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FIG. 2. a) Charge form factors FC(Q
2) of hadrons h = Tbb, B(bū), B→(bū),ω(dū), shown as a function of Q2. Discrete markers

show lattice data, while the bands represent z→expansion fits. Second order expansion (up to and including n=2 in eq. (9))
was used to parametrize Tbb, B, B→ electric form factors, while a first order expansion su!ced for an adequate parametrization
of the pion form factor. b) Position-space charge densities ε(r), represented in the form of → de

dr = →4ωr2ε, are related to the
form factors via a Fourier transform. Negative values of charge form factors and distributions are shown, given that considered
hadrons are negatively charged.

that equals the desired matrix element, up to excited-
state contamination. Two models are used in fits to
data: a constant fit, assuming no contamination, or a
model that also incorporates first-excited states [75]. To
improve fit quality, we performed a weighted average of
the ratios (7) over selected equivalent directions of the
sink and source momenta that yield the same value of
Q

2. The averaged data was simultaneously fitted for four
source-sink separations T

a = 12, 15, 18, 22. The averaging
procedure and plots showing representative fits are given
in the Supplemental Material [75].

h mh (GeV)
√

↑r2C↓ (fm) r t+

Tbb 10.5765(98) 0.499(31) ϑ (3mω)
2

B 5.3020(17) 0.692(21) ε (2mω)
2

B→ 5.3387(20) 0.698(23) ε (2mω)
2

ω 0.28953(97) 0.652(20) ε (2mω)
2

TABLE I. Hadron masses mh and charge radii
√

↑r2C↓.
Columns r and t+ show the resonances and multi-particle
thresholds, respectively, that appear in the z→expansions.

Results: The extracted masses of Tbb, B and B
→,

listed in Table I, render a significant binding energy of
the Tbb with respect to the BB

→ threshold

mTbb → (mB +mB→) = →64(10) MeV, (8)

at mω ↑ 290 MeV. This is in line with the large binding
observed in previous studies, e.g. [20, 23, 27–32, 34].

The EM form factors of hadrons h = Tbb, B, B
→
, ω

are shown in Figs. 2a and 3 for five values of Q2. The

latter plot also shows the individual EM form factors of
the light and heavy currents, extracted from matrix ele-
ments ↓Tbb|ε̂

µ
u/d|Tbb↔ and ↓Tbb|ε̂

µ
b |Tbb↔, respectively.

Continuous bands in Figs. 2 and 3 follow from
parametrizing all form factors using the z→expansion
[77–79] of the form:

F (Q2) =
1

1 + Q2

m2
r

∑

n

anz
n(Q2; t+, t0). (9)

Here mr is the mass of the closest resonance and z is a
variable that maps Q2 to the unit disk,

z(Q2; t+, t0) =

√
t+ +Q2 →

↗
t+ → t0√

t+ +Q2 +
↗
t+ → t0

, (10)

where t+ is the squared mass of the nearest multi-particle
threshold and t0 is a tunable parameter. Table I lists
the closest resonances and thresholds employed in fitting
eq. (9) to all form factors. The thresholds t+ are evalu-
ated atmω ↑ 290 MeV. As the ϑ and ϖ resonance masses
are not known on our ensemble, we use the PDG values
and verify that the fits are robust when varying these
masses within the range mε,ϑ ↘ [750 MeV, 900 MeV].
The coe!cients an are fit parameters, and we truncate
all expansions at order n = 2 or less, with their numerical
values, and that of t0, given in the Supplemental Mate-
rial [75].

The electric charge and quadrupole form factors en-
code the information about the spatial charge distribu-
tion ϑ(ϱr) [71] and consequently the charge radius rC ≃
√

↓r2C↔ =
√

6 ·
dFC
dQ2 (0). We find that the quadrupole

[Phys. Rev. Lett. 136, 161901]
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ūd̄

b)

0.0 0.5 1.0 1.5 2.0
Q2 (GeV2)

°15

°10

°5

0

5

10

15

F
Q
(Q

2 )

Tbb

bb

ūd̄

c)

FIG. 3. Form factors of the Tbb. Each subfigure shows the total value of the form factors with separate contributions yielded
by the light current ω̂µu/d and the heavy current ω̂µb . The crosses in a) mark values to which each of the charge form factors

have been normalized at Q2 = 0, while the shaded vertical bands in b) and c) indicate the values of magnetic dipole moments
2mTbb · µ and electric quadrupole moments m2

Tbb
· Q, respectively, also found in Table II. The points on the rightmost plot are

slightly horizontally displaced for improved visibility.

contribution in Tbb is negligible with respect to the
monopole contribution, as shown in Fig. 3 of [75].
The corresponding monopole of the spatial charge dis-
tribution is obtained via the Fourier transform, ω(r) =∫ d3q

(2ω)3 e
iεq·εr

FC(|εq|2), in the non-relativistic limit, which
a good approximation for Tbb, B and B

→. The resulting
charge radius of the Tbb, 0.499(31) fm, is smaller than
that of the B or B→ individually (listed in Table I), and
significantly smaller than the sum of both, 1.390(31) fm.
This is consistent with the Tbb charge density being con-
centrated at a smaller radius r than the charge densities
of B or B→, see Fig. 2b. The compactness of the Tbb im-
plies that the notion of a B → B

→ molecule is not mean-
ingful and instead favors a compact diquark-antidiquark
composition [33, 80–82]. B meson charge radius we ob-
tain is comparable to the values found in Refs. [83, 84]
and has been studied previously on the lattice through
radial charge distributions in heavy-light mesons [85–87]
with static heavy quarks.

The diquark-antidiquark structure is further supported
by investigating the charge distributions of light and
heavy (anti)diquarks separately in Fig. 3a. We find that
the [bb] diquark component of the total charge form fac-
tor has significantly weaker Q2 dependence than the an-
tidiquark [ūd̄] component, indicating that the diquark
is more localized than the antidiquark, see Table II.
This suggests that the structure with a very compact
heavy diquark and a relatively spatially extended antidi-
quark is responsible for the large binding energy of the
tetraquark, compatible with some quark model studies
[22, 62, 80, 81, 88–90].

Motivated by our findings, we assume that the Tbb

Tbb [bb] [ūd̄]
√

→r2C↑ (fm) 0.499(31) 0.174(59) 0.511(14)
2mTbb · µ 1.912(57) 1.887(29) 0.02(18)
m2

Tbb
· Q 1.9(8.7) 0.6(8.8) ↓0.18(86)

TABLE II. Charge radii, magnetic dipole µ and elec-
tric quadrupole moments Q of Tbb and the constituent
(anti)diquarks. The same values are also shown with shaded
bands at Q2 = 0 in Figs. 3b and 3c.

state vector in the QCD Hilbert space can be expanded
in the diquark-antidiquark basis with compatible quan-
tum numbers, in line with quark models applied to QCD
exotics. Each diquark-antidiquark state is factorized into
three components (orbital, spin and color) [22, 62]:

{[bb]lbb,sbbc̄ [ūd̄]I=0,lūd̄,sūd̄
c }

JP=1+

l12 (11)

where lbb and lūd̄ denote the relative orbital angular mo-
menta in the diquark and antidiquark, respectively, and
sbb, sūd̄ = 0, 1 are their corresponding spins. l12 is the
relative angular momentum between the diquark and the
antidiquark, whereas c = 3, 6̄ are color configurations, as
discussed in the introduction. The values introduced in
eq. (11) are subject to the constraints imposed by the Tbb

quantum numbers I(JP ) = 0(1+) and the Pauli princi-
ple, ensuring that the total Tbb state is antisymmetric
with respect to the permutations of the b quarks or the
light antiquarks in the isospin limit. Accounting for this

Tbb κBL ≈ 7.5 ≫ 1

Tcc

1.8 < κBL < 2.7
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FIG. 12. Left: The extracted J
P = 1+ amplitudes for each parameterization with ω

2
/Ndof < 1.5 (top) and the energy levels

used to constrain them (bottom). The shaded band denotes the systematic uncertainty for the reference parameterization.
Right: The positions of the sheet II virtual bound state and the sheet IV resonance in the complex energy plane (top) with the
extracted energy levels (bottom).

seen close to thresholds involving a vector D→-meson.
These produce apparent excesses in DD or DD̄ final
states respectively, due to the vector D→ decaying to a D
and a low-momentum pion, or photon, that then escape
detection. This is explained in Ref. [2], see for exam-
ple Fig. 7 therein, where peaks are visible close to the
pseudoscalar-pseudoscalar thresholds. With the T ↑

cc in
mind, the present work suggests it should be visible in
both DD→ and D→D→ final states. One may then an-
ticipate that a contribution from T ↑

cc might already be
present in the data and could possibly be seen in DD
and/or DDω mass distributions. There are no other clear
peaks visible in Ref. [2], but it is possible that they may
be revealed by future analyses with improved data.
In this work we also computed several partial waves

that were expected to be suppressed relative to the 3S1

amplitudes. In particular, we found DD→
{
3P0} to be

relatively large. Large, statistically-significant downward
shifts are seen in [000]A↓

1 where this partial wave appears
in relative isolation. The resulting amplitudes describing
the levels were large enough to support resonance poles in
some cases, although we also found descriptions with very
di!erent poles, and left-cut e!ects are also present [70].
Nevertheless, the interactions in DD→

{
3P0} appear quite

strongly attractive.
The magnitude of the P -wave amplitudes in JP = 0↓

and 2↓ are significantly di!erent. An argument for the
observed asymmetry comes from the one pion exchange
model. In this model, the potential is directly proportional
to the spin matrix element in the tensor interaction [71,
72]. The magnitude of this matrix element is directly
proportional to the Racah coe”cient, which for JP = 0↓

and 2↓ is 1/3 and 1/30, respectively. Such a di!erence in
magnitude for the spin matrix element leads to a weaker
potential for JP = 2↓ than for 0↓, leading to a smaller
scattering amplitude as is observed in this calculation.

