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•   LHCb (PRL, 2019)   •

D ! ⇡⇡,KK

SM is well known to have CPV, but not enough for baryogenesis!

2019: LHCb observed CP violation in hadronic charm decays
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(�15.4± 2.9)⇥ 10�4 New physics, or non-perturbative QCD?

Lattice QCD can provide the needed SM amplitudes

This work: pilot lattice calculation of  at the  pointD → Kπ SU(3)F



Relevance of  calculationSU(3)F
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 / U-spin: organise abundant  data to “reduced” or “topological amplitudes”SU(3)F D → PP, PV

•   Bhattacharya et al. (2021)   •

https://inspirehep.net/literature/1895135


Relevance of  calculationSU(3)F

33

 / U-spin: organise abundant  data to “reduced” or “topological amplitudes”SU(3)F D → PP, PV

•   Bhattacharya et al. (2021)   •

Fits to experiment require symmetry breaking, typically at the expected 20 - 30 % level

Lattice QCD can provide first direct determinations at  while building 
technology/experience towards a calculation at the physical point

SU(3)F

https://inspirehep.net/literature/1895135
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Integrate out electroweak physics  →  basis of four-quark operators

Finite-volume formalism required to relate these to amplitudes
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Integrate out electroweak physics  →  basis of four-quark operators

Finite-volume formalism required to relate these to amplitudes
Large body of related calculations:

K → ππ, ΔI = 3/2 RBC-UKQCD (Blum et al.) (2015)
K → ππ, ΔI = 1/2 RBC-UKQCD (Blum et al.) (2015, 2020)
π γ* → ππ, ρ → πγ* Hadspec (Briceño, Dudek, Edwards, Shultz, Thomas, Wilson) (2015, 2016)
π γ → ππ, ρ → πγ Alexandrou, Leskovec, Meinel, Negele, Paul, Petschlies, Pochinsky, Rendon, Syritsyn (2018)
K γ* → Kπ, K* → Kγ Hadspec (Dudek, Edwards, Radhakrishnan) (2022)
B → ππ ℓν, B → ρ ℓν Leskovec, Meinel, Petschlies, Negele, Paul, Pochinsky (2025)
D → Kπ ℓν, D → K* ℓν HPQCD (Harrison et al.) (ongoing)
B → Kπ ℓ⁺ℓ⁻, B → K* ℓ⁺ℓ⁻ Erben, Black, Boyle, Di Carlo, Gülpers, Hansen, Lachini, Mukherjee, Portelli, Tsang (ongoing)



Roadmap of the calculation
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Finite-volume matrix elements



Non-perturbative renormalization of four-quark operators

Control of discretization effects (enhanced by the charm mass)

Reliable creation of excited multi-hadron final states

Extraction of the matrix element from three-point functions

Formalism to relate finite-volume matrix elements to the amplitudes

Roadmap of the calculation
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Non-perturbative renormalization of four-quark operators

Control of discretization effects (enhanced by the charm mass)

Reliable creation of excited multi-hadron final states

Extraction of the matrix element from three-point functions

Formalism to relate finite-volume matrix elements to the amplitudes

Roadmap of the calculation
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A(D ! ↵) = CLL
L (↵|↵0,↵00, · · · )[Mn1,L1 ,Mn2,L2 , · · · ]
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Lellouch-Lüscher framework (  etc. represent open channels)α, α′￼, α′￼′￼



Non-perturbative renormalization of four-quark operators

Control of discretization effects (enhanced by the charm mass)

Reliable creation of excited multi-hadron final states

Extraction of the matrix element from three-point functions

Formalism to relate finite-volume matrix elements to the amplitudes

Roadmap → Finite-volume formalism
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Project everything to an  irreducible representation (irrep)SU(3)F

incoming ,   weak Hamiltonian ( ),   outgoing two-hadron state ( )D ℋW ππ, KK, Kπ, KK
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1010

Project everything to an  irreducible representation (irrep)SU(3)F

incoming ,   weak Hamiltonian ( ),   outgoing two-hadron state ( )D ℋW ππ, KK, Kπ, KK

Contains 
  I = 3/2 Kπ

Two-pseudoscalar state yields six irreducible representations (we focus on the 27)

•   Bhattacharya et al. (2021)   •

https://inspirehep.net/literature/1895135


Simplifications for SU(3)F
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Finite-volume matrix elements (with irrep labels)

