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Mass generation in QFTs

* Mechanisms of mass generation in lattice field theories alternate to spontaneous symmetry breaking [caccerali jHEP 01,121 (2015), Ayyar
Chandrasekharan, PhysRevD.91.065035 (2015)]

* Mass terms are often an emergent property

- fermion bilinear condensates, spontaneously broken symmetry

exotic massive phases: topological origins, symmetric mass generation: four-fermion couplings

* Examples of mass generation:
|.  Explicit masses: ¥ = yidy + mipy
2. Dynamical spontaneous symmetry breaking: & = iridy + g(7y)?, at couplings stronger than critical: () # 0

3. TOPOIOgicaI Origins [Callan-Harvey mechanism, 1984], . . ., [Talks by |. Dang and S. Onoda, Tuesday 4.50pm and 5.10pm, Theoretical Developments]
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Symmetric mass generation

° Generate masses without topology Oor spontaneous symmetry breaking [Catterall JHEP 01,121 (2015), Ayyar, Chandrasekharan, PhysRevD.91.065035 (2015)]

* Strong interaction a prerequisite: typically multi-fermion interactions; symmetric gapped phase in the IR

* No t'Hooft anomalies — relation to chiral gauge theories

* Studied in LFT from the 1980ies, but regarded as lattice artefacts [Hasenfrac, Neuhaus PRI 220, 435 (1989)]

* Recent work on pure fermionic theories, fermions and gauge theories, and anomaly cancelling mechnaisms [Hasenfracz, xu, arxiv:2604.02424]

* New fixed point in the RG flow of fermionic theories

* Microscopic models where three phases could coexist: (a) o7}
|.  the massless fermion phase (MF) N /\
04f : L\
2. the traditional massive phase (SSB) 0ap =

0.2 F

3. the exotic massive phase (SMG) otk

0.0p,

Direct transition between MF and SMG phase [Martin, Grover, arXiv:2507.23032]
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Microscopic lattice model & symmetries: Gross-Neveu in 3D

0 ]\9 = 2 massless staggered fermions y, y, cubic lattice ny, n,n, =0,...,L — 1

*  Two couplings, U; and Uy such that both mechanisms of fermion mass generation are possible and can compete

S = Z (@ZxMx,ywy + X:I:Ma:,yXy) o UI Z (%%)&X:p) - UB Z (zﬁxwaﬂ;ywy + XSUXCUXZIXSJ)

(z,y) z (z,9)

) - - 4
_—

SI [Ayyar, Chandrasekharan, PRD 91.065035 (2015), PRD 93, 081701 (2016)]

» Rename y — u—quark, y — d—quark; 7,: staggered phases

S= L @y - e+ dd— dd) — U, Y, (a4 dd) — Uy Y (i + A d )
(if) - l - (i) .

Ty g Ty g

S ] S B [addtional interaction, arXiv: 2512.24836, arXiv: 2602.18360]
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Microscopic lattice model & symmetries: Gross-Neveu in 3D

) _ N L DR (/). _ By
SO SI SB
So invariant under SU(4)xU(I)

ul Mi MJ u]\
g o " u; %
a7 Ve g g — e, Ve SU@)
_ _ j i

| l d; d;)

S; invariant under SU(4), but explicitly breaks the U(l) symmetry

S invariant under SU(2) X U(1) and SU(2) X U(1) ,_

u—quark

U; U;
(@) = " (a)
U; U;

quark

" o0 (Y
s V¥ e~

7 u € 7

J J

Uz, =0,U; #0 SU(4) symmetry intact

Ug#0,U; #0 SUR2) X SU2) X U(l))(

In addition to the U(1) symmetry of 5; for 6, = 0, = 0, another independent symmetry of 55: U(1) for y =6, = -0,

Typically not sign-problem free
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Worldline representation

* A fermionic model on a single layer

/Z = J[dl/?dl//]e 2 VMG _ Z W(C)
[C]

Example of C

*  Our model: two “layers” of 3D cubic lattices: u-layer and d-layer
— J[dlpdw] [d)?d)(] e_zi,j (l/_/lMl]l//]+)?le])(]) X eUI zi,j Wi XiXi X eUBZ,-,j (l/_fil//il/_/jl//j+)?i)(i)?j)(j)

