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Big picture

•   MTH, Briceño, Edwards, Thomas, Wilson, (PRL 2020)   •
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https://inspirehep.net/literature/1824040
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•   MTH, Briceño, Edwards, Thomas, Wilson, (PRL 2020)   •
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(1

,1
)

3

∣ ∣ ∣

<latexit sha1_base64="mHic8UKNeo7RVRGNW+OwUhkM8Wg=">AAACBXicbVA7T8MwGHTKq5RXgBEGiwqpLFVSIWCsYGEsEn1ITRQ5rttadRzLdpCqqAsLf4WFAYRY+Q9s/BucNAO0nGT5dPd9su9CwajSjvNtlVZW19Y3ypuVre2d3T17/6Cj4kRi0sYxi2UvRIowyklbU81IT0iCopCRbji5yfzuA5GKxvxeTwXxIzTidEgx0kYK7GNPjmPoCQo9HcNaTgQ9CxrZFdhVp+7kgMvELUgVFGgF9pc3iHESEa4xQ0r1XUdoP0VSU8zIrOIligiEJ2hE+oZyFBHlp3mKGTw1ygAOY2kO1zBXf2+kKFJqGoVmMkJ6rBa9TPzP6yd6eOWnlItEE47nDw0TBk3grBI4oJJgzaaGICyp+SvEYyQR1qa4iinBXYy8TDqNuntRd+/Oq83roo4yOAInoAZccAma4Ba0QBtg8AiewSt4s56sF+vd+piPlqxi5xD8gfX5Aw9jlwM=</latexit>

⇢⇡ ! (⇡⇡)2⇡

•   Briceño, Hansen, Jackura, Edwards, Thomas (2025)   &  Andrew on Thurs @ 14:20   •

this talk & currently 
available code

3

https://inspirehep.net/literature/3074723


Matrix of functions depending on kinematics + two-particle dynamics
<latexit sha1_base64="bo6HAF5gcpEpDMBJEbnHhHzL7+Y=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQIYRdDWojBEWxsIhgHpCEMDuZTYbMPpi5K4YlvY2/YmOhiK0/YOffOJuk0MQDwxzOuZd773FCwRVY1reRWlhcWl5Jr2bW1jc2t8ztnZoKIklZlQYikA2HKCa4z6rAQbBGKBnxHMHqzuAi8ev3TCoe+HcwDFnbIz2fu5wS0FLHzLaAPYDj4qvOUf6ygFtOILpq6OkPVwr45gCfdcycVbTGwPPEnpIcmqLSMb9a3YBGHvOBCqJU07ZCaMdEAqeCjTKtSLGQ0AHpsaamPvGYasfjW0Z4Xytd7AZSPx/wWP3dERNPJfvpSo9AX816ifif14zAPW3H3A8jYD6dDHIjgSHASTC4yyWjIIaaECq53hXTPpGEgo4vo0OwZ0+eJ7XDon1cLN2WcuXzaRxptIeyKI9sdILK6BpVUBVR9Iie0St6M56MF+Pd+JiUpoxpzy76A+PzB3W5mMM=</latexit>

F3(E,P , L) =

<latexit sha1_base64="YrZqDlmx1b9BnA+KKHR8PyUIk1U="></latexit>

det
⇥
K�1

df,3(Ecm) + F3(E,P , L)
⇤
= 0

<latexit sha1_base64="21pxq8vG2MIndeMsdz2PnPVGFeE="></latexit>

F3 =
F

3
+ FK2

⇥
1� (F+G)K2

⇤�1
F

RFT quantization condition

Holds only for three-particle energies

Neglects e�mL

Requires sub-threshold continuation of  K2

Scheme-dependent  related to physical amplitude via known on-shell integral equationsKdf,3

(𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 𝖿𝗅𝖺𝗏𝗈𝗋 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 k ∈
2π
L

ℤ3 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗍𝗐𝗈−𝗉𝖺𝗋𝗍𝗂𝖼𝗅𝖾 ℓm)Matrices on tensor-product space:      

•   MTH, Sharpe, Briceño, Blanton, Romero-López, Alotaibi (2014-2025)    •
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Example spectra

πππ, I = 1, P = [000], A−
1
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Goal (partly achieved): Generate spectra like this in ~seconds with laptop scale computing
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Scope and features
Generic three-particle flavor systems:  (all isospins),   ,   πππ KKπ AAA → BBB
Octahedral group theory: irrep projection, little groups

Multiple QC formulations:   ,   ,   asymmetric  versionsdet[1 + (F + G)K2] det[F−1
3 ] K3

Pole removal and splining of irrep projected matrices
Perturbative and non-interacting energies to guide root finder
Currently with numpy backend… should be easy to adjust

6
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Not yet (publicly) implemented
Particles with intrinsic spin
More general K-matrix parameterizations
Integral equations for amplitudes



Object-oriented implementation
Top level 
QC, FVSpectrum, QCMatrixBuilder, EvaluationPolicy