Infinite-volume decay amplitudes
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fewer operators 
cheaper inversions 

smaller physical volumes

Generic paradigm for many 
channels (only partially known)
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A(D ! (⇡K)27) = CLL
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Reduce to one two- and 
one four-particle channel

Neglecting four particles yields 
standard Lellouch-Lüscher

Generic paradigm for many 
channels (only partially known)
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More on finite-volume framework
<latexit sha1_base64="6nM/fILzdQi9Yjsrl2Dnq5hrUbc="></latexit>

f(E) = hE,⇡K, out|HW (0)|Di

<latexit sha1_base64="3pmcbzM3WJI4uR57tK/wk3Uc+AM=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VwY0lKsW6EqpuCmwr2AU0Ik+mkHTp5MDMRSsinuPFX3LhQRHf6NU7a4KP1wIXDOfdy7z1uxKiQhvGhFZaWV1bXiuuljc2t7R19d68jwphj0sYhC3nPRYIwGpC2pJKRXsQJ8l1Guu74KvO7d4QLGga3chIR20fDgHoUI6kkR69bPpIjjBi8gOfQ8jjCiZkmJjyB3861U4UWH4Xpj9R09LJRMaaAi8TMSRnkaDn6uzUIceyTQGKGhOibRiTtBHFJMSNpyYoFiRAeoyHpKxognwg7mT6YwiOlDKAXclWBhFP190SCfCEmvqs6swvFvJeJ/3n9WHpndkKDKJYkwLNFXsygDGGWFhxQTrBkE0UQ5lTdCvEIqZCkyrSkQjDnX14knWrFPK3UbmrlxmUeRxEcgENwDExQBw3QBC3QBhjcg0fwDF60B+1Je9XeZq0FLZ/ZB3+gfX4BgLuhWg==</latexit>

A =
1

1�K2⇢
H

physical sheet s = E2
cm unphysical sheet

Applies for all energies

Interp-/extrapolate to  for physical amplitudeE = MD

Use K-matrix framework to motivate fit forms
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A =
1

1�K2⇢
H

physical sheet s = E2
cm unphysical sheet

Applies for all energies

Interp-/extrapolate to  for physical amplitudeE = MD

Use K-matrix framework to motivate fit forms

Perturbative four-particle framework may also be useful

•   Mukherjee, MTH (2026) & Wed 11:30   ••   MTH, Sharpe (2012)   •

https://inspirehep.net/literature/3134057
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Finite-volume matrix elements (suppressing irrep labels)

Infinite-volume decay amplitudes
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Roadmap → Renormalization

<latexit sha1_base64="7cMUhOT7FK8W4Y+vDZqguQCeef0="></latexit>

Cjk(t) = h0|O†
j(t)Ok(0)|0iL

<latexit sha1_base64="glqvIsd28zpMwcus4qudMpHn8RE=">AAACHXicbVBNSwJBGJ61L7Mvq2OXIQkUQnZDqksgeelokB+gyzI7jjo4O7vMvCuI+Ee69Fe6dCiiQ5fo3zTqgqW9MMzD88HM+/iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7oOY0VZjYYiVE2faCa4ZDXgIFgzUowEvmANf1CZ6o0hU5qH8gFGEXMD0pO8yykBQ3nZUiUPBTz0ZB7OwbML+Aa3hYl3yIIylum1MHnZnF20Z4NXgZOAHEqm6mU/252QxgGTQAXRuuXYEbhjooBTwSaZdqxZROiA9FjLQEkCpt3xbLsJPjNMB3dDZY4EPGN/J8Yk0HoU+MYZEOjrZW1K/qe1Yuheu2MuoxiYpPOHurHAEOJpVbjDFaMgRgYQqrj5K6Z9oggFU2jGlOAsr7wK6hdF57Lo3Jdy5dukjjQ6Qacojxx0hcroDlVRDVH0iJ7RK3qznqwX6936mFtTVpI5Rn/G+voB9+yeIQ==</latexit>

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0)

<latexit sha1_base64="DZqf3dqj7ICH34oOVHwCpj2naWU="></latexit>

⌦†
n(t) =

X

k

v
(n)
k (td, t0)O

†
k(t)