. Expand the interactions, e.g. e Vs V¥ V¥ = | 4 Y Y; = 2 (Up Wypripry;)"™

n;=0,1
eUrtividid; _ Z (Uritiu; did;)", nener nogmer Sign-problem free:
n;=0.1 dimer
Uptuiuw; uju; _ T . Ty, _
€ 17T = Z ((_..Bulu, U uj) . 7 = [dl//dl//]e xﬂ 2 (l//xl/jx+/«t ‘/fx+u‘/’x) — Det (Wk[n])
n, =0,1 d —~—
g ] ui dime/: 111
(_il.u«l,cl, djdj __ Z (( B(I d. (] . ) b POSItIVG
s i—0 1 | f u-layer | /‘ d-layer
) instanton instanton

instanton-dimer configuraiton

« n;=0,] instanton at site i, n,, nb 0,1 u,d - type dimer on a bond b
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Monte Carlo algorithm: strong vs. weak coupling fermion bags

STRONG COUPLING FERMION BAGS: WEAK COUPLING FERMION BAGS:

/= Z (U)N(Up)NwtNa det(W,) det(W,) 2= Z (U (U g Ug,* g} {d_bldbl h .d_bkdbk}
[D,1]
[D,1]

lay, ...,aq;} and {by, ..., b} sites at which interaction

W, and W;: staggered fermion matrices restricted insertions occur in the u and d fermion sectors

to the unoccupied sites
Operator insertions in an expansion about the free fermion

Connected clusters of unoccupied sites

— 2 -
Fermion bags: regions where fermions can freely Z = (detM) Z (UD™ (Up)™e det G, det G,

propagate [,1]

G, and G staggered fermion matrices
constructed from M ™!

bagl bag2 bag3 bag4

bagl ; B, 0
bngz( VRS | 4 H- Fermion bags: connected
' : ' | clusters of interaction
sites [Diagrammatic
Determinant Monte Carlo]

bag3 0

bag4 , 0

[Ayyar, Chandrasekharan, JHEP 10 (2016) 058]
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Thermalization and autocorrelations

Start from weak coupling Z = (detM)? Z (U I)Ni (U B)Nu+Nd det G, det G,

[D,1]

Local update algorithm: add/remove bonds and two instantons at a time

Non-local updates: worm algorithm

Algorithmic trick: reweighting factor €2 used to control autocorrelations and thermalization

. Q=1:1.8% 10 steps

2. Q=10:0.72 X 10’ steps

3. Q=20:0.72 X 10° steps (mostly used)
Statistics of 2.5 — 8 X 10° for GN transition, L = 28...56
Autocorrelations 7 =~ 4000 close to the phase transition
Statistics of 2 — 4 x 10° for XY transition, L = 12...32

Autocorrelations 7 & 1500 close to the phase transition

det G

C

let Gi

= det F
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Postulated phase diagrams

Direct transition from massive fermion (MF/PMW) to massive symmetric
phase (SMG/PMS)? (ayyar, Chandrasekharan, PhysRevD.91.065035 (2015)]

Broken phase

Broken phase
(FM)




Postulated phase diagrams

Scenario A

* Direct transition from massive fermion (MF/PMW) to massive symmetric
phase (SMG/PMS)? [ayyar, Chandrasekharan, PhysRevD.91.065035 (2015)]

Spontaneous Symmetry
Breaking (SSB) phase

Broken phase
(FM)

Gross-Neveu 3D XY
transition transition

-

y

p

GN®
UI /' UIXY

Symmetric Mass
Massless fermion Generation (SMG)
(MF) phase phase

Massive symmetric
phase (PMS)

Multicritical

point \ f‘
|

a
SMG
UI

*  We find the diagram on the left corresponds to the studied system with two four-fermion couplings U; and Uy
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Susceptibilities and scaling

o Bilinear condensates (#iu) and {dd) spontaneously break Uc), (reminder:y =0, = -0,

1 L 1 =
- Evidence from susceptibilities involving fermion bilinear fields y,, = 73 Z (U, Xg = 573 Z (mudd)
i, ,J
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Multicritical point at U, = 0