VII. SUMMARY

In summary, we have presented the first coupled-
channel DD→, D→D→ scattering calculation from lattice
QCD in S-wave for isospin-0. Using 109 energy levels,
we determined the JP = 1+ scattering amplitude by con-
straining other waves in the DD→ and D→D→ channels for
12 parameterization variations that adequately describe
the finite volume spectrum. In all successful variations,
we observe a pole in the S-wave amplitudes below DD→

threshold corresponding to a virtual bound state at ap-
proximately

→
s ↑ 3834(31) MeV, commonly identified

as the Tcc. A pole corresponding to a resonance T ↑
cc is

also found just below D→D→ threshold at
→
s ↑ 3971(35)

MeV with a width of # ↑ 11(13) MeV, which predomi-
nantly couples to the kinematically closed D→D→ channel.
The presence of the nearby resonance pole below D→D→

threshold enhances the DD→ S-wave amplitude, resulting
in clear cusp at D→D→ threshold. As ongoing experiments
are currently investigating the isospin-0 JP = 1+ charm
sector, it should be possible to find the experimental T ↑

cc
in both DD→ and D→D→ final states.
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FIG. 12. Left: The extracted J
P = 1+ amplitudes for each parameterization with ω

2
/Ndof < 1.5 (top) and the energy levels

used to constrain them (bottom). The shaded band denotes the systematic uncertainty for the reference parameterization.
Right: The positions of the sheet II virtual bound state and the sheet IV resonance in the complex energy plane (top) with the
extracted energy levels (bottom).

seen close to thresholds involving a vector D→-meson.
These produce apparent excesses in DD or DD̄ final
states respectively, due to the vector D→ decaying to a D
and a low-momentum pion, or photon, that then escape
detection. This is explained in Ref. [2], see for exam-
ple Fig. 7 therein, where peaks are visible close to the
pseudoscalar-pseudoscalar thresholds. With the T ↑

cc in
mind, the present work suggests it should be visible in
both DD→ and D→D→ final states. One may then an-
ticipate that a contribution from T ↑

cc might already be
present in the data and could possibly be seen in DD
and/or DDω mass distributions. There are no other clear
peaks visible in Ref. [2], but it is possible that they may
be revealed by future analyses with improved data.
In this work we also computed several partial waves

that were expected to be suppressed relative to the 3S1

amplitudes. In particular, we found DD→
{
3P0} to be

relatively large. Large, statistically-significant downward
shifts are seen in [000]A↓

1 where this partial wave appears
in relative isolation. The resulting amplitudes describing
the levels were large enough to support resonance poles in
some cases, although we also found descriptions with very
di!erent poles, and left-cut e!ects are also present [70].
Nevertheless, the interactions in DD→

{
3P0} appear quite

strongly attractive.
The magnitude of the P -wave amplitudes in JP = 0↓

and 2↓ are significantly di!erent. An argument for the
observed asymmetry comes from the one pion exchange
model. In this model, the potential is directly proportional
to the spin matrix element in the tensor interaction [71,
72]. The magnitude of this matrix element is directly
proportional to the Racah coe”cient, which for JP = 0↓

and 2↓ is 1/3 and 1/30, respectively. Such a di!erence in
magnitude for the spin matrix element leads to a weaker
potential for JP = 2↓ than for 0↓, leading to a smaller
scattering amplitude as is observed in this calculation.

VII. SUMMARY

In summary, we have presented the first coupled-
channel DD→, D→D→ scattering calculation from lattice
QCD in S-wave for isospin-0. Using 109 energy levels,
we determined the JP = 1+ scattering amplitude by con-
straining other waves in the DD→ and D→D→ channels for
12 parameterization variations that adequately describe
the finite volume spectrum. In all successful variations,
we observe a pole in the S-wave amplitudes below DD→

threshold corresponding to a virtual bound state at ap-
proximately

→
s ↑ 3834(31) MeV, commonly identified

as the Tcc. A pole corresponding to a resonance T ↑
cc is

also found just below D→D→ threshold at
→
s ↑ 3971(35)

MeV with a width of # ↑ 11(13) MeV, which predomi-
nantly couples to the kinematically closed D→D→ channel.
The presence of the nearby resonance pole below D→D→

threshold enhances the DD→ S-wave amplitude, resulting
in clear cusp at D→D→ threshold. As ongoing experiments
are currently investigating the isospin-0 JP = 1+ charm
sector, it should be possible to find the experimental T ↑

cc
in both DD→ and D→D→ final states.
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used to constrain them (bottom). The shaded band denotes the systematic uncertainty for the reference parameterization.
Right: The positions of the sheet II virtual bound state and the sheet IV resonance in the complex energy plane (top) with the
extracted energy levels (bottom).

seen close to thresholds involving a vector D→-meson.
These produce apparent excesses in DD or DD̄ final
states respectively, due to the vector D→ decaying to a D
and a low-momentum pion, or photon, that then escape
detection. This is explained in Ref. [2], see for exam-
ple Fig. 7 therein, where peaks are visible close to the
pseudoscalar-pseudoscalar thresholds. With the T ↑

cc in
mind, the present work suggests it should be visible in
both DD→ and D→D→ final states. One may then an-
ticipate that a contribution from T ↑

cc might already be
present in the data and could possibly be seen in DD
and/or DDω mass distributions. There are no other clear
peaks visible in Ref. [2], but it is possible that they may
be revealed by future analyses with improved data.
In this work we also computed several partial waves

that were expected to be suppressed relative to the 3S1

amplitudes. In particular, we found DD→
{
3P0} to be

relatively large. Large, statistically-significant downward
shifts are seen in [000]A↓

1 where this partial wave appears
in relative isolation. The resulting amplitudes describing
the levels were large enough to support resonance poles in
some cases, although we also found descriptions with very
di!erent poles, and left-cut e!ects are also present [70].
Nevertheless, the interactions in DD→

{
3P0} appear quite

strongly attractive.
The magnitude of the P -wave amplitudes in JP = 0↓

and 2↓ are significantly di!erent. An argument for the
observed asymmetry comes from the one pion exchange
model. In this model, the potential is directly proportional
to the spin matrix element in the tensor interaction [71,
72]. The magnitude of this matrix element is directly
proportional to the Racah coe”cient, which for JP = 0↓

and 2↓ is 1/3 and 1/30, respectively. Such a di!erence in
magnitude for the spin matrix element leads to a weaker
potential for JP = 2↓ than for 0↓, leading to a smaller
scattering amplitude as is observed in this calculation.

VII. SUMMARY

In summary, we have presented the first coupled-
channel DD→, D→D→ scattering calculation from lattice
QCD in S-wave for isospin-0. Using 109 energy levels,
we determined the JP = 1+ scattering amplitude by con-
straining other waves in the DD→ and D→D→ channels for
12 parameterization variations that adequately describe
the finite volume spectrum. In all successful variations,
we observe a pole in the S-wave amplitudes below DD→

threshold corresponding to a virtual bound state at ap-
proximately

→
s ↑ 3834(31) MeV, commonly identified

as the Tcc. A pole corresponding to a resonance T ↑
cc is

also found just below D→D→ threshold at
→
s ↑ 3971(35)

MeV with a width of # ↑ 11(13) MeV, which predomi-
nantly couples to the kinematically closed D→D→ channel.
The presence of the nearby resonance pole below D→D→

threshold enhances the DD→ S-wave amplitude, resulting
in clear cusp at D→D→ threshold. As ongoing experiments
are currently investigating the isospin-0 JP = 1+ charm
sector, it should be possible to find the experimental T ↑

cc
in both DD→ and D→D→ final states.
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FIG. 12. Left: The extracted J
P = 1+ amplitudes for each parameterization with ω

2
/Ndof < 1.5 (top) and the energy levels

used to constrain them (bottom). The shaded band denotes the systematic uncertainty for the reference parameterization.
Right: The positions of the sheet II virtual bound state and the sheet IV resonance in the complex energy plane (top) with the
extracted energy levels (bottom).

seen close to thresholds involving a vector D→-meson.
These produce apparent excesses in DD or DD̄ final
states respectively, due to the vector D→ decaying to a D
and a low-momentum pion, or photon, that then escape
detection. This is explained in Ref. [2], see for exam-
ple Fig. 7 therein, where peaks are visible close to the
pseudoscalar-pseudoscalar thresholds. With the T ↑

cc in
mind, the present work suggests it should be visible in
both DD→ and D→D→ final states. One may then an-
ticipate that a contribution from T ↑

cc might already be
present in the data and could possibly be seen in DD
and/or DDω mass distributions. There are no other clear
peaks visible in Ref. [2], but it is possible that they may
be revealed by future analyses with improved data.
In this work we also computed several partial waves

that were expected to be suppressed relative to the 3S1

amplitudes. In particular, we found DD→
{
3P0} to be

relatively large. Large, statistically-significant downward
shifts are seen in [000]A↓

1 where this partial wave appears
in relative isolation. The resulting amplitudes describing
the levels were large enough to support resonance poles in
some cases, although we also found descriptions with very
di!erent poles, and left-cut e!ects are also present [70].
Nevertheless, the interactions in DD→

{
3P0} appear quite

strongly attractive.
The magnitude of the P -wave amplitudes in JP = 0↓

and 2↓ are significantly di!erent. An argument for the
observed asymmetry comes from the one pion exchange
model. In this model, the potential is directly proportional
to the spin matrix element in the tensor interaction [71,
72]. The magnitude of this matrix element is directly
proportional to the Racah coe”cient, which for JP = 0↓

and 2↓ is 1/3 and 1/30, respectively. Such a di!erence in
magnitude for the spin matrix element leads to a weaker
potential for JP = 2↓ than for 0↓, leading to a smaller
scattering amplitude as is observed in this calculation.