   Power-divergent mixing  

   Operator mixing 
   Lack of O(a) improvement
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Non-perturbative renormalization
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Odim 6 + aOdim 7

Four-quark operators can be challenging with Wilson quarks



   Power-divergent mixing  

   Operator mixing 
   Lack of O(a) improvement
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Non-perturbative renormalization
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Odim 6 + cOother dim 6

<latexit sha1_base64="6Wg5lpmmetsTFdO9rMH9PcDp+J8="></latexit>

Odim 6 +
1

an
Odim (6�n)

<latexit sha1_base64="rZMm4DNgtoyAgP+3A99+zNOd7/w=">AAACIHicbVDLSsNAFJ34rPUVdelmsAiCUhIprcuiG3dWsA9oQphMJ+3QmSTMTIQS8ilu/BU3LhTRnX6NkzaL2npg4HDOvcw9x48Zlcqyvo2V1bX1jc3SVnl7Z3dv3zw47MgoEZi0ccQi0fORJIyGpK2oYqQXC4K4z0jXH9/kfveRCEmj8EFNYuJyNAxpQDFSWvLMhsORGmHE4J2XOjKAA8qdC1jP4DlEcN6cc7NG5pkVq2pNAZeJXZAKKNDyzC9nEOGEk1BhhqTs21as3BQJRTEjWdlJJIkRHqMh6WsaIk6km04DZvBUKwMYREK/UMGpOr+RIi7lhPt6Mr9YLnq5+J/XT1Rw5aY0jBNFQjz7KEgYVBHM29J5BcGKTTRBWFB9K8QjJBBWutOyLsFejLxMOpdVu16t3dcqzeuijhI4BifgDNigAZrgFrRAG2DwBF7AG3g3no1X48P4nI2uGMXOEfgD4+cX4JihkQ==</latexit>

Odim 6 + aOdim 7

Not relevant for D → (Kπ)27

Addressed by multiple  + 
lower-precision goal

a

Four-quark operators can be challenging with Wilson quarks



   Power-divergent mixing  

   Operator mixing 
   Lack of O(a) improvement
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Non-perturbative renormalization

<latexit sha1_base64="1yMjqx/JyeK+FO66xf3VwGjJgMQ=">AAACK3icbVDLSsNAFJ34rPUVdelmsAiCUhIp1WWpG3dWsA9oQplMJ+3QmSTMTIQS8j9u/BUXuvCBW//DSZpFbT0wcDjnXObe40WMSmVZn8bK6tr6xmZpq7y9s7u3bx4cdmQYC0zaOGSh6HlIEkYD0lZUMdKLBEHcY6TrTW4yv/tIhKRh8KCmEXE5GgXUpxgpLQ3MpsORGmPE4N0gcaQPh5Q7F7CewnOIoWbzfh4I1ZgIbcyCaT0dmBWrauWAy8QuSAUUaA3MV2cY4piTQGGGpOzbVqTcBAlFMSNp2YkliRCeoBHpaxogTqSb5Lem8FQrQ+iHQr9AwVydn0gQl3LKPZ3MNpeLXib+5/Vj5V+7CQ2iWJEAzz7yYwZVCLPi9L2CYMWmmiAsqN4V4jESCCtdb1mXYC+evEw6l1W7Xq3d1yqNZlFHCRyDE3AGbHAFGuAWtEAbYPAEXsA7+DCejTfjy/ieRVeMYuYI/IHx8wuM3qVy</latexit>

Odim 6 + cOother dim 6

<latexit sha1_base64="6Wg5lpmmetsTFdO9rMH9PcDp+J8="></latexit>

Odim 6 +
1

an
Odim (6�n)

<latexit sha1_base64="rZMm4DNgtoyAgP+3A99+zNOd7/w=">AAACIHicbVDLSsNAFJ34rPUVdelmsAiCUhIprcuiG3dWsA9oQphMJ+3QmSTMTIQS8ilu/BU3LhTRnX6NkzaL2npg4HDOvcw9x48Zlcqyvo2V1bX1jc3SVnl7Z3dv3zw47MgoEZi0ccQi0fORJIyGpK2oYqQXC4K4z0jXH9/kfveRCEmj8EFNYuJyNAxpQDFSWvLMhsORGmHE4J2XOjKAA8qdC1jP4DlEcN6cc7NG5pkVq2pNAZeJXZAKKNDyzC9nEOGEk1BhhqTs21as3BQJRTEjWdlJJIkRHqMh6WsaIk6km04DZvBUKwMYREK/UMGpOr+RIi7lhPt6Mr9YLnq5+J/XT1Rw5aY0jBNFQjz7KEgYVBHM29J5BcGKTTRBWFB9K8QjJBBWutOyLsFejLxMOpdVu16t3dcqzeuijhI4BifgDNigAZrgFrRAG2DwBF7AG3g3no1X48P4nI2uGMXOEfgD4+cX4JihkQ==</latexit>