Flavor 
   Particle, FlavorChannel, SpectatorChannel, FlavorChannelSpace

Set-up and indexing 
QCIndexSpace, ThreeBodyKinematicSpace, NonIntSpace, FiniteVolumeSetup,
ThreeBodyInteractionScheme

Matrices 
F, G, FplusG, K, Kdf, Interpolable

Group theory (Groups)

7



Syntax

88

Properties of momentum shells, spectator channels, etc = pre-computed as much as possible
qc object passed to scans in E and L 



Octahedral group implementation

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
<latexit sha1_base64="0ncVWCMBbz3RYW0Ld3GPdhpuJGw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj+fEI10UETe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFXULvGz2cUTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZm+T/pCc4ZybAllWthbCRtSTRnakIo2BG/x5WXSvKh4l5XqfbVcu8njKMAxnMAZeHAFNbiDOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MHPgWQAQ==</latexit>

+1⇥
<latexit sha1_base64="fnKfReRGEE5TmkBUWTu/c2RZMC4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahp5JIUY9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0w/4aESqg3LFrbkLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8W5M3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+e9kyBUyI6aWUKa4vZWwMVWUGZtQyYbgrb68TtqXNe+qVn+oVxq3eRxFOINzqIIH19CAe2hCCxhM4Ble4c1JnBfn3flYthacfOYU/sD5/AF9Ro8G</latexit>✓

<latexit sha1_base64="MUIT2FvenX1e+W6LJeIb/k5TQWA=">AAAB+HicbVDLSsNAFL3xWeujUZduBougCCWRoi6rblxWsA9oY5hMJ+nQySTMTIQa+iVuXCji1k9x5984fSy09cCFwzn3cu89QcqZ0o7zbS0tr6yurRc2iptb2zsle3evqZJMEtogCU9kO8CKciZoQzPNaTuVFMcBp61gcDP2W49UKpaIez1MqRfjSLCQEayN5NulbsCiCJ34+ZXvPpyOfLvsVJwJ0CJxZ6QMM9R9+6vbS0gWU6EJx0p1XCfVXo6lZoTTUbGbKZpiMsAR7RgqcEyVl08OH6Ejo/RQmEhTQqOJ+nsix7FSwzgwnTHWfTXvjcX/vE6mw0svZyLNNBVkuijMONIJGqeAekxSovnQEEwkM7ci0scSE22yKpoQ3PmXF0nzrOKeV6p31XLtehZHAQ7gEI7BhQuowS3UoQEEMniGV3iznqwX6936mLYuWbOZffgD6/MHTnuSOQ==</latexit>◆

A+
1

<latexit sha1_base64="0ncVWCMBbz3RYW0Ld3GPdhpuJGw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj+fEI10UETe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFXULvGz2cUTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZm+T/pCc4ZybAllWthbCRtSTRnakIo2BG/x5WXSvKh4l5XqfbVcu8njKMAxnMAZeHAFNbiDOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MHPgWQAQ==</latexit>

+1⇥ <latexit sha1_base64="0ncVWCMBbz3RYW0Ld3GPdhpuJGw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj+fEI10UETe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFXULvGz2cUTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZm+T/pCc4ZybAllWthbCRtSTRnakIo2BG/x5WXSvKh4l5XqfbVcu8njKMAxnMAZeHAFNbiDOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MHPgWQAQ==</latexit>

+1⇥ <latexit sha1_base64="0ncVWCMBbz3RYW0Ld3GPdhpuJGw=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+64lrI2L1gOOE+xEdKBEKRtFKj+fEI10UETe9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFXULvGz2cUTcmqVPgljbUshmam/JzIaGTOOAtsZURyaRW8q/ud1Ugyv/UyoJEWu2HxRmEqCMZm+T/pCc4ZybAllWthbCRtSTRnakIo2BG/x5WXSvKh4l5XqfbVcu8njKMAxnMAZeHAFNbiDOjSAgYJneIU3xzgvzrvzMW9dcfKZI/gD5/MHPgWQAQ==</latexit>

+1⇥ <latexit sha1_base64="oRXt8C9GXI8o43gZXPBBLEXZdoo=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWw2m3bpJht3J0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYNCrTjDeYkkq3A2q4FAlvoEDJ26nmNA4kbwXD26nfeuLaCJU84Cjlfkz7iYgEo2il9jnpslCh6ZXKbsWdgSwTLydlyFHvlb66oWJZzBNkkhrT8dwU/THVKJjkk2I3MzylbEj7vGNpQmNu/PHs3gk5tUpIIqVtJUhm6u+JMY2NGcWB7YwpDsyiNxX/8zoZRtf+WCRphjxh80VRJgkqMn2ehEJzhnJkCWVa2FsJG1BNGdqIijYEb/HlZdK8qHiXlep9tVy7yeMowDGcwBl4cAU1uIM6NICBhGd4hTfn0Xlx3p2PeeuKk88cwR84nz9uy4+X</latexit>

+ · · ·

Known linear combinations transform as a given irrep, row  (Γ, μ)
<latexit sha1_base64="nf5opriA7O+TjyhEeOjeFnN+Nsw="></latexit>

nP group dim n1d irreps n2d irreps n3d irreps irrep names(dim)

