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τ decays for the muon g − 2

e−

π−π+π0

. . .

π+π−
e+

γ

Isospin breaking corrections
connect τ with HVP

for muon g − 2
[Alemani et al. ’98] τ−

ντ

π−3π0

. . .

π−π0

W−

Strategy from Lattice QCD+QED [Bruno et al ’26]
delicate short [Boyle et al’ 26] and long distance effects
shed light given current tensions in e+e− panorama

Lattice QCD(+QED): first-principle systematically-improvable approach
a fully inclusive strategy
taking care of short-distance renormalization
discussing non-factorizable effects (aka GEM )
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Hadronic τ decays
Fermi theory

τ−(P ) → ν(q) had−
V (p)

Mf (P, q, p1 · · · pnf
) = 2GFVud ū(q)γL

µ u(P ) ⟨out, p1 · · · pnf
|J −

µ (0)|0⟩

dΓ = 1
4m

dΦq

∑
f

dΦf

∑
spin

|Mf |2

Isovector spectral density isospin limit = ρ
[
dΦq = d3q

(2π)32ωq

]
dΓ
ds

= G2
F|Vud|2m3

τ

8π
κ(ŝ) ρ(s) , κ(ŝ) = (1 + 2ŝ) (1 − ŝ)2

ŝ = s

m2
τ

from experiment we get 1
Γ

dΓ
ds

→ Γ
Γe

1
Γ

dΓ
ds

= 1
Γe

dΓ
ds

Γe = Γ(τ → eνν) = BeΓ
B

= G2
Fm5

τ

192π3
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Overview of current status
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Radiative corrections
Factorized corrections

Addressed in various models: ChPT, meson dominance models
[Cirigliano et al 00 01][Flores-Talpa et al ’06 ’07]

τ−

ντ π0

π− τ−

ντ π0

π− τ−

ντ π0

π− τ−

ντ π0

π− τ−

ντ π0

π− τ−

ντ π0
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Difference between neutral
and charged “form factors”

π+

π−

ρ0γ

vs
π0

π−

ρ−
W−

Sources of IB breaking in phenomenological models
mρ0 ̸= mρ± , Γρ0 ̸= Γρ± , mπ0 ̸= mπ±

δρω ≃ O(mu − md) + O(e2) ρ0γ

π+

π−

γωρ0γ

π+

π−

ω
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Hadronic τ decays. Short distance renormalization
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Short distances
Schemes

Wilson coefficient: matching between SM and EFT at O(α)

q

q̄′

γ, Z
q

q̄′

γ
q

q̄′

γ
q

q̄′

W-regularization [Sirlin ’78][Sirlin ’82][Marciano, Sirlin ’88][Braaten, Li ’90]

[Brod, Gorbahn ’08][Gorbahn et al ’23][Bigi et al ’23][Cirigliano et al ’23]

CMS(µ) = U(µ, µW )CMS(µW ) γW = {α, ααs} + O(αα2
s, α2)

Regularization Invariant Momentum schemes [Martinelli et al ’94]
suitable for Lattice QCD = off-shell (massless) quark states
CMS→RI(µ) = {1, α, ααs} + O(αα2

s, α2) [Gorbahn et al ’23]

Physical effective Hamiltonian HW ∝ CRI(µ)ZRI(µ, a)Olatt(a)
CRI(µ) = CMS→RI(µ)U(µ, µW )CMS(µW )
→ scheme + scale + gauge dependence cancels CRI ↔ ZRI
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Renormalization at O(α)

ZO(µ2) =
√

Zτ (µ2)ZV,ud(µ2)Ztri(µ2)

Zud(µ) = QCD factorized radiative corrections

+ + · · ·
Λµ = quark bilinear amputated GF

four-fermion operator Λµ ⊗ γL
µ

τ

ZRI
tri (µ) = triangle short-distance radiative corrections
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Ward identities
A brief detour

Preserving Ward Identity in QCD bilinear very important
prevents C(µ) = 1 + O(αn

s ) + · · · [Gorbahn et al ’23]
simpler assessment of syst errors
CRI(µ) calculated w/ single-trace convention in [Gorbahn et al ’23]