VII. SUMMARY

In summary, we have presented the first coupled-
channel DD→, D→D→ scattering calculation from lattice
QCD in S-wave for isospin-0. Using 109 energy levels,
we determined the JP = 1+ scattering amplitude by con-
straining other waves in the DD→ and D→D→ channels for
12 parameterization variations that adequately describe
the finite volume spectrum. In all successful variations,
we observe a pole in the S-wave amplitudes below DD→

threshold corresponding to a virtual bound state at ap-
proximately

→
s ↑ 3834(31) MeV, commonly identified

as the Tcc. A pole corresponding to a resonance T ↑
cc is

also found just below D→D→ threshold at
→
s ↑ 3971(35)

MeV with a width of # ↑ 11(13) MeV, which predomi-
nantly couples to the kinematically closed D→D→ channel.
The presence of the nearby resonance pole below D→D→

threshold enhances the DD→ S-wave amplitude, resulting
in clear cusp at D→D→ threshold. As ongoing experiments
are currently investigating the isospin-0 JP = 1+ charm
sector, it should be possible to find the experimental T ↑

cc
in both DD→ and D→D→ final states.
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FIG. 3. Fit results for the lattice data from [21]. The solid and dashed vertical lines indicate the DD→ threshold and the
lhc, respectively, while the green dashed curve shows the function ip. The gray line and gray band show the fit and its 1ω
uncertainty, respectively, found in [21] using ERE formula from (3) in the entire energy range both above and below lhc. The
red solid line and the orange band show the best fit and its 1ω uncertainty, respectively, calculated in this work. In the right
panel, only the three most right data points were used in the fit while in the left panel, in addition, a part of the error bar
of the fourth (from right to left) point located above the lhc (for (p/EDD→)2 > →0.0010) is included in the fit for illustrative
purpose. Below the lhc, p cot ε acquires an imaginary part, which is shown as the blue line with the pink uncertainty band.

orange uncertainty band [39]. Uncertainty in [21] is given
by the probability distribution for each phase shift data
point. The nonzero probability of real phase shift data
below the lhc is an artifact of the lhc being ignored in
[21]. Therefore, the lowest data point in [21] is discarded
in our analysis. We perform two fits: one where we use
the part of the second data point that is above the lhc
(left panel of Fig. 3) and the other one where we ignore
it (right panel of Fig. 3). The upper three data points
are included in both fits.

The poles of the T -matrix are now extracted using (2).
From the left panel of Fig. 3 we conclude that, for the
majority of the 1ω parameter space including the best
fit, the amplitude contains two virtual states, both resid-
ing closer to the DD→ threshold than the pole extracted
in [21], where only a single virtual state was found. Those
fits within the 1ω band, where p cot ε does not cross the
ip curve above the lhc, describe the presence of a very
narrow resonance showing up as a pair of complex poles
below the DD→ threshold. The appearance of a pair of
virtual states is natural near the point where they are
about to turn to a narrow resonance, as discussed in de-
tail in [40–43]. The position of the lhc sets the upper
bound on the virtual pole binding energy—the collision
between the virtual pole and its counterpart always takes
place between the lhc branch point and the two-body
threshold. The fit results presented in the right panel of
Fig. 3 are also consistent with the picture just drawn,
with the narrow resonance scenario preferred.

In both fits p cot ε contains a near-threshold pole as
a result of a subtle interplay of the repulsive OPE and
the attractive short-range interaction. According to (1),
this pole manifests itself as a zero in the T -matrix and
provides yet another illustration that, in the current set-

ting, p cot ε cannot be approximated by a polynomial
with a finite number of terms. Moreover, it emphasizes
the important role played by the OPE for understand-
ing the analytic structure of the scattering amplitude.
The existence of such a pole in p cot ε for the neutron-
deuteron scattering was already investigated half a cen-
tury ago [44, 45]. Here the location of the pole in p cot ε
very close to the lhc branch point is dictated by the par-
ticular lattice data points taken from [21]. Indeed, while
the lhc branch point depends only on the masses involved,
the exact location of the pole is sensitive to the interac-
tion strength. If the pion coupling constant is artificially
decreased or increased by some factor and the lattice data
are refitted to fix the contact terms, the pole in p cot ε
either disappears below the lhc or moves closer to the
two-body threshold [34]. In the latter case, it may im-
pose a stronger constraint on the ERE convergence radius
than the lhc branch point.

Concluding remarks.—An interesting question is what
our findings imply for the nature of the T+

cc given an
intriguing relationship between the location of a near-
threshold bound state pole and the size of the molecular
component [46, 47] [48]. This formalism relies on the
assumption that the binding momentum ϑ is by far the
smallest scale in the problem. However, the lhc induces
an additional small scale, which not only strongly limits
the range of applicability of ERE (see [30] for a related
discussion), but also calls for an improvement of the en-
tire Weinberg approach to describe the compositeness of
a hadronic state [49]. On the other hand, a clear visi-
bility in the amplitude of the lhc induced by the OPE
provides an additional strong support for the molecular
nature of the Tcc(3875)+.

In summary, we have demonstrated that the lhcs from

[Phys. Rev. Lett. 129, 032002] [Phys. Rev. Lett. 131, 131903]
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1.7 < κBL < 2.3

orange stars in Fig. 1 and agree well with the observed
energies.
The pole in the DD! scattering amplitude and Tcc.—

Before focusing on Tcc, let us briefly review the relation
between hadrons and poles. The existence a hadron state
and its mass is inferred from the pole in the scattering
amplitude tðEcmÞ. The bound state and the virtual bound
state have a pole at a real energy below threshold, and
therefore p2 < 0. A bound state has a pole at p ¼ ijpBj and
is an asymptotic state, e.g., deuteron. A virtual bound state
has a pole at p ¼ −ijpBj and is less familiar; it appears, for
example, in an 1S0 nucleon-nucleon channel [32,37,38].
Finally, the most common poles with Ecm away from the
real axis correspond to decaying resonances, e.g., ρ meson.
We find a virtual bound state pole in the DD! scatte-

ring amplitude tðJ¼1Þ
l¼0 at energy Ep

cm ¼ ðm2
D − jpBj2Þ1=2þ

ðm2
D! − jpBj2Þ1=2. It corresponds to the binding momentum

indicated by the magenta octagon in Fig. 2. We therefore
find evidence for the doubly charmed tetraquark as a virtual
bound state with binding energy

mðhÞ
c ∶δmTcc

¼ Ep
cm −mD −mD! ¼ −9.9þ3.6

−7.1 MeV: ð5Þ

It is situated slightly below DD! threshold, close to the
mass of the doubly charmed tetraquark Tcc discovered by
LHCb [1,2]. The state found on the lattice is strongly stable,
and the pole appears at real energy since D! → Dπ is not

kinematically allowed for mπ ≃ 280 MeV. The Tcc dis-
covered by LHCb decays to D0D0πþ, and the pole is
slightly imaginary, as shown in Fig. 3. The Tcc found in
experiment would be a bound state in the limit of stable
D!þ since the measured að1Þ0 is negative [2].
The quark mass dependence of Tcc and the notion of a

virtual bound state can be most easily illustrated for s-wave
scattering in a purely attractive potential VðrÞ within
quantum mechanics. Explicit toy-model examples are
given in Refs. [32]. The bound state occurs at
p ¼ ijpBj; its wave function falls as eipr ¼ e−jpBjr outside
the potential and is an asymptotic state. As the potential
depth is weakened, the bound state energy approaches
threshold. As the potential is weakened even further so that
it is not attractive enough to form a bound state, the s-wave
bound state typically becomes a virtual bound state. It
occurs at p ¼ −ijpBj, and its wave function eipr ¼ ejpBjr

outside V is not normalizable; therefore, it is not an
asymptotic state. Even so, it gives rise to an abrupt
enhancement in the scattering cross section above the
threshold when the pole is close below threshold. This
enhancement is shown in Fig. 2 for DD! scattering and
appears due to the virtual bound state Tcc in our study.
We expect that the virtual bound state pole found in our

lattice simulation at unphysical u=d masses is related to the
Tcc discovered by LHCb, as detailed in Sec. IVof Ref. [32].
The would-be LHCb bound state is expected to become a
virtual bound state with increasing mu=d. This is sketched
in Fig. 4 for a tetraquark with a significant molecular
DD! component attracted by the Yukawa-like potential

FIG. 3. Pole in the scattering amplitude related to Tcc in the
complex energy plane: our lattice result at the heavier charm
quark mass (magenta) and the LHCb result (orange).