:;'-‘)() : ) )
o — 0.00032(3)L7 + 0.006(1)L° + 0.08(1)L. v /d.ol 1.56

— 0O131(3) L% + 0.041(1) L7 = 0.04T)L. y*/dotf. =0.10

¢ Uy=0010U;=10
300 & Uy=010;=10

250)

200

X ud

“150

100

()

()

*  Even Uz = 0.0lis sufficient to cause SSB at U,(c) detected by XPT inspired fits
»  SSB breaks the U (1) subgroup in SU(4) = SU(2) X SU(2) X U (1)
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Massless fermion to SSB phase transition

¢ L=2 (
N To — 0.1
o7p| ¥ L=32
¥ L=36 v n Citation
L=40
0.6F § L—44 1.06(2) | 1.00(3) This work
¥ L=48 1.13 0.93(09) | MC study (bilayer graphene) [11]
—a =52
| I L . 1.06(9) | 0.99(5) e-expansion (4-loop) [15]
~ o0
i * 1.092(6) | 0.926(13) | e-expansion (interpolation) [16]
~ 0.4} n=100(3), v =1.06(2)
<

."(;'\ p— . (] ')'/ . — ) .. . . .
Ui 0.610(1), x°/d.of. =1.46 TABLE II. Critical exponents reported in various studies for

the Gross—Neveu phase transition in three Euclidean dimen-
sions with four flavors of four-component Dirac fermions. At
this transition, massless fermions acquire a mass through the
formation of a fermion—bilinear condensate that spontaneously
breaks a U (1) symmetry of the theory. The results from earlier
studies are summarized in Table I of Ref. [16].

0.3F

—1.5 —1.0 —0.5 (.0 0.5 1.0 1.5

(Ui - U)LY

» Exponents extracted by fitting y,,, and y,, using the finite size scaling relation £ = f((U; — Uf) L") at the critical point

L2

*  GN universality: critical exponents checked: expectation to get N, = 4 four component Dirac fermions and mean-field
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SSB to SMG phase transition: 3d XY universality

* Low-energy modes in the SSB phase are Goldstone bosons associated with U(1), while fermionic excitations are massive
*  Long-distance critical behaviour: 3D XY universality

* Not a priori obvious if all fermionic efects are irrelevant at this phase transition

T UI
« Bosonic limit: (easy) Uy ~ U; > f,and define A = —
Ug
018
0.15} n = —0.02(2), v=0.65(1) n = 0.038, v =0.672
UMY =1.2952(7), x*/d.o.f. =1.2 U =1.2972(1), x?*/d.o.f. = 1.35
| 0.16 }
0.13}
~y ~ (.14F
| 0.12F |
() o
~ ~
TS0.01F ~~
= =002}
0.10F
0.09F O 10F
0.05Fp
D.OUSF
0.07 b A " . " " N A A a
—2 ~1 0 1 2 ~2 —1 0 1 2
T rer 1/ I7 reyy /v
(U — U)LY (U, — UL

* Two different analysis performed: fitting critical exponents (left), while fitting the critical exponents to the 3D XY values (right)
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RG flow diagram

* Conjectured RG flows in 3D for fermionic GN-Yukawa
models near the SMG fixed point (FP)
-
|. Gaussian FP: massless fermions %
p
2. Gross-Neveu FP:interacting massless fermions 9 .8
and bosons (% A »
3. XY FP:interacting massless bosons
4. SMG FP: massless fermions
» No parity anomaly for N, = 4 four component Dirac ' i
Gaussian SMG \__ SU(@)

fermion |

* Anomalies due to other global symmetries are also
expected to cancel
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Summary & Outlook

* Two massless fermions + two four-fermion couplings Uy and U,
* The three phases

|.  the massless fermion phase (MF)

2.  the traditional massive phase (SSB)

3. the exotic massive phase (SMG)

coexist at a multicritical SU(4) symmetric point at UISMG

*  Strong coupling fermion bag at small Uy to further explore fermionic effects
* Spectroscopy in the SMG phase
*  Hamiltonian formulation for real time dynamics

*  Does a similar multicritical point exist in 4D, e.g. with Yukawa interactions?
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