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7T DECAYS FOR THE MUON g — 2

Isospin breaking corrections
connect 7 with HVP
for muon g — 2
[Alemani et al. '98]

Strategy from Lattice QCD+QED [Bruno et al '26]
delicate short [Boyle et al’ 26] and long distance effects
shed light given current tensions in eTe™ panorama
Lattice QCD(+QED): first-principle systematically-improvable approach
a fully inclusive strategy
taking care of short-distance renormalization

discussing non-factorizable effects (aka G gar)
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HADRONIC T DECAYS

Fermi theory

77 (P) — v(g) hady, (p)

Mf(P7 q,P1 - pnf) = 2C;fF‘/ud E(Q)’yﬁu(P) <()11t,p1 o 'p’n,f|\7;; (0)‘0>

dr = ﬁd@qu@fZWfF
!

spin
Isovector spectral density isospin limit = p [d@q = %]
dl'  Gg|Vial?m? s

T = TR @) ps), k() = (1428) (1-5)° 5=

from experiment we get l@ — Elg = ig
P &' T s "T.Tds  T.ds

B.I' G%mi

B 192n3

e =T(r = evv) =
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Overview of current status
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RADIATIVE CORRECTIONS

Factorized corrections

Addressed in various models: ChPT, meson dominance models
[Cirigliano et al 00 01][Flores-Talpa et al '06 '07]

Difference between neutral ; Py v A
and charged “form factors” B Vs |

Sources of IB breaking in phenomenological models
mpo # myx , Do #T 2, mgo # Mg

Spw = O(my — mg) + O(e?) WM_%
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Hadronic 7 decays. Short distance renormalization
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SHORT DISTANCES

Schemes
Wilson coefficient: matchmg between SM and EFT at O(«
W-regularization [Sirlin '78][Sirlin "82][Marciano, Sirlin '88][Braaten, Li '90]

o [Brod, GorbahL’OS][Gorbahn et al '23][Bigi et al '23][Cirigliano et al '23]
CM3 (1) = U (p, pw)CM () yw = {, aa} + O(aas, o)
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SHORT DISTANCES

Schemes
Wilson coefficient: matching between SM and EFT at O(«

WE YY)

Regularization Invariant Momentum schemes [Martinelli et al '94]
suitable for Lattice QCD = off-shell (massless) quark states

CWS%RI( ) ={l, o, s} + O(ao/ a2) [Gorbahn et al "23]

Physical effective Hamiltonian Hyy oc O (1) ZR (1, a) 0" (a)

L) = CMSPRU DT () CMS ()
— scheme + scale + gauge dependence cancels CR! 5 ZR!
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RENORMALIZATION AT O(«

\/ ZVud Ztrl( )

Zwa(p) = QCD factorized radiative corrections
A, = quark bilinear amputated GF
+ + e . .
four-fermion operator A, ® 7,

ZBY(1) = triangle short-distance radiative corrections

tri

)
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WARD IDENTITIES

A brief detour

Preserving Ward Identity in QCD bilinear very important
prevents C(u) =1+ O(Oz?) + - [Gorbahn et al '23]
simpler assessment of syst errors
C™(u) calculated w/ single-trace convention in [Gorbahn et al '23]

[MB, Boyle et al '26]

1. Extension of RI-SMOM scheme [Sturm et al '08] in pure QCD
RI/SMOM,

P, = ﬁ(wﬁ +(y =Dy )au
2. Natural embedding in semileptonic operator
double trace convention A, ® 7,

3. equivalent to [Gorbahn et al '23] via Fierz identities
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A strategy for the HVP prediction from 7 decays
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RADIATIVE CORRECTIONS

IR separation

Three IR safe classes, each w/ separate UV counterterms

m@+m+m+wm—w@
D S AP S PRGN
m @ ZVud(/‘)_l)@
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RADIATIVE CORRECTIONS
Book-keeping

1 dr)e?
1. Start from experimental data | — —
T, ds

2. subtract initial state radiative corrections (analytic)

e i

3. subtract non-factorizable radiative corrections

4. divide Wilson coefficient and Laplace transform

we are left with scale4+scheme+gauge dependent

gy - B D + —>— + — D

[Zviua =14+ O()]
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STRATEGY
The full picture
Neutral correlator G7(t) = —% >, [ d3x (j](t, )4} (0))
Isospin decomposition G7(t) = G, (t) + 2G{, (t) + GT,(¢)

GV (t) = Go(t) +2G{, (1) Lattice QCD+QED
+G1L(1)

Calculate a,,, windows etc... of any of the above
e.g. [dtw(t,m,)G"(t) OV (t)
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STRATEGY
The full picture

Charged correlator G (¢, 1) = [ 2% (1)]* (5 (£,0)57 (0))qep(1+0(a))

charged vector current j,, (z) = %ﬂ( z)y,d(z)

GV (t) = Go(t) +2G{, (1) Lattice QCD+QED
+ G, (t) = GW (¢, p) = 0G 11 (t, ) Lattice QCD+QED
+GW(t, 1)