FIG. 2. Top: p cot δðJ¼1Þ
l¼0 for DD! scattering at the heavier

charm quark mass (red line) and ip ¼ þjpj (cyan line) versus p2,
all normalized to EDD! ≡mD þmD! . The virtual bound state
occurs at the momenta indicated by the magenta octagon, where
two curves intersect. Bottom: corresponding DD! scattering rate
N ∝ pjt0j2 above threshold along with the pole position.

FIG. 4. Sketch of the binding energy for the (virtual) bound
state dominated by the molecular component. It is based on a
purely attractive potential VðrÞ and partial wave l ¼ 0 within
quantum mechanics.

PHYSICAL REVIEW LETTERS 129, 032002 (2022)
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<latexit sha1_base64="LKixoXyCjA/TJAiqSw3dgQggV6k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4sexqqV6EohePFewHbJclm2bb0OwmJFmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL5KcaeO6387K6tr6xmZhq7i9s7u3Xzo4bGmRKUKbRHChOhHWlLOUNg0znHakojiJOG1Hw7up336iSjORPpqRpEGC+ymLGcHGSr4MqzeNMD6X4WVYKrsVdwa0TLyclCFHIyx9dXuCZAlNDeFYa99zpQnGWBlGOJ0Uu5mmEpMh7lPf0hQnVAfj2ckTdGqVHoqFspUaNFN/T4xxovUoiWxngs1AL3pT8T/Pz0x8HYxZKjNDUzJfFGccGYGm/6MeU5QYPrIEE8XsrYgMsMLE2JSKNgRv8eVl0rqoeLVK7aFart/mcRTgGE7gDDy4gjrcQwOaQEDAM7zCm2OcF+fd+Zi3rjj5zBH8gfP5AwvBkHc=</latexit>

p4 = Pf � p3

W : 2 + J ! 2

<latexit sha1_base64="o66DVKlsov2yewEuWBWyAWk9eyE=">AAACMXicbVBNS8MwGE7n15xfVY9egmMgCKMdE8XT0It4muA+YC0jTbMtLG1Kkgql7Oqv8Sb6X3YTr/4DT6ZbBbf5QODJ834/XsSoVJY1NQpr6xubW8Xt0s7u3v6BeXjUljwWmLQwZ1x0PSQJoyFpKaoY6UaCoMBjpOONb7N454kISXn4qJKIuAEahnRAMVJa6pvQCZAaYcRgB17D2vnvN72fQEdxWOubZatqzQBXiZ2TMsjR7Jvfjs9xHJBQYYak7NlWpNwUCUUxI5OSE0sSITxGQ9LTNEQBkW46u2QCK1rx4YAL/UIFZ+rfihQFUiaBpzOzReVyLBP/i/ViNbhyUxpGsSIhng8axAzqEzNboE8FwYolmiAsqN4V4hESCCtt3sKUaJRIiqVukbNSxfE487OZ2ix72ZpV0q5V7Xr14qFebtzkthXBCTgFZ8AGl6AB7kATtAAGz+AFvIF349WYGh/G5zy1YOQ1x2ABxtcPQ+KpHg==</latexit>

<latexit sha1_base64="LNrU3IURJpAF2E5ic0c7WH3pZzk="></latexit>

ifR!R

P2
f → sB, P2

i → sB



<latexit sha1_base64="Tq2ul2lCEEBa8Rq4ZgV9ubTlcic="></latexit>
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<latexit sha1_base64="BM2boVhChELFDpPCnpjks2MvcOs=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6kYounFZwT6giWUynbRDZyZhZlIIof/gB7jVT3Anbv0Fv8DfcNJmYVsPXDiccy/3cIKYUaUd59sqra1vbG6Vtys7u3v7B/bhUVtFicSkhSMWyW6AFGFUkJammpFuLAniASOdYHyX+50JkYpG4lGnMfE5GgoaUoy0kfq27XGkRxixrDN98nhy07erTs2ZAa4StyBVUKDZt3+8QYQTToTGDCnVc51Y+xmSmmJGphUvUSRGeIyGpGeoQJwoP5sln8IzowxgGEkzQsOZ+vciQ1yplAdmM8+plr1c/M/rJTq89jMq4kQTgeePwoRBHcG8BjigkmDNUkMQltRkhXiEJMLalLXwJR6limI1rZhm3OUeVkn7oubWa/WHy2rjtuioDE7AKTgHLrgCDXAPmqAFMJiAF/AK3qxn6936sD7nqyWruDkGC7C+fgEPyZys</latexit>

Wµ =
p1

<latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit>

p3
<latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit>

<latexit sha1_base64="6zPc0Pt81jRiUK5gdmg9QFbR5As=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3SPUiFL14rGA/YLss2TTbhmazIckKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeZHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3TTBHaIilPVTfCmnImaMsww2lXKoqTiNNONLqb+Z0nqjRLxaMZSxokeCBYzAg2VvJlWLtphuxChl5YrrhVdw60SrycVCBHMyx/9fopyRIqDOFYa99zpQkmWBlGOJ2WepmmEpMRHlDfUoETqoPJ/OQpOrNKH8WpsiUMmqu/JyY40XqcRLYzwWaol72Z+J/nZya+DiZMyMxQQRaL4owjk6LZ/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfnmVtGtVr16tP1xWGrd5HEU4gVM4Bw+uoAH30IQWEEjhGV7hzTHOi/PufCxaC04+cwx/4Hz+AAo5kHY=</latexit>

p2 = Pi � p1

<latexit sha1_base64="ZU4rLMxv0oA//8R52GLO4PsLuwA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqV6EohePEewHpCFstpt26WYTdzdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphyprRtf1ulldW19Y3yZmVre2d3r7p/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOLqd+p0nKhVLxIMep9SP8UCwiBGsjeQ9XrtBhM6QG7CgWrPr9gxomTgFqUEBN6h+9foJyWIqNOFYKc+xU+3nWGpGOJ1UepmiKSYjPKCeoQLHVPn57OQJOjFKH0WJNCU0mqm/J3IcKzWOQ9MZYz1Ui95U/M/zMh1d+TkTaaapIPNFUcaRTtD0f9RnkhLNx4ZgIpm5FZEhlphok1LFhOAsvrxM2ud1p1Fv3F/UmjdFHGU4gmM4BQcuoQl34EILCCTwDK/wZmnrxXq3PuatJauYOYQ/sD5/AK9mkDs=</latexit>

q = Pf � Pi

<latexit sha1_base64="LKixoXyCjA/TJAiqSw3dgQggV6k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4sexqqV6EohePFewHbJclm2bb0OwmJFmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL5KcaeO6387K6tr6xmZhq7i9s7u3Xzo4bGmRKUKbRHChOhHWlLOUNg0znHakojiJOG1Hw7up336iSjORPpqRpEGC+ymLGcHGSr4MqzeNMD6X4WVYKrsVdwa0TLyclCFHIyx9dXuCZAlNDeFYa99zpQnGWBlGOJ0Uu5mmEpMh7lPf0hQnVAfj2ckTdGqVHoqFspUaNFN/T4xxovUoiWxngs1AL3pT8T/Pz0x8HYxZKjNDUzJfFGccGYGm/6MeU5QYPrIEE8XsrYgMsMLE2JSKNgRv8eVl0rqoeLVK7aFart/mcRTgGE7gDDy4gjrcQwOaQEDAM7zCm2OcF+fd+Zi3rjj5zBH8gfP5AwvBkHc=</latexit>

p4 = Pf � p3

W : 2 + J ! 2

<latexit sha1_base64="o66DVKlsov2yewEuWBWyAWk9eyE=">AAACMXicbVBNS8MwGE7n15xfVY9egmMgCKMdE8XT0It4muA+YC0jTbMtLG1Kkgql7Oqv8Sb6X3YTr/4DT6ZbBbf5QODJ834/XsSoVJY1NQpr6xubW8Xt0s7u3v6BeXjUljwWmLQwZ1x0PSQJoyFpKaoY6UaCoMBjpOONb7N454kISXn4qJKIuAEahnRAMVJa6pvQCZAaYcRgB17D2vnvN72fQEdxWOubZatqzQBXiZ2TMsjR7Jvfjs9xHJBQYYak7NlWpNwUCUUxI5OSE0sSITxGQ9LTNEQBkW46u2QCK1rx4YAL/UIFZ+rfihQFUiaBpzOzReVyLBP/i/ViNbhyUxpGsSIhng8axAzqEzNboE8FwYolmiAsqN4V4hESCCtt3sKUaJRIiqVukbNSxfE487OZ2ix72ZpV0q5V7Xr14qFebtzkthXBCTgFZ8AGl6AB7kATtAAGz+AFvIF349WYGh/G5zy1YOQ1x2ABxtcPQ+KpHg==</latexit>

<latexit sha1_base64="LNrU3IURJpAF2E5ic0c7WH3pZzk="></latexit>

ifR!R

P2
f → sB, P2

i → sB

+

=

+

+...

finite-volume  
spectrum

finite-volume 
one-body

matrix elements +

=

+

+...

partial wave 
amplitudes

amplitudes
two-hadron
form factors +

=

+

+...

