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Why learn low modes?

® | ow Dirac modes are widely used in lattice QCD: deflation and multigrid, low-mode
averaging, all-to-all propagators, disconnected diagrams, and spectral studies.

® Eigensolvers and MG setup must be repeated for every configuration; iterative solves also
slow down near k..

® A trained model can be readily applied to new configurations within the same ensemble.

1. Can a gauge-equivariant network generate useful approximations to the low modes of D?

2. Does it generalize to configurations from the same ensemble that were not used for
training?
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This talk: gauge-equivariant low-mode prediction

Approach

Train a network built from gauge-equivariant layers using a Rayleigh—Ritz objective for DTD.

What we use and test
1. Gauge-equivariant PT layers (Pfahler et al., arXiv:2602.23840)
2. Low-mode learning that generalizes across configurations within the same ensemble.

3. Qutputs are usable as test vectors for two-level MG: approximate low modes for the
coarse space.

We need a concrete way to evaluate whether the learned low modes are useful. In this work,
we use multigrid as our case study.
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Two-level multigrid: what and why

Problem

Iterative solves of D[U] x = b slow down near kcris because DTD has small eigenvalues.

Two-level multigrid (MG) idea
® Build a prolongator P from N, test vectors {\/,-}J'-V:V1 that capture the low-mode subspace of DT D.
® Form the coarse operator D. = PTDP.

® A V-cycle restricts the residual, solves on the coarse grid, and prolongs the correction; used as an
FGMRES preconditioner.

For each gauge configuration, MG setup chooses {v;} and builds P, D..
Our test: replace {v;} with learned network outputs and skip the adaptive refinement loop.
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Why gauge equivariance?

Local SU(N,) gauge transformation G(x):
Up() = G(x) Up(x) GT(x + ), 9(x) = G(x) ().
Let H[U] = D[U]'D[U]. Gauge equivariance gives
H[U®] = G H[U] GT.
Therefore,
H[Ulk = Ak = HIU®J(Geow) = Ai(Gw),

Meaning: ). is gauge invariant; 1, is gauge covariant: H[U®](Gy) = M\(Gry).

What does this mean for learning?

If every layer preserves the gauge-transformation law, the full network is gauge equivariant by
construction. It does not need to learn gauge equivariance from the training data.
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Architecture at a glance

FermionField Dense(Linear) PT layer BlockScalar Norm K output
layer layer x32 layer layer vector fields
expand vectors GE feature extract block rescale l

Ritz layer scalar loss
training only LRitz

Training and output

Each step samples one configuration: PT layers use {U,}, Rayleigh-Ritz loss uses D[U]'D[U].
After training, K outputs span the learned low-mode subspace.
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Ritz layer: Rayleigh—Ritz loss

Let X be the matrix whose columns are the K output vectors from the previous layer:
X = [Xo o XK_1] S (CNXK.
Layer output

X

—1
Lritz(X) = Ak € R.
0

r
Il

The generalized Ritz values A« are obtained from
A=X'DIUI'D[UIX, B=X'X,  Aux = \Bu.
With X« = Xuy, each Ritz value is a Rayleigh quotient:
(% D[U]" D[U]| %)
(% %)

Ak =

Therefore, the same loss can be written as

Lrit, = Kim =tr(B7'A) = tr[(XTX)*leD[U]TD[U]x] .

Practical advantage: Increasing K adds little training cost.
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PT layer: parallel-transport convolution

Let P be a fixed set of lattice paths and T,[U] the parallel-transport operator along path p:

Tp[U] = Hpnp -+ Hpy Hp, -
Input and output
PT layer
(¢:(¢17-~~7¢")7 U) W:(¢17---7¢m)~
—_— ——
n input vectors + gauge field m output vectors

Layer operation

$a(x) =D Wap (Tp[Ulgs)(x),  a=1,....m.
b=1

Each input vector ¢y is paired with a path py. T,,[U] transports ¢, to site x; the results are mixed by trainable
spin matrices W, € C**4.

Gauge equivariance
$6(x) = G()gn(x) = (Tp,[Uln)(x) = G(x)(Tp, [Ul$5) (x),

hence 1,(x) = G(x)¥a(x).
Adapted from Pfahler et al., arXiv:2602.23840.
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Local layers: FermionField, Dense(Linear), BlockScalar

FermionField layer (trainable input fermion fields):
o0 = (37,8, 8 () eV

Every site, spin, and color component of qﬁf,o) is a trainable parameter.
Dense(Linear) layer (n — m; PT mixing without hopping, T,, = /):

Xa(x) =D Wapdu(x),  Wap € C4
b=1

BlockScalar layer (blockwise scalar rescale): the lattice is partitioned into spatial blocks; each site x belongs to
a block B(x) of linear size r (r*xr; in 4D):

Xk(xX) = wep ke Pi(x),  wek €C.
One trainable scalar per block and output mode k.
Block size r is a training hyperparameter; we use r=2 in our trained models.
Unlike the PT layer, these three local layers act only on fermion fields and do not take gauge links as input.
Note: fixed trainable FermionField inputs = the full network is not yet fully gauge equivariant.
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Learned low modes at x = 0.158