Odim 6 + aOdim 7

Not relevant for D → (Kπ)27

Addressed by multiple  + 
lower-precision goal

a

•   Donini et al. [hep-lat/9902030]   •

Discrete symmetries of  theory highly constraining (even for Wilson quarks) 

Parity-negative part of  operator does not mix

SU(4)F

(V − A)2

<latexit sha1_base64="tsCyaQS+DSVKxkSqXKh4pc93K1s="></latexit>

O
±
�a�b

=
1

2

⇥
( 1�a 2)( 3�b 4)± ( 1�a 4)( 3�b 2)

⇤

<latexit sha1_base64="wmpJH/LeXF/CePWKuEP55uIqYME="></latexit>

Q
[S=±]
[P=�] = O

±
V A +O

±
AV

Apply RI-MOM and RI-SMOM with twisted momenta (won’t discuss more in this talk)

Four-quark operators can be challenging with Wilson quarks



<latexit sha1_base64="aTKlamXn2DOFPgt9JH41Wbkhnhw="></latexit>

Mn,L = hn, L|HW |D,Li =
X

i

CMS
wc,i lima!0

ZMS
i lim

�t!1
h0|⌦†

n(�t/2)Qi(0)D(�t/2)|0iL

Non-perturbative renormalization of four-quark operators

Control of discretization effects (enhanced by the charm mass)

Reliable creation of excited multi-hadron final states

Extraction of the matrix element from three-point functions

Formalism to relate finite-volume matrix elements to the amplitudes
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Infinite-volume decay amplitudes

<latexit sha1_base64="yl7W6nL9XLAxMX3TvUASBzrAW0U="></latexit>

A(D ! (⇡K)27) = CLL
n,L,(⇡K)27

⇥Mn,L

Roadmap → Excited multi-hadron states & a → 0

<latexit sha1_base64="7cMUhOT7FK8W4Y+vDZqguQCeef0="></latexit>

Cjk(t) = h0|O†
j(t)Ok(0)|0iL

<latexit sha1_base64="glqvIsd28zpMwcus4qudMpHn8RE=">AAACHXicbVBNSwJBGJ61L7Mvq2OXIQkUQnZDqksgeelokB+gyzI7jjo4O7vMvCuI+Ee69Fe6dCiiQ5fo3zTqgqW9MMzD88HM+/iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7oOY0VZjYYiVE2faCa4ZDXgIFgzUowEvmANf1CZ6o0hU5qH8gFGEXMD0pO8yykBQ3nZUiUPBTz0ZB7OwbML+Aa3hYl3yIIylum1MHnZnF20Z4NXgZOAHEqm6mU/252QxgGTQAXRuuXYEbhjooBTwSaZdqxZROiA9FjLQEkCpt3xbLsJPjNMB3dDZY4EPGN/J8Yk0HoU+MYZEOjrZW1K/qe1Yuheu2MuoxiYpPOHurHAEOJpVbjDFaMgRgYQqrj5K6Z9oggFU2jGlOAsr7wK6hdF57Lo3Jdy5dukjjQ6Qacojxx0hcroDlVRDVH0iJ7RK3qznqwX6936mFtTVpI5Rn/G+voB9+yeIQ==</latexit>

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0)

<latexit sha1_base64="DZqf3dqj7ICH34oOVHwCpj2naWU="></latexit>

⌦†
n(t) =

X

k

v
(n)
k (td, t0)O

†
k(t)

Finite-volume matrix elements (suppressing irrep labels)



Computational set-up: gauge-fields & software
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•   Francis, Fritzsch, Karur, Kim, Pederiva, Pefkou, Rago, Shindler, Walker-Loud, Zafeiropoulos (2025)   •