finite-volume 
two-to-two

matrix elements
2+ J ! 2

<latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit>

amplitudes and 
form factors

1+ J ! 1
<latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit>

up to O(e�m⇡L)

corrections
<latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit>

Lüscher 
formalism

Lüscher QC
<latexit sha1_base64="PWTuM/CAN4BpSJ1tHLfh7YokIe8=">AAACGnicbVC7TsMwFHXKq5RXgZHFoqrEVCUMhbGChQWpSPQhJVHlOE5r1bEj20GKon4GG4J/YUOsLPwKE06bgbZcydLROfdxfIKEUaVt+9uqbGxube9Ud2t7+weHR/Xjk74SqcSkhwUTchggRRjlpKepZmSYSILigJFBML0t9METkYoK/qizhPgxGnMaUYy0oVwvRnqCEcvvZ6N6w27Z84LrwClBA5TVHdV/vFDgNCZcY4aUch070X6OpKaYkVnNSxVJEJ6iMXEN5Cgmys/nlmewaZgQRkKaxzWcs38nchQrlcWB6SwsqlWtIP/T3FRH135OeZJqwvHiUJQyqAUs/g9DKgnWLDMAYUmNV4gnSCKsTUpLV5JJpihWZkWJak0vECwsbpqwnNVo1kH/suW0W+0Hu9G5KWOrgjNwDi6AA65AB9yBLugBDAR4Bq/gzXqx3q0P63PRWrHKmVOwVNbXL8mVoeg=</latexit>

M



<latexit sha1_base64="Tq2ul2lCEEBa8Rq4ZgV9ubTlcic="></latexit>

Two-hadron transitions
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<latexit sha1_base64="BM2boVhChELFDpPCnpjks2MvcOs=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6kYounFZwT6giWUynbRDZyZhZlIIof/gB7jVT3Anbv0Fv8DfcNJmYVsPXDiccy/3cIKYUaUd59sqra1vbG6Vtys7u3v7B/bhUVtFicSkhSMWyW6AFGFUkJammpFuLAniASOdYHyX+50JkYpG4lGnMfE5GgoaUoy0kfq27XGkRxixrDN98nhy07erTs2ZAa4StyBVUKDZt3+8QYQTToTGDCnVc51Y+xmSmmJGphUvUSRGeIyGpGeoQJwoP5sln8IzowxgGEkzQsOZ+vciQ1yplAdmM8+plr1c/M/rJTq89jMq4kQTgeePwoRBHcG8BjigkmDNUkMQltRkhXiEJMLalLXwJR6limI1rZhm3OUeVkn7oubWa/WHy2rjtuioDE7AKTgHLrgCDXAPmqAFMJiAF/AK3qxn6936sD7nqyWruDkGC7C+fgEPyZys</latexit>

Wµ =
p1

<latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit><latexit sha1_base64="PG232OQihDmkgBlqogfqqH3oHi0=">AAAB6nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t3/gHh61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9pH2/71a9mjcHWSV+QapQoNF3v3qDhGUxSsME1brre6kJcqoMZwKnlV6mMaVsTIfYtVTSGHWQz0+dkjOrDEiUKFvSkLn6eyKnsdaTOLSdMTUjvezNxP+8bmai6yDnMs0MSrZYFGWCmITM/iYDrpAZMbGEMsXtrYSNqKLM2HQqNgR/+eVV0rqo+V7Nv7+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8gfP5A/9xjZg=</latexit>

p3
<latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit><latexit sha1_base64="o4nZ68qYcK0np11Ttx2Ns6alTxc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6R/2S9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwACiI2a</latexit>

<latexit sha1_base64="6zPc0Pt81jRiUK5gdmg9QFbR5As=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3SPUiFL14rGA/YLss2TTbhmazIckKpfRnePGgiFd/jTf/jWm7B219MPB4b4aZeZHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqK3TTBHaIilPVTfCmnImaMsww2lXKoqTiNNONLqb+Z0nqjRLxaMZSxokeCBYzAg2VvJlWLtphuxChl5YrrhVdw60SrycVCBHMyx/9fopyRIqDOFYa99zpQkmWBlGOJ2WepmmEpMRHlDfUoETqoPJ/OQpOrNKH8WpsiUMmqu/JyY40XqcRLYzwWaol72Z+J/nZya+DiZMyMxQQRaL4owjk6LZ/6jPFCWGjy3BRDF7KyJDrDAxNqWSDcFbfnmVtGtVr16tP1xWGrd5HEU4gVM4Bw+uoAH30IQWEEjhGV7hzTHOi/PufCxaC04+cwx/4Hz+AAo5kHY=</latexit>

p2 = Pi � p1

<latexit sha1_base64="ZU4rLMxv0oA//8R52GLO4PsLuwA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqV6EohePEewHpCFstpt26WYTdzdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphyprRtf1ulldW19Y3yZmVre2d3r7p/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOLqd+p0nKhVLxIMep9SP8UCwiBGsjeQ9XrtBhM6QG7CgWrPr9gxomTgFqUEBN6h+9foJyWIqNOFYKc+xU+3nWGpGOJ1UepmiKSYjPKCeoQLHVPn57OQJOjFKH0WJNCU0mqm/J3IcKzWOQ9MZYz1Ui95U/M/zMh1d+TkTaaapIPNFUcaRTtD0f9RnkhLNx4ZgIpm5FZEhlphok1LFhOAsvrxM2ud1p1Fv3F/UmjdFHGU4gmM4BQcuoQl34EILCCTwDK/wZmnrxXq3PuatJauYOYQ/sD5/AK9mkDs=</latexit>

q = Pf � Pi

<latexit sha1_base64="LKixoXyCjA/TJAiqSw3dgQggV6k=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4sexqqV6EohePFewHbJclm2bb0OwmJFmhlP4MLx4U8eqv8ea/MW33oK0PBh7vzTAzL5KcaeO6387K6tr6xmZhq7i9s7u3Xzo4bGmRKUKbRHChOhHWlLOUNg0znHakojiJOG1Hw7up336iSjORPpqRpEGC+ymLGcHGSr4MqzeNMD6X4WVYKrsVdwa0TLyclCFHIyx9dXuCZAlNDeFYa99zpQnGWBlGOJ0Uu5mmEpMh7lPf0hQnVAfj2ckTdGqVHoqFspUaNFN/T4xxovUoiWxngs1AL3pT8T/Pz0x8HYxZKjNDUzJfFGccGYGm/6MeU5QYPrIEE8XsrYgMsMLE2JSKNgRv8eVl0rqoeLVK7aFart/mcRTgGE7gDDy4gjrcQwOaQEDAM7zCm2OcF+fd+Zi3rjj5zBH8gfP5AwvBkHc=</latexit>

p4 = Pf � p3

W : 2 + J ! 2

<latexit sha1_base64="o66DVKlsov2yewEuWBWyAWk9eyE=">AAACMXicbVBNS8MwGE7n15xfVY9egmMgCKMdE8XT0It4muA+YC0jTbMtLG1Kkgql7Oqv8Sb6X3YTr/4DT6ZbBbf5QODJ834/XsSoVJY1NQpr6xubW8Xt0s7u3v6BeXjUljwWmLQwZ1x0PSQJoyFpKaoY6UaCoMBjpOONb7N454kISXn4qJKIuAEahnRAMVJa6pvQCZAaYcRgB17D2vnvN72fQEdxWOubZatqzQBXiZ2TMsjR7Jvfjs9xHJBQYYak7NlWpNwUCUUxI5OSE0sSITxGQ9LTNEQBkW46u2QCK1rx4YAL/UIFZ+rfihQFUiaBpzOzReVyLBP/i/ViNbhyUxpGsSIhng8axAzqEzNboE8FwYolmiAsqN4V4hESCCtt3sKUaJRIiqVukbNSxfE487OZ2ix72ZpV0q5V7Xr14qFebtzkthXBCTgFZ8AGl6AB7kATtAAGz+AFvIF349WYGh/G5zy1YOQ1x2ABxtcPQ+KpHg==</latexit>

<latexit sha1_base64="LNrU3IURJpAF2E5ic0c7WH3pZzk="></latexit>

ifR!R

P2
f → sB, P2

i → sB

+

=

+

+...

finite-volume  
spectrum

finite-volume 
one-body

matrix elements +

=

+

+...

partial wave 
amplitudes

amplitudes
two-hadron
form factors +

=

+

+...

finite-volume 
two-to-two

matrix elements
2+ J ! 2

<latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit>

amplitudes and 
form factors

1+ J ! 1
<latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit>

up to O(e�m⇡L)

corrections
<latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit>

Lüscher 
formalism

Lüscher QC
<latexit sha1_base64="PWTuM/CAN4BpSJ1tHLfh7YokIe8=">AAACGnicbVC7TsMwFHXKq5RXgZHFoqrEVCUMhbGChQWpSPQhJVHlOE5r1bEj20GKon4GG4J/YUOsLPwKE06bgbZcydLROfdxfIKEUaVt+9uqbGxube9Ud2t7+weHR/Xjk74SqcSkhwUTchggRRjlpKepZmSYSILigJFBML0t9METkYoK/qizhPgxGnMaUYy0oVwvRnqCEcvvZ6N6w27Z84LrwClBA5TVHdV/vFDgNCZcY4aUch070X6OpKaYkVnNSxVJEJ6iMXEN5Cgmys/nlmewaZgQRkKaxzWcs38nchQrlcWB6SwsqlWtIP/T3FRH135OeZJqwvHiUJQyqAUs/g9DKgnWLDMAYUmNV4gnSCKsTUpLV5JJpihWZkWJak0vECwsbpqwnNVo1kH/suW0W+0Hu9G5KWOrgjNwDi6AA65AB9yBLugBDAR4Bq/gzXqx3q0P63PRWrHKmVOwVNbXL8mVoeg=</latexit>