Item Setting

Gauge ensemble  quenched (heatbath), 5=6.0

Lattice 16°x32

Dirac operator Wilson, k=0.158

Architecture 32PT stack; 33 paths (maxlen5); K=6,12, 24,48, 64 outputs
Initialization Xavier

Optimizer / loss Adam; Lgit; on DD

Training 50 epochs; 320 gauge configurations

Evaluation 20 configurations not used for training

Monitor Lrit, on configurations not used for training every epoch (next slide).
Four trained networks with K=N, € {12,24,48,64} enter the MG benchmark.
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Training progress

Network training at x = 0.158 (33 paths, K = 6 case)

[— train loss, moving average test Ioss]
. Full training history Late-stage stability
101F
{ 2.75x 1072
2.5%1072
100! 2.25x 1072
0 n  2x1072
%] %]
o \ Q
= —11.75%x1072
1071t o
\ 1.5 x 102
10-2L 1.25x 1072
0 10 20 30 40 50 42 43 44 45 46 47 48 49 50
Epoch Epoch

final train = 0.0129 final test = 0.0244 min test = 0.0241

50 epochs = 16,000 steps; about 3 days on NVIDIA A100 (Julia; Gaugefields.jl, LatticeDiracOperators.jl).
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Classical setup: adaptive V-cycle

Classical IDsetup(niny) [Brannick et al., arXiv:1303.1377]

repeat nj,, times

v
aggregate
— P, D,

Test vectors: approximate low-mode vectors used to build the prolongator P; N,
controls the size of the coarse problem used for preconditioning.

Rebuild P, D, = PTDP; update v; < C")v; on Dv=0.
® Done per gauge configuration.

|
V-cycle update

random {\/J}JN:1

Classical setup used for comparison on the next slides.
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Our low-mode test-vector setup

Learned low modes aggregate
{0} — P, D

FGMRES solve |

not Ipsed
7777777777 )
- V-cycle setup |

adaptive loop J

Network outputs replace random {\/J}JN:V1

We apply only the first SAP x3 smoothing step, then aggregate to P and D..
No adaptive V-cycle setup loop (niny iterations in the classical setup).

Same solver stage as the classical setup; only the v; setup differs.

Benchmark: four trained networks (K=N, € {12,24,48,64}; 4000 steps), compared to
the classical setup on configs A and B (not used for training; next slides).

14/25



Main result: learned low modes vs. V-cycle setup (config A)

Coarse operator applications

k=0.15700 K=K: (k=0.15775)
@ Learned Network " @ Learned Network
6x10°1| @ V-cycle 5 © \Vcycle notcons, ——@
N, =12 =]
Ny =64 2745 8 s
3 s = 10°f N, =48
4x10 O Q. 629s
N, =64 Q
v N, =12
3x103 * 1i.6s N, =24 @45t f
’ 1os 8 m N, =24
N, 8:6,5 A * © 47.1s
s = =
2% 103 A5 g Mg
1) N, =64
o 100k B @ n-2
<> g6=524 2 459s
3
10° o *A 1348
103 103 104 10°
Fine Dirac applications Fine Dirac applications

Four trained networks (K=N, € {12,24,48,64}; 4000 steps).
Left: k = 0.157; right: near k..
Blue: learned network vectors; orange: classical V-cycle setup.
Lower left is better.

Solve to residual 107%°; axes: fine / coarse operator applications.
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Main result: learned low modes vs. V-cycle setup (config B)

k=0.15700 K=K (k=0.15860)
104 . - .
" @ Learned Network " @ Learned Network N, =24
S @ V-cycle S @ Vcycle @ 209545
= N, =64 N, =12 = 6
© 132 38.9 © 10°f A 1
g &xie ) N, =12 ) = * Yoas's
= 49.05 .O Q N=od N, =12
% * % N, =64 1516.1's not conv. @
O 4ax10® No=64 ® n=24 © 275.1s b
5 1505 s o not conv, ©
® 3x10° A3 ©
© 10.2s © t
[ N, =48 [ S L 4
s Tl g 10
o 2% 103 o glvlz;g
= s
U L Y U
3 3
O O @ izl
10° 10° 107 10°
Fine Dirac applications Fine Dirac applications

Same protocol on config B.
Left: k = 0.157; right: near k..
Blue: learned network vectors; orange: classical V-cycle setup.
Lower left is better.
Near k¢, N,=12 fails to converge for both.
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Generalization: observed across configurations within the same ensemble.

Two-level multigrid: the network vectors replace the adaptive V-cycle setup loop.

Other Dirac operators: the same framework can be trained with other lattice Dirac
operators.

Next tests: other ensembles, larger lattices, and other lattice QCD applications.

Thank you — questions welcome.
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Backup: Network idea

i i (7) ..
one configuration U [gauge-equwanant Iayers]—»
from the ensemble dataset

® Input: gauge links {U,}.