[MB, Boyle et al ’26]
1. Extension of RI-SMOM scheme [Sturm et al ’08] in pure QCD

P
RI/SMOMy
µ = 1

2Ncp2 (y/p + (y − 1)/p′)qµ

2. Natural embedding in semileptonic operator
double trace convention Λµ ⊗ γµ

3. equivalent to [Gorbahn et al ’23] via Fierz identities
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A strategy for the HVP prediction from τ decays
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Radiative corrections
IR separation

Three IR safe classes, each w/ separate UV counterterms

+ + · · · + (Zτ (µ) − 1)

+ + · · · + 2(ZRI
tri (µ) − 1)

+ + · · · + 2(ZV,ud(µ) − 1)
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Radiative corrections
Book-keeping

1. Start from experimental data
[

1
Γe

dΓ
ds

]exp

2. subtract initial state radiative corrections (analytic)

+ + · · ·

3. subtract non-factorizable radiative corrections

+ + · · ·

4. divide Wilson coefficient and Laplace transform

5. we are left with scale+scheme+gauge dependent

GW,exp(t, µ) ≃ Z2
V,ud + +

[ZV,ud = 1 + O(α)]
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Strategy
The full picture

Neutral correlator Gγ(t) ≡ − 1
3

∑
k

∫
d3x ⟨jγ

k (t, x)jγ
k (0)⟩

Isospin decomposition Gγ(t) ≡ Gγ
00(t) + 2Gγ

01(t) + Gγ
11(t)

Charged correlator GW (t, µ) = [ZRI
ud(µ)]2⟨j+(t, 0)j−(0)⟩QCD(1+O(α))

charged vector current j−
µ (x) = 1√

2 ū(x)γµd(x)

Gγ(t) = Gγ
00(t) + 2Gγ

01(t) Lattice QCD+QED
+ Gγ

11(t) − GW (t, µ) = δG11(t, µ) Lattice QCD+QED
+ GW (t, µ) − GW,exp(t, µ) Exp. data or theory
+ GW,exp(t, µ) Exp. data and theory

Calculate aµ, windows etc... of any of the above
e.g.

∫
dt w(t, mµ) Gγ(t) Θwin(t)
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2 ū(x)γµd(x)

Gγ(t) = Gγ
00(t) + 2Gγ

01(t) Lattice QCD+QED
+ Gγ

11(t) − GW (t, µ) = δG11(t, µ) Lattice QCD+QED
+ GW (t, µ) − GW,exp(t, µ) Exp. data or theory
+ GW,exp(t, µ) Exp. data and theory

Calculate aµ, windows etc... of any of the above
e.g.

∫
dt w(t, mµ) Gγ(t) Θwin(t)

13 / 19



Strategy
The full picture

Neutral correlator Gγ(t) ≡ − 1
3

∑
k

∫
d3x ⟨jγ

k (t, x)jγ
k (0)⟩

Isospin decomposition Gγ(t) ≡ Gγ
00(t) + 2Gγ

01(t) + Gγ
11(t)

Charged correlator GW (t, µ) = [ZRI
ud(µ)]2⟨j+(t, 0)j−(0)⟩QCD(1+O(α))

charged vector current j−
µ (x) = 1√
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Neutral vs charged correlators
Formalism

δG11(t, µ) = Gγ
11(t) − GW (t, µ) = O(α)

calculable in Euclidean space from Lattice QCD
fully inclusive both in channels and energy
scheme + scale + gauge dependent
large cancellations, all diagrams cancel out except for V and F

δG11(t, µ) = ZQCD
V (Zγ,1 −ZV,ud(µ2))(c)(t)

+e2 (Qu−Qd)2

4 (ZQCD
V )4((F ) − (V ))(t)

Z(µ)×

−

Renormalized by (amputated)

p p′ p p′
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Neutral vs charged correlators
Preliminary

[Counter-term for V ] + [F − V ] (counter-term for F ongoing)