M

+

=

+

+...

finite-volume  
spectrum

finite-volume 
one-body

matrix elements +

=

+

+...

partial wave 
amplitudes

amplitudes
two-hadron
form factors +

=

+

+...

finite-volume 
two-to-two

matrix elements
2+ J ! 2

<latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit>

amplitudes and 
form factors

1+ J ! 1
<latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit>

up to O(e�m⇡L)

corrections
<latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit>

Lüscher 
formalism

?
<latexit sha1_base64="BM2boVhChELFDpPCnpjks2MvcOs=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6kYounFZwT6giWUynbRDZyZhZlIIof/gB7jVT3Anbv0Fv8DfcNJmYVsPXDiccy/3cIKYUaUd59sqra1vbG6Vtys7u3v7B/bhUVtFicSkhSMWyW6AFGFUkJammpFuLAniASOdYHyX+50JkYpG4lGnMfE5GgoaUoy0kfq27XGkRxixrDN98nhy07erTs2ZAa4StyBVUKDZt3+8QYQTToTGDCnVc51Y+xmSmmJGphUvUSRGeIyGpGeoQJwoP5sln8IzowxgGEkzQsOZ+vciQ1yplAdmM8+plr1c/M/rJTq89jMq4kQTgeePwoRBHcG8BjigkmDNUkMQltRkhXiEJMLalLXwJR6limI1rZhm3OUeVkn7oubWa/WHy2rjtuioDE7AKTgHLrgCDXAPmqAFMJiAF/AK3qxn6936sD7nqyWruDkGC7C+fgEPyZys</latexit>

Wµ =



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>
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Bound state form factor

• Matrix elements of two-body 
ground state 

• The finite and infinite volume 
form factors match best for 
deepest bound state

5

[arXiv:2602.20373]

<latexit sha1_base64="MDVnlD9jI52MH50H2Jz7dU9t4bs=">AAACBnicbVDLTsJAFL3FF+ILdemmkZjghrTEoEuCG5eQyCNCJdNhChOm02ZmatI03fsBbvUT3Bm3/oZf4G84QBcCnuQmJ+fcm3vvcUNGpbKsbyO3sbm1vZPfLeztHxweFY9POjKIBCZtHLBA9FwkCaOctBVVjPRCQZDvMtJ1p7czv/tEhKQBv1dxSBwfjTn1KEZKSw/eMGmk5dZj9XJYLFkVaw5zndgZKUGG5rD4MxgFOPIJV5ghKfu2FSonQUJRzEhaGESShAhP0Zj0NeXIJ9JJ5hen5oVWRqYXCF1cmXP170SCfClj39WdPlITuerNxP+8fqS8GyehPIwU4XixyIuYqQJz9r45ooJgxWJNEBZU32riCRIIKx3S0pZwEkuKZVrQydirOayTTrVi1yq11lWp3sgyysMZnEMZbLiGOtxBE9qAgcMLvMKb8Wy8Gx/G56I1Z2Qzp7AE4+sXg5yZEg==</latexit>
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+

=

+

+...
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matrix elements +

=

+

+...
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amplitudes

amplitudes
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form factors +

=

+

+...

finite-volume 
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matrix elements
2+ J ! 2

<latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit><latexit sha1_base64="bo0j1Ljgtq+2HxeRnhholob7S8E=">AAACDXicbVDLSsNAFJ34rPUVdelmsAqCUJIi6LLoRlxVsA9oQplMJ+3QySTM3Iil9Afc+CtuXCji1r07/8ZJG0RbDwwczrmXuecEieAaHOfLWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwmfnNO6Y0j+UtDBPmR6QnecgpASN17EMP2D0EIa7gE+xFBPqUCHyNPYjxj9WxS07ZmQDPEzcnJZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOil2qWEDogPdY2VJKIaX80STPGR0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBRVOCOxt5njQqZdfwm9NS9SKvo4D20QE6Ri46Q1V0hWqojih6QE/oBb1aj9az9Wa9T0cXrHxnD/2B9fENv52aEw==</latexit>

amplitudes and 
form factors

1+ J ! 1
<latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit><latexit sha1_base64="Me3IU5esO6jY3WXc770pEOr+QFY=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1UQhJKIoMuiG3FVwT6gCWUynbRDJ5MwcyOW0h9w46+4caGIW/fu/BsnbRBtPTBwOOde5p4TJIJrcJwvq7CwuLS8Ulwtra1vbG7Z2zsNHaeKsjqNRaxaAdFMcMnqwEGwVqIYiQLBmsHgMvObd0xpHstbGCbMj0hP8pBTAkbq2AcesHsIQuziY+xFBPqUCHyNPYjxj9Wxy07FmQDPEzcnZZSj1rE/vW5M04hJoIJo3XadBPwRUcCpYOOSl2qWEDogPdY2VJKIaX80STPGh0bp4jBW5knAE/X3xohEWg+jwExm9+pZLxP/89ophOf+iMskBSbp9KMwFdhEzarBXa4YBTE0hFDFza2Y9okiFEyBJVOCOxt5njROKq7hN6fl6kVeRxHtoX10hFx0hqroCtVQHVH0gJ7QC3q1Hq1n6816n44WrHxnF/2B9fENvHqaEQ==</latexit>

up to O(e�m⇡L)

corrections
<latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit><latexit sha1_base64="VBcyslBUw2GSuQ3AyAFroHWlGmk="></latexit>

Lüscher 
formalism
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<latexit sha1_base64="oYAfILjWtk6jbthXzphMnqsbXPE=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCG0siUl2WunHhooJ9QBvDZDpph04mw8xECCHf4Ae41U9wJ279Br/A33D6WNjWAxcO59zLuZxAMKq043xbhbX1jc2t4nZpZ3dvv2wfHLZVnEhMWjhmsewGSBFGOWlpqhnpCklQFDDSCcY3E7/zRKSiMX/QqSBehIachhQjbSTfLpPH7Lw/RkIgvwHvct+uOFVnCrhK3DmpgDmavv3TH8Q4iQjXmCGleq4jtJchqSlmJC/1E0UEwmM0JD1DOYqI8rLp4zk8NcoAhrE0wzWcqn8vMhQplUaB2YyQHqllbyL+5/USHV57GeUi0YTjWVCYMKhjOGkBDqgkWLPUEIQlNb9CPEISYW26WkgRo1RRrPKSacZd7mGVtC+qbq1au7+s1BvzjorgGJyAM+CCK1AHt6AJWgCDBLyAV/BmPVvv1of1OVstWPObI7AA6+sXR7Obog==</latexit>

e�BL

c
<latexit sha1_base64="MDVnlD9jI52MH50H2Jz7dU9t4bs=">AAACBnicbVDLTsJAFL3FF+ILdemmkZjghrTEoEuCG5eQyCNCJdNhChOm02ZmatI03fsBbvUT3Bm3/oZf4G84QBcCnuQmJ+fcm3vvcUNGpbKsbyO3sbm1vZPfLeztHxweFY9POjKIBCZtHLBA9FwkCaOctBVVjPRCQZDvMtJ1p7czv/tEhKQBv1dxSBwfjTn1KEZKSw/eMGmk5dZj9XJYLFkVaw5zndgZKUGG5rD4MxgFOPIJV5ghKfu2FSonQUJRzEhaGESShAhP0Zj0NeXIJ9JJ5hen5oVWRqYXCF1cmXP170SCfClj39WdPlITuerNxP+8fqS8GyehPIwU4XixyIuYqQJz9r45ooJgxWJNEBZU32riCRIIKx3S0pZwEkuKZVrQydirOayTTrVi1yq11lWp3sgyysMZnEMZbLiGOtxBE9qAgcMLvMKb8Wy8Gx/G56I1Z2Qzp7AE4+sXg5yZEg==</latexit>

fB(Q
2)

<latexit sha1_base64="LOoQUljyiGUjJdT3kugqCSNyeSc="></latexit>

〈Ef , L|J |Ei, L〉 = R̃1/2(Ef , L)W̃L(Ef , Ei, L)R̃1/2(Ei, L)vs.

toy-model coupling



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

Finite volume correction of

6
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[Phys. Rev. D 94, 013008] 
[Phys. Rev. D 100, 034511]