[000] Oh 48 4 2 4 A+
1 (1), A

+
2 (1), E

+(2), T+
1 (3), T+

2 (3), (+ ! �)

[001] C4 8 4 1 A1(1), A2(1), B1(1), B2(1), E2(2)

[011] C2 4 4 A1(1), A2(1), B1(1), B2(1)

[111] C3 6 2 1 A1(1), A2(1), E2(2)

Test suite ensures: group closure, character orthogonality and normalization , 
projector idempotency and completeness

∑
g

|χ(g) |2 = |G |

 is built from three generators ( )OP
h C[111]

3 , Cz
4, P = −
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Subducing the index space

(𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 𝖿𝗅𝖺𝗏𝗈𝗋 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 k ∈
2π
L

ℤ3 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗍𝗐𝗈−𝗉𝖺𝗋𝗍𝗂𝖼𝗅𝖾 ℓm) 108 x 108 matrices

Example: three pions with Iπππ = 2

Extract the induced representation of rotations & sum over irrep coefficients
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Precompute and spline entires of the irrep projected matrices
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Precompute and spline entires of the irrep-projected matrices
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Precompute and spline entires of the irrep-projected matrices
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Root finding
Challenging (ill-posed?) problem
Generally we have poles (with arbitrarily small residue) and roots (unknown count)

For any root finding algorithm, one can find a sufficiently pathological function that roots are 
missed (at least in my experience)
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Root finding
Challenging (ill-posed?) problem
Generally we have poles (with arbitrarily small residue) and roots (unknown count)

For any root finding algorithm, one can find a sufficiently pathological function that roots are 
missed (at least in my experience)

One option is multiple versions of qc
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Perturbative guidance
Essential solution = knowledge of the spectrum
Can tune to weakly interacting limit + generate LO prediction numerically to guide root finder
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Closing thoughts
Ongoing development of a toolkit for three (N) particle scattering from finite-volume energies

Funded by UKRI Future Leaders Fellowship

Thanks for listening!

16 20 24
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Few years of development - recently accelerated by agentic AI

Long term aim = make N particle reliable and accessible



Backup slides
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Fitting the energies

→ spectator-channel space   ,   e.g.   or  N𝗌 ≥ N𝖿 ((ππ)I=1π)1 (ππ)K, (πK)π

Reduces to known function of      E, L, (a, r, ⋯)2→2, (α, β, ⋯)3→3

 truncations and  + parametrizations ( )    listsℓ (2 → 2)ℓ a, r, ⋯ N𝖿

finite-volume set-up (geometry, total  → symmetry group, irreps) P

three-body interaction scheme (definition of ) + parametrization ( )Kdf,3 α, β, ⋯

flavor-channel space    ,   e.g.  or  …N𝖿 (πππ)I=0 πK, ππK

3

<latexit sha1_base64="YrZqDlmx1b9BnA+KKHR8PyUIk1U="></latexit>

det
⇥
K�1

df,3(Ecm) + F3(E,P , L)
⇤
= 0

Build the quantization condition function

Root-find to predict energies:   En(nP, L |a, r, ⋯ |α, β, ⋯)

Minimize  to lattice-determined energiesχ2



Three pions with isospin
Four possible iso-spin channels for three pions

MTH, Romero-López Sharpe, JHEP (2020)          see also J. Baeza-Ballesteros’ talk (previous session)
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<latexit sha1_base64="lInage2gqoGowtb5Iext+4TUs+w="></latexit>

1⌦ 1⌦ 1 = (0� 1� 2)⌦ 1 = 1� (0� 1� 2)� (1� 2� 3)

<latexit sha1_base64="0+8v4otmw09U+d9MEOo2q+kafqI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoipXoRil70VsF+QBvCZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhm5nceqVQsFg96klAvwkPBQkawNpJvl+/8rJ8wZGqKrpDj2xWn6syBVombkwrkaPr2V38QkzSiQhOOleq5TqK9DEvNCKfTUj9VNMFkjIe0Z6jAEVVeNj98ik6NMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zeqkOL72MiSTVVJDFojDlSMdolgIaMEmJ5hNDMJHM3IrICEtMtMmqZEJwl19eJe3zqluv1u5rlcZ1HkcRjuEEzsCFC2jALTShBQRSeIZXeLOerBfr3fpYtBasfOYI/sD6/AEsVZIh</latexit>

I⇡⇡ = 0
<latexit sha1_base64="egfqUBEJapHfORTsxRsbkokxtx8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoipXoRil70VsF+QBvCZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhm5nceqVQsFg96klAvwkPBQkawNpJvl+/8rJ8wZGqKrpDr2xWn6syBVombkwrkaPr2V38QkzSiQhOOleq5TqK9DEvNCKfTUj9VNMFkjIe0Z6jAEVVeNj98ik6NMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zeqkOL72MiSTVVJDFojDlSMdolgIaMEmJ5hNDMJHM3IrICEtMtMmqZEJwl19eJe3zqluv1u5rlcZ1HkcRjuEEzsCFC2jALTShBQRSeIZXeLOerBfr3fpYtBasfOYI/sD6/AEt2ZIi</latexit>