Calculate a,, windows etc... of any of the above
e.g. [dtw(t,m,)G"(t) OV (t)
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STRATEGY
The full picture

GV (t) = Gy(t) +2G{, (1) Lattice QCD+QED
+ G, (t) — GW(t, ) = 6G1y(t, ) Lattice QCD+QED
+GW (t, ) — GWexP(t, 1) Exp. data or theory
+ Exp. data and theory

Calculate a,,, windows etc... of any of the above
eg. [dtw(t,m,)G"(t) OV (t)

13/19



NEUTRAL VS CHARGED CORRELATORS
Formalism
5G(t, 1) = G, () — G (£, 1) = O(a)
calculable in Euclidean space from Lattice QCD

fully inclusive both in channels and energy

scheme + scale + gauge dependent
large cancellations, all diagrams cancel out except for V and F

561 (1) = 28 (2,1~ Zysal)eD) 2 { )

+e2(Qu=Qa)" (7QCDYI((p) _ (V))(1) % - @

Renormalized by (amputated)

R
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NEUTRAL VS CHARGED CORRELATORS

Preliminary

[Counter-term for V] 4 [F — V] (counter-term for F' ongoing)

o b 4 t -V
++ bo4F
. + ¢ etV
.
. ¢
*
oz--. ':ttoooo
. L + *
.
STNPRL *
0 :') ll() 1I5 2I0
tla

blinded analysis

m, ~ 280 MeV,
a1t =173 GeV

fourth moment t* with smooth
cutoff at ~ 1.6 fm

counter-term at 4 = m;,
(twisted BC)
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NEUTRAL VS CHARGED CORRELATORS

Systematic errors

GW calculated from Lattice QCD+QED differs from GW-exp
syst effect GV — GWP = O(a®) + O(at)

- > D

lattice fully inclusive vs experiment 6( mT NG
vector spectrum /s > m, at O(a®)
vector spectrum /s > m., also has O(«)
suppressed in intermediate and long-dist windows

mixing between axial and vector states
A — V + ~ inside exp.data, known effect
estimated small in EFT [Cirigliano et al '01][Colangelo et al' 25]

V — A+~ inside lattice data, must be taken in account
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NON-FACTORIZABLE CORRECTIONS
aka GEM

1. ampl Mjf‘“l’had from time-ordered prod

[, e (VIT{T3 (@) T~ (0) }]0)

i
2. interference M}eal’had [M;eal’T

[, €% 01T+ O) V)V IT{ T3 ()T (0) }o)

Notation: J%~ charged weak, J% charged vector, J: Minkowski
j: Fourier trafo
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NON-FACTORIZABLE CORRECTIONS
aka GEM

1. ampl M;e‘“l’had from time-ordered prod

[, e (VIT{T3 (@) T~ (0) }]0)

T
2. interference M}eal’had [M;eal’T
[, e 017 ) V) (VIT{T3 ()77 (0) }0)
3. hadronic phase-space + sum over all vector states

/eik:c (O7,F(0) 6(H — /5) {7 ()T (0)}]0)

4. calculable from Euclidean correlator (}j(to);&’(nk)jf’_(o» ?
there is -function — first inverse problem?
there is T' product — second inverse problem?

Notation: J%~ charged weak, J% charged vector, J: Minkowski
j: Fourier trafo
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NON-FACTORIZABLE CORRECTIONS

Time orderings

/eikfc (017:+(0) S(H —/s)T{ T2 (x)TF~(0)}]0)

integral ¢ < 0

— directly calculable from integral over zo > 0 and ds

Lattice QCD — k = 0 calculable via

extract reconstruction tail
integral ds — k| > 0 double inverse
— calculable via exact problem

reconstruction tail
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CONCLUSIONS

Strategy is now complete [Bruno et al '26]

short-distance in RI-SMOM scheme
first results renormalization of charged current

initial-state corrections analytic
final-state radiation in Euclidean space
first results for spectrum above m.; [J Parrino Lattice 26]

non-factorizable still pose severe inverse problem
sinergy with dispersive approach likely in short run
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WARD IDENTITIES

Renormalization of neutral current
1. same diagrams but different charge prefactors
2. gauge invariance relates wave-function w/ vertex corrections

Gauge inv. of neutral current simplifies renormalization of charged current

Neutral -Charged = Total

3@+ 3Q3 /@\ —QuQa /@\ = (Qu — Qa)?

—0

Q2 +Q3



INVERSE LAPLACE TRANSFORM

[MB et al '26]
1

K(w) = — f(t) such that p, = [dt f(t) C(¢)?

T
= lim /dw/ dt e~ @=9=19)t h() = lim dt et O(t)

T—>oo T—o0 Jg

® Limit T'— oo exists if w below support of p

interplay between pole w + i0 vs branch cut

p has branch cut starting at multi-particle
thresholds Fij,

ifw<FEg —VtIM>0]|fH)C@E) <e M
e.g. HVP contribution to (g —2),, [Blum '02][Bernecker-Meyer '11]

if w > Einy  — inverse problem, no “direct” analytic continuation