W : 2 + J ! 2

<latexit sha1_base64="o66DVKlsov2yewEuWBWyAWk9eyE=">AAACMXicbVBNS8MwGE7n15xfVY9egmMgCKMdE8XT0It4muA+YC0jTbMtLG1Kkgql7Oqv8Sb6X3YTr/4DT6ZbBbf5QODJ834/XsSoVJY1NQpr6xubW8Xt0s7u3v6BeXjUljwWmLQwZ1x0PSQJoyFpKaoY6UaCoMBjpOONb7N454kISXn4qJKIuAEahnRAMVJa6pvQCZAaYcRgB17D2vnvN72fQEdxWOubZatqzQBXiZ2TMsjR7Jvfjs9xHJBQYYak7NlWpNwUCUUxI5OSE0sSITxGQ9LTNEQBkW46u2QCK1rx4YAL/UIFZ+rfihQFUiaBpzOzReVyLBP/i/ViNbhyUxpGsSIhng8axAzqEzNboE8FwYolmiAsqN4V4hESCCtt3sKUaJRIiqVukbNSxfE487OZ2ix72ZpV0q5V7Xr14qFebtzkthXBCTgFZ8AGl6AB7kATtAAGz+AFvIF349WYGh/G5zy1YOQ1x2ABxtcPQ+KpHg==</latexit>

f ·G ⇠

<latexit sha1_base64="UKMEMVdl1wNSK2m0Fwof9JSYEqI=">AAACHHicbVDLSsNAFJ3UV62vqktFBkvBVUlE0WXRhS5bsA9oQplMJu3QSSbOTIQQuvQb3In+RT/AnbgV/Ab/wJWTtgvbemDgcM69cy7HjRiVyjS/jNzS8srqWn69sLG5tb1T3N1rSh4LTBqYMy7aLpKE0ZA0FFWMtCNBUOAy0nIH15nfeiBCUh7eqSQiToB6IfUpRkpLjm9jjyt4A21Jg26xZFbMMeAisaakVD0c1b8fj0a1bvHH9jiOAxIqzJCUHcuMlJMioShmZFiwY0kihAeoRzqahigg0knHRw9hWSse9LnQL1RwrP7dSFEgZRK4ejJAqi/nvUz8z+vEyr90UhpGsSIhngT5MYOKw6wB6FFBsGKJJggLqm+FuI8Ewkr3NJMS9RNJsdRfTFmhbLuceVmmLsuar2aRNE8r1lnlvK5buwIT5MEBOAYnwAIXoApuQQ00AAb34Am8gFfj2Xgz3o2PyWjOmO7sgxkYn7/KHKXB</latexit>

−

1. Extract matrix elements from 3-point functions

2. Correct for FV normalization/ add infinite volume ISI/FSI
<latexit sha1_base64="w99DM/kEKRVhp0PwDc0m64CR2bI="></latexit>�� 〈En|J (Q2)|Em〉

��2
L
= tr(RnWL(Pn, Pm)RmWL(Pm, Pn))

3. Correct for triangle function FV effects

<latexit sha1_base64="fjrrF6oukjcU0McXsHddD5YEOYE="></latexit>⌦
O⇡⇡(�t)J (t)O†

⇡⇡(0)
↵
∼

X

n,m

〈En|J (Q2)|Em〉 e�En�t�(Em�En)t

<latexit sha1_base64="6A0O+uR/52KR3dlDUdjZCErcV+0="></latexit>

Wdf = WL �M(En)(f ·G)M(Em)



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

Constraints on the infinite volume transition

7
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Ward-Takashi Identity for conserved currents
<latexit sha1_base64="yKq+7kqMxWWfxnBQkdEcbDFIqo0=">AAACG3icbVC7TsMwFHXKq5RXgZHFoqrEVCUMhbGChbFI9CE1UeU4TmvVj2A7SFHV32BD8C9siJWBX2HCaTPQliNZOjrnXp+rEyaMauO6305pY3Nre6e8W9nbPzg8qh6fdLVMFSYdLJlU/RBpwqggHUMNI/1EEcRDRnrh5Db3e09EaSrFg8kSEnA0EjSmGBkr+Y9Dn6fQN5QTPazW3IY7B1wnXkFqoEB7WP3xI4lTToTBDGk98NzEBFOkDMWMzCp+qkmC8ASNyMBSgWxIMJ3fPIN1q0Qwlso+YeBc/bsxRVzrjId2kiMz1qteLv7nDVITXwdTKpLUEIEXQXHKoJEwLwBGVBFsWGYJworaWyEeI4WwsTUtpSTjTFOs7RcFq9T9ULIoz7RleavVrJPuZcNrNpr3bq11U9RWBmfgHFwAD1yBFrgDbdABGCTgGbyCN+fFeXc+nM/FaMkpdk7BEpyvX0PjoiM=</latexit>qµ⇥

<latexit sha1_base64="CyOjRApQilZQ8YdR6fhCO5ZHQl8=">AAACEnicbVC7TsMwFHXKq5RXgZHFoqrEVCUMhbESDIxF0IfURJXjuK1VPyLbQYqifgIbgn9hQ6z8AL/ChNNmoC1HsnR07uNcnzBmVBvX/XZKG5tb2zvl3cre/sHhUfX4pKtlojDpYMmk6odIE0YF6RhqGOnHiiAeMtILpzd5vfdElKZSPJo0JgFHY0FHFCNjpQefJ8NqzW24c8B14hWkBgq0h9UfP5I44UQYzJDWA8+NTZAhZShmZFbxE01ihKdoTAaWCsSJDrL5qTNYt0oER1LZJwycq38nMsS1TnloOzkyE71ay8X/aoPEjK6DjIo4MUTghdEoYdBImP8bRlQRbFhqCcKK2lshniCFsLHpLLnEk1RTrO2KglXqfihZlHvasLzVaNZJ97LhNRvNe7fWui1iK4MzcA4ugAeuQAvcgTboAAzG4Bm8gjfnxXl3PpzPRWvJKWZOwRKcr18iO55d</latexit>µ
<latexit sha1_base64="ffDC3QDJQVQGjvtVSQEBO89k0w0=">AAACEXicbVDLSsNAFL2pr1pfVZduBkvBVUlcqBuhoAuXVewD2lAmk0k7dJIJMxMhhP6BO9F/cSdu/QJ/xZWTNgvbemDgcO7j3DlezJnStv1tldbWNza3ytuVnd29/YPq4VFHiUQS2iaCC9nzsKKcRbStmea0F0uKQ4/Trje5yevdJyoVE9GjTmPqhngUsYARrI30cG0PqzW7Yc+AVolTkBoUaA2rPwNfkCSkkSYcK9V37Fi7GZaaEU6nlUGiaIzJBI9o39AIh1S52ezSKaobxUeBkOZFGs3UvxMZDpVKQ890hliP1XItF/+r9RMdXLkZi+JE04jMjYKEIy1Q/m3kM0mJ5qkhmEhmbkVkjCUm2oSz4BKPU8WIMisKVqkPPMH93NOE5SxHs0o65w3nonFxb9eat0VsZTiBUzgDBy6hCXfQgjYQCOAZXuHNerHerQ/rc95asoqZY1iA9fULnrudgg==</latexit>

= 0

Low's Soft photon theorem

<latexit sha1_base64="KVyhWCJBvxt2AhrKEPDfTVQLVOM="></latexit>

⇠ 1

q

⇣
�

⌘
<latexit sha1_base64="fjEYko1GKA+jhJLcuY7gAluJ/Vw=">AAACEnicdVDLSgMxFM3UV62vqks3wVJwNcwIVt0VdOGyon1AO5RMJtOGZpIhyQjD0E9wJ/ov7sStP+CvuDLTDmJ9HAgczn2cm+PHjCrtOO9WaWl5ZXWtvF7Z2Nza3qnu7nWUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/clFXu/eEamo4Lc6jYkXoRGnIcVIG+mmNQyH1Zpjn+c4ga7tzPCb1ECB1rD6MQgETiLCNWZIqb7rxNrLkNQUMzKtDBJFYoQnaET6hnIUEeVls1OnsG6UAIZCmsc1nKnfJzIUKZVGvumMkB6rn7Vc/KvWT3R45mWUx4kmHM+NwoRBLWD+bxhQSbBmqSEIS2puhXiMJMLapLPgEo9TRbEyKwpWqQ98wYLc04T1f0ZfpHNsuw27ce3UmpdFbGVwAA7BEXDBKWiCK9ACbYDBCNyDR/BkPVjP1ov1Om8tWcXMPliA9fYJMreeaA==</latexit>

Pf
<latexit sha1_base64="f9HQbDrH3wU2TcBdXK1eqii4PZo=">AAACEnicdVDLSgMxFM3UV62vqks3wVJwNcwIVt0VdOGyon1AO5RMJtOGZpIhyQjD0E9wJ/ov7sStP+CvuDLTDmJ9HAgczn2cm+PHjCrtOO9WaWl5ZXWtvF7Z2Nza3qnu7nWUSCQmbSyYkD0fKcIoJ21NNSO9WBIU+Yx0/clFXu/eEamo4Lc6jYkXoRGnIcVIG+mmNaTDas2xz3OcQNd2ZvhNaqBAa1j9GAQCJxHhGjOkVN91Yu1lSGqKGZlWBokiMcITNCJ9QzmKiPKy2alTWDdKAEMhzeMaztTvExmKlEoj33RGSI/Vz1ou/lXrJzo88zLK40QTjudGYcKgFjD/NwyoJFiz1BCEJTW3QjxGEmFt0llwicepoliZFQWr1Ae+YEHuacL6P6Mv0jm23YbduHZqzcsitjI4AIfgCLjgFDTBFWiBNsBgBO7BI3iyHqxn68V6nbeWrGJmHyzAevsEN7ueaw==</latexit>