I⇡⇡ = 1
<latexit sha1_base64="Epg+KGmitiWdw7YcCJmGe4+pjkI=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSinoRil70VsF+QBvCZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0o7zrdVWFvf2Nwqbpd2dvf2y/bBYVvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfhm5nceqVQsFg96klAvwkPBQkawNpJvl+/8rJ8wZGqKrlDNtytO1ZkDrRI3JxXI0fTtr/4gJmlEhSYcK9VznUR7GZaaEU6npX6qaILJGA9pz1CBI6q8bH74FJ0aZYDCWJoSGs3V3xMZjpSaRIHpjLAeqWVvJv7n9VIdXnoZE0mqqSCLRWHKkY7RLAU0YJISzSeGYCKZuRWREZaYaJNVyYTgLr+8Stq1qnterd/XK43rPI4iHMMJnIELF9CAW2hCCwik8Ayv8GY9WS/Wu/WxaC1Y+cwR/IH1+QMvXZIj</latexit>

I⇡⇡ = 2

<latexit sha1_base64="lInage2gqoGowtb5Iext+4TUs+w="></latexit>

1⌦ 1⌦ 1 = (0� 1� 2)⌦ 1 = 1� (0� 1� 2)� (1� 2� 3)

Four quantization conditions

<latexit sha1_base64="c7uyp6L71pHSdmEy8afYOb6ViOY=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBKUkUtRl0Y3LCvYCTSiTyWk7dDKJMxOxhD6EG1/FjQtF3Lpw59s4TYto64GBj/8/hznn92POlLbtLyu3sLi0vJJfLaytb2xuFbd3GipKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXI795h1IxSJxo4cxeCHpCdZllGgjdYpHrg89JtI4JFqy+xF2j7GrbhMiIUMQwY/XKZbssp0VngdnCiU0rVqn+OkGEU1CEJpyolTbsWPtpURqRjmMCm6iICZ0QHrQNihICMpLs6NG+MAoAe5G0jyhcab+nkhJqNQw9E2n2a+vZr2x+J/XTnT33EuZiBMNgk4+6iYc6wiPE8IBk0A1HxogVDKzK6Z9IgnVJseCCcGZPXkeGidl57Rcua6UqhfTOPJoD+2jQ+SgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q1Z01ndtGfsj6+Af3xns0=</latexit>�
⇤
�

<latexit sha1_base64="c7uyp6L71pHSdmEy8afYOb6ViOY=">AAACFHicbZDLSsNAFIYn9VbrrerSzWARBKUkUtRl0Y3LCvYCTSiTyWk7dDKJMxOxhD6EG1/FjQtF3Lpw59s4TYto64GBj/8/hznn92POlLbtLyu3sLi0vJJfLaytb2xuFbd3GipKJIU6jXgkWz5RwJmAumaaQyuWQEKfQ9MfXI795h1IxSJxo4cxeCHpCdZllGgjdYpHrg89JtI4JFqy+xF2j7GrbhMiIUMQwY/XKZbssp0VngdnCiU0rVqn+OkGEU1CEJpyolTbsWPtpURqRjmMCm6iICZ0QHrQNihICMpLs6NG+MAoAe5G0jyhcab+nkhJqNQw9E2n2a+vZr2x+J/XTnT33EuZiBMNgk4+6iYc6wiPE8IBk0A1HxogVDKzK6Z9IgnVJseCCcGZPXkeGidl57Rcua6UqhfTOPJoD+2jQ+SgM1RFV6iG6oiiB/SEXtCr9Wg9W2/W+6Q1Z01ndtGfsj6+Af3xns0=</latexit>�
⇤
�

<latexit sha1_base64="oBhDVkL2k6WE0/TGELIa8akZhGg=">AAACcXicpZFLSwMxEMez66vW1/q4iCihRRGEsitFPRa9eKxga6FbSjadtqHZ7JpkxbL07ufz5pfw4hcwfai19eZA4Md/ZpiZf4KYM6Vd982yFxaXllcyq9m19Y3NLWd7p6qiRFKo0IhHshYQBZwJqGimOdRiCSQMODwEvZth/uEJpGKRuNf9GBoh6QjWZpRoIzWdFz+ADhNpHBIt2fMA++oxIRLwCZ7CL/L9ejHWjX8U/bAhEK3vwU0n7xbcUeB58CaQR5MoN51XvxXRJAShKSdK1T3XTE2J1IxyGGT9REFMaI90oG5QkBBUIx05NsDHRmnhdiTNExqP1OmOlIRK9cPAVJr9umo2NxT/ytUT3b5qpEzEiQZBx4PaCcc6wkP7cYtJoJr3DRAqmdkV0y6RhGrzSVljgjd78jxUzwveRaF4V8yXrid2ZNAByqFT5KFLVEK3qIwqiKJ3a886tI6sD3vfxnZuXGpbk55d9Cvss0/0iLpi</latexit>0