Lattices generated by the OPEN LATtice initiative

 Stabilised Wilson (exponentiated clover term) with ,  Nf = 3 mπ = mK = 410 MeV mD/mπ ≈ 4.61

Distillation framework is fully open source and based on 
   Grid: data parallel C++ library (github.com/paboyle/Grid) 
   Hadrons: Grid-based workflow management system (github.com/aportelli/Hadrons)

~7 % variation in  
physical box length

<latexit sha1_base64="u1lRgWtKxP+gUQflIWcZvO8rkrA="></latexit>

Label T ⇥ L3/a4 a (fm) m⇡L Ncfg

a12m400 96⇥ 243 0.12 5.988(28) 77

a09m400 96⇥ 323 0.094 6.201(19) 111

a06m400 96⇥ 483 0.064 6.383(14) 74

https://inspirehep.net/literature/3075187
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Variational method
<latexit sha1_base64="7cMUhOT7FK8W4Y+vDZqguQCeef0="></latexit>

Cjk(t) = h0|O†
j(t)Ok(0)|0iL

<latexit sha1_base64="glqvIsd28zpMwcus4qudMpHn8RE=">AAACHXicbVBNSwJBGJ61L7Mvq2OXIQkUQnZDqksgeelokB+gyzI7jjo4O7vMvCuI+Ee69Fe6dCiiQ5fo3zTqgqW9MMzD88HM+/iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7oOY0VZjYYiVE2faCa4ZDXgIFgzUowEvmANf1CZ6o0hU5qH8gFGEXMD0pO8yykBQ3nZUiUPBTz0ZB7OwbML+Aa3hYl3yIIylum1MHnZnF20Z4NXgZOAHEqm6mU/252QxgGTQAXRuuXYEbhjooBTwSaZdqxZROiA9FjLQEkCpt3xbLsJPjNMB3dDZY4EPGN/J8Yk0HoU+MYZEOjrZW1K/qe1Yuheu2MuoxiYpPOHurHAEOJpVbjDFaMgRgYQqrj5K6Z9oggFU2jGlOAsr7wK6hdF57Lo3Jdy5dukjjQ6Qacojxx0hcroDlVRDVH0iJ7RK3qznqwX6936mFtTVpI5Rn/G+voB9+yeIQ==</latexit>

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0)
<latexit sha1_base64="DZqf3dqj7ICH34oOVHwCpj2naWU="></latexit>

⌦†
n(t) =

X

k

v
(n)
k (td, t0)O

†
k(t)

Exact distillation with 60 eigenvectors on the three ensembles

 like operators up to  and up to 5 states[K(p) π(P − p)]27 P2 = 4(2π/L)2

Focus on trivial irrep in each frame (  or )A+
1 A1
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Variational method
<latexit sha1_base64="7cMUhOT7FK8W4Y+vDZqguQCeef0="></latexit>

Cjk(t) = h0|O†
j(t)Ok(0)|0iL

<latexit sha1_base64="glqvIsd28zpMwcus4qudMpHn8RE=">AAACHXicbVBNSwJBGJ61L7Mvq2OXIQkUQnZDqksgeelokB+gyzI7jjo4O7vMvCuI+Ee69Fe6dCiiQ5fo3zTqgqW9MMzD88HM+/iR4Bps+9tKra1vbG6ltzM7u3v7B9nDo7oOY0VZjYYiVE2faCa4ZDXgIFgzUowEvmANf1CZ6o0hU5qH8gFGEXMD0pO8yykBQ3nZUiUPBTz0ZB7OwbML+Aa3hYl3yIIylum1MHnZnF20Z4NXgZOAHEqm6mU/252QxgGTQAXRuuXYEbhjooBTwSaZdqxZROiA9FjLQEkCpt3xbLsJPjNMB3dDZY4EPGN/J8Yk0HoU+MYZEOjrZW1K/qe1Yuheu2MuoxiYpPOHurHAEOJpVbjDFaMgRgYQqrj5K6Z9oggFU2jGlOAsr7wK6hdF57Lo3Jdy5dukjjQ6Qacojxx0hcroDlVRDVH0iJ7RK3qznqwX6936mFtTVpI5Rn/G+voB9+yeIQ==</latexit>

C(t)vn(t, t0) = �n(t, t0)C(t0)vn(t, t0)
<latexit sha1_base64="DZqf3dqj7ICH34oOVHwCpj2naWU="></latexit>