Pi

<latexit sha1_base64="ZU4rLMxv0oA//8R52GLO4PsLuwA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURqV6EohePEewHpCFstpt26WYTdzdCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXphyprRtf1ulldW19Y3yZmVre2d3r7p/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOLqd+p0nKhVLxIMep9SP8UCwiBGsjeQ9XrtBhM6QG7CgWrPr9gxomTgFqUEBN6h+9foJyWIqNOFYKc+xU+3nWGpGOJ1UepmiKSYjPKCeoQLHVPn57OQJOjFKH0WJNCU0mqm/J3IcKzWOQ9MZYz1Ui95U/M/zMh1d+TkTaaapIPNFUcaRTtD0f9RnkhLNx4ZgIpm5FZEhlphok1LFhOAsvrxM2ud1p1Fv3F/UmjdFHGU4gmM4BQcuoQl34EILCCTwDK/wZmnrxXq3PuatJauYOYQ/sD5/AK9mkDs=</latexit>

q = Pf � Pi

+
<latexit sha1_base64="ZQFJlAlr/GiA+BsDtqw1QiaG3/U="></latexit>

+Wµ
df(Pf , Pi)

Total charge

<latexit sha1_base64="2DCe0151QFtXmnw21/CYtGXRLpY="></latexit>

Wµ
df(P, P ) = 2QTP

µ @

@s
M(s) = 2PµWs(s)

Lorentz decomposition

• Analytic decomposition [Phys. Rev. D 103, 114512]

• Forward limit [Phys. Rev. D 100, 114505]

<latexit sha1_base64="eiojQJia4GeIbxY8Bs5GhSioOp8="></latexit>

Wµ
df(P, P ) = M(s)2 (Aµ(P, P ) + Gµ(P, P ))

<latexit sha1_base64="xMhV3+jPo6zOYDoJTuCnP7+RvhA=">AAACDXicbVDLSsNAFJ3UV62PRl26GSyCq5KIVJdFF7qsYGuhCWUynbRDZyZhZiKEkG/wA9zqJ7gTt36DX+BvOGmzsK0HLhzOuZd7OEHMqNKO821V1tY3Nreq27Wd3b39un1w2FNRIjHp4ohFsh8gRRgVpKupZqQfS4J4wMhjML0p/McnIhWNxINOY+JzNBY0pBhpIw3tuseRnmDEstvcU5QP7YbTdGaAq8QtSQOU6AztH28U4YQToTFDSg1cJ9Z+hqSmmJG85iWKxAhP0ZgMDBWIE+Vns+A5PDXKCIaRNCM0nKl/LzLElUp5YDaLmGrZK8T/vEGiwys/oyJONBF4/ihMGNQRLFqAIyoJ1iw1BGFJTVaIJ0girE1XC1/iSaooVnnNNOMu97BKeudNt9Vs3V802tdlR1VwDE7AGXDBJWiDO9ABXYBBAl7AK3iznq1368P6nK9WrPLmCCzA+voFd5WcXg==</latexit>

G ⇠



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

Matrix elements from FV formalism
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<latexit sha1_base64="UrZDmyC5Jpu/rdDPQtvoyTWTQ94="></latexit>

〈Pn| eJ µ(0,q = 0)|Pn〉 =
2Pµ

En

FL(P )

2

WT

FV formalism

<latexit sha1_base64="2DCe0151QFtXmnw21/CYtGXRLpY="></latexit>

Wµ
df(P, P ) = 2QTP

µ @

@s
M(s) = 2PµWs(s)

<latexit sha1_base64="UrZDmyC5Jpu/rdDPQtvoyTWTQ94="></latexit>

〈Pn| eJ µ(0,q = 0)|Pn〉 =
2Pµ

En

FL(P )

2

<latexit sha1_base64="bSlBgSDAZ5DCqMq456DxFd9srvs="></latexit>

p! cot � =
1
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<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

Matrix elements from FV formalism
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m⇡ L/as m⇡L as/at at
396 MeV 24 5.71 3.444 1.7⇥ 10�4 MeV�1

2

FIG. 1. The ⇡+⇡+ and ⇡+⇡+⇡+ finite-volume spectra in the
center-of-momentum frame for the relevant finite-volume irreps
with various overall momenta, as explained in the text. Points
are computed energy levels on the two volumes with error
bars showing statistical uncertainties. Each rectangular insert
shows a vertical zoom of the region indicated by the small
neighboring rectangle. Grey curves are the “non-interacting”
finite-volume energies, i.e. the energies in the absence of any
interactions between pions. Orange curves are predictions from
the finite-volume formalism based only on the two-particle
scattering length, given in Eq. (4) (here with the local three-
body interaction set to zero).

512 configurations). We use 2 + 1 flavors of dynam-
ical clover fermions, with three-dimensional stout-link
smearing in the fermion action, and a tree-level Symanzik-
improved gauge action. The bare parameters and basic
lattice properties are detailed in Refs. [57, 58]. Setting the
scale via a�1

t
= mexp

⌦ (atmlatt
⌦ )�1,3 and combining with

atm⇡ = 0.06906(13) [56] and atmK = 0.09698(9) [61],
yields m⇡ ⇡ 391 MeV and mK ⇡ 550 MeV. The values of
atm⇡ and ⇠ translate into spatial extents of m⇡L = 4.76
and m⇡L = 5.71 for the two ensembles.

The spectrum of energies in a finite volume is discrete
and each energy level provides a constraint on the scatter-
ing amplitudes at the corresponding center-of-momentum

3 where atmlatt

⌦
= 0.2951(22) was measured in Ref. [59] and mexp

⌦

is the experimentally determined ⌦ baryon mass from Ref. [60]

energy. To obtain more constraints, we compute spectra
for systems with overall zero and non-zero momentum,
P . Momenta are quantized by the cubic spatial boundary
conditions, P = 2⇡

L
(n1, n2, n3), where {ni} are integers,

and we write this using a shorthand notation as [n1n2n3].
In this work we restrict attention to S-wave scattering.

The reduced symmetry of a cubic lattice means that total
angular momentum, J , is not a good quantum number
and instead channels are labelled by the irreducible rep-
resentation (irrep, ⇤) of the octahedral group with parity
for P = 0 or the relevant subgroup that leaves P invari-
ant for P 6= 0 [62, 63]. We consider the relevant irreps
which contain J = 0: A�

1 (A+
1 ) for ⇡⇡⇡ (⇡⇡) at rest and

A2(A1) for ⇡⇡⇡ (⇡⇡) with non-zero P . Isospin, I, and
G-parity, G, are good quantum numbers in our lattice for-
mulation; these distinguish the two-pion (IG = 2+) and
three-pion (IG = 3�) channels. We neglect higher partial
waves here, in particular the two-particle D-wave which
mixes with the S-wave in the finite-volume energies. As
described in Ref. [56], a nonzero D-wave interaction can
be extracted, in particular if aided by the consideration
of other, non-trivial finite-volume irreps, but has a small
influence on the two-pion energies considered here.4

To reliably extract the finite-volume energies we have
computed two-point correlation functions using a large ba-
sis of appropriate interpolating operators. From these, the
spectra are determined using the variational method [64–
66], with our implementation described in Refs. [67, 68].
This amounts to calculating a matrix of correlation func-
tions,

Gij(t) = hO
i
(t)O†

j
(0)i , (1)

and diagonalizing M(t, t0) = G(t0)�1/2
· G(t) · G(t0)�1/2

for a fixed t0. One can show that the corresponding eigen-
values satisfy �n(t, t0) ! e�En(L)(t�t0), where En(L) is
the n’th energy level with overlap to some of the operators
in the basis. This basic methodology has been applied to
a wide range of two-hadron scattering observables for sev-
eral phenomenologically interesting channels [56, 69–80].
See Sec. 1 of the supplemental material for some example
plots of �n(t, t0).

In order to robustly interpolate the two- and three-pion
energy eigenstates we use operators with two- and three-
meson-like structures in the appropriate irrep, constructed
from products of single-meson-like operators projected to
definite spatial momentum. The latter are built from lin-
ear combinations, chosen to optimize overlap to the single-
pion states, of fermion bilinears of the form,  ̄�D . . . D ,
where  is a quark field and D is a discretized covari-
ant derivative. Details of these operator constructions

4 There is, in principle, a systematic uncertainty associated with
neglecting the D-wave contribution. Given the consistency of
our results with Ref. [56], this appears to be below the statistical
uncertainty in the present fits. See also Secs. VIII A and B of
that work for more discussion.

[Phys. Rev. Lett. 126, 012001]
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Average 3pt over: 
• Momentum direction P 
• Current irrep row 
• Source-sink reversal
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2. Use spectrum to remove 
lead source-sink separation 
dependence

1.
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Spectrum and Lellouch-Luscher factor
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LQCD vs Ward-Takahashi
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Wµ
df(P, P ) = 2PµWs(s)
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• Two-pion transition calculation mediated by a photon in the forward limit. 

• GEVP and operator construction techniques allow us to extract the matrix elements 
across the entire elastic range. 

• Finite volume correction of matrix elements appears consistent with the Ward-
Takahashi constraint on the amplitude. 

• Structure of states near two-particle thresholds can be accessed with these kind of 
amplitudes, as shown in the lattice toy-model. 

• Future work: inclusion of LHC will be needed for tetraquarks, but this technique is 
immediately applicable to many other channels.

Summary and outlook
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Thanks for your attention! Questions?
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Back up slides

15



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

G-function
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−

Sum Triangle loop integral
Scheme dependent 
smooth piece

The only difference in the current 
zero and spatial components is 
the additive Lorentz non-
covariant triangle loop sum
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Smooth function decomposition
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Wµ
df(P, P ) = M(s)2 (Aµ(P, P ) + Gµ(P, P ))

Similar to the K-matrix in scattering, the A function is suitable to parametrize and fit to lattice data. 
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