B@
⇤ ⇤ ⇤
⇤ ⇤ ⇤
⇤ ⇤ ⇤

1

CA

<latexit sha1_base64="2x58r1kjCt14SgUadwUj55iEGbE=">AAACNnicbVDLSgNBEJyNrxhfUY9eBoPiKexKUI9BL16ECOYB2SXMznaSIbOz68ysGJZ8lRe/w1suHhTx6ic4eRA0SUFDUdVNd5cfc6a0bQ+tzMrq2vpGdjO3tb2zu5ffP6ipKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3cz8utPIBWLxIPux+CFpCNYm1GijdTK37k+dJhI45BoyZ4HGGNXPSZEAj6dMddtlmLtLXFMN4hgNt3KF+yiPQZeJM6UFNAUlVb+zQ0imoQgNOVEqaZjm0UpkZpRDoOcmyiICe2RDjQNFSQE5aXjtwf4xCgBbkfSlNB4rP6dSEmoVD/0Tae5r6vmvZG4zGsmun3lpUzEiQZBJ4vaCcc6wqMMccAkUM37hhAqmbkV0y6RhGqTdM6E4My/vEhq50Xnoli6LxXK19M4sugIHaMz5KBLVEa3qIKqiKIXNEQf6NN6td6tL+t70pqxpjOH6B+sn19HYKus</latexit> 
⇤ ⇤
⇤ ⇤

!

<latexit sha1_base64="vDMwcsuMiCoveZrCtCPhouOyHsI=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIqBeh6EVvFewHtCFstpt26WYTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHwz9TuPVCoWiwedJdSL8FCwkBGsjeTb1Ts/7ycMFTVBV8jx7ZpTd2ZAy8QtSA0KNH37qz+ISRpRoQnHSvVcJ9FejqVmhNNJpZ8qmmAyxkPaM1TgiCovnx0/QcdGGaAwlqaERjP190SOI6WyKDCdEdYjtehNxf+8XqrDSy9nIkk1FWS+KEw50jGaJoEGTFKieWYIJpKZWxEZYYmJNnlVTAju4svLpH1ad8/rZ/dntcZ1EUcZDuEITsCFC2jALTShBQQyeIZXeLOerBfr3fqYt5asYqYKf2B9/gDctJOe</latexit>

I⇡⇡⇡ = 0
<latexit sha1_base64="kRhnysylh5tmGMcHgWK4K4799VQ=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIqBeh6EVvFewHtCFstpt26WYTdjdCCPWvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmdKO822VVlbX1jfKm5Wt7Z3dPXv/oK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHwz9TuPVCoWiwedJdSL8FCwkBGsjeTb1Ts/7ycMFTVBV8j17ZpTd2ZAy8QtSA0KNH37qz+ISRpRoQnHSvVcJ9FejqVmhNNJpZ8qmmAyxkPaM1TgiCovnx0/QcdGGaAwlqaERjP190SOI6WyKDCdEdYjtehNxf+8XqrDSy9nIkk1FWS+KEw50jGaJoEGTFKieWYIJpKZWxEZYYmJNnlVTAju4svLpH1ad8/rZ/dntcZ1EUcZDuEITsCFC2jALTShBQQyeIZXeLOerBfr3fqYt5asYqYKf2B9/gDeOJOf</latexit>

I⇡⇡⇡ = 1 <latexit sha1_base64="ykIOWqFzEDil9tIUzqiSQr6zFiw=">AAAB/HicbVBNS8NAEJ3Ur1q/qj16WSyCp5KUol6Eohe9VbAf0Iaw2W7apZtN2N0IIdS/4sWDIl79Id78N27bHLT1wcDjvRlm5vkxZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRx0VJZLQNol4JHs+VpQzQduaaU57saQ49Dnt+pObmd99pFKxSDzoNKZuiEeCBYxgbSSvXLnzskHMUF5TdIXqXrlq1+w50CpxclKFHC2v/DUYRiQJqdCEY6X6jh1rN8NSM8LptDRIFI0xmeAR7RsqcEiVm82Pn6JTowxREElTQqO5+nsiw6FSaeibzhDrsVr2ZuJ/Xj/RwaWbMREnmgqyWBQkHOkIzZJAQyYp0Tw1BBPJzK2IjLHERJu8SiYEZ/nlVdKp15zzWuO+UW1e53EU4RhO4AwcuIAm3EIL2kAghWd4hTfryXqx3q2PRWvBymcq8AfW5w/fvJOg</latexit>

I⇡⇡⇡ = 2
<latexit sha1_base64="emaFNHz4S00teL+oWCKY5IIfmpo=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5JoUS9C0YveKtgPaEPYbDft0s0m7G6EEupf8eJBEa/+EG/+G7dtDtr6YODx3gwz84KEM6Ud59sqrKyurW8UN0tb2zu7e/b+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwehm6rcfqVQsFg96nFAvwgPBQkawNpJvl+/8rJcwlNcEXaEz3644VWcGtEzcnFQgR8O3v3r9mKQRFZpwrFTXdRLtZVhqRjidlHqpogkmIzygXUMFjqjystnxE3RslD4KY2lKaDRTf09kOFJqHAWmM8J6qBa9qfif1011eOllTCSppoLMF4UpRzpG0yRQn0lKNB8bgolk5lZEhlhiok1eJROCu/jyMmmdVt3zau2+Vqlf53EU4RCO4ARcuIA63EIDmkBgDM/wCm/Wk/VivVsf89aClc+U4Q+szx/hQJOh</latexit>