0 5 10 15 20

t/a

−0.1

0.0

0.1

0.2

0.3

0.4
−V
+F

c.t.V

blinded analysis

mπ ≃ 280 MeV,
a−1 = 1.73 GeV

fourth moment t4 with smooth
cutoff at ≈ 1.6 fm

counter-term at µ = mτ

(twisted BC)
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Neutral vs charged correlators
Systematic errors

GW calculated from Lattice QCD+QED differs from GW,exp

syst effect GW − GW,exp = O(α0) + O(α1)

δG11(t, µ) →

lattice fully inclusive vs experiment θ(mτ −
√

s)
vector spectrum

√
s > mτ at O(α0)

vector spectrum
√

s > mτ also has O(α)
suppressed in intermediate and long-dist windows

mixing between axial and vector states
A → V + γ inside exp.data, known effect

estimated small in EFT [Cirigliano et al ’01][Colangelo et al’ 25]

V → A + γ inside lattice data, must be taken in account
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Non-factorizable corrections
aka GEM

1. ampl Mreal,had
f from time-ordered prod∫

x
eikx ⟨V |T

{
J γ

α (x)J L,−
µ (0)

}
|0⟩

2. interference Mreal,had
f

[
Mreal,τ

f

]†∫
x

eikx ⟨0|J +
µ (0)|V ⟩⟨V |T

{
J γ

α (x)J L,−
ν (0)

}
|0⟩

3. hadronic phase-space + sum over all vector states∫
x

eikx ⟨0|J +
µ (0) δ(Ĥ −

√
s) T

{
J̃ γ

α (x)J L,−
ν (0)

}
|0⟩

4. calculable from Euclidean correlator ⟨j̃+
µ (t, 0) j̃γ

α(τ, k) jL,−
ν (0)⟩ ?

there is δ-function → first inverse problem?
there is T product → second inverse problem?

Notation: J L,− charged weak, J + charged vector, J : Minkowski
j̃: Fourier trafo
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Non-factorizable corrections
Time orderings

∫
x

eikx ⟨0|J +
µ (0) δ(Ĥ −

√
s) T

{
J̃ γ

α (x)J L,−
ν (0)

}
|0⟩

integral x0 < 0
→ directly calculable from
Lattice QCD

integral ds
→ calculable via exact
reconstruction tail

integral over x0 > 0 and ds

→ k = 0 calculable via
extract reconstruction tail
→ |k| > 0 double inverse
problem
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Conclusions

Strategy is now complete [Bruno et al ’26]

short-distance in RI-SMOM scheme
first results renormalization of charged current

initial-state corrections analytic
final-state radiation in Euclidean space
first results for spectrum above mτ [J Parrino Lattice 26]

non-factorizable still pose severe inverse problem
sinergy with dispersive approach likely in short run

Thanks for your attention
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Ward identities

Renormalization of neutral current
1. same diagrams but different charge prefactors
2. gauge invariance relates wave-function w/ vertex corrections

Gauge inv. of neutral current simplifies renormalization of charged current

Neutral

1
2 Q2

u + 1
2 Q2

d

Q2
u + Q2

d

-Charged

−QuQd

−Q2
u − Q2

d

= Total

→ (Qu − Qd)2

→ 0



Inverse Laplace Transform

[MB et al ’26]

κ(ω) = 1
ω − ω̄ + iσ

→ f(t) such that ρκ =
∫

dt f(t) C(t)?

ρκ = lim
T →∞

∫
dω

∫ T

0
dt e−(ω−ω̄−iσ)t ρ(ω) = lim

T →∞

∫ T

0
dt e(ω̄+iσ)t C(t)

Limit T → ∞ exists if ω̄ below support of ρ

interplay between pole ω̄ + iσ vs branch cut

ρ has branch cut starting at multi-particle
thresholds Ethr

if ω̄ ≤ Ethr → ∀t ∃M > 0 | f(t)C(t) < e−Mt

e.g. HVP contribution to (g − 2)µ [Blum ’02][Bernecker-Meyer ’11]

if ω̄ > Ethr → inverse problem, no “direct” analytic continuation