K approximate MG test vectors,

low-mode vectors deflation, ...

e Output: K vector fields whose span approximates the lowest subspace of DTD.

® Trained on the ensemble; applied to new configurations.
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Backup: computational setup

e GPU: NVIDIA A100 80GB PCle = -
e |attice code: LatticeQCD jl :il'attlceucn"jl
QCDMeasurements.jl
LatticeDiracOperators.jl

Gaugefields.jl

Wilsonloop.jl CLIME_jllI
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https://github.com/akio-tomiya/LatticeQCD.jl

Backup: Wilson Dirac operator

Wilson discretization with hopping parameter k:

+4

D(va) = (5X,y — K Z (1 F ’Yﬂ) UN(X) 5X+ﬁ7y.
p==1

® Sparse, non-Hermitian; ~s-Hermiticity: v5Dvs = D?.

Small eigenvalues near k¢t slow Krylov solvers.
® Reference training: £=0.158 on heatbath 3=6.0, 163x32.
MG benchmark: x near 0.157-0.158 on configs A and B.
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Backup: multigrid and operator applications

Slides 15-16 count fine (D) and coarse (D.) applications during FGMRES (||r|| < 107%°).

Algorithm: FGMRES with DD-aAMG V-cycle preconditioner

1: procedure V-cycLE(x, b)

r< b— Dx

fori=1,...,npre do
X < Smooth(x; D)

end for

r < b — Dx

re < pt r; solve Dcec = re coarse

X < X + Pec

fori=1,...,npost do

x < Smooth(x; D)
end for
. end procedure

SIS Seseess L

N=2

Require: RHS b, initial x, prolongator P, coarse operator D,
13: while ||b — Dx|| > tol do

14: V-CYCLE(x, b)

15: FGMRES update using D

16: end while

Benchmark: npre = npost = 4; Dc = PTDP. Counts sum over all FGMRES iterations: setup is excluded.
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Backup: DD-aAMG setup and solve parameters

LatticeQCD.j1l DD-aAMG on 16°x32; block size 4*; N, € {12,24,48,64}.

setup_DDalphaAMG
Parameter Value
Shared

Block size 4

setup_smoother
setup_block_solver

SAP (3 iters)
MR (4 steps)

use_chirality true
Network vectors
setup_mode :direct_near null

coarse._vectors

network output

V-cycle baseline
smoother
nvcycle

:vecycle
6

solve_DDalphaAMG (FGMRES + V-cycle preconditioner)

Parameter Value

tol 1010
maxiter / restart 200 / 40
smoother SAP
pre_smooth / post_smooth 4/4
sap-block_mr_steps 4
sap_schedule :boundary8
coarse_tol 101!

coarsemaxiter / coarserestart 5/ 30
coarse_odd_even / sap_odd_even false

Main-result slides count fine (D) and coarse (D.) applications during solve_DDalphaAMG only; setup wall time is in the

next backup slides.
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Backup: checkpoint residual trajectories
Checkpoint residual trajectories, cfg401, kappa=0.15

1’ f

——— veycle32
step 1000
step 2000
step 3000
step 4000
step 5000
step 6000
step 7000
step 8000
step 9000
step 10000
step 11000
step 12000
step 13000
step 14000
step 15000
step 16000

10° 1

relative residual ||b-Dx|| / ||b||

outer FGMRES cycle

Config A (cfgd01), k = 0.157, K = 6.
FGMRES relative residual vs. outer cycle at training checkpoints.
Dashed: classical adaptive setup with N, = 32.

Preconditioning improves steadily; late checkpoints approach the classical baseline.

23/25



Backup: AMG setup wall time (config B)

Config B (cfg450), 16°x32.
Online wall time of setup_DDalphaAMG; offline network training excluded.

Ny Kk = 0.157 Kk = 0.1586

Network  V-cycle Network V-cycle

12 41.1s* 17.5s 5.1s 13.1s
24 75s 38.8s 6.7s 92.9s
48 11.8s 184.7s 11.5s 378.7s
64 15.3s 347.7s 15.9s 644.8s

Network: checkpoint load, inference, chiral coarsening, coarse-operator build.
V-cycle: random vectors, 6 adaptive iterations, coarse build.
*First measured case; likely includes Julia/CUDA cold-start overhead.
Offline training to step 4000: ~19-25h per N, (one-time, amortized).
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Test Ritz loss

architecture ablations

PT-layer depth dependency (N_test=20) Path-length dependency (Niest = 20, matched params)

w7 —— M28 9path / 417 PT
M8 ——— M29 33path / 32 PT
10°
100 4 "
2
2
]
=
g 10!
A ; 10-2
0 2000 4000 6000 8000 10000 12000 14000 16000
0 10000 20000 30000 40000 50000 60000 70000 Step

Epoch

Path-length dependency

PT-layer depth dependency 5
16°x32

8°x16
® Deeper PT stacks lower the loss on configurations not used for training.

® Longer path sets help at matched parameter count (33 paths vs. 9 paths).
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