I⇡⇡⇡ = 3

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="bYZL0tz+7P8C79YD2KzAfH/B6Ic=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6LmXdbq9/VK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/Z4OPkQ==</latexit>

(�)

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="bYZL0tz+7P8C79YD2KzAfH/B6Ic=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtk1yQpl6Z/w4kERr/4db/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hYqVvtazYS+HxQrrg1dw60SrycVCBHc1D+6g8jkggqDeFY657nxsZPsTKMcDor9RNNY0wmeER7lkosqPbT+b0zdGaVIQojZUsaNFd/T6RYaD0Vge0U2Iz1speJ/3m9xITXfspknBgqyWJRmHBkIpQ9j4ZMUWL41BJMFLO3IjLGChNjIyrZELzll1dJ+6LmXdbq9/VK4yaPowgncApV8OAKGnAHTWgBAQ7P8ApvzqPz4rw7H4vWgpPPHMMfOJ8/Z4OPkQ==</latexit>

(�)
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2 <latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2
<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

https://inspirehep.net/literature/1787807


Constructing the index space: Example

Flavor content → size of the first space     e.g. 2 spectator channels for  pionsIπππ = 2

5

(𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 𝖿𝗅𝖺𝗏𝗈𝗋 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗌𝗉𝖾𝖼𝗍𝖺𝗍𝗈𝗋 k ∈
2π
L

ℤ3 𝗌𝗉𝖺𝖼𝖾) ⊗ (𝗍𝗐𝗈−𝗉𝖺𝗋𝗍𝗂𝖼𝗅𝖾 ℓm)

<latexit sha1_base64="2x58r1kjCt14SgUadwUj55iEGbE=">AAACNnicbVDLSgNBEJyNrxhfUY9eBoPiKexKUI9BL16ECOYB2SXMznaSIbOz68ysGJZ8lRe/w1suHhTx6ic4eRA0SUFDUdVNd5cfc6a0bQ+tzMrq2vpGdjO3tb2zu5ffP6ipKJEUqjTikWz4RAFnAqqaaQ6NWAIJfQ51v3cz8utPIBWLxIPux+CFpCNYm1GijdTK37k+dJhI45BoyZ4HGGNXPSZEAj6dMddtlmLtLXFMN4hgNt3KF+yiPQZeJM6UFNAUlVb+zQ0imoQgNOVEqaZjm0UpkZpRDoOcmyiICe2RDjQNFSQE5aXjtwf4xCgBbkfSlNB4rP6dSEmoVD/0Tae5r6vmvZG4zGsmun3lpUzEiQZBJ4vaCcc6wqMMccAkUM37hhAqmbkV0y6RhGqTdM6E4My/vEhq50Xnoli6LxXK19M4sugIHaMz5KBLVEa3qIKqiKIXNEQf6NN6td6tL+t70pqxpjOH6B+sn19HYKus</latexit> 
⇤ ⇤
⇤ ⇤

!

<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)

<latexit sha1_base64="jqbQ5RbiMHo6pkzD1QViB7F1jQQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b0+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K721VieD8oVt+ZmQKvEy0kFcjQH5a/+UJIkosIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepwBHVfppdO0NnVhmiUCpbwqBM/T2R4kjraRTYzgibsV725uJ/Xi8x4bWfMhEnhgqyWBQmHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/nlVdK+qHmXtfp9vdK4yeMowgmcQhU8uIIG3EETWkDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w/poY61</latexit>

(⇢)
<latexit sha1_base64="bI/2PRKLirQDX2F0I3FmqZCtFmE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXspuKeqx6MVjBfsB26Vk02wbmk2WJCuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsbm1vVPcLe3tHxwelY9POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5G7ud5+o0kyKRzNNaBDjkWARI9hYya/2E4ZsXQ7qg3LFrbkLoHXi5aQCOVqD8ld/KEkaU2EIx1r7npuYIMPKMMLprNRPNU0wmeAR9S0VOKY6yBYnz9CFVYYoksqWMGih/p7IcKz1NA5tZ4zNWK96c/E/z09NdBNkTCSpoYIsF0UpR0ai+f9oyBQlhk8twUQxeysiY6wwMTalkg3BW315nXTqNe+q1nhoVJq3eRxFOINzqIIH19CEe2hBGwhIeIZXeHOM8+K8Ox/L1oKTz5zCHzifP+X2kF0=</latexit>

(⇡⇡)2

<latexit sha1_base64="1BdxnxzjvZmzzDchZMaVlSvdVjc="></latexit>�
E �

p
m2 + k2�2 � (P � k)2 � 0

<latexit sha1_base64="pEV1YePWsxsrDBKArWfEUPFcjm8="></latexit>⇣
E �

q
m2 + (2⇡/L)2n2

k

⌘2
� (2⇡/L)2(nP � nk)

2 � 0

or more precisely…
e.g. 27 spectator momenta for E = 5mπ, mπL = 5, n2

P = 0
sorted into shells   

for which  is crucial
[000]1 + [001]6 + [011]12 + [111]8

nP

108 x 108 matrices

and often larger for slightly different details

So, not huge matrices, but a given fit requires…

Three-particle energy ( ), momentum ( ) and volume ( ) + scheme → size of the second spaceE P L

See also Sharpe (last session) + related publications

Angular-momentum truncation → size of the third   
… minimal choice here is  S-wave and  P-wave(ππ)2 (ρ)



The numerical quantization condition

8

3.00 3.25 3.50 3.75 4.00 4.25 4.50 4.75 5.00
°2

0

2

<latexit sha1_base64="XOvIsu0xZS+DLLzdfHZMljOTDPY=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJriHpEvXjExAUSWEm3dKGh7W7argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDv1W09UaRbLBzNOaCDwQLKIEWys5F/3vMezXrniVt0Z0DLxclKBHI1e+avbj0kqqDSEY607npuYIMPKMMLppNRNNU0wGeEB7VgqsaA6yGbHTtCJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugoyJpPUUEnmi6KUIxOj6eeozxQlho8twUQxeysiQ6wwMTafkg3BW3x5mTTPq95FtXZfq9Rv8jiKcATHcAoeXEId7qABPhBg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwDZUo4R</latexit>

A�
1

3.00 3.25 3.50 3.75 4.00 4.25 4.50 4.75 5.00
°2

0

2

<latexit sha1_base64="d5Zq5+tlNqtVQHnQrPC3WtmGP74=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegCB4jmgcka5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwOmljQUFR1090VJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwPfYbT6g0j+WDGSboR7QnecgZNVa6v3k87RSKbsmdgCwSb0aKMEO1U/hqd2OWRigNE1Trlucmxs+oMpwJHOXbqcaEsgHtYctSSSPUfjY5dUSOrdIlYaxsSUMm6u+JjEZaD6PAdkbU9PW8Nxb/81qpCS/9jMskNSjZdFGYCmJiMv6bdLlCZsTQEsoUt7cS1qeKMmPTydsQvPmXF0n9rOSdl8p35WLlahZHDg7hCE7AgwuowC1UoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuUiNcQ==</latexit>

E�

3.00 3.25 3.50 3.75 4.00 4.25 4.50 4.75 5.00
°2

0

2

<latexit sha1_base64="5ber8c1zmwi4hQW23ArSHa5+x6k=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquFPVY9OKxQrcttGvJptk2NJssSVYoS3+DFw+KePUHefPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbRMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDfz209UaSZF00wSGsR4KFjECDZW8pt97/GiX664VXcOtEq8nFQgR6Nf/uoNJEljKgzhWOuu5yYmyLAyjHA6LfVSTRNMxnhIu5YKHFMdZPNjp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif101NdBNkTCSpoYIsFkUpR0ai2edowBQlhk8swUQxeysiI6wwMTafkg3BW355lbQuq95VtfZQq9Rv8ziKcAKncA4eXEMd7qEBPhBg8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDzYo4i</latexit>

T+
1

Returning to the  ( ) spaceIπππ = 2 ρπ
<latexit sha1_base64="YrZqDlmx1b9BnA+KKHR8PyUIk1U="></latexit>

det
⇥
K�1

df,3(Ecm) + F3(E,P , L)
⇤
= 0

Here for  and single parameters in 
 (weakly repulsive)

Kdf,3 = 0
K2

large matrices on the right of plots 
(does dot imply 108 solutions!)



Decay formalism

9

Generalisation of the Lellouch-Lüscher formalism is available for three-pion states

<latexit sha1_base64="5FJH9/KwHk6vGCpvc1gh8/YbkSE=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VwITWRoi6LIoi4qGAf0IQwmU7aoZNJmJkIJfQz3Pgrblwo4rY7/8ZJmoW2Hhg4nHMuc+/xY0alsqxvo7S0vLK6Vl6vbGxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fij68zvPBEhacQf1TgmbogGnAYUI6Ulzzx1GOIDRuCNx0/gPXR0WEEnRGqIEYN3hWBBR+Q5z6xaNSsHXCR2QaqgQNMzp04/wklIuMIMSdmzrVi5KRKKYkYmFSeRJEZ4hAakpylHIZFumh82gUda6cMgEvpxBXP190SKQinHoa+T2cZy3svE/7xeooJLN6U8ThThePZRkDCoIpi1BPtUEKzYWBOEBdW7QjxEAmGlu6zoEuz5kxdJ+6xmn9fqD/Vq46qoowwOwCE4Bja4AA1wC5qgBTB4Bq/gHXwYL8ab8Wl8zaIlo5jZB39gTH8ALkeeog==</latexit>

hEn, L|J |0i <latexit sha1_base64="BWo7HjZzu7Y3dAkzUOn1z2EhxeA=">AAACHnicjVDLSsNAFJ3UV62vqEs3g0VwISXR+lgW3bis0BckIUymk3boZBJmJkIJ/RI3/oobF4oIrvRvnKQVfIIHBg7n3HvncIKEUaks680ozc0vLC6Vlysrq2vrG+bmVkfGqcCkjWMWi16AJGGUk7aiipFeIgiKAka6wegi97vXREga85YaJ8SL0IDTkGKktOSbx5lbHHHEIPAyu2YVOPhBJm6E1BAjBlv+0cQ3qx8G/JtUwQxN33xx+zFOI8IVZkhKx7YS5WVIKIoZmVTcVJIE4REaEEdTjiIivaxINoF7WunDMBb6cQUL9fNGhiIpx1GgJ/OQ8ruXi795TqrCMy+jPEkV4Xj6UZgyqGKYdwX7VBCs2FgThAXVWSEeIoGw0o1W/ldC57Bmn9TqV/Vq43xWRxnsgF2wD2xwChrgEjRBG2BwA+7AA3g0bo1748l4no6WjNnONvgC4/UdPuueOA==</latexit>

T3
<latexit sha1_base64="CIh6LQ+tSmF7BGccXCAbUKcFtHM=">AAAB9HicjVDLSgNBEJyNrxhfUY9eBoPgKWxE1GPUi8cI5gHJGmYnvcmQ2dl1pjcYlv0OLx4U8erHePNvnDwOKgoWNBRV3XRRfiyFQdf9cHILi0vLK/nVwtr6xuZWcXunYaJEc6jzSEa65TMDUiioo0AJrVgDC30JTX94OfGbI9BGROoGxzF4IesrEQjO0Ere+W3aQbjHtNbIsm6xVCm7U9C/SYnMUesW3zu9iCchKOSSGdOuuDF6KdMouISs0EkMxIwPWR/alioWgvHSaeiMHlilR4NI21FIp+rXi5SFxoxD326GDAfmpzcRf/PaCQZnXipUnCAoPnsUJJJiRCcN0J7QwFGOLWFcC5uV8gHTjKPtqfC/EhpH5cpJ+fj6uFS9mNeRJ3tknxySCjklVXJFaqROOLkjD+SJPDsj59F5cV5nqzlnfrNLvsF5+wQoapJe</latexit>

APV

3.00 3.25 3.50 3.75 4.00 4.25 4.50 4.75 5.00
°2

0

2

3.00 3.25 3.50 3.75 4.00 4.25 4.50 4.75 5.00
°2

0

2

See also previous session + F. Joswig (Thursday)

<latexit sha1_base64="nLMJVApLmY5gICJVGA/S4bMZJvs="></latexit>

lim
E!En(L)

(E � En(L))


1

Kdf,3(E) + F�1
3 (E,L)

�

�,µ

= Epv
n EpvT

n

<latexit sha1_base64="UAtGnHpqgpX8lL5wh63j1fg1Ato="></latexit>

Epv
n · h3⇡|J |0i = hn, L|J |0i

<latexit sha1_base64="XOvIsu0xZS+DLLzdfHZMljOTDPY=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiRbJriHpEvXjExAUSWEm3dKGh7W7argnZ8Bu8eNAYr/4gb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYWV1b3yhulra2d3b3yvsHTR2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDv1W09UaRbLBzNOaCDwQLKIEWys5F/3vMezXrniVt0Z0DLxclKBHI1e+avbj0kqqDSEY607npuYIMPKMMLppNRNNU0wGeEB7VgqsaA6yGbHTtCJVfooipUtadBM/T2RYaH1WIS2U2Az1IveVPzP66QmugoyJpPUUEnmi6KUIxOj6eeozxQlho8twUQxeysiQ6wwMTafkg3BW3x5mTTPq95FtXZfq9Rv8jiKcATHcAoeXEId7qABPhBg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwDZUo4R</latexit>

A�
1

<latexit sha1_base64="d5Zq5+tlNqtVQHnQrPC3WtmGP74=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegCB4jmgcka5id9CZDZmeXmVkhLPkELx4U8eoXefNvnDwOmljQUFR1090VJIJr47rfztLyyuraem4jv7m1vbNb2Nuv6zhVDGssFrFqBlSj4BJrhhuBzUQhjQKBjWBwPfYbT6g0j+WDGSboR7QnecgZNVa6v3k87RSKbsmdgCwSb0aKMEO1U/hqd2OWRigNE1Trlucmxs+oMpwJHOXbqcaEsgHtYctSSSPUfjY5dUSOrdIlYaxsSUMm6u+JjEZaD6PAdkbU9PW8Nxb/81qpCS/9jMskNSjZdFGYCmJiMv6bdLlCZsTQEsoUt7cS1qeKMmPTydsQvPmXF0n9rOSdl8p35WLlahZHDg7hCE7AgwuowC1UoQYMevAMr/DmCOfFeXc+pq1LzmzmAP7A+fwBuUiNcQ==</latexit>
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