry breaking (relaxable with a higher reheating temperature). For
comparison, the green dotted line shows the standard misalignment prediction of ωω = 1, using ϑi =

√
mε” as the initial field

displacement.

Instead, the thermal e!ect from the WIMP bath signifi-
cantly alters the ALP evolution, producing a relic abun-
dance that departs from the standard misalignment re-
sult. Consequently, the ALP can naturally serve as a
second DM component in this regime.

Since the two sectors decouple while ω is still relativis-
tic, we may take the limit εx → 1 in the ALP EOM (8),
which reduces to

ϑ
→→ +

2

x
ϑ
→
↑ ϖ

(
1 ↑ ϱx

2
)
ϑ + ϖ ϑ

3 = 0 . (23)

The symmetry is broken for x < xc ↓ 1/
↔
ϱ and restored

for x > xc. As shown in Fig. 5, the ALP is initially
frozen by Hubble friction for x → 1/

↔
ϖ; for 1/

↔
ϖ ↭ x ↭

xc, it evolves toward the symmetry-breaking minimum at
ϑ↑ = 1 and stabilizes there, erasing any dependence on
its initial value; and for x ↫ xc, the symmetry is restored
and the field relaxes back toward ϑ = 0.

The adiabatic approximation holds when

ϖ
∣∣1 ↑ ϱx

2
∣∣ ↗ 1/x2

, (24)

i.e., when the e!ective ALP mass dominates over Hubble
friction. This condition fails near xc, where the thermal
and bare mass terms cancel. We define x1 = xc + ςx

by requiring
∣∣ϖ

(
1 ↑ ϱx

2

1

)∣∣ ↓ 1/x2

1
so that adiabaticity

is restored for x > x1. In the limit ϖ ↗ ϱ (which is al-
ways satisfied for the relevant parameter space), one finds
ςx/xc ↘ ϱ/(2ϖ), implying that the loss of adiabaticity is
extremely brief.

For x > x1, adiabatic evolution gives

mω,e!(x)φ2(x) a3(x) = mω,e!(x1)φ
2(x1) a

3(x1) , (25)

where a(x) is the cosmic scale factor. The quantity in
(25) is the adiabatic invariant, corresponding to the con-
servation of the comoving ALP number density.

At present, x0 ↓ mε/T0, the thermal mass is negligi-
ble, mω,e!(x0) = mω, so we obtain

φ
2(x0) a3(x0)

φ2(x1) a3(x1)
=

H(x1)

mω
↘

H(xc)

mω
=

(
ϱ

ϖ

) 1
2

→ 1 . (26)

This corresponds to a rapid drop in the ALP field around
xc during symmetry restoration, which agrees well with
the numerical solution (see Fig. 6). The present-day en-
ergy density is therefore

↼ω(x0) = m
2

ωφ
2(x1)

(
ϱ

ϖ

) 1
2

(
x1

x0

)3
g↑S(x0)

g↑S(x1)

↘ m
2

ωφ
2(xc)

(
ϱ

ϖ

) 1
2

(
xc

x0

)3
g↑S(x0)

g↑S(xc)
, (27)

where in the second line we used x1 ↘ xc for ϖ ↗ ϱ and
g↑S is the entropy-weighted number of relativistic degrees
of freedom. Substituting φ(xc) =

√
mε” into (27) and

using (7) and (9), we arrive at the relic abundance:

#ω =
1.66 · 4g↑S(x0)

√
2gεg↑(xc)

3g↑S(xc)

m
3/2
ε ”1/2

T
3

0

H
2

0
M

3

Pl

↘ 0.3
(

mε

10 GeV

)3/2
(

”

0.1MPl

)1/2

, (28)

where to obtain the numerical value, we used gε = 4,
g↑S(xc) = g↑(xc) = 106.75, and g↑S(x0) = 3.93.
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Figure 21: Current (opaque) and projected (transparent) constraints on the axion-photon
coupling. All existing constraints are described in the preceeding sections. The esti-
mated sensitivities of several proposed and in-construction haloscopes are shown including
(from low to high masses, roughly): DANCE [518], ADBC [519], aLIGO [520], SRF cav-
ity [265], WISPLC [521], DM-Radio [239], FLASH [522], ADMX [523], ALPHA [211],
MADMAX [524], ORGAN [525], BRASS [526], BREAD [222], TOORAD [527], and LAM-
POST [220]. We also show projections for IAXO [528] and ALPS-II [529]. Finally, we
have displayed forecasted sensitivity to heavy dark matter ALP decays to X-rays using
eROSITA [530] and THESEUS [531], as well as a projection for a Fermi-LAT observation
of a galactic supernova [425]. Plotting scripts and data available at Ref. [426].
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Conclusions
• Considered a coupling between WIMP 

and ALP motivated by QCD axion-
nucleon coupling


• Even a tiny (Planck-suppressed) coupling 
can drastically modify cosmological 
history of both WIMP and ALP


• This results in qualitatively different 
predictions for present-day abundances 
of either or both species


• Thus new regions of parameter space 
can be consistent with the observed DM - 
relevant for experiment

21

The story of “WIMP meets ALP”
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Equations

2

II. DYNAMICS

We begin with the following e!ective coupling,

Le! →
1

”
ω̄ω

ε
2

2
, (1)

where ” is the cuto! scale, ω is a fermionic WIMP (ei-
ther Dirac or Majorana), and ε is a light real scalar.
For convenience, we refer to ε as the ALP hereafter, al-
though it may be CP-even or CP-odd. The model con-
tains three hierarchical scales, ” ↑ mω ↑ mε, with mω

and mε denoting the physical zero-temperature masses
of ω and ε, respectively. For simplicity, we do not in-
clude higher-order terms in ε in the zero-temperature
potential. The coupling in (1) is generic and can arise
in a wide range of UV completions. We take a definite
sign for the interaction, which is essential for our analy-
sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
and the classical ALP field shifts the WIMP mass,
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is the thermally averaged number density, with Ek ⇒√
k2 + m

2

ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential
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where K1 is the modified Bessel function. Here we
have defined x ⇒ mω/T , the normalized ALP field
ϖ ⇒ ε/

√
mω”, the boost factor ϱ ⇒ |1 ↘ ϖ

2
/2|, and

a dimensionless parameter

ς ⇒
2ϑ2

gω

m
2

ε”

m3
ω

. (7)

The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
equation of motion (EOM):
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where prime denotes the derivative with respect to x and
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with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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FIG. 1. Left: The normalized ALP potential (6) in a thermal bath of WIMPs at several temperatures. For ω < ωc → 0.27 the
phase transition is first order (black curves), while for ω > ωc it becomes a crossover (red curves). Right: Phase diagram in the
(mω,mε) plane. Below the ω = ωc contour (red lines), symmetry restoration proceeds through a first-order phase transition;
above it, the transition is a crossover. Symmetry restoration further requires that the symmetry be broken at the onset of
radiation domination, TRH. The condition ω = K1(xRH)/xRH (blue curves), with xRH ↑ mω/TRH, marks the boundary above
which the symmetry is never broken and no transition occurs.

Depending on ω, the resulting parameter space falls into
three classes (see right panel of Fig. 1):

1. No symmetry breaking: ω > K1(xRH)/xRH

with xRH → mω/TRH. Symmetry is never broken,
and the two sectors decouple.

2. Crossover: ωc < ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored smoothly at low
T .

3. FOPT: ω < ωc and ω < K1(xRH)/xRH. Symmetry
is broken at high T and restored at low T through
a first-order transition.

In what follows, we focus on the latter two scenarios,
where the WIMP and ALP exhibit genuinely coupled dy-
namics.

III. PHENOMENOLOGY

Now we turn to the DM phenomenology in our mech-
anism and distinguish two regimes. In the FOPT regime
(ω ↭ 0.27), the ALP behaves as a spectator field and does
not contribute to the relic abundance. In the crossover
regime (ω ↫ 0.27), the ALP provides a second DM com-
ponent whose abundance is largely insensitive to its ini-
tial field displacement and mass.

A. First-order phase transition regime

At high temperatures, the ALP potential develops a
symmetry-breaking minimum ε→ ↑= 0 (see Fig. 1). We

define x̃cfo as the time when this local minimum disap-
pears:

ϑV(ε, x̃cfo)

ϑε

∣∣∣∣∣
ε=ε→

=
ϑ
2
V(ε, x̃cfo)

ϑε2
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= 0 , (10)

which determines both ε→ and x̃cfo as functions of ω. In
the limit of ω ↓ 1 and x ↔ 1, the symmetry-breaking
vacuum evolves as (see Appendix C)

ε→ =

√
2

(
1 ↗

c1

x

)
, (11)

where c1 ↘ 1.33 is the root of c1K0(c1) = K1(c1), and
x̃cfo follows the simple scaling

x̃cfo = c2 ω
↑1/3

, c2 ↘ 0.83 . (12)

Here we use the full thermal potential presented in Ap-
pendix D to obtain Eq. (12), providing a more accurate
quantitative description. For x < x̃cfo, the tunneling rate
is highly suppressed until very close to x̃cfo, so the field
remains trapped at ε→. It returns to ε = 0 only when
x > max {x̃cfo, xosc}, where xosc ≃ mω/

√
mϑMPl marks

the onset of ALP oscillations.
We now show how the above dynamics a!ect WIMP

freeze-out. The Boltzmann equation governing the
WIMP number density is

ṅω + 3Hnω = ↗⇐ϖv⇒e!

(
n
2

ω ↗ n
2

ω,eq

)
. (13)

The ALP background reduces the WIMP e!ective mass,
modifying both ⇐ϖv⇒e! and the equilibrium distribution:

nω,eq =
gω

2ϱ2
m

2

ω,e!TK2(mω,e!/T ) . (14)
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ponent whose abundance is largely insensitive to its ini-
tial field displacement and mass.

A. First-order phase transition regime

At high temperatures, the ALP potential develops a
symmetry-breaking minimum ε→ ↑= 0 (see Fig. 1). We

define x̃cfo as the time when this local minimum disap-
pears:

ϑV(ε, x̃cfo)

ϑε

∣∣∣∣∣
ε=ε→

=
ϑ
2
V(ε, x̃cfo)

ϑε2

∣∣∣∣∣
ε=ε→

= 0 , (10)

which determines both ε→ and x̃cfo as functions of ω. In
the limit of ω ↓ 1 and x ↔ 1, the symmetry-breaking
vacuum evolves as (see Appendix C)

ε→ =

√
2

(
1 ↗

c1

x

)
, (11)

where c1 ↘ 1.33 is the root of c1K0(c1) = K1(c1), and
x̃cfo follows the simple scaling

x̃cfo = c2 ω
↑1/3

, c2 ↘ 0.83 . (12)

Here we use the full thermal potential presented in Ap-
pendix D to obtain Eq. (12), providing a more accurate
quantitative description. For x < x̃cfo, the tunneling rate
is highly suppressed until very close to x̃cfo, so the field
remains trapped at ε→. It returns to ε = 0 only when
x > max {x̃cfo, xosc}, where xosc ≃ mω/

√
mϑMPl marks

the onset of ALP oscillations.
We now show how the above dynamics a!ect WIMP

freeze-out. The Boltzmann equation governing the
WIMP number density is

ṅω + 3Hnω = ↗⇐ϖv⇒e!

(
n
2

ω ↗ n
2

ω,eq

)
. (13)

The ALP background reduces the WIMP e!ective mass,
modifying both ⇐ϖv⇒e! and the equilibrium distribution:

nω,eq =
gω

2ϱ2
m

2

ω,e!TK2(mω,e!/T ) . (14)

ALP:

WIMP:

2

II. DYNAMICS

We begin with the following e!ective coupling,

Le! →
1

”
ω̄ω

ε
2

2
, (1)

where ” is the cuto! scale, ω is a fermionic WIMP (ei-
ther Dirac or Majorana), and ε is a light real scalar.
For convenience, we refer to ε as the ALP hereafter, al-
though it may be CP-even or CP-odd. The model con-
tains three hierarchical scales, ” ↑ mω ↑ mε, with mω

and mε denoting the physical zero-temperature masses
of ω and ε, respectively. For simplicity, we do not in-
clude higher-order terms in ε in the zero-temperature
potential. The coupling in (1) is generic and can arise
in a wide range of UV completions. We take a definite
sign for the interaction, which is essential for our analy-
sis. Scalar-fermion interactions with the same structure
as (1), including the sign, appear in familiar contexts.
For example, this is the structure of the leading non-
derivative interaction between nucleons and pions in the
SM, or between nucleons and the QCD axion in minimal
extensions, both of which follow directly from chiral e!ec-
tive theory [19–24]. Throughout, we assume the coupling
is small enough that ε never thermalizes (neither chemi-
cally nor kinematically), which requires ” ↑

↓
TRHMPl,

where TRH is the reheating temperature of the Universe
and MPl ↔ 1.2 ↗ 1019 GeV is the Planck mass.

Even without momentum exchange, coherent forward
scattering modifies the propagation of both species. In
the region of interest, ω is in thermal equilibrium with
the SM. The thermal ω background shifts the ALP mass,
and the classical ALP field shifts the WIMP mass,

m
2

ε,e! = m
2

ε ↘
≃ω̄ω⇐T

”
, (2)

mω,e! =

∣∣∣∣mω ↘
ε
2

2”

∣∣∣∣ , (3)

where

≃ω̄ω⇐T = gω

∫
d3

k

(2ϑ)3
mω,e!

Ek
fω(k) , (4)

is the thermally averaged number density, with Ek ⇒√
k2 + m

2

ω,e! and gω = 4(2) if ω is Dirac (Majorana).

Crucially, the correction to mε depends on mω,e!, which
itself depends on ε; the dynamics of the two sectors are
therefore coupled.

For analytic control, we adopt a Maxwell-Boltzmann
(MB) distribution, fω = e

→Ek/T . (A more complete
treatment – including quantum-statistical e!ects and
thermal corrections beyond quadratic order – can be im-
plemented numerically; see Appendix D. These refine-
ments do not modify the qualitative results.) This leads
to the ALP potential

V (ε, T ) =
gω

2ϑ2
m

4

ω V(ϖ, x) , (5)

with the normalized potential

V(ϖ, x) = ↘
ϖ
2

2

ϱ
2
K1(ϱx)

x
+ ς

ϖ
2

2
, (6)

where K1 is the modified Bessel function. Here we
have defined x ⇒ mω/T , the normalized ALP field
ϖ ⇒ ε/

√
mω”, the boost factor ϱ ⇒ |1 ↘ ϖ

2
/2|, and

a dimensionless parameter

ς ⇒
2ϑ2

gω

m
2

ε”

m3
ω

. (7)

The first term in (6) encodes the thermal e!ect of the
WIMP bath, while the second is the bare ALP mass.
The resulting potential, shown in the left panel of Fig. 1,
contains a term quartic in ϖ due to the back-reaction on
mω,e!, ensuring it is bounded from below. At early times
(ϱx ⇑ 1), the thermal term acts like a negative T

2 mass
and spontaneously breaks the Z2 symmetry (ε ⇓ ↘ε);
at late times, the bare mass dominates and restores it.
The order of this transition is set by a critical coupling
ςc ↔ 0.27, which can be calculated in Ginzburg-Landau
theory (see Appendix A) For ς < ςc, the transition is
first-order, and for ς > ςc it is a crossover. We truncate
the potential at |ϖ| =

↓
2, where mω,e! ⇓ 0 and higher-

order terms become important (see Appendix D). Since
the field starts with negligible velocity after inflation, |ϖ|

never exceeds this bound.

In the radiation era, the ALP field obeys the following
equation of motion (EOM):

ϖ
↑↑ +

2

x
ϖ
↑
↘ φx

(
1 ↘

ϖ
2

2

) [(
1 ↘ ϖ

2
)
K1(ϱx) +

ϖ
2

2
ϱxK0(ϱx)

]
ϖ + φςx

2
ϖ = 0 , (8)

where prime denotes the derivative with respect to x and

φ ⇒
gω

2ϑ2

1

1.662g↓

M
2

Pl

mω”
, (9)

with g↓ the number of relativistic degrees of freedom.
The EOM (8) contains only two free parameters (ς and
φ), and its solutions are studied in detail in Appendix B.
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FIG. 5. Evolution of the ALP field in the first-order phase transition regime (left panel) and the crossover regime (right panel).
Di!erent colors correspond to di!erent choices of ω and ε, while di!erent line styles denote di!erent initial field displacements.
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FIG. 6. Zoomed-in view of the ALP evolution for ε = 106 (red) and ε = 109 (blue) in the crossover regime with fixed ω = 30.
Dashed lines indicate the matter-like scaling behavior, with normalization chosen to match the corresponding ALP trajectories.

Appendix B: Full Solutions of the ALP Equation of Motion

The numerical solutions to the ALP equation of motion (8) are shown in Fig. 5 for both the FOPT and crossover
regimes. Throughout, we assume that the ALP field has negligible initial velocity after inflation. To demonstrate
the robustness of the evolution, we display trajectories with di!erent initial displacements, ω0 = 10→2

, 0.2, and 1.3
(di!erent line styles). As the figure illustrates, the qualitative dynamics of the ALP field are insensitive to its initial
value.

In the upper panel of Fig. 5, which shows the solution for ω(x) in the FOPT regime (ε < 0.27), two distinct
stages of oscillation are visible. First, the field oscillates about the symmetry-breaking minimum, located near ω = 1
and drifting toward

→
2 as x increases. This behavior matches the black curves in Fig. 1 and also Fig. 7, where the

displaced minimum approaches
→

2 before disappearing at x̃cfo. The onset of these early oscillations is controlled
by ϑ: larger ϑ (blue curve) leads to an earlier departure from Hubble friction. At x = x̃cfo, the symmetry-breaking
minimum vanishes, and the field rolls toward the origin, initiating a second set of oscillations that resemble standard
misalignment. The onset of this phase is governed by ε, with smaller ε (green curve) corresponding to a larger value
of x̃cfo.

In the lower panel of Fig. 5 we show the crossover regime (ε > 0.27), where the minimum of the potential smoothly
evolves from ω = 1 to ω = 0. As in the FOPT case, the onset of the initial oscillations is controlled by ϑ: larger ϑ

causes the field to leave the Hubble-frozen regime earlier. Unlike the FOPT regime, however, the vacuum does not
drift toward ω =

→
2; instead, it continuously interpolates from ω = 1 to ω = 0. The parameter ε again determines

when symmetry restoration occurs and thus when the second set of oscillations begins.
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FIG. 7. The evolution of the symmetry-breaking vacuum ω→ (left panel) and the boost factor ε→ → |1 ↑ ω2

→/2| (right panel)
as a function of the inverse temperature x → mω/T . The ratio mω,e!/T = ε→x remains smaller than O(1) until x reaches x̃cfo

(corresponding to the sudden drop of ω→ and the sharp increase of ε→x in the plots), after which the coherent freeze-out begins.

A key feature of the crossover regime is the rapid drop of the field value during symmetry restoration, a direct
consequence of the nearly adiabatic evolution predicted by Eq. (26). This behavior underlies the “ALP miracle” and
is numerically confirmed in Fig. 6. For ω = 30 and ε = 106 (109), Eq. (26) predicts a drop of order (ω/ε)1/4 → 0.074
(0.013) near xc = 1/

↑
ω → 0.18. Just before the drop, Fig. 6 shows ϑ → 1; the gray dotted lines at ϑ → 0.068 and

0.014 mark the post-drop values for ε = 106 and 109, respectively, prior to the onset of matter-like redshifting. The
agreement with the analytical prediction is especially good for ε = 109, as the adiabatic approximation becomes
increasingly accurate at larger ε, consistent with Eq. (24). This validates the analytical treatment used in the main
text for the range of ε relevant to the ALP-miracle window in Fig. 4, namely ε ↓ 1015 ↔ 1019.

Appendix C: Coherent Freeze-Out Dynamics in the Strong First-Order Phase Transition Region

In this section, to gain analytical insight, we restrict ourselves to the approximate potential in Eq. (6) for the
analytical derivation of the coherent freeze-out dynamics. We begin by studying the evolution of the ALP vacuum
before symmetry restoration, which determines the onset of coherent freeze-out. We then compute the coherent
freeze-out temperature xcfo and the resulting WIMP relic yield in this scenario. Finally, we discuss the ALP evolution
after symmetry restoration and the associated cosmological constraints.

A more complete treatment using the full potential in Eq. (D6) does not modify the analytical expressions derived
below for the coherent freeze-out temperature and the WIMP yield.

1. Evolution of the ALP Vacuum

When the symmetry is broken, the displaced vacuum ϑ→ ↗= 0 is determined by the nonzero solution of

ϖV(ϑ, x)

ϖϑ
= ωϑ ↔

ϑ
3

2

(
1 ↔ ϑ

2
/2

)2
K0(x

(
1 ↔ ϑ

2
/2

)
) ↔

ϑ

2x

(
2 ↔ 3ϑ2 + ϑ

4
)
K1(x(1 ↔ ϑ

2
/2)) = 0 , (C1)

where V is given by (6). This equation can be solved numerically for any fixed ω, as shown in Fig. 7. We are
particularly interested in the small-ω limit relevant for a strong FOPT. Neglecting the ω term, the condition simplifies
to

ϱ→xK0(ϱ→x)

K1(ϱ→x)
=

2(ϑ2

→ ↔ 1)

ϑ2
→

, (C2)

where ϱ→ ↘ 1 ↔ϑ
2

→/2 is the boost factor evaluated at the symmetry-breaking vacuum. The solution of ϑ→(x) is shown
in the left panel of Fig. 7: one finds ϑ→(x) ≃ 1 for x ⇐ 1 and ϑ→(x) ≃

↑
2 for x ⇒ 1 (consistent with Fig. 5).

An interesting feature emerges in the large-x limit: the product of the boost factor and inverse temperature
approaches a constant (see the right panel Fig. 7):

ϱ→x → 1.33 . (C3)



Making ALP Decay After FOPT
• ALP Coherent oscillations in FOPT regime would over-close the universe


• OK if they decay into SM radiation before BBN, but SM-ALP coupling 
must be small enough to not thermalize the ALP particles 


• Solution: introduce dark photon with ALP-DP coupling 


• Preheating quickly transfers energy from ALP to DP


• Dark photon then decays to SM e+e- before BBN


• See paper for details, consistency checks etc.
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the ALP energy density evaluated at ω = ω→ and the radiation energy density:

ε(x) →
ϑω

ϑrad
↑

gω
2ε2m

4

ϑϖ

ε2

30
g→T 4

=
15gϑ
ϱ4g→

ϖx
4
, (C27)

where the approximation holds in the region x ↓ 1. For a fixed ϖ, ε increases as x
4. We define xd as the value of x

at which the vacuum energy begins to dominate over radiation:

ε(xd) → 1 ↔ xd =

(
ϱ
4
g→

15gϑ

)1/4

ϖ
↑1/4

. (C28)

On the other hand, the temperature at which the false vacuum disappears scales as x̃cfo ↗ ϖ
↑1/3 (see Eq. (C12)),

which increases more rapidly with decreasing ϖ than xd. Moreover, since ! ↓ mϑ, tunneling through the potential
barrier is highly suppressed until x ↑ x̃cfo. As a result, for su”ciently small ϖ, the vacuum energy can dominate
while the ALP is still trapped in the false vacuum, thereby triggering a new inflationary phase of the Universe. If this
inflationary period persists long enough, it may significantly dilute the WIMP yield. The WIMP yield after inflation
depends on both the number of e-folds and the details of reheating. A complete analysis of this inflationary phase is
beyond the scope of this work and is left for future study.

In this work, we aim to identify the viable parameter space while avoiding significant dilution. To this end,
we impose the conservative requirement that tunneling occur before vacuum domination, namely x̃cfo < xd (or
equivalently, ε(x̃cfo) < 1). This condition sets a conservative lower bound on ϖ:

ϖ ↭
(

0.834 · 15gϑ
ϱ4g→

)3

↑ 4.3 ↘ 10↑9

(
gϑ

2

)3
(

90

g→

)3

. (C29)

This, in turn, implies an upper bound on x̃cfo:

x̃cfo ↫ ϱ
4
g→

0.833 · 15gϑ
↑ 511

(
2

gϑ

) (
g→
90

)
, (C30)

where g→ is evaluated at x = x̃cfo. Therefore, avoiding vacuum domination places a general constraint on the latest
possible onset of coherent freeze-out, as shown in Eq. (C30). This bound is translated into the green shaded region
in Fig. 3, and is stronger for lighter WIMP due to the smaller value of g→(x̃cfo).

Using Eq. (C25) and xfo ↑ 25, the yield enhancement for s-wave and p-wave annihilation is roughly bounded by a
factor of 30 and a factor of 103, respectively,

Y
cfo

ϑ,↓
Y fo
ϑ,↓

∣∣∣∣∣
s-wave

=
14

9

xcfo

xfo

↑ 30
(
xcfo

500

)
, (C31)

Y
cfo

ϑ,↓
Y fo
ϑ,↓

∣∣∣∣∣
p-wave

=
20

9

x
2

cfo

x
2

fo

↑ 900
(
xcfo

500

)2

. (C32)

After x̃cfo, the ALP field rolls down to the origin and subsequently redshifts as matter, marking the onset of coherent
freeze-out. The ALP must decay at a later time to avoid overclosing the Universe. We require that the ALP energy be
transferred to the SM radiation before Big Bang Nucleosynthesis (BBN) in order to evade the stringent cosmological
bounds on #Ne! . In addition, the ALP should decay su”ciently rapidly after x̃cfo to prevent further dilution of the
WIMP yield due to entropy injection into the SM bath. The decay of the ALP is generally model-dependent and
does not a$ect the parameter space presented in the main text, which is based on the e$ective coupling between the
WIMP and the ALP. Below, we provide an explicit example in which the ALP decays su”ciently rapidly after x̃cfo,
while still maintaining a su”ciently small coupling to avoid thermalizing the ALP in the early Universe.

We consider a Chern-Simons coupling between the ALP and a dark photon A,

Ldark ≃ ⇐
ς

4fω
Fµϖ F̃

µϖ
, (C33)

where fω is the decay constant of ς, and F and F̃ denote the field strength of the dark photon and its dual,
respectively. We assume that A is massless at high temperatures and acquires a mass mA at T ↫ !D, where !D

denotes the dynamical scale associated with dark photon mass generation. For T ↭ !D, the dark photon is massless