⌦†
n(t) =

X

k

v
(n)
k (td, t0)O

†
k(t)

Exact distillation with 60 eigenvectors on the three ensembles

 like operators up to  and up to 5 states[K(p) π(P − p)]27 P2 = 4(2π/L)2

Focus on trivial irrep in each frame (  or )A+
1 A1

4 6 8 10 12 14 16 18 20

0.510

0.515

0.520

0.525

0.530

0.535

0.540

0.545
a064 011 A1 enval 4, E = 0.5270(23), Z = 0.5307(89), Ecm = 0.4935(24)
best w: ¬2

∫ [13] = 0.789, pvalue = 0.673

preliminary
5 10 15 20 25

0.455

0.460

0.465

0.470

0.475 a064 011 A1 enval 3, E = 0.4638(11), Z = 0.5575(54), Ecm = 0.4253(13)
best w: ¬2

∫ [13] = 0.789, pvalue = 0.673

preliminary

5 10 15 20 25

0.445

0.450

0.455

0.460

a064 011 A1 enval 2, E = 0.4520(13), Z = 0.5596(68), Ecm = 0.4124(15)
best w: ¬2

∫ [13] = 0.789, pvalue = 0.673

preliminary
5 10 15 20 25

0.3675

0.3700

0.3725

0.3750

0.3775

0.3800

0.3825

0.3850 a064 011 A1 enval 1, E = 0.3763(8), Z = 0.5728(43), Ecm = 0.3276(10)
best w: ¬2

∫ [13] = 0.789, pvalue = 0.673

preliminary
5 10 15 20 25

0.3550

0.3575

0.3600

0.3625

0.3650

0.3675

0.3700

a064 011 A1 enval 0, E = 0.3634(9), Z = 0.5672(49), Ecm = 0.3127(11)
best w: ¬2

∫ [13] = 0.789, pvalue = 0.673

preliminary

Example: [P] = [002]
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Spectrum + scattering-length-only fit

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4

2.0

2.5

3.0

3.5

4.0

4.5

E
cm

/m
K

preliminary

a064: a0/a = 2.622(88), ¬2
∫ [20] = 2.117

GEVP

FV formalism

mD/mK = 4.6213(30)

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4
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4.5

E
cm

/m
K

preliminary

a12: a0/a = 1.22(16), ¬2
∫ [20] = 0.341

GEVP

FV formalism

mD/mK = 4.6176(16)

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4

2.0

2.5

3.0

3.5

4.0

4.5

E
cm

/m
K

preliminary

a094: a0/a = 1.537(56), ¬2
∫ [20] = 2.107

GEVP

FV formalism

mD/mK = 4.6263(20)

coarse medium fine



0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

a2 [fm2]

3.3

3.4

3.5

3.6

3.7

3.8

3.9

E
cm

/m
K

a=0 27plet P000 enval 2
E(0) = 1451.0(78) MeV, ¬2

∫ [1] = 0.503, pvalue = 0.478

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014

a2 [fm2]

2.75

2.80

2.85

2.90

2.95

3.00

E
cm

/m
K

a=0 27plet P000 enval 1
E(0) = 1186.7(37) MeV, ¬2

∫ [1] = 1.171, pvalue = 0.279

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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Continuum spectrum

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4

2.0

2.5

3.0

3.5

4.0

4.5

E
cm

/m
K

preliminary

continuum mPiL6.38696 a2: a0 = 0.933(59) GeV°1, ¬2
∫ [20] = 0.873, pvalue = 0.624

GEVP

FV formalism

mD/mK = 4.6262(10)

Physical volumes are reasonably well matched (~7% in L)

Use per-ensemble scattering length to adjust to L  
→ per-energy continuum limit at fixed physical volume

0.000 0.002 0.004 0.006 0.008 0.010 0.012 0.014
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3.8
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4.4

E
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/m
K

a=0 27plet P000 enval 3
E(0) = 1669(11) MeV, ¬2

∫ [1] = 0.345, pvalue = 0.557

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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a2 [fm2]
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E
cm

/m
K

a=0 27plet P000 enval 4
E(0) = 1804(15) MeV, ¬2

∫ [1] = 0.258, pvalue = 0.611

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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Continuum spectrum

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4

2.0

2.5

3.0

3.5

4.0

4.5

E
cm

/m
K

preliminary

continuum mPiL6.38696 a2: a0 = 0.933(59) GeV°1, ¬2
∫ [20] = 0.873, pvalue = 0.624

GEVP

FV formalism

mD/mK = 4.6262(10)

Physical volumes are reasonably well matched (~7% in L)

Use per-ensemble scattering length to adjust to L  
→ per-energy continuum limit at fixed physical volume
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a=0 27plet P001 enval 0
E(0) = 919.0(49) MeV, ¬2

∫ [1] = 0.215, pvalue = 0.643

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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a=0 27plet P001 enval 1
E(0) = 1255.1(64) MeV, ¬2

∫ [1] = 0.790, pvalue = 0.374

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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a=0 27plet P001 enval 2
E(0) = 1462(20) MeV, ¬2

∫ [1] = 0.166, pvalue = 0.684

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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a=0 27plet P001 enval 3
E(0) = 1498(10) MeV, ¬2

∫ [1] = 0.008, pvalue = 0.930

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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Continuum spectrum

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4
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4.5

E
cm
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K

preliminary

continuum mPiL6.38696 a2: a0 = 0.933(59) GeV°1, ¬2
∫ [20] = 0.873, pvalue = 0.624

GEVP

FV formalism

mD/mK = 4.6262(10)

Physical volumes are reasonably well matched (~7% in L)

Use per-ensemble scattering length to adjust to L  
→ per-energy continuum limit at fixed physical volume
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E
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a=0 27plet P011 enval 1
E(0) = 1015.6(39) MeV, ¬2

∫ [1] = 0.660, pvalue = 0.417

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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a=0 27plet P011 enval 2
E(0) = 1275.1(66) MeV, ¬2

∫ [1] = 0.000, pvalue = 0.984

preliminary

CL O(a2) fit

a12 mPiL=6.4

a094 mPiL=6.4

a064 mPiL=6.4

a12 mPiL=6.0

a094 mPiL=6.2

O(a2) continuum
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a=0 27plet P011 enval 3
E(0) = 1313.9(81) MeV, ¬2
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Continuum scattering length
Compare  from  vs a0 En(L, a → 0) lim

a→0
a0(a)

To do: Consider other K-matrix ansätze
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Results will give: 
Confidence in operator construction 
Scattering information for finite-volume formalism
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Non-perturbative renormalization of four-quark operators

Control of discretization effects (enhanced by the charm mass)

Reliable creation of excited multi-hadron final states

Extraction of the matrix element from three-point functions

Formalism to relate finite-volume matrix elements to the amplitudes
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Infinite-volume decay amplitudes
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Three-point function set-up
Introduce unsmeared/generalized perambulators so the local four-quark operator 
insertion retains full position-space information at tH
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Decay contractions are organized into four contributions:  and  with TQi
CQi

i = 1,2

All four can be factorized into product of two traces over distillation indices
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First preliminary results (coarsest ensemble)
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Roadmap → Status
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Finite-volume matrix elements
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Conclusions and Outlook
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Pilot study of  at the  point is reaching a mature stageD → (Kπ)27 SU(3)F

Future calculations: 
   Remaining  final states 
   Amplitudes with operator mixing (switch action or apply gradient flow methods?) 
 

   Move towards physical masses

SU(3)F

Possible technical improvements: 
     Improved operator construction 
     Sparse grid or blending for ℋW

P 2 = 0 P 2 = 1 P 2 = 2 P 2 = 3 P 2 = 4

2.0

2.5

3.0

3.5

4.0

4.5

E
cm

/m
K

preliminary

continuum mPiL6.38696 a2: a0 = 0.933(59) GeV°1, ¬2
∫ [20] = 0.873, pvalue = 0.624

GEVP

FV formalism

mD/mK = 4.6262(10)

°20 °15 °10 °5 0 5 10 15 20

tW ° tKº/2

0

C
3p

t
0

(t
W

)/
C

2p
t

D
(t

W
)
C

2p
t

K
º
(t

K
º

°
t W

) preliminary
a12 27-plet hKº, L|Q1|Di tKº

8

12

16

20

24

28

32

36

40

44

48

Funded by UKRI Future Leaders Fellowship

Thanks for listening!